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1. The eF&c‘five aclion and Jhe efﬁc‘l’tve ?o+elf"c'a.‘.
In Quasitom Field "“\e,orj (@F7), the effective action and To‘\‘eﬂ\'(,a.l

?\a.j a cenbtral vole in the stody =F &‘Mw\e."'\'i.es (and their
breaking) at the Ta.n'\om leve! . (Tn fact ‘grantorm eppective
adtion/potertial” weold te detfer names )

The efRedive adtion, T, is closely velated fo the Word idesitities
+hat e.\\ca.?sua\a:‘fz e ﬂm«é‘v\es e\nu(ed :ly “he Jeocry ereex's
fouctions and also plass an importost e in pwing He renwr-
malizability of non-Qtelian QFTs.

The eflective ?d"as‘\l'al ,V, very closely veladed +o the effec-
tive agtion, ', s dhe guankity Hhot detecrmines the
va.coom of +he theory as the \owes'\'e_msu‘ stade and is
exveial v the s‘\'oclg - s\;evﬁamous s\.‘mrns\‘\y breakins , e wost
{asmous exauple \:ei.us-\r\\n. Higqs bveald\o\s of +he. SH elecfroweak
e Swmely

These cbieats, Tand V, axe ndduvrally formulated in the mest
teonsparent and elegant way in the path Ln"\'eﬁva.\ |o.nﬂoaae..

I will vemind goo a. few basic @FT vesuvlts \-e.quexed 1o
state /undersland whal Tand V are  and how they canbe
caleolated in pextorbotion theary.

44 Review of basic QFT vesotts needed
For ilustrdion of dhe main pouids I will vie fvsl o stugle
QFT exawple with a_ sclar feeld <|> .
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The stak"\'.ihﬂ Touf\"' vill b +he Sa\nrnd'-fxﬁ vFau.c-"Coha.l -@:r de
Green -\Gué\w&s eF c‘: :
is[4] + [ TtO$e)

Z[31 =N J:b+ e

whexre -(3“ Vl#)

¥ S[1 ¢s the classica) action —ch.'\'t.ol\ol. s[41= SJ’x f ($).
¥ J(x) is an external sovre. we vse Yo pobe. the -lthrs

€Eq i+ can be vied to cedie/ammikilate (‘>-?or+6c.\e_$ and
pepase tnikal/Rnal states in an scaleriug experiment. T+ is
liws ceu?IeJ ‘o 4> so that Z[5] %exua'}es Jhe. ecela-

+ion ‘Rm.d'wu.s oF ¢‘> : Time-ordered Green {uv\ccioﬁ\.
w path-inte defnikon
S‘"} e &6<)- POen) = /-Fn v !
(‘ = <)) T[.\> &) - &, )| bez )y
.Fe\cls in -Ile.c.Sa\Lex& ?oc.‘lu\—e.

'Bobnc‘arg
onditionS (iwikal shie | bt £3y, Brol stde <boitY) we will choste

on fax‘\'u’.culax vacuvovm-to -vacoum “ransihons. i-'x?om:lins on

pewers of &
g[T] = <»° .WL lo,in>5 [Ph?;c.l vacovm
% '-;'- jd!« %, I6<.)... 3(x0) sol‘ru@...dm,,)yz&
&,y xn)
Or, equivalently, the Green fndions an be sbfained from
2[3] by fonctional derivatives wet the soorca :J'(x)
% The normaliadlion censtart is j:tu} e’ st Ju:bi[ o]
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2[T] contains all the Prysics information of -ihe.4hebr5,-|—\\rov3\\
e Green {m:'tious G‘“’[x.,...xn),w\\;ch describe 1he non-lincar
vespouse of +he system to Hhe edernal Source T6<). Tn particdar,
2[7] wntains the B S-madrix, bot it's move than thek : it
3mm:|-es off-shell creen Puctious:

2(5]= p g XJ‘x A%, T6)... 7o) Grm(x,,... B8

nso f\

- Z f_ d"k J‘kﬂ J(—k) Ik h).ésn)(\(., ‘4\-,)
n=o 0! (Z‘il)'1 (21)

sum of £ ol Fe.gnman
% C: a\mss (with n external

Source. insevtious )

