
Aurore Courtoy
CINVESTAV/CONACyT (Mexico)

PHENOMENOLOGY OF 
DIHADRON FRAGMENTATION FUNCTIONS

MWPF 2015, Mazatlán



HADRONIZATION
Well, what's with it?

(nearly) All visible matter is made up of quarks and gluons but quarks 
and gluons are not visible 

Hadron mass from ~massless quarks and massless (?) gluons

➡ consequence of many-body quark-gluon dynamics 

It seems we don't understand QCD Lagrangian

➡ So what about confinement and hadronization?

So, what can we do?



HADRONIZATION

1. Concept of Factorization

2. Concept of ``hard scale"

No free partons ➡ hadronization happens very often 

e.g. at LHC

Coupled to parton distributions



"The duality of the strong interactions"

THE TWO REGIMES OF QCD
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Inclusive hadron yields

PROCESSES TO ACCESS FRAGMENTATION

ep→ πX

proton

lepton

pion

lepton

e+e- → π+π-X

e-

e+

pion

pion

pp→ π+π-X

pion

pion

proton

proton

X=all the undetected stuffs

Kinematical regimes that allow for 
factorization



Inclusive hadron yields

PROCESSES TO ACCESS FRAGMENTATION
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proton
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pion
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X=all the undetected stuffs

Kinematical regimes that allow for 
factorization

Pink Blob=Parton Distribution Function Blue Blob=Fragmentation Function

Turquoise Blob=Hard Scattering



Parametrizing the unknown

NON-PERTURBATIVE FUNCTIONS

Parton distribution functions (PDFs) 
→ Probability to find a parton q with momentum fraction x at a scale μ in a proton 

Fragmentation functions (FFs) 
→ Probability to find a pion with momentum fraction z at a scale μ in a parton q

q

q

Define all the relevant Lorentz structures.
Evaluate with non-perturbative tools and/or global fits.

HERE I WANT TO FOCUS ON SPIN EFFECTS



Jet models ➜ infinite number of substeps
Comparing versions of Monte Carlo

MODELS FOR FRAGMENTATION
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tion [13]. Projections for such asymmetries were given
in Ref. [14], where SIDIS two hadron asymmetries were
fitted using a spectator model, and making use of the
evolution equations of the DFFs derived in Ref. [15]. In
Ref. [16], IFFs were extracted by fitting a parametriza-
tion form to recent e+e� measurements by the BELLE
collaboration [17], using input from PYTHIA [18] for the
unpolarised DFFs that enter the relations for the asym-
metries. A perturbative calculation for DFFs at large
invariant mass was performed in Ref. [19].

The most recent non-perturbative model for DFFs was
constructed in Ref. [20] based on the spectator approach,
where the model parameters were fixed by fitting the un-
polarised DFFs for ⇡+⇡� pairs to Monte Carlo (MC)
samples generated using PYTHIA [18]. In these stud-
ies, due to the limited information on both unpolarised
and interference DFFs, a number of assumptions and ex-
trapolations were employed. Moreover, the extractions
of unpolarised DFFs were conducted on Monte Carlo
events generated by PYTHIA. They therefore depend
on the particular models used for the parton hadroniza-
tion and resonance decays (such as vector to pseudoscalar
mesons). These decays, as shown in our earlier work [21]
and will be again demonstrated here, have large e↵ects
on DFFs.

DFFs describe the production of two hadrons in the
parton hadronization process. They are more challenging
in terms of both theoretical description and experimen-
tal extraction than ordinary FFs. The theoretical models
should give a detailed picture of the hadronization to final
states in order to accurately describe DFFs, as the lead-
ing hadron approximation typically used in FF models is
insu�cient here. It is easy to see that, even in the region
of large total light-cone momentum fraction, choosing a
pair where one leading hadron has a large light-cone mo-
mentum fraction of the fragmenting quark requires the
second hadron in the pair to have small light-cone mo-
mentum fraction. Thus it can be produced at higher
(subleading) order. Hence a model providing complete
hadronization picture is needed for such studies, such
as the Lund model [22] implemented in the PYTHIA
event generator [18, 23]. The original studies of Field
and Feynman, based on their quark-jet model [24, 25]
of ”collinear” DFFs that depend only on the light-cone
momentum fractions of each hadron in the pair, have
been recently extended within the NJL-jet model includ-
ing the kaon production channel and also exploring their
scale evolution [26, 27].

Here we expand the NJL-jet model and the correspond-
ing Monte Carlo (MC) software of [28–34] to calculate
unpolarised DFFs of light and strange quarks to sev-
eral low-lying pseudoscalar and vector mesons. We ac-
complish this by using the probabilistic interpretation of
DFFs and the complete quark hadronization description
given by the NJL-jet model. We also study the strong
two- and three-body decays of the vector mesons and
their e↵ects on the resulting pseudoscalar meson DFFs,
where we reported the first results for u ! ⇡+⇡� in our
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FIG. 1. The quark-jet hadronization mechanism.

earlier work Ref. [21]. We also study the scale evolu-
tion of the DFFs, crucial for comparing our low energy
model results with those extracted from experiments in
the deep-inelastic regime.
This paper is organised in the following way. In the

next Section we briefly introduce the NJL-jet model and
explain in detail our method of calculating the DFFs us-
ing MC methods. In Section III we present our results
for the NJL-jet model calculations of unpolarised DFFs.
In Section IV, we briefly discuss the QCD evolution of
DFFs and present the sample results of our model DFFs
evolved to a typical experimental scale. This will be fol-
lowed by Section V with conclusions and outlook.

II. CALCULATING DFFS IN THE NJL-JET
MODEL

A. The NJL-jet Model

The NJL-jet model provides a multi-hadron emission
framework for describing the quark hadronization pro-
cess, where any single hadron production probability is
calculated within an e↵ective quark model. The multi-
hadron emission is described using the original quark-jet
hadronization framework of Field and Feynman [24, 25],
which is schematically depicted in Fig. 1. Here the frag-
menting quark sequentially emits hadrons that do not
re-interact with other produced hadrons or the remnant
parton. The elementary hadron emission probabilities at
each vertex are calculated using the e↵ective quark model
of Nambu and Jona-Lasinio (NJL) [35, 36], using the
Lepage-Brodsky regularisation scheme with dipole cut-
o↵, as described in Ref. [32]. Using the interpretation
of fragmentation functions as probability densities al-
lows one to extract them from the corresponding hadron
multiplicities. These are calculated as Monte Carlo av-
erages of the hadronization process of a quark with a
given flavour when restricting the total number of emit-
ted hadrons for each fragmentation chain to a predefined
number. In the limit of an infinite number of produced
hadrons, used in the original formalism of Field and Feyn-
man, this procedure yields a coupled set of integral equa-
tions for both FFs and DFFs [24, 25]. A detailed study
of convergence to this limit with an increasing number of
produced hadrons has been performed in Ref. [30], where
it was shown that for collinear FFs only a few hadron
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SINGLE-HADRON SIDIS
γ*P-frame
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UNPOLARIZED FF
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SPIN DEPENDENT DIFF
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SIDIS

HERMES (HERA)
COMPASS (SPS@CERN)

CLAS(JLab)

Future
CLAS12(JLab)

SoLID(JLab)
EIC(??)

Modern e+e- 

Belle/Belle II (KeK)
BaBar (SLAC)
BES (BEPC)

pp  @BNL
DY  @COMPASS

INTERPLAY & COLLABORATION 
BETWEEN TWO FIELDS

LED TO FIRST SUCCESS IN SPIN PHYSICS!



SI PION PAIRS PRODUCTION @ BELLE 
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Extraction/fit of DiFFs

Hadron multiplicities
Define 

fitting procedure
statistical model
first principles constraints?

Build functional form
Account for QCD evolution
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FITS & MODELS FOR DIFF
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⇢

u = d N⇢
1 = 0.209± 0.011 �⇢

1 = 0.999± 0.013

↵⇢
1 = 0.104± 0.025 ↵⇢

2 = �1.209± 0.008

�⇢
1 = 4.045± 0.173 �⇢

2 = �15.679± 0.870

�⇢
3 = 20.582± 1.205 ⌘⇢

1 = 1.103± 0.057

�⇢1 = �1.067± 0.023 �⇢2 = �1.357± 0.140

TABLE II. Best-fit parameters for Du
1,⇢(z,Mh;Q

2
0) from

Eq. (13). The errors are obtained using ��2 = 1.

and c, respectively. The d contribution is identical to the
u one, according to Eq. (11), but for the K0

S ! ⇡+⇡�

channel, where the di↵erence is anyway small. We recall
that at this scale we assume no contribution from the
gluon. The DiFFs are normalized using the Monte Carlo
luminosity L

MC

, although the overall normalization will
not influence the results of the next sections. In the top
panel, we can distinguish the narrow peak due to the K0

S
resonance on top of a large hump, due to the superpo-
sition of the contributions coming from the continuum
and from the ! ! (⇡+⇡�)⇡0 decay. At Mh = 0.77 GeV,
we clearly see the peak of the ⇢ resonance. Instead, the
peak of the ! ! (⇡+⇡�) decay is hardly visible. Moving
from top to bottom, we can appreciate how the relative
importance of the ⇢ channel increases over the other ones
as z increases.

In Fig. 3, we show Dq
1

(z, Mh;Q2

0

), summed over all
channels, as a function of z for Mh = 0.4, 0.8, and 1 GeV
(from top to bottom) at the starting scale Q2

0

= 1 GeV2.
Notations are the same as in the previous figure. It is
worth noting the relatively high importance of the charm
contribution, especially at low z for low and intermediate
values of Mh.

In Fig. 4, the points with error bars are the num-
bers Nij of pion pairs produced by the simulation in
the bin (zi, Mh j), summed over all flavors and chan-
nels and divided by the Monte Carlo luminosity L

MC

;
i.e., they represent the simulated experimental unpo-
larized cross section with errors defined in Eq. (15).
The histograms refer to (d�0 q

ch

)ij in Eq. (16) summed
over all flavors and channels, i.e., to the fitting unpolar-
ized cross section evolved at the Belle scale Q2 = 100
GeV2. In reality, we have independently fitted each of
the four channels. For illustration purposes, here we
show the plots in the Mh bins only for the three bins
0.24  z  0.26, 0.44  z  0.46, 0.74  z  0.76
(from top to bottom, respectively) after summing upon
all flavors and channels. The agreement between the his-
togram of theoretical predictions and the points for the
simulated experiment confirms the good quality of the
fit. As in Fig. 2, going from top to bottom panels one
can appreciate the modifications with changing z of the
relative weight among the various channels active in the
invariant mass distribution (kaon peak, ⇢ peak, broad
continuum, etc..).

In Fig. 5, the fitting (d�0 q
ch

)ij and simulated Nij/L
MC
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FIG. 2. The Dq
1(z,Mh;Q

2
0), summed over all channels, as

a function of Mh for z = 0.25, 0.45, and 0.65 (from top to
bottom) at the hadronic scale Q2

0 = 1 GeV2. Solid, dot-
dashed, and dashed, curves correspond to the contribution of
the flavors u = d, s, and c, respectively.

unpolarized cross sections, summed over all flavors and
channels, are now plotted as functions of the z bins for the
three bins 0.39  Mh  0.41, 0.79  Mh  0.81, 0.99 
Mh  1.01 GeV (from top to bottom) in the same con-
ditions and with the same notations as in the previous
figure. The agreement remains very good but for few
bins at low z at the highest considered Mh, and con-
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FIG. 2. The Dq
1(z,Mh;Q

2
0), summed over all channels, as

a function of Mh for z = 0.25, 0.45, and 0.65 (from top to
bottom) at the hadronic scale Q2

0 = 1 GeV2. Solid, dot-
dashed, and dashed, curves correspond to the contribution of
the flavors u = d, s, and c, respectively.

unpolarized cross sections, summed over all flavors and
channels, are now plotted as functions of the z bins for the
three bins 0.39  Mh  0.41, 0.79  Mh  0.81, 0.99 
Mh  1.01 GeV (from top to bottom) in the same con-
ditions and with the same notations as in the previous
figure. The agreement remains very good but for few
bins at low z at the highest considered Mh, and con-

Mh behavior

7

 0.0

 1.0

 2.0

 3.0

 4.0

 5.0

 6.0

 7.0

 0.2  0.4  0.6  0.8  1.0

D
1q  (z

, M
h)

 [G
eV

-1
]

z

Mh=0.4 GeV, Q=1 GeV

u
s
c

 0.0

 1.0

 2.0

 3.0

 4.0

 5.0

 6.0

 7.0

 0.2  0.4  0.6  0.8  1.0

D
1q  (z

, M
h)

 [G
eV

-1
]

z

Mh=0.8 GeV, Q=1 GeV

u
s
c

 0.0

 1.0

 2.0

 3.0

 4.0

 5.0

 6.0

 7.0

 0.2  0.4  0.6  0.8  1.0

D
1q  (z

, M
h)

 [G
eV

-1
]

z

5*D1, Mh=1. GeV, Q=1 GeV

u
s
c

FIG. 3. The Dq
1(z,Mh;Q

2
0), summed over all channels, as

a function of z for Mh = 0.4, 0.8, and 1 GeV (from top to
bottom) at the hadronic scale Q2

0 = 1 GeV2. Same notations
as in previous figure.

firms the quality of the extracted parametrization of the
unpolarized DiFF.
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FIG. 4. The unpolarized cross section d�0 at Q2 = 100 GeV2

as a function of Mh for the three bins 0.24  z  0.26, 0.44 
z  0.46, 0.64  z  0.66 (from top to bottom). Histograms
for the fitting formula of Eq. (16), summed over all flavors and
channels, and integrated in each Mh bin. Points with error
bars for the simulated observable with statistical errors. The
figure serves only for illustration purposes. For the descrip-
tion of the actual fitting procedure, see details in the text,
particularly around Eqs. (15) and (16).

IV. EXTRACTION OF H^
1 FROM MEASURED

ARTRU–COLLINS ASYMMETRY

We now consider the Artru–Collins asymmetry of
Eq. (7). Since we cannot integrate away the ✓

2

, ✓, and ✓
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firms the quality of the extracted parametrization of the
unpolarized DiFF.
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IV. EXTRACTION OF H^
1 FROM MEASURED

ARTRU–COLLINS ASYMMETRY

We now consider the Artru–Collins asymmetry of
Eq. (7). Since we cannot integrate away the ✓

2

, ✓, and ✓

z behavior

Fitting PYTHIA  at Belle  

[A.C., Bacchetta, Radici & Bianconi, PRD85]
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and P
qi

(u) are the usual splitting functions of a quark of
flavour q to a parton i carrying its light-cone momentum
fraction u.

This evolution equation at a fixed invariant mass
squared of the hadron pair is formally exactly the same
as that for the single hadron fragmentation function.
Thus we employ the evolution software QCDNUM [39]
to evolve our model calculated DFFs at fixed values of
M2

h

to the final scale of interest. The results for the evo-

lution of D⇡

+
⇡

�

u

are shown in Fig. 11. Here the model
scale is taken to be the usual NJL-jet scale of 0.2 GeV2,
and the results are evolved to 4 GeV2 and 100 GeV2.
The plots in Fig. 11(a) show that QCD evolution of the
DFF, integrated over an interval of z between 0.2 and
0.8, leaves the overall shape of the M2

h

dependence un-
changed, reducing the overall magnitude and the relevant
strength of di↵erent VM peaks. Such behaviour is easy to
understand, as under evolution the strength of the DFF
functions shifts to smaller values of z, as can be clearly
seen from plots in Fig. 11(b) depicting the same results
integrated over a range of values for M2

h

.

V. CONCLUSIONS AND OUTLOOK

In this work we have presented our NJL-jet model
calculations of unpolarised dihadron fragmentation func-
tions of both light and strange quark to pairs of pions
and kaons. For this the NJL-jet model and the corre-
sponding Monte Carlo framework have been extended to
extract these DFFs using their probabilistic interpreta-
tion. The important contributions from the production
of several vector mesons and their strong decays were
included, as they give a very large contribution to the
DFF channels that correspond to their decay products -
see also Ref. [21]. Thus, the two- and three-body decays
of these resonances were included carefully in the model,
using the experimental and phenomenological develop-
ments about these decays gained in precise experiments
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FIG. 11. The comparison of the results for D⇡+⇡�
u at model

scale (red solid line) with those evolved to 4 GeV2 (blue
dashed line) and 100 GeV2 (orange dotted line) when (a)
integrated over z and (b) integrated over M2

h .

at e+e� colliders [38]. The results of the extensive MC
simulations allowed us to extract the DFFs with insignif-
icant numerical errors, where our studies showed that 8
hadron emission steps in each quark hadronization chain
are needed to achieve satisfactory convergence in the re-
gion z & 0.2.

The results for u ! ⇡�⇡+ have confirmed our earlier
findings of Ref. [21], that the strong decays of the vector
mesons play a crucial role in the DFFs of pseudoscalar
mesons, both by increasing the magnitude and by shap-
ing the invariant mass spectrum of the pair. This has also
been confirmed for the DFFs of at least one final kaon
produced by decays of K⇤ and � vector mesons as well.
This behaviour can be explained using the large combi-
natorial factors involved in counting the pairs produced
by the vector meson decays. Moreover, the enhancement
of the DFF magnitude is apparent even in the regions far
from the invariant mass peaks of VMs and in the chan-
nels where production from decays alone is not possible
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ing the invariant mass spectrum of the pair. This has also
been confirmed for the DFFs of at least one final kaon
produced by decays of K⇤ and � vector mesons as well.
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[H. Matevosyan et al., PRD88]

NJL-jet based MC event generator
q → π+π-X
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Fig. 4: Deuteron and proton asymmetries, integrated over the angle q , as a function of x, z and Mhh, for
the data taken with the 6LiD (top) and NH3 target (bottom), respectively. The open data points in both
asymmetry distributions vs. Mhh include all hadron pairs with an invariant mass of Mhh � 1.5 GeV/c2.
These pairs are discarded for the two other distributions, which are integrated over Mhh. The grey bands
indicate the systematic uncertainties, where the last bin in Mhh is not fully shown. The curves show the
comparison of the extracted asymmetries to predictions [37, 38] made using the transversity functions
extracted in Ref. [15] (solid lines) or a pQCD based counting rule analysis (dotted lines).1

5 Discussion of Results

The resulting asymmetries are shown in Fig. 4 as a function of x, z and Mhh for the 6LiD (top) and NH3
(bottom) targets, respectively. For 6LiD, no significant asymmetry is observed in any variable. For NH3,
large negative asymmetries are observed in the region x > 0.03, which implies that both transversity
distributions and polarised two-hadron interference fragmentation functions do not vanish. For x < 0.03,
the asymmetries are compatible with zero. Over the measured range of the invariant mass Mhh and z, the
asymmetry is negative and shows no strong dependence on these variables.
When comparing the results on the NH3 target to the published HERMES results on a transversely po-
larised proton target [28], the larger kinematic region in x and Mhh is evident. However, both results can-
not be directly compared for several reasons: (1) The opposite sign is due to the fact that in the extraction
of the asymmetries the phase p in the angle fRS is used in the COMPASS analysis; (2) COMPASS calcu-
lates asymmetries in the photon-nucleon system, while HERMES published them in the lepton-nucleon
system; both agree reasonably well when including Dnn corrections for HERMES; (3) HERMES uses
identified p

+
p

� pairs and COMPASS h+h� pairs; (4) COMPASS applies a minimum cut on z, removing
a possible dilution due to contributions from target fragmentation.
A naive interpretation of our data, based on Eq. (7) and on isospin symmetry and charge conjugation,
yields D1,u = D1,d and H^

1,u =�H^
1,d [27]. When considering only valence quarks, the asymmetry AsinfRS

UT,d

is proportional to [hu
1 +hd

1 ]H
^
1,u for the deuteron target, while for the proton target AsinfRS

UT,p µ [4hu
1 �hd

1 ]H
^
1,u.

Therefore, like in the case of the Collins asymmetry, the small asymmetries observed for the deuteron
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Figure 27: The projected statistical error for data on a hydrogen target (100 days of
HD-Ice) for the target asymmetry Asin φR sin θ

UT in (z, Mππ, x). The band represent the
spread in predictions for three different models for h1(x) from Fig. 6.

compared to nuclear targets (NH3, ND3) is its superior dilution factor, which is crucial
for studies of transverse momentum dependences.

Analysis of already existing electroproduction data from CLAS with unpolarized
and longitudinally polarized targets has shown that JLab 6 GeV data are consistent
with the PYTHIA MC and proposed measurements are feasible.

Beam Request

We ask the PAC to award 110 days of beam time for a dedicated high
statistics SIDIS experiment with a transversely polarized target.

The measurement of the target SSA in hadron pair production off a transversely
polarized proton would allow precision measurements of flavor contribution of the
underlying transversity PDF.
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represent the spread in predictions using the TMD extraction as well as the LCCQM and
diquark models for h1(x).
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BEAM SPIN ASYMMETRY@CLAS

higher-twist PDF e(x) 
unknown

The invariant mass squared of the hadron pair is P 2

h

= m2

hh

. The SIDIS process is defined
by the kinematic variables:

x =
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2P · q ⌘ x
B
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+ z
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. (9)

The kinematics and the definition of the angles can be be found in, e.g., Refs. [3, 8]. We
mention the azimuthal angle �

R

formed between the leptonic plane and the hadronic plane
identified by the vector R

T

and the virtual photon direction. The cross section for two
particle SIDIS can be written in terms of modulations in the azimuthal angle �

R

[39].
In the limit m2

hh

⌧ Q2 the structure functions of interest can be written in terms of PDFs
and DiFFs, to leading-order, in the following way [3]:
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with the first subindex of the structure function corresponding to the beam polarization,
the second to the target. We now consider the structure function F sin�

LU

in Eq. (12) for ⇡+⇡�

pair production. The relevant spin asymmetry can be built as ratios of structure functions.
For the longitudinal polarization of the beam, i.e. the LU combinations, one can define the
following BSA:
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where " is the ratio of longitudinal and transverse photon flux and can be expressed in terms
of y. Combining Eqs. (10,12), to leading-order in ↵
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and leading term in the PWA, the BSA
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leading-twist DiFFs
known

higher-twist DiFFs
unknown

GOAL: extract e(x)

...from CLAS data

Silvia Pisano's analysis
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FIRST TRY EXTRACTION
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Assume no dynamical higher-twist in the fragmentation part
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Example: New fundamental interaction from beta decay?

BSM FUNDAMENTAL INTERACTIONS?

Z 1

�1
dxh

uV �dV
1 (x) = gT

[AC,Baessler,Gonzalez-Alonso,Liuti, PRL 115]

Present DiFF extraction
Future DiFF extraction

�Leff =GFVud

p
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�4GFVud

p
2 ✏T gT p̄�µ⌫n · ē�µ⌫(1� �5)⌫e [Cirigliano et al., NPB 830]

DVMP GGL
Collins extraction

Could we do the same with gS?



ựT vs. ựS plane from beta decay observables

BSM FUNDAMENTAL INTERACTIONS?

with εS=0.0011(21) at 90% CL 
from Gonzalez & Camalich, 
PRL112.

with <gT>=0.839(357) from GGL 
& Pavia new

1σ errors
Hessian in blue & pink
Rfit method in red
Scatter plot in blue
MC 1D gives <εT> =0.0012 ±...

[AC,Baessler,Liuti, in progress]



CONCLUSIONS

✓ Hadronization and confinement are of high importance

✓ Here: Dihadron Fragmentation Functions

• Dihadron SIDIS is a good tool to

• access to scalar, tensor hadronic structures

• glimpse of quark-gluon correlations

• Future: get more info on DiFF from e+e- & SIDIS (multiplicities,...)
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