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1. The eF&c‘five aclion and Jhe efﬁc‘l’tve ?o+elf"c'a.‘.
In Quasitom Field "“\e,orj (@F7), the effective action and To‘\‘eﬂ\'(,a.l

?\a.j a cenbtral vole in the stody =F &‘Mw\e."'\'i.es (and their
breaking) at the Ta.n'\om leve! . (Tn fact ‘grantorm eppective
adtion/potertial” weold te detfer names )

The efRedive adtion, T, is closely velated fo the Word idesitities
+hat e.\\ca.?sua\a:‘fz e ﬂm«é‘v\es e\nu(ed :ly “he Jeocry ereex's
fouctions and also plass an importost e in pwing He renwr-
malizability of non-Qtelian QFTs.

The eflective ?d"as‘\l'al ,V, very closely veladed +o the effec-
tive agtion, ', s dhe guankity Hhot detecrmines the
va.coom of +he theory as the \owes'\'e_msu‘ stade and is
exveial v the s‘\'oclg - s\;evﬁamous s\.‘mrns\‘\y breakins , e wost
{asmous exauple \:ei.us-\r\\n. Higqs bveald\o\s of +he. SH elecfroweak
e Swmely

These cbieats, Tand V, axe ndduvrally formulated in the mest
teonsparent and elegant way in the path Ln"\'eﬁva.\ |o.nﬂoaae..

I will vemind goo a. few basic @FT vesuvlts \-e.quexed 1o
state /undersland whal Tand V are  and how they canbe
caleolated in pextorbotion theary.

44 Review of basic QFT vesotts needed
For ilustrdion of dhe main pouids I will vie fvsl o stugle
QFT exawple with a_ sclar feeld <|> .
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The stak"\'.ihﬂ Touf\"' vill b +he Sa\nrnd'-fxﬁ vFau.c-"Coha.l -@:r de
Green -\Gué\w&s eF c‘: :
is[4] + [ TtO$e)

Z[31 =N J:b+ e

whexre -(3“ Vl#)

¥ S[1 ¢s the classica) action —ch.'\'t.ol\ol. s[41= SJ’x f ($).
¥ J(x) is an external sovre. we vse Yo pobe. the -lthrs

€Eq i+ can be vied to cedie/ammikilate (‘>-?or+6c.\e_$ and
pepase tnikal/Rnal states in an scaleriug experiment. T+ is
liws ceu?IeJ ‘o 4> so that Z[5] %exua'}es Jhe. ecela-

+ion ‘Rm.d'wu.s oF ¢‘> : Time-ordered Green {uv\ccioﬁ\.
w path-inte defnikon
S‘"} e &6<)- POen) = /-Fn v !
(‘ = <)) T[.\> &) - &, )| bez )y
.Fe\cls in -Ile.c.Sa\Lex& ?oc.‘lu\—e.

'Bobnc‘arg
onditionS (iwikal shie | bt £3y, Brol stde <boitY) we will choste

on fax‘\'u’.culax vacuvovm-to -vacoum “ransihons. i-'x?om:lins on

pewers of &
g[T] = <»° .WL lo,in>5 [Ph?;c.l vacovm
% '-;'- jd!« %, I6<.)... 3(x0) sol‘ru@...dm,,)yz&
&,y xn)
Or, equivalently, the Green fndions an be sbfained from
2[3] by fonctional derivatives wet the soorca :J'(x)
% The normaliadlion censtart is j:tu} e’ st Ju:bi[ o]
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2[T] contains all the Prysics information of -ihe.4hebr5,-|—\\rov3\\
e Green {m:'tious G‘“’[x.,...xn),w\\;ch describe 1he non-lincar
vespouse of +he system to Hhe edernal Source T6<). Tn particdar,
2[7] wntains the B S-madrix, bot it's move than thek : it
3mm:|-es off-shell creen Puctious:

2(5]= p g XJ‘x A%, T6)... 7o) Grm(x,,... B8

nso f\

- Z f_ d"k J‘kﬂ J(—k) Ik h).ésn)(\(., ‘4\-,)
n=o 0! (Z‘il)'1 (21)

sum of £ ol Fe.gnman
% C: a\mss (with n external

Source. insevtious )

(Feynwan role from ‘Sd“x :r(,e)<|>(x) > — i3I )
Note +hat Jhe k; axe onk Y comSteovined by momestorm conservation
89Ck, +kyt... 4 ky) co ) byt ave stharwise o.r‘a::l'(o.\'ﬂ. This ofp-
shell Lewmoladion is gocte vseR\ 1o deal with vensrmalizadiow or
vnifarity s veldivistic ge.
So we have £hatt

Z2[T] = T (vacowm diagrams in presence of JT)
and Hhan = ex?[Z (connested v. c\-.a.ﬂram.s)] as vsval ,
with the exporential takiug urle accevut all cowbinaderic
factors for those diagrams courqosed of discomnected pieces,
(M50, e normalizadion. factor N iw 2[T], removes avtomad: cally

all Pu\re. vo.cuom cléa.a\‘am.s wa-\-hw{. J c’.nse\‘"\'.ous>.



The path én'\eﬁca.\ approach sheds Light on he ncdove of +he
classical kwit too, e.xplalv\z.uﬂ how fr S»& guaston.
ampktodes are dominated by Me dassical sdution, wieh
covvesponds to a_ stakionany poict of dhe classccod action and
leads Fo phase al..av\hud: :

%
Jab e "55[4’]/)‘» \/

ﬁucludean action N d;f 1 sk
The sewuclassical e;?anfwn iS @ ﬂd'ewoﬂ'ic Q‘TOHS:OUL e fowers

of & arcoud Hhaf classical (th=v) knck .
Ex-ranc\éns 3e [&] axoond the wintmum *a :

'SE\-A] = seE‘k] + zl qu"n"q"z s:x::¢ ) L$4>(&.)S4>(x23 +...

whare 5 = bexy-d, (x), and plogqing his
5:&[, -Sel#l/b / clessical term

J o e -sd:d»e]m exp [‘z'—] H")s&mswxa\ ;m]

x[i | Ss;es# %&SJMH ] \ L gumeic

'l'.e.m

expansion of highar order terms

3o that one has n‘,u&esrab of Polyroraialsx Eaussion. .



U$o\~3 the well known \-esol:t

- (% D S
Scl)t, JXN -( 9") L San e 2 =
) - (Zu)“/‘(-beta?”
we get
-SePIA. il 2 _seTd] /b
S:B& met {' ‘l’ . I 43] [1+o(4|';r.)]
sk by o ot
Podvations arcoud e bq axnoric
classical M'\cc“‘ofs o ( u{hmc‘hou) -F\OE‘UMS

[@ To see Hus is indeed o Sevies iu 4o rescale ST §3.
0dd terms iu.%z?olﬂwd, cu.Stb a;\'esraie_'\'o 2exo . Even
terms (of ovden S n=2,..) lead o
(8¢ e Wi ~ 1]

s is well known, this .mmc\a.ssucad expansion s qowers of 4 is
-UM. Some aS dhe ‘Fe:,nm weal mf\.us eefa.nsien . E'S’ ‘P:(

! 2 \ 4

‘%-_-&J; Séqx[i-#(-‘u-m)#—‘l-!-)# + .T<|>]
| &= o7

Yy 220 MG
2 -‘— J"x[—-tlﬁ(—ﬂ-m)&-‘ﬁlb + 574 ]

For a ?m-'hwla.\— Green -Fm.c'h’on (do\"\-e.sronc(éuﬂ 4o Some
Gs£+:|/l\— a.hA. . ,‘-& )_

power oF J wn Jﬁ# c ) exp "ﬁ G ov

1S +he Soune : dhe action Jt.‘aa\c\s ohlj on Fhair ?.—oJuc‘t .

3o +he Fc:’mmcm Alo.sv-m o.x\:a.x\si.on s an ek?u\s‘coh tn Swa“

qoa.n'\vm .F\uc:\'uai.'.ov\s aroind e classical 'l\—:.‘ec"brﬂ



This resvlt is 33“3_“.,\. when we evaludte J‘“ e:.SH’J/&.

diagrammatically , propagedors axe given by Hhe inverse
of Mo gudedic part of S, and HhareRie Saale Like & .
Vertices ase proportional 4o S, aud Scale Lke &' So,
@ diagram with P propagedoes and V vertias scales
kke A7 . Comected guphs with L loops sadisfy +he
identidy™ PV 4= and sales hke W Therefore,
tree qraphs are ordex ' and each loop iudvoduces an
additional facter of 4.

Looking back ot dhe diagrarwmadic expansion o 2[5
we hove

Z[7] = exp | = (connected diagrams)]

= exp [LS[4] + AR+ BAS +.. /4
+wee 4—'oer 2."09?
] Y 2 VR

= e e [ 4+ 0l)d— 2-kops % higr:
\ anhaxwmom.c CotS.
Sot of all tree- 3“14\3 to semiclassical exp.

in ihe presence of Sovvae Ser °F 4- loo? 3““‘,‘53

SOy
'1/6 gves the b%axi.‘u‘!m of

+he determinant o

Ganssian .Fluc.'\'oa:\'ipws
axovnd the classical
Solution
k3 «
Clear tm. wowentom iv\'\‘earo.ls: njdqfi -"%(z?) = S(I*?)“SAFS
Y N —_—

oP -V -) L



1.9 Relation between ‘ha Eﬂkd'ive Action and -Z[_‘J']
To order 1o sTody ok the guasitom level the s\fv\v«e\‘ﬂcs of a. QFT

i is west convenient to fous su the Symmetvy cousbrainds

(4’«. Ward idechivies) obeyed by e 4P (one-porticle irce -
ducible ) Eveen Rushions, which are the buzldc.s blocks of tha
theory, in +he following sense:

The key sbservalion is dhal Hhe sum of all comnecsted diagraums
can be cbtained by constructiug all “tree diagrams” with the

exact connected 2—‘»&-/:\. -Fm.t-’\';oﬂ as ?wfa.aa.‘br and e cow.f(d‘c.
4PT Green Rnelions as veeties. B.4.

(L

t

3

Al loop corvedtions , no mattter how cowsplicated, can be redvad 4o
tHhis “Hvee-lowd" -an imterms of such building blocks : 4P vextices
and cowplede qropagrde.

For dhis reason it wosld de ose.%\ +o coustuct o %cmra&lwg
Puckional of 4PT Green Luctions, st as 2[5] s the

%e.mxad»kj fuctional of e cownglete Ereen Ructious:

o0 .
27T 2 (e e 60 0y €l
n:=o @' T
’ Comf‘d'e. Green -F:m‘hfm




Such 4P genaxoking fuckional is dhe effective action, T

Remem\:cﬁus dhak 2[3] = exp [T connected diags | and wrl"'c‘.ﬂj
W)

Z[3]=e )

P W [J' Z qu& .o G‘"Xn J6a)--- I0x) Gf:)("b' - "‘\L
n:o o' B
Gwecled  Green fruetion

In +he saume wqﬁ, we azn write
T [$]= 50 i S dl,... % 3D G) T 1y 5%n)
Conmested 4PL Green fuction*
where, for the time beiug, $ s s « dumwy veiable. o id'esnb'on.
We wartt to find oot whet's +he velaion detwen TLHIand WLI].

Asthe tree -lovel dia.gra.m.s built w;.'“'s .(-’u\\ ?\—omdov axnd APT ver-
tices covvesend to an effective Reld Hhaory wity action

Sepp[$] =T'[$]
(which is co\m‘:li.u:\'ecl and won-local) and +he trea-level approxima.-
tion as\'\’esfads do e classical U.m«'.'(:, we have

(I'r.ev:lnj:m)/&,

J Db € = exp [L WF]/&, (4+0© @:Q)]

Som of cownedted -lvee - diagrams
of duery with actien TLE]

Ta e doao Lt Nis ?oﬂ‘\-lvd'eﬁ*ﬂ-\ 18 dowinaded by e clessical
":Ya-"Cd'ovS ok extrewires dhe action T[H]+ SU’T\; , So

¥ For n=2, we de.{::n:. T a3 4he inverse of the exact on'x.aad'or'-
S T4 | sy
% = 5 (f s which follows(see bekou) from T rTRbidi vl

#Wt?J_A - sb(a)
3369 33ty) 3TY)




WErl = TLF]+ [d% 365%e \ O
S'\a'-\t:harj $
found bs.( Selu«‘.ns +the
ST ¢]
XY q,‘-‘\) 1l ° . — = - T(")
guasiom EP.n.-F ¢ $ S50

So, wlT] and L] are velated by a Legercke trausformadion.
This is Semetimes vsed as e storking goint 4o de@ne T, but Huen
Ko definition loeks eryptic and mysterious. Dertved u His alterma-
tive woyy Hua resolt above fllows hice]:s-(—'vom e poperties o T

as aeneroting fuchional of 2T Green fauctions. To fund T[4
for an avbirrony & we need Yo fiud Hie T ot gives such §. The
“Eon" for T s found by taking the fructional devivalive of
(D we¥ TG

swlrl _ o
S0 $ ) (2
and we can wunvert (D to obtain
T[] = W[F] - Sd"x 3'(_:)$(_x)\ =)
S'H‘tonar:, T
as in ().

as Hhe definihon «f He effective action BLHT.

t3.(d also tells os what & is, as SwW/8T is e connected

one-poit fonction <o14COITY) in the presence of the Sovece.
J inserdions

external !} lene
Thel is, to Com‘w'l'e-'f[;:l , we cheose. Hha estermel sooree T, covpled



Yo $0O, so that the expectadion vale of ¢6) e the physical
vaosum is the Specified Ruction ¢ . Then, with Hhot soorce
f\-e.sa&, we caleslate T($] = wlo]- SJ"x 30<) bx).

4.3 Symmelcies and Word Tdesti-Hes

We con Hhen addvess how the symmelries of the classical action

S translade utle symmeteies of tha guastom efpective action T,
sv, what s eguivaleny, inte Hhe symwelries of 47T ereen Hudions.
Suppose +he classical astion is left invariant by an wllnite-
sival trausformation of He Lelds of the forrn

84>Cx) = QL{:) Y YXYZ D
0 " tnfonitesimal
lineas ﬂpmdfen of 4>‘.s .
which also leaves invartaxl +he fuctional meassre :&L(:.Jf has

o Yrivial Tacobiaw). SKift $»d+84 inthe Pudional ude -
gred J“FM"\Q 2]

2 +S
S“ﬁ‘* ex?["'s[d’.] + i jdqxazx) 4:(,)] - b é 4>

:jaﬁc[: exp [i. S[$+5$] + o j 3-(4,_,.5-4,\]
woxiamt > Sab.{» exp [as[#]ujﬁ] i i+ 6.5 s¢ ( %-r:r).;,,, %

C‘\oostms 0‘3"":” I(x) so as Jo 3e:b <4>>J-=$ swe have U':-Z% 3

and ) subﬁt+u+lw$ above. , we btain



<SSy jA“ <Scl>c»)>;r
As S is brear n
<54C%y = AP BN = AT = s
¢

< (8s); = By =0
> 5s[$] =sT[$I=0
so +hat {he cﬁ?«.d;ve. action is alse nvariant . —This is cweal
- rewermaliz ability So 4hot all covuterterns weded casw be
whrodoced respesting e sqmmetries of I classical action and
all infiwdies cow be absorbed. Tn +his vespect, it is alse evwelal
thad Hhe vequlariaation mathed vsed clso vespects tua symmehies.
The Green Puction eutifies iuwplied by Hhe symucties of the
achow (Ward or Slawnoy-Tospw idesdtifies) caw be elogaectly
devved vsiung His 1a:l'k-h..:hsd approach aud arpauding te—

Powers of +he Svree F(x).

4.4 The Epeciive Poteudial

The non-local effective action can be Taglor. e.k‘aa.rAQA’w;,-l.h
nonlocalihes giviug Wgner ovder feld derivotives. In oor
scalor Reld QFT example we have

£r31= (o [ Tod) + LEYEA Y +Tu(B)6pEY +... ]
oF, in a wove svggestive netation,

T[3]= Sa‘*x [ 2P (3BY - Vep($) + higher Aer.]

and gvm euprevious discussion on the semiclassics)



ex pansion , we kwow dhate

2($) = 4+ ofk) Vepp(@)= Vg ()+ © (B>
and Vepp(d) is +he quastor version of the clossical po-
tewtiol . In other words, if we speciclize 4o oo pesien-
independent freld &, , the (guarlom) effective potedtial is
given by :

TLdol= - [d' Vege(d)

1 ocal&v\axﬂ -F;u:::l‘éon
4 -dive sfue‘h:mn_ \50. Mf-“'j
volome V- T

The vacvom o.@ dhe -uu_o\—:." ve. 4he vacuom ex‘fed'o:"ioh valve
of & in dhe abosence of atecnal sSoures (T9o) is détermined
L!{ e wiviwum of Veq? . Nemesber {he relations

Swls] 1 ST[$]

s56) b= <ol 33 76

J=0 & 50‘)'—' ¢o

dveppl> _
\¢,-<¢>j % vy =0
d% is Some himes called H&n&u::a:\'éoh
elassical fueld (4.) condition
(in the sense of coherent homogenaous detecmines valve
fed, but il's the miniwwm of of f=v
+he guattors poteutial ) .

Quantum (or radiodive) toxrections cau Ploy a veyy Zw.fo(‘m'\"
vole {w m%mﬁ/héﬁe\-mﬂ 3\1%’“‘5 b\-e.a.\r.;nﬂ . We will
discoss how Yo inclode Hhem 3¥.oe'\'la3.

9



i.5 E.M.\-aau! In'\'er‘:re‘to.'\lion of Vepp
To forthar understand e ‘J.uds:,u..\ medsimg of the efR chive
fo'\'adia.l_,cows\’.&er e {’o“ow\'.u.s -l—\ouak'h experirank using

ove external sovrce T(x) . We «will examine how the Yacoum

vespowds to a. coustaud howmogeneous vale of I6e), althoogs
we Hom TG off sowly at L+ 20 T(x) = §b y(a}’), with

$(t)
—-—T—>

We also choose TKK) in svch a wa:s Mot it ?wo\»a.s an svzd&eé
valve of the 'h'.me-cndefmdut classicel 46’.6\& CIDC(;) :

<SG, = OGO
We end vp with e samg vacoum state we started with,
vp Fo o ghase thal -the syStem gicks op while staying
in tts amon& stake corung tive T, with B sesra ‘mx.\i .
That ¢s -
<0,0vt)0,00> = exp (LEBIT)
where E[5] is Soch enexgy. Fov Sofficiendy boug T and e
sbw enovgh +whin% snand <ff of e sovree,we can
Ma\u—'\’, any phase wcodowd in thal adiabatic turn enfoff.
Remembering the deRuition of WLIY,Has means
W3l=-T-els]
The vacouw in U pretece of T, (03, shovld thase fore



@)

e an o‘.ae.n{l;o‘.\'z o f Hre -l-\axw&\bv\im,wffkw\mw
by +ha seorte term :
(H - (B> PEN) 0>, = E[5]lod; (€
and E[3] wost be B lowest enexqy el qenvalie yfor the e-
c.déced fé?}.we. can show o), s the state thot sninimiees
the ensxgy , given e two caustraints Lolod_ = A and
<01 § ) o> = & G . Thit is a constrained minimizor
tion groblem and can be shled vsiug Lagruge wubhpliers.
The Qum-\-i-\j fo be minimized is
<brmdy - ',\',\(<dn¢>-1) -SJ’:?A,&)[<J>|§)L\>>-<\>¢(£)]
Lo..aram Qe wno Uc:.? wers
And B state 1¥dni corvestouding otk mintmom most
Sq:\'lsﬁ .
HIby = by - (9,0 em1g, =0

Bot +Hwis s Tve.dse.\.j eg. (&) above with

D0 = 1005, N =EST A0 = T pl®)

ood we ho..ve.

goMIoy = e[7]+ Sc\"k’yc?m\%c*)
S~
-le[::] _'.'__Sd"x
-2 [w [31- 5 J x::(x):bccx)] =- = T[4.]

oe V()= SoHIo; /vy,



@

We conclude that V(d.) is the minimum valve of the
emsrgy dewsily expectadion valve for all stakes that give
<E> = B . In parkicslar, fr 320, tha vacvom state
will corvesgond to a winimum of the clPective ‘,o-\z«cua.\..

From ovr deg,m-\-.,oh \/Ll\> = -I[Q:]/Vq we can relote deri-

volives of the potetia) Yo dexivottives of I, thot is, 4PT
Gveen Ruetions (ab 2evo extexnal mowentom ). In ?a.r'\"‘cohr
/o is directly velated to @ which, as we saw iw the
fostnste of pagqe 1.3,is relded 4o the inverse of e QU ¢
fm_?a_ao:l:or and, trockiugthe Signs, we conclude that Fv jod?
and G = W/BTST have the Sawe sign . TA's easy ‘o tee,
using the €vclidean fovewladion of the gk inkegeol, ot
3*w/232 (s positive and so ene should hase F /ol >0,

Tn othor words, Yha p‘\zdwhl (S Convex:
S

V( (l-))i:: +) l\%)

£ (FD)VERY +Av(d,)

vi¢) }

o > i

) ;; —
This s d&ﬁr\ld ak odds with eur ex?eﬂea*u.w::\'h efRechive
poleutials, which e.q. i the SM, ofen have non-convex shope -




Toke For Mjcu.v.ca_ dhe usiol Mexicem-hol Fo'\‘c.u.'k«.\'
A DERNIC I DN
invarian! onder > - b, a\-‘\‘e.n vse to exP\o.i.v\. s‘»u‘.\‘mws

sywm. B\-edw»ﬁ :

This coutradiction comes fom the fact that, fr valves of ¢
with 2% fadf<c 0, the stakionary point of R (4)-{THé is o
Mexirurm odhac than a minumum, corvesponding Yo o frdd
coufiguration that is vustable . Vot a good staxtiug goiut fr
a ferfocbadive expansion.

The woy T Lives dhe ex ton valve of ¢ is trivial: one
has o minimize V($) -Td and T Hilts twe potential Ly
the. vight amount,; e.q.:

V(®)

—>¢ ¢
-T¢ -4

One s"""‘?\'j ad 303":8 I Yo he re.q\n'.\-ed <PS>, .So\m'.us the

Minitwl2ation o.qua:\:-:on :

3917 (v@)—:ﬂf?) = D % =3




)

This works Svnoe‘\‘-hlb wheo Vi) is o meonstonie Huctien:

. J 1 v

—<b&>

Buot it Predoczs several s|'o.=\'c°na.r3 ro:p.-ks whenever V“(tl:)
choaumqes sigh, as i Awe Heyican- hal case :

\fvi$)-7¢
N/
T ¢
For ({») tn the ves'wn withv"<o , v(4)-3¢ is a maxiwmum at

<> . vot & miniwum
The trve effective ptentiall oo b <<, is ot os
indicated by the dashed lne inthe fiqure above and would
corvespond Jo Hha energy deusity in a vacuurn state
1552 w104+ plo, &Y= vl 11>
with o) 1{5\2: 4 (remewber that <+]-y=0iw QFTY
ond
<ol oY = 1, +1p1d = & <(k,4)

obviou.slﬂ 8&\:&!\3
<elHITY = |jui* V() +IpPVd)= V()

The weso\\iua mw—m!s\-ic_"brue. ?o'\’ewhlo.\' iS convex  as ewfec:\’ed,
bot does not %c'.ve— Sowe T\\ﬂsécal\a vSe.Fv\ C\k&m\a\\ou_ dhot the



“noive! potestial offers, e.q. vegarcling he instabilidy of
Sevna field w%va:\:eus (as we'll discoss lodesr o).
Moveoves, vemember the les Aé{—’{—’eveu.ce. between s«.‘mme’trj beea-
king in QFT and guastom mechasics, e.q.with a double well
Fo“'ewka.l as iw the :Pc‘.c*m-e. above . T quan‘\‘um mechanics the
o ground stakes are soperposifiows of Ahe vacvom vectors 147
ond |-, either 3«1Mme.“'r£c. or m‘l'ist1mw\e‘bri.c :
1s) = ‘-'_{(|+>+ 1->)
la> = F'z'<'+>”">>

While |+ or |-> break the symmetey ¢ >-¢ of the Tc‘\'edéa!
(vnder that Sﬂmmej:\’ﬁ 4> «=[->Y) both [SD and 107 ave kit
wvactaut (vpo an uni.m.?or‘\‘wtt sign), Se thot there s no
s‘wu:\'mus 2ymmelty breaking i @M.

The ifinite number of degrees of freedom. e QFT makes the
story differeut ) as then <4)=0 and then [), |-y are
the twe grovnd stokes , Wt do breake Jhe su‘mmé:\vg. One can
still vse |S) and )A) as vacvum states vpon which to build vp
the Milbert spae bol Hus is not o gosd idea. The basis WY,
[-> is far wore converieut as local operedtors will have o\i.a.som!
mateix elemests tn 4his basis, with <+|0-1-5> = 0 wkile
this does not happen Un e ISY, O bosis, e.q.
&=,

(T

<SI$CIR> = 3 CHPEI 4> = L @) |->= 7 by -



To shdy local ghytics in +he vacoum stade [+ yoo never naed +o

deal with 1=> ond vice versol so that one e coustet twe
erthogonal Wilbert spaces, that dow't communicade with each stus.
Moreover, iw fhis basis onz has the cluster a‘eComFosi'}Zan principle :

<HIPOID(Y)[4> — <+ DD IF>H 1 beyd [+

lx-3 =Y )

necessaxy for \oc.a.u:\'j . Bot in |3) we would have

<SIEIB(Y) Sy = 5 <+ 90D [+ L <- W bi | >

;x._;;:  <HPEOHY S b6 )+ DI EIdE |

= é—d):-l-i.(l}f = \’2
while, ow the other hand
<SIB(IISy = L HEI Y + F RO <8182 0

So 'k\'\at
<slbe) by ISy - <sIPED I8)<s )by |S

BT

Therefore. we do net care aboot the non-anolytic true pstedial
Aitcossed above, althordgn we have learned A tae gavivebodive
calwlation of tha gotectial i veqious o freld spasa with
?ZV/&V%O cowes‘mds o vushble L couliguvitious, about
Which we will Say tese later oo, Now we orm 4o such perbor-
badive caleoladious of Vegp.



1.5 Calevlation cF Vepp

In ovder To caleolate the quan‘\'um corectious Yo the classical
peladial of & we will promed as we did for He semi-
dassical expansion of Z[¥], cousidecing feeld Plctvatious
over the classical baskgqreond :

4>Cx) = 4>° + P(x)
4 N flodvedion
constastt mlue,

-F(,xed 55 J

Tt (3 also covenled to weite the efective action. in tarms

DF W\OW\—‘.OM 5‘1&& 1PT Grean ‘F:io_.“-so“&. sqcz-r&> La,““ed'gl)

"E‘“)(?,, ceesFn) -(.21:)" S“(?‘-r Pet--+Pn) =
- SJ‘I"' i dqxh e:-(rl";"'.-- "'ann)rl.ﬁ)(x“"" Xn)

So -kho-t the "\"a...‘lor expansion OF 3C¢3 reads :

.-:‘,° L dt { A.‘? y gl
T 'E:.m! S@z“)'-c (_Z'n)z @' 8 (Pt +Pn) »

x Y- 3G TORae 5T
Noul, -F:\— a. cou-S"a.h't Wksfoona ¢° , We \'&PIGLL
d(p.)= & & 8D

wlhk | o el
Tld]= Z 7 ¢ @0'8E)E()
. Sd“x = Vq,
and Yhorefore :

W)= -L = &I | (va)

:Dﬂ!




(2

From this,we conclude Hhat the ePfeciive pefeutial is Jhe.
Smra."ilu.s fuckenol of 1PT Grezn Prucdious with gece
external momentom. We olso get o recipe o caleslote the
ptential,which we will Plows shoelly wn a suugle example .
Eg.(V:4) covvestonds 1o a Taylor expousion of T [4] asound
the ovigio & =0. Bot we can as wel Tasflor expand Lt
avound b, instead, vsing PLD= $(O-d, as fdvating
feld.
Toke e.q9. S[43= (d%L($) with
L($)=-N +LHob¥ - smd- bt (o)
which leads Yo the Shifted theory fogramgian
LIPY =-(Ne 2o+ 0BT ) # L (30"
~ (o + XD P - L (MU ndE) @"
- 2o @ - G (n2)
The clossical (tree-level) potential ts siwply
Vo(h) = A+ - mgS+ ;‘—XCb‘;

This leads to waw, background dependent Feynman rules,

and wew intevactions (e Linear and cobic % -terms) .

Te Wis shiffed theory, the expansion of he effective achion
in tecras of Yo PT Green Pouctions reads



= \ J‘ (

€
riel1=Z & [

a< o n! Jzn 3'-! (.2"‘3“ 8"(?” Pﬂ) ‘P[?h cP(?n\?‘
xf'\‘o('fn""?"\  Green Puckions in sifted Hreory .
Se:l:-b'ug @)= 0O we see thak only +Hhe vacuum teem couctri bu-

"l-ef Now :
T, = T = g ST (O
and so

V(%)= - T ¢)(o) (v.2)

Trom this we see that e potediiall is given by He vacourn
4PT Green oFawdéon e the Shilled -‘-knprﬂ

Let us  now cowpote Q.at?\-'-c.‘.-\'bj the. i-loep corvectiow to
the potential ac the toy model we have witcodlu cad above.
In the on-sWifted case, (M.4), we vse (V.4 and coustwet
the series
@ @+ @
I 4,*% “"8\""’
The only inderaction Yerm s the quar“:f.c. covpling :

b ¢ \
>< et (& e f’-)
¢ ¢

So, e seves above onbd couFaius even Yerms . +., and ot

A-loop is -



ue\a vn af@"mt

SIS oI

The terwm with 2nlege (n verticas) gives:
|
(@ (- )

\ Zo (2n) _____ -
R T (=) =~ ( g S

SuMMokﬁ the Series -

\4( é,) V4(°) - S(:_:L‘ ,:Zb' 'rlT ( —?:’S >h

= (&,-indep piece) 41 S |°3( 3).:];: )

D
= .z-‘- 52%’;'03 (-F"-l- m"-l-a)‘lg') + (&- 'c.m\e‘,. Tseu.)
We will evalvate Hus Q‘fla-"-'-'ug loter o0 .
Now, let vs use (V.2) iwthe sWifted case (M.2). The interaction

verties axe tow
¢

:>_ o - ‘e>< PN

(7
(T\\e 'l:a.JTola —@ s tevelevaut -F\' our calevlation ) .

And +he P"’I"‘%‘d"" S now - N T
At 1- loop we ovsl:’ have o s-'.u.ﬁle. d.‘.a.ﬁvam 4o compote

O‘P

V)= 7 Czﬂ) 2% log (m+ M -p)

which .awes



@)

To Jee ~|-\~23, notice. that -9V/a¢° is dhe 4PT i-?o:.\-\'.t -Fm.c:"c.m

(TN a,ave&m'h with oov ?\-e.vious colcdaXion.

v (4 ]
= =&y 3 £ 2. w42 .2
Qp 2 S@nj’i. m+3>d>°-—?
So '“\a.t
v(&") S *6 d+ S-i— loﬂ (m‘+3X$z_f2)

Thes te.Sol'h cou\d l'lo.ve, Lu\r\ M“';uraﬂ'&c‘ -Flom oLY  Pveviovs

discossion of the sewmi-classical expansion of 2[7], .15,

n w\u‘.ch we -F:oﬁcl '“\a'.t‘l."'\e. i'loor c'\'rec“i.oﬁ wos alven bl.t

8A = &. wx#lbv]
So that 2S¢
LEI’: W = —,'g‘-T'- log( W>\+o

Coing to o wnestum spase ,we woold \-o_?n:cluu. ouve vesoll
above. So we see again Hot the I~loop torvection comes

Promn hasmoni e Lluctvatious axovnd dha classical :hac\:.@vm&

That is whj V(tl?o) Je»‘:ewrk onlﬂ ow the wnass oF :‘: i thel
Lackjro\m.é.

The momentum m‘he%m.l— obtained above ,‘3.— \lid,e’) .

Vu()= -362._0;,1’_ log [-*+ 4]

where M7d,)z mraxdd s ebviously dcve.nsent and needs



Yo be veau\axt.-zzcl. let vs fust vie o scwple momestom
wt-opP veqularization. Th is alse inslructive to furst
do +he v-:\'l—ava:b'.en Lue Po
AR S;? S(m) ol g el

Here we alse indroduce the notadion w;’-,-l.:a:\: vewiuds us
b this GFT describes an fnite cellectisw £ (couvpled)
haxmonic escillakers with F;u.éme.u‘&a.l -Fe.qoeu.oies ws .
We hove alse written ex?\i.:;.-\-Lj dhe i€ ferm \-e%u-'.\—e.cl

o ?m\’e"‘j defiue twa ?m?c.aai'»c\". We can now Wick rsta-
_Le' .(:h"' ?o &"-'l'ﬁa'(a:bbﬂ aot\‘\'au\’ +c ""\L g’.w.a..%.:no;zi

ax\S L‘l:_a

)

[.
S x
3

Se that the momeston w:"eﬂm.\ (S now iuethe Buclidean
mmum Sm_ B

A

Pe o 2,22 2
VoldD= S@& S & | gL RE+F2+ M)

?e\‘-F:\'NJ—Ms dhe Peo w:\:eﬁra.\ ,oud ‘l‘a.k'ws e Lmi ke
N> M¥$) we 3et (m&xﬂuﬁ aow W)



k)= | TE (or)s

(2

which shows even wmove ex?\hd;klﬁ that e ene- \eo?
?o""aa&ca_\ S no'“\»kz buot thesvm o? -l:he. 3@99\1\3-8-"63'2.
energies of Hhe ( in‘vd*c number of ) Waxmanie osel-
Nakors of which tha GFT s e.eu_\»:g:\.

?e\—-?ovwduﬂ N 4F)\\ wo messtom \-UA'&%(UJ we ae:\:

- p B2 gt ) o)
M= wc\ef

where  Ht= Mifdo)= M T . Alterndively, we can use
dimensteneal veqs laxiahon, with D=4-2¢, and ﬁei

Vicd)o‘) - C‘-I 2 ("03 M - — - Cuv)

whexe Cpy = é— - Ye +1og 41t , lads u.the NS scheme
1o '°S &, where Q s the venormalization scale.

M4 -
Vﬁl(-d’o>= éq_‘“',_ (|°3 g'z-%>

&r&dbus "‘:o Ve(-’(.’ Bc-‘ov\cl l—looP ta.kc. u\.‘ho a.cc.ouw'h 4he
eF(?e.c": aF intecaction beems (arhaxvwonic eFf’eci&) . I
Pr&m"?\e we could cem‘:u"‘e sSuch Cor\’e,d‘k.cu.s e,c‘.-l-kn.\— on



€

+ha wsL..F-}ec( o i Haa s\u‘.ged %md\o:&'ien ,al-Un-oua(s
tha [atbexr s souplac. TS ea.5u(+o see thok both me -

Yhods would ageee. Take ocue ":o\t m-?\z.o.:l: Hwo 'oe?s.
T e uV\S\\LF‘&d -H\m:\‘:j we wou\é neec ‘o Somn the ternes

while in the shifted -L\u_ow;s we ‘\us'l: have the Hwo diags .

0 + B

That both a.ﬂ:!vc:]\n.s qare.e. axs- Yo Seen L\1 \-e.somm&.wa
Yo popagators agpearing in e onshifhed case as
_ = —— M ALV ...

to get
- ©

which \'e.?mo\ucu e c\éaﬁra-ms e the skifted case. Tt's
clear ot the sowa will \mﬁen te acbitastly \ud'\ ovdefr,

IP tle scalar Reld § (or Relds ) for which we axe counpoting
the fotential couplaste sthar sedtors of tue tasry (cHuer
scalar Riedds, fermious, qange bosous ) these secteors will
also coutribote te V(&) . For the veasous explained above
dhoin covcteibutious well only depend on their F;»Jw‘lb.l



frequencies, and s o theic masses. Let vs write soch
geveral mass terms as

- = —M"cbtb mﬂtbb_-;hc)-\--mabﬂ Ql.w
where 4. ase veal sm]wr ‘F,elds d' Weul fertnious and ok
qavge bosowns and +he mass ma.'}xc.czs are -F)nc."'t-ou.s of “Hue
’Daokgfovnd field 3, . The madvicas U H m Iml | mEe
can be a{.‘,a.ﬂenal»&ell and we will call M3 () Wa 3<vah.c
dac.n\/o..\»e.s, The contribution o +hese Relds 4o v @) con
be Comr)‘be.é us&ms an‘tj of e wdthods discossed cul £twe
Si'ufh— Scalar 493 wodel, for stance i.u*e-av«a:l:i.vxs the
'l"a..o\fole Auo.%mn_s

CP% . q)tl’r . CIDQT;

Tn all cases the re.So\‘\'t'Ms expression is a morazaitonn
Lw"eﬂva.\ e? -bnn. |osox¢'.{—.\'\m b(" -,-\M. wverse ?mfoﬁat}o(‘.
T the case o@ ‘e Sawae boSon leof, Such ?mfa-scd‘o(
reguires a choite of 3“"86 :
PP
B =S g (O ¢ ]

"gma.

F m32
The s&w-?\u‘t choite s Landan saw%z_)§:o . Tudnmm
garge (£=1) would lead o o siumler expression fr R
above bt wovld alse wutcodowe. masses g R 3\\°s'ta ,
ond 3\\081',—‘?7' coo:rl&uaa.



'P\)‘:{ﬁlhj all ?wa.s -Loal_‘:\ux one ad,s —F’\— Ha \-loo?
eFFe.c:(Lve Ye‘l‘&n‘hﬂl (1«\\"-(_5 and landass %“"%‘-3 :

4 2
V.(Ck%ﬁ;,?;— Ny "‘g(d’o\ [lcj “—‘%—,_9' Ca] (v.)

where o cuns over all states tu dhe -!:hﬂ.o\j,wl.-\-h N,
counting Haie nvmber of *ﬂm of Reedom (taken
M—aa:[i.ve Ror {-‘e:rml.ou.S,‘l'v abserb the m-aa:l::.ve, sign Lom
the fervnion loop ) : te. for a veal scalar & Mi=4|
'F"' o- Wej\ (Pirac) fewnmieon Nr=-3(-4) ; fr a massive
(ceald gonge bosen AL, N, =3. The caustal
takes fne valve C =32 fr scalacs or formious, and
Cy= 5/c for qonge Sosons . The we:.shte.d Suow LS Some-
tomes definadas a “supertrace” : . % aolorlthxse. dof

Ste © = Z Ny Oy = Z.(1 “(25¢+ 1) €. On
wheee O is SOmn.o"e\'oip\' (=g M), anJ&('us-‘-ko.s?Ln,
Tt can also be usefol to write the qeneval vesu Lt when
@ vomentom cotofl mao(a.\'czd:.oﬂ is vsed :

2 (2
SlV(d’o) = 3—%13‘:? Mz-l' L—'q;zs-hr Ma (Iog % - .‘2—, > (V.z)

Hia\\.vr order corvectious to the effective ?c‘\'e.&'(:.al involve
interactiows. The twe- loof T°+e.u-"‘~'-o..\ ‘F)( a %e_mu(a..l =4
with Saloxs, fermious aud gavge boSous veguives e



cales\otiow c? o le\ouuﬁ +‘3?e' e@ Vacovom- dia. -
gvanss (v Yhe Mifled %n_owzs\ :

Ap
¢
SO
o O =
. .. ‘3\\05'\'.

This vesult is available uc the Ltexatvre (e L:.\alcogmfhg
ok tha end ) .
1.6 Standard Model Niggs Pstetial
The tree-level Higgs gpotential i the Standard Model (s
has the —F:\-m :

V(H) = mrinize N H|
whae 1 is dhe -“9333 doublets :

+\°> (r(h"+¢+ e >>

we have written ewmplieitly dhe Red cotevk of H.

G—f G° axe the Goldstone bosous (eaten L‘( wEand 2°
te gaun Haair masses); hus Hhe physieal Higas feld ;
b is the backgound valve, so thot V is a fiediow of
$. At tree-level | minimizatiow of e potectial leads




-m*

p

.o > <P =vis
2

The mass seale 1, which deftermines Mg My , w5 fxed by
>, which should be m_aa:kve_ Yo Wigger electroweak Stpm -
maXey brealing.

The one-loep potesstial, calvlated in MS and Lasdas
qavge is of Hhe gevedl foem (V.1),See poge 1.20,with
thwe Pollowing contributions:

. - - V24 _3

T°P qoaxk- N-l'.- 12 = \‘;c.xll-\. M_t—ztitqD. C=-3
-fc\'w&on Color ‘.D'cm_g, Yo kama..
‘°°f"“~3

Othor ferwious (qoa:\ts and lgf*eu&) qive \\o.s\:,ai\a\e.

coutributious, dua to Hhe swallnass of Hueir Yokawa- coupliugs.

2 Ne=2.  Mi=g(ghelde.  Camsk
3-pelariaatious su@, L), gevge uuf\&q&
Wt: Nw=é = Sx% . M\‘:} = z"- 324}. Cw:SIb
aharae.
° g\l,
h - Np=4. Mi= e = Mg Ged2
cet. N.=3. ME = m*+ )\IP?'. =32

No“"oCe ‘t\'\ai, at +the minimom <¢‘>>=\9‘ we 3e;t
Hﬁo = 21.‘\,?- Mé‘_ = 0O

For generic vales of -the bagkawow\d field, however,



the Co\dstones are wossive and codribote to V(“’B )

The -2-\°°‘= Td‘\e.wk-al ¢s known and ast too ceu...?l;ud'ed .

We split the two-loop potential in different pieces according to their diagrammatic origin.

We use the short-hand notation t = m}, w=m?2, z =m?, h =mj, x = m? and we neglect

the bottom Yukawa coupling. The important top Yukawa contribution is

W = §yfﬁ'-2 2Jy — 4Jig — 20 + (4 — h) L 4 2(t — x) L1g0 — x12] (75)

There is a purely scalar piece
;3 a0, : 2 | -
Ib = Ih A [Ojgg + thg + th - -1AO (Ihgg + Ihth] , (Ib)
a purely gauge part

62

IIL = 5"‘:2(75 - 'll-‘) [Jr:w + EL-‘U:wo - IILL'OOJ]
: I
- %sz {2(11& C95A,) 4 — (2 +250) + 2410 + 1010 — 0o + 4911.‘1
: w
¢, [58 iy
+ Ih w |:?(A~ + 2*410) + _(Tju'w + 15J.':tc) + 58{:1011' - glrzw[l + L:O[I + lru'L'IO + 76“-"|
/ ‘ w
12
+ é’{'g [Ju-‘w - (161“ + Z)I:ww + 2(8’0‘.‘ + Z)I:tuL'l - zI:OL'I + 4“-“2] 3 (77)

a fermion-gauge boson part® (which includes the important QCD piece)
; 2.2 4(qr2 16 5 5,
]'!FV = Sgs K 'm.f (3_[;3 - 8Lt + g) + ?6 K LtLL + Jrf_.: — t_lrﬁo + tirﬁ_.:)
2

+ %ﬁ? {9 = 16tw — 36u” — 26tA, + 6(4w — 3t) Ay, + 8(t + 4w)A, — 4y, + 8.,

. 9 . . _ .
+ 8 [(T — 21{.-‘)]333 — 6'1{.‘fwuu — 10{{.-‘173[@} + — [(T — QU.-‘JJW, + (f — '1{.-‘)(?5 + Qtt.-‘)lrfu.u — fzftuo}}
w

+ éhz {—tAf — (17t + 40w — 202)A; + guﬂt - 17J;, - %(T’t — 40w +172) Ly,
+ (mow - %z) Lo + 92 + 20tw — 48w?* — 4tz + 60wz — 3022} , (78)
and a scalar-gauge boson part
Ve = ¢°w’ { B(h +3x +2) — %u} A, + %w(ﬂh +4,) + i( Jog + Jug) + (h%szfho
v F}”‘ = 20) Sy + (304 X — B)Jun + (5w + = — wu.\g} (=) Lo

1
Sw

1 [ we 2 392 2 2 4 5
N 5{ g G }—i_mh (8\*¢"Thgo — h*Inno)

(:’12 — 4hw + 12w?) Lywh — Li(h +w—y) = h} Lohg —w (u-‘ + %) }
T

&



2
e . | -
_ E(z — w)K? {(wtz=x)ow—wlg+ [(w+z- V) + 8wz Lug

— (=L = (2 = X Lgo + L0}

e, b 22 z 3., .
- 5:{.2 { (4)( 4w — §z - —) A, +wAy — Ju.g + (4 - —) J:g + 5)(2 + 2z(z 4+ x)

2w 4w
_ %(.w +2y) — %XZ (6 +7°) + (4y — 2)Lgg — %fggo + %(gw - x)fu,gu} . (79)
The functions A, J and I are
A, =Ald] = oL, 1), (80)
Joy = Joyy] = Ala]Aly] (81)
Ly =1I[ey ] = é (6 =y = 2)LyL. + (—2 &y = 2)LoLo + (—2 — y+ 2)L,L,)
4 2oLt yLy 4 L) = ok y+2) = o€y (=)

where L, = In(x/Q?%) and

_ r—y+z—R —r4+y+z-—R x Y
. — -) —
{[v,y,2] = R {Hln( 5 ) ln( 5, ) —In (z) In (z)

o _ . N 2
_ QLiQ(M)—QLiz( r+y+z }?)4_,_]1 (83)

2z 2z

where R* = 1% + * + 2% — 20y — 202 — 2yz and Liy(x) is the dilogarithm function. The

above expression is valid for #? > 0, while for R? < 0 the analytical continuation should be
used instead. Some particular cases of the previous functions which are useful to evaluate
the potential are
ey 7wt 1,
leyy0] = (=) |Lig (%) = & = (Lo = L)Ly + 5 L2
x 6 2
-

—%(;5 +y)+2uL, +2yL, — vL, L
I[z,2,0)] = z(-L2+4L,—5)

Yy

o
- g) : (84)

Sl I S

1.
I[;U,0,0] = I (-—)Li+2£r_

1F Scale (in)depemdewce

The vegolarieadion proceduve has tukroduced i V an
exphick depeudenta ou M venarmalizadiow seale ,which
(S in privcigle arbitrary while any physical qrantity
derived frorn V Should be wdepeudest of +hat choica
oF secale



Te ivwe.s‘b‘.so‘.\z. the scale Ae‘».vde,\p. = V, remewber
that the n-poink IPT Green Buction TGk, %0) for
4; sqiisg,-es e qu\ogn-sbmau\%i.\c e.qua:\'..'.on

5 2 1 _
(23 *Bx 5+ M) E o ped =0

where Q. stands for all covplings or wmasses iw e
-l:kv.ors ond

dAg ét‘k
T Alos(.?

Pa. =

¢ dlogQ
Re.me.mbexiu.s evr definition of e effective »‘sl':é{d
w 1oqe 143

v(th,)--z__ L & 7o)

Hh=0 “'
we get 'r<‘>
dV(de) s 0= ~ (o)
* To =-£°;[¢ I =T -
. 3§ @

¢ & o oy * a@>f‘“z°’]= “
In cther wocds, the ?o‘\'ed'iad i3 indeed iudependeut
of the rencrralilotion scale and +he expliclk sale
dependence we found ,e.q. o d-loop , must casceal with
the iwplhert scale depevdence of dhe pasameers ede-
ing V(bs). Lek vs see how His works wn the SM
at I-locp ordec.



&

Let us weite

V= Vo (D + Vu($d + 0(AC)
The tree- level ?a'\'evtkva.L , Vo, de{eud& ow tha tven. Seale
(4 on\:s Luk?\kdf‘:(ﬁ :

oL = 3Bz + 2y )4 L (ot Wy )P
ah.,a
The beta. and Y —quc:\'iows staxt ok ordex 44, :
Pac= fac + O =7+ oD

The one -loep ?o'l'.eu:l:..al. has an ex?u.d..t Q—Aefemlenc.z,
and an w.-..?la.a.:\: c\efe.néeu.c& -\-.\wozah aooru,nss and

masses

d \1
3
TN, | —amt
c.lmz“‘ [ 2w
2 AML
+2M5 (lo M—"‘--—C +~‘-> ©

&(SQ?. o 2 cuogq.\

N\ s

o)

At o) ,on\:, He explicit derendence wmatbers as
AH?& /JlﬁQ aA(edDC.Q.S F)a:' oy Y -Faﬁovs w\\l.d\ axe 0(‘('&3 .
I-F we wrb‘l:e_ -|-.\n¢. aem.\-cc_ Sgoa:eé mMasses as

Mo ($D = Kq + "‘&4’2
we end u‘> wL-HO



JV.(<|>)__ to '\ & K, 1 AT 2 \ 2
g 5o T N (T 2T G Ho)

To O(4) we shoudd have J_%Q[vo B+V, >l =0,

which (s an iAeA'\tL'hj ok should hdd for any 4: One can,
-B‘uefore , st\i,b that ule.n'\'t:\-s in Several, ‘oe“f-\ﬂﬂ aX dhe

a\.cﬂ-’e.\eb.‘.\; fowers oF cl>
for &W& ‘F.u.d cw Hus Maﬂ:

P m ] 2
E-P)_ + ')JY plewt E—“-LK.L

= [oahb 3ty 2 Y aRead?
".321}(3‘3 tgdtic” il
'bF w z h 66
(Heve G*= 3"-03'2 ), which agrees with the known {Bi')md "]l').
For c|>2 one -F'A&A.S :

1 a 2

z(bmz +m "_ —i—Z-K.';Ku

v Jen?® *¢
= 2 (D 3D

2 Nt \m—p—
16 " G‘-:Gr*

which agrees with Hhe koowo @S2

Finally, dV, [dleg @ also gives a fueld inde pendendc
pied ~m*/(1672), Although we do not care about such
terms iw priveiple, this scale deperdence can alse be
camcelled -b:( a ustant tree-lovel town we &‘:\—ao‘t
1o inclode . Ca.llio\«s-"h‘.s teen 3L =0, we learn fom
e Q-D«Aafevw\eu.o. of dhe qrsl'e.u:"sa.\ that Hhe renor-
mallzatiow grovp cﬂud(m\ (REE) for SL shoould de



©

dasn - b 2
Pa Sogn = 3o (T2) ¥ 06D

h G:G
Notice that , if we keew v and the 1-loop ?o"\kvx"'«'-a-\;

we would be able to obtain divectly +he I-lbop beta
fuctions for A v and Q. Tn general | Huis provides a
guick trick to cakolote sueh RET= du a given oy,
Of covrse, he scale indepevdevca off e petedtial holds
to all evders iw perturbation Jheery. Tf we write

aloaa P, VS )Vm ©

and CSPO.QA -l-he ?o"'@duo.l aJ'\A P)‘;,'Y VS ?owc.\-s aF S "
Bo kz_‘ (5"‘”61‘ y:ﬁ'y""’hk

V($) = é %

we would get, ab order -

9V| (D) 9Vo (@)
3‘03Q+ P°3>~ + 47-0
be,@;u).v\,s ihe ofe,raj'p’(
(n)_ ()] Q )
7= B ; 1 ¢ $

we would weite e Tvgm’ou.s ydenc‘\'-"'s oS

av,

SloaR

+20V,_ = o



Theo, al order 4, owne ae:\'vs'.

3V,

3\0362

N\J, ‘to ovrder ‘t(? .
VY

g @
We will see in a lakex lecture thak such idesitkes

which relade contributious Jo e poteccial f dipfevest
ovdexs Lu..‘b.-, are of 3te.a:t f\*a.c:\ica.l valve to resuve.

‘Fd"'ﬂu“'ia.lb la.rae corections o V(4>>

F&naly , notice also thok iw Pmd&cz_ we will always

werk with a Fo‘l'em“'ia.l caleslated op to soma fmite
valve of Y. Sueh “truncated” ‘ao'\'e_u:\:i.a.ls axe scale -

+ 3PV, + Vv, =0

w (O))
3 $ Vn_'-"...'l'& %'_’.O

wwlcfemalai.\'— eoly Up to L\aﬁw oder covrechiouws u . .

In such cases the choice of renormalizodioun Scale
sheuld be doe with care, so thok the error L
neglecting higue orders i3 winimized. Lvally one
Caxn deternime a 3ooA choice for Q &1 t\'udqj{vﬁ
the Scale depedeuce of the guordilty of cuderest x
and cheoSig i o region whare soch Scale - dep
LS munimied c\x/c\\osQ =0. This wil usvally
happen for R of ordec of e typical mass Saales
ot dowmimote Hha radiative conechiouws to V.



For tustomce , i tha SK case, R~ Mg is Hypically
6 qood choice. Needless do say,the residual seale
c\c‘»ou.dsu..a_ of a trowcsted ?dl'n.-.-}:.al q_??.-oy‘;m'\ioo
will be smaller,the Wiger order inde isvsed for V.

\.¥ GM%Q. '_De,?enclenc.e_ eF VQFE
fAs we saw in a greviovs Section, for Hneories with Qg™

felds, the expression of Jhe effective potewtial is tu

W faxge Wutb while we kanow that ?\\).A‘RCA‘
g‘vm‘\’i--\-\'.c.s Shou\d be qavge c'.\..éeVe».Ag-d-. 5‘1 loo\d.v.ﬁ

at how the effective ackion chouges ondec a chouye
i the qovge -f&n'w\s t“amﬁ@r &,

whee F s +he aa.oae,--ﬁ;xl.-ﬂ ‘F)uc\ton,e.g.

F= QI,«Q‘*' (Lored"q, 3@08@3

F-= QFQ‘* + ogé (<4>>*C‘> -¢*<{> >) (_12§ 8“%2,)
wn a S:.u.\.f\t. Abellan meodel with 4 a G‘\qr%g,d Scalag , ohe
can derive, using Woxd cdeutities, the So-called Nielses

idaa“\'i-\ﬂ -rer dhe e.ﬂ’gc-l::ve Td'\'a.d&o.l. :

aVv($ o _
£ =5 + c:(t)p,i)aq> o

where C (B £) is o calecolable wustat of order &

From +his u\e.n*.‘:\S we Ln«\e.elini'zﬁ conclude. thak
IV[9E =0 precisely ak Hhre winimum of He



potential, deterwined by sufedeo Therefore, the vaue o-
the potetiol ok ks pinimom is a. gange -indetendest
guartily. Tn more detail, nohice dhal we canost say the
same obovt M walbe of $ o which dhot winimum
appeass. The miviws 2atiow. coudition leads do g—alz‘mu\ed:
seltious :

2!‘_9‘_1..:9-.” £ = FED

T oallow heve tha ‘ossc\p:.\;-\-:, of hauu..% seveval s*ad'iow%
'goc‘.u.{s (\a—b&“d LU b) cowe.S?ouA..u.s “‘O &Ff’evm’t ML AUNaL
and Saddle ‘Yoiu.&s ] rnascivac. Ua between +hoen -

30 q>| Z’z

The .d:e (£) are Puctious of Hua ?uge.—?araacfev i ?N.n\,
as indccated. Bot the Nielsen Ldeo.'\x:\:‘ Luglies thot the
= V(4,(),%) ave §—'n.defew\eu:\',-

o v 4
dé >b ag ¥ ag

(0‘4’ 3 ) I _
dg di.é) 94?
o ot (%)




This result is crveial do rake seuse of tha patesdial os
o tool to shdy symwebey breaking. €. ik allows vs to
determine ot V, <V, in the exawple above even if
the shape of dha potewtial is gouge- depeudedt.
We can derpreb the Wielten identily as

dv _ av . 3V db _ o

—

af = 3§ 2 4t
Le. assuming ok & has an puplicit & -dependerce
given \uj

db _

3 = c($,£)

A o\\o.u%e, oF g Cax\ then be Co\.u.?wated \901 a.—dc\au.ﬁc.
in § accordingdo lhe equation above and all phuiical
quw-d'i—‘h:e.s should wet d\a.u%e_ whan Muis is donz . Tt

cam be chacked that Wuis is ivdeed e case.
.1 I.MOﬂi.wu\ Paxt of Vepe

As we have seen in previcus discussious, for Some veglous of
field space 3V/ad* <0, corvesponding Yo an vustoble. back-
scouwc‘ Reald cw{:s\,m:\:&on. we will see imHus saction how
suwh iustabilihy is ceflected i the appeareance of an
naginary part iw the pedorbotive gotedial for such
freld vegious.

Remewber the one-loop codvibutiow of particle w o the



@)

e.F?ec‘tcve ?e'l:od',uaL :

3,V $) = Gi:l'.‘z Mo (los 2—‘-‘5 - C,,>
where M3 ($) is the wass squax-ec\ of o in the C\’-Laclza
If M% () <o for sewe ¢, this inducas an Lw\cﬂinaxb fo.r't :

SV () = zﬁz MY . i)

wheve Lhe sign is determined by loa ng - ‘°3 (ng-ic).
Tn the Standoxd Model we have such negative masses. As
discossed in page 4.30, the Higas and Guadslones have
ME = M2+32¢* <0 Hv §<-mt/3)
ML= m+ag" <o for 4<-mt/a

Thot is: v(d’)f

N

Mg <O

To betbter understand how Juis is veltedto an instabiliy
W} 13 comvenienk to vie the yichre of Vegp as e sSom =
-?.c.w—goi.uk emn.\—ales o harvonie escllators (see Py I.M\

SV ()= Sﬁ 2 opy




O

per each o d.of. Consider now a case for which we
have M3 ($)<0O. We see that this coudvibutiow §V, i
veal for short waveleugth wodes with B> MG ()| and
pure imaginary for lowg warelangth wodes with €< |ug ().
To fact, the tdtegl in b over these loug waselaugth wodes
reproduces Lhe imaginary pact of Vi ($) dbtoinad above dixectly
from Yo logaxithuic expression. These long wasclugth medes
are dbviously vustable as their evelstion is governed by an
vpside-down haxmenic potevtial with lu.so.'ti'e. we .

We can learn about the behavicvr of the vustable medes from
as elww\'ars anakpis of such inverted pleutial co QM -

H:zl.gz— 2.'—E§ﬂ2'

(with ©*>0). We can prepare an inihal state by Mko.\lj
locolized near ¢=0, 9. sa¥isfyiung
< q"\'-\>> 2 afed
for a~ (1), and then check its time evolshon ot ta0. We
can impose tha sbove coustraisd as an equalihy usiug Lagrange
wolk pliers (and also <$1bY=4) as we already did iu.the dis-
Coisiow of Ha ewrgy Wlerpetotion = Ve
Proteeding in Huis way we arrive ok
(A+ £03g) by = 2,5 14>

which is o normal harmowic osellador L@ 2 >4.0ne fonds
inwmediodely



E,,=‘5w(n+-') ) 3~¢=K\Tl (“"“‘z‘)
<‘|’|ﬂl‘l’>- F:‘.’i =§“ ® 2= 4""(""%)1/‘13—
Takivg 45 as Hhe grooud state (0=0) one gets
L"( ) ( l‘l -—‘-’Q‘/Qa.

with _
<dinby = & (5z-22)

We will take Hus 1S as ovr inihal stote & t=0 and
let &+ evolve with L M»sh%o. inverted haxmowic

and qu,( .. (»m)"' exo [- _gfww_....,ﬂ]
! [=s($-=t)]™

with 'l:an¢|>= 2—'2 . With s ve can then calevlode 4hwe
“pers:s-lu.a_" fwba.bi.li-lj :
-2 ot

0 2 sioh (3t) s e
[<4 1$d)D] = [1 s«.n"zch)] o 23,

skowiuﬂ ot Ha Ja.m:,wie of Hus slde is 3/2. The some
corclosion is reached by examicimg dae exponmtial growbh
o <hebdIqrbiy> ~ e

Tis 15 analogous to the vival sihadiow i which sowe stable stade
of defiwite energy , bty ~ e:w: , is destabilized -lhuous iurevac-

Liows tht indvcr a M..gaﬁu-le banaginery paxt of its evargy



E = Eg-iT/2, kadingto ditd~e it @
b byl = e 2t

Coing back 1o QFT, the Huchional deseribiug the feld state

will be a. prodoct of Hha wese- fruchious of differeut modes . The
“persistocce’ pobability will pick vp o decoy erpomaudial for
cach vushable mede (Hhe vest are shble and do vt
Pl Wit guantthy) with dhe totol decay vode bean the
Svm of P a(t.cm.’rahs over all such modes. The eud resy IE

will be )
=3 d k‘ok e(IM]-%?)
2 J(zny

which precisely cowes‘m.als o o tuaginary paxt of Vepp .
Notice dhat Yuis vesolt s wicaly iidepaudewt of a, e parame -
tor that coutrols Yae shaze of P (o) . the veal part of the
emeegy odriboliow from the vustable wades does depend on
o, however. T+ can be argued bhok the nedvral chelce for
a is azil2,as Wis choica qives the largest I<deor 1b Ay \*
(or eﬂv&valwﬂ:j mwezes <Uedd) a"l'-"(:b)). WAh that
choice one has <4is) ) H l¢|'l°)>= o -Fwtko.r a.a\-e.:.-‘.ua with
e vesslt of B pecdurbative poteutial.

This instability of the backgrooud Leld couliqonaiion for
values of Yhe el between e two wmenima. Py tesdves

irself by ibs decasy Chhrovgh Hee sustoldle boug watelensgth
\V\oe\es) mto an state with o Nm-‘\omasemos valve



of ¢ . In some vegious of space the Reld wil be & &,
while iw differect regious it will be ot o . the average
entrgy dewsihy will de V(by), lewer than dha iiKal home-
qeasevs feld coufiguradion. Tha erargy stoved Ll e sucfo-
s sepavating thote Aifferenk + ard - pedehes Scales only
as (lu»ﬁl-.h)?’ and tharefoce ik is negligible in coucparison with
bhe kool emergy,dnod Scoles with dha volome . Although Soch
feld wufigucodion has e miniwmom emargy predicted by ‘e
bue effectve potential we hove st seen Mok Lha ger-
Lorbakive Vepe MM‘\‘O Yo hovnegemecos Reld cou-
.F-;sura:‘\:ov\ caxcies iteveshiug gy ies iwformation  and Lk
is e g‘aa_w\'i-\-j we will be uwrevested in.
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For %mvou\ eeuefb in QFT, besides the*modern classies”:
® An Tdveduction o Quarxhne Fee\d 'r\\&org,“?uu“,b.sc"\ roeder
e The Quanivm 'T\n.oﬂ‘ of Relds Cvols T 811[.3’ s.We:.u\aexa
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