(Feynwan role from ‘Sd“x :r(,e)<|>(x) > — i3I )
Note +hat Jhe k; axe onk Y comSteovined by momestorm conservation
89Ck, +kyt... 4 ky) co ) byt ave stharwise o.r‘a::l'(o.\'ﬂ. This ofp-
shell Lewmoladion is gocte vseR\ 1o deal with vensrmalizadiow or
vnifarity s veldivistic ge.
So we have £hatt

Z2[T] = T (vacowm diagrams in presence of JT)
and Hhan = ex?[Z (connested v. c\-.a.ﬂram.s)] as vsval ,
with the exporential takiug urle accevut all cowbinaderic
factors for those diagrams courqosed of discomnected pieces,
(M50, e normalizadion. factor N iw 2[T], removes avtomad: cally

all Pu\re. vo.cuom cléa.a\‘am.s wa-\-hw{. J c’.nse\‘"\'.ous>.



The path én'\eﬁca.\ approach sheds Light on he ncdove of +he
classical kwit too, e.xplalv\z.uﬂ how fr S»& guaston.
ampktodes are dominated by Me dassical sdution, wieh
covvesponds to a_ stakionany poict of dhe classccod action and
leads Fo phase al..av\hud: :

%
Jab e "55[4’]/)‘» \/

ﬁucludean action N d;f 1 sk
The sewuclassical e;?anfwn iS @ ﬂd'ewoﬂ'ic Q‘TOHS:OUL e fowers

of & arcoud Hhaf classical (th=v) knck .
Ex-ranc\éns 3e [&] axoond the wintmum *a :

'SE\-A] = seE‘k] + zl qu"n"q"z s:x::¢ ) L$4>(&.)S4>(x23 +...

whare 5 = bexy-d, (x), and plogqing his
5:&[, -Sel#l/b / clessical term

J o e -sd:d»e]m exp [‘z'—] H")s&mswxa\ ;m]

x[i | Ss;es# %&SJMH ] \ L gumeic

'l'.e.m

expansion of highar order terms

3o that one has n‘,u&esrab of Polyroraialsx Eaussion. .



U$o\~3 the well known \-esol:t

- (% D S
Scl)t, JXN -( 9") L San e 2 =
) - (Zu)“/‘(-beta?”
we get
-SePIA. il 2 _seTd] /b
S:B& met {' ‘l’ . I 43] [1+o(4|';r.)]
sk by o ot
Podvations arcoud e bq axnoric
classical M'\cc“‘ofs o ( u{hmc‘hou) -F\OE‘UMS

[@ To see Hus is indeed o Sevies iu 4o rescale ST §3.
0dd terms iu.%z?olﬂwd, cu.Stb a;\'esraie_'\'o 2exo . Even
terms (of ovden S n=2,..) lead o
(8¢ e Wi ~ 1]

s is well known, this .mmc\a.ssucad expansion s qowers of 4 is
-UM. Some aS dhe ‘Fe:,nm weal mf\.us eefa.nsien . E'S’ ‘P:(

! 2 \ 4

‘%-_-&J; Séqx[i-#(-‘u-m)#—‘l-!-)# + .T<|>]
| &= o7

Yy 220 MG
2 -‘— J"x[—-tlﬁ(—ﬂ-m)&-‘ﬁlb + 574 ]

For a ?m-'hwla.\— Green -Fm.c'h’on (do\"\-e.sronc(éuﬂ 4o Some
Gs£+:|/l\— a.hA. . ,‘-& )_

power oF J wn Jﬁ# c ) exp "ﬁ G ov

1S +he Soune : dhe action Jt.‘aa\c\s ohlj on Fhair ?.—oJuc‘t .

3o +he Fc:’mmcm Alo.sv-m o.x\:a.x\si.on s an ek?u\s‘coh tn Swa“

qoa.n'\vm .F\uc:\'uai.'.ov\s aroind e classical 'l\—:.‘ec"brﬂ



This resvlt is 33“3_“.,\. when we evaludte J‘“ e:.SH’J/&.

diagrammatically , propagedors axe given by Hhe inverse
of Mo gudedic part of S, and HhareRie Saale Like & .
Vertices ase proportional 4o S, aud Scale Lke &' So,
@ diagram with P propagedoes and V vertias scales
kke A7 . Comected guphs with L loops sadisfy +he
identidy™ PV 4= and sales hke W Therefore,
tree qraphs are ordex ' and each loop iudvoduces an
additional facter of 4.

Looking back ot dhe diagrarwmadic expansion o 2[5
we hove

Z[7] = exp | = (connected diagrams)]

= exp [LS[4] + AR+ BAS +.. /4
+wee 4—'oer 2."09?
] Y 2 VR

= e e [ 4+ 0l)d— 2-kops % higr:
\ anhaxwmom.c CotS.
Sot of all tree- 3“14\3 to semiclassical exp.

in ihe presence of Sovvae Ser °F 4- loo? 3““‘,‘53

SOy
'1/6 gves the b%axi.‘u‘!m of

+he determinant o

Ganssian .Fluc.'\'oa:\'ipws
axovnd the classical
Solution
k3 «
Clear tm. wowentom iv\'\‘earo.ls: njdqfi -"%(z?) = S(I*?)“SAFS
Y N —_—

oP -V -) L



1.9 Relation between ‘ha Eﬂkd'ive Action and -Z[_‘J']
To order 1o sTody ok the guasitom level the s\fv\v«e\‘ﬂcs of a. QFT

i is west convenient to fous su the Symmetvy cousbrainds

(4’«. Ward idechivies) obeyed by e 4P (one-porticle irce -
ducible ) Eveen Rushions, which are the buzldc.s blocks of tha
theory, in +he following sense:

The key sbservalion is dhal Hhe sum of all comnecsted diagraums
can be cbtained by constructiug all “tree diagrams” with the

exact connected 2—‘»&-/:\. -Fm.t-’\';oﬂ as ?wfa.aa.‘br and e cow.f(d‘c.
4PT Green Rnelions as veeties. B.4.

(L

t

3

Al loop corvedtions , no mattter how cowsplicated, can be redvad 4o
tHhis “Hvee-lowd" -an imterms of such building blocks : 4P vextices
and cowplede qropagrde.

For dhis reason it wosld de ose.%\ +o coustuct o %cmra&lwg
Puckional of 4PT Green Luctions, st as 2[5] s the

%e.mxad»kj fuctional of e cownglete Ereen Ructious:

o0 .
27T 2 (e e 60 0y €l
n:=o @' T
’ Comf‘d'e. Green -F:m‘hfm




Such 4P genaxoking fuckional is dhe effective action, T

Remem\:cﬁus dhak 2[3] = exp [T connected diags | and wrl"'c‘.ﬂj
W)

Z[3]=e )

P W [J' Z qu& .o G‘"Xn J6a)--- I0x) Gf:)("b' - "‘\L
n:o o' B
Gwecled  Green fruetion

In +he saume wqﬁ, we azn write
T [$]= 50 i S dl,... % 3D G) T 1y 5%n)
Conmested 4PL Green fuction*
where, for the time beiug, $ s s « dumwy veiable. o id'esnb'on.
We wartt to find oot whet's +he velaion detwen TLHIand WLI].

Asthe tree -lovel dia.gra.m.s built w;.'“'s .(-’u\\ ?\—omdov axnd APT ver-
tices covvesend to an effective Reld Hhaory wity action

Sepp[$] =T'[$]
(which is co\m‘:li.u:\'ecl and won-local) and +he trea-level approxima.-
tion as\'\’esfads do e classical U.m«'.'(:, we have

(I'r.ev:lnj:m)/&,

J Db € = exp [L WF]/&, (4+0© @:Q)]

Som of cownedted -lvee - diagrams
of duery with actien TLE]

Ta e doao Lt Nis ?oﬂ‘\-lvd'eﬁ*ﬂ-\ 18 dowinaded by e clessical
":Ya-"Cd'ovS ok extrewires dhe action T[H]+ SU’T\; , So

¥ For n=2, we de.{::n:. T a3 4he inverse of the exact on'x.aad'or'-
S T4 | sy
% = 5 (f s which follows(see bekou) from T rTRbidi vl

#Wt?J_A - sb(a)
3369 33ty) 3TY)




WErl = TLF]+ [d% 365%e \ O
S'\a'-\t:harj $
found bs.( Selu«‘.ns +the
ST ¢]
XY q,‘-‘\) 1l ° . — = - T(")
guasiom EP.n.-F ¢ $ S50

So, wlT] and L] are velated by a Legercke trausformadion.
This is Semetimes vsed as e storking goint 4o de@ne T, but Huen
Ko definition loeks eryptic and mysterious. Dertved u His alterma-
tive woyy Hua resolt above fllows hice]:s-(—'vom e poperties o T

as aeneroting fuchional of 2T Green fauctions. To fund T[4
for an avbirrony & we need Yo fiud Hie T ot gives such §. The
“Eon" for T s found by taking the fructional devivalive of
(D we¥ TG

swlrl _ o
S0 $ ) (2
and we can wunvert (D to obtain
T[] = W[F] - Sd"x 3'(_:)$(_x)\ =)
S'H‘tonar:, T
as in ().

as Hhe definihon «f He effective action BLHT.

t3.(d also tells os what & is, as SwW/8T is e connected

one-poit fonction <o14COITY) in the presence of the Sovece.
J inserdions

external !} lene
Thel is, to Com‘w'l'e-'f[;:l , we cheose. Hha estermel sooree T, covpled



Yo $0O, so that the expectadion vale of ¢6) e the physical
vaosum is the Specified Ruction ¢ . Then, with Hhot soorce
f\-e.sa&, we caleslate T($] = wlo]- SJ"x 30<) bx).

4.3 Symmelcies and Word Tdesti-Hes

We con Hhen addvess how the symmelries of the classical action

S translade utle symmeteies of tha guastom efpective action T,
sv, what s eguivaleny, inte Hhe symwelries of 47T ereen Hudions.
Suppose +he classical astion is left invariant by an wllnite-
sival trausformation of He Lelds of the forrn

84>Cx) = QL{:) Y YXYZ D
0 " tnfonitesimal
lineas ﬂpmdfen of 4>‘.s .
which also leaves invartaxl +he fuctional meassre :&L(:.Jf has

o Yrivial Tacobiaw). SKift $»d+84 inthe Pudional ude -
gred J“FM"\Q 2]

2 +S
S“ﬁ‘* ex?["'s[d’.] + i jdqxazx) 4:(,)] - b é 4>

:jaﬁc[: exp [i. S[$+5$] + o j 3-(4,_,.5-4,\]
woxiamt > Sab.{» exp [as[#]ujﬁ] i i+ 6.5 s¢ ( %-r:r).;,,, %

C‘\oostms 0‘3"":” I(x) so as Jo 3e:b <4>>J-=$ swe have U':-Z% 3

and ) subﬁt+u+lw$ above. , we btain



<SSy jA“ <Scl>c»)>;r
As S is brear n
<54C%y = AP BN = AT = s
¢

< (8s); = By =0
> 5s[$] =sT[$I=0
so +hat {he cﬁ?«.d;ve. action is alse nvariant . —This is cweal
- rewermaliz ability So 4hot all covuterterns weded casw be
whrodoced respesting e sqmmetries of I classical action and
all infiwdies cow be absorbed. Tn +his vespect, it is alse evwelal
thad Hhe vequlariaation mathed vsed clso vespects tua symmehies.
The Green Puction eutifies iuwplied by Hhe symucties of the
achow (Ward or Slawnoy-Tospw idesdtifies) caw be elogaectly
devved vsiung His 1a:l'k-h..:hsd approach aud arpauding te—

Powers of +he Svree F(x).

4.4 The Epeciive Poteudial

The non-local effective action can be Taglor. e.k‘aa.rAQA’w;,-l.h
nonlocalihes giviug Wgner ovder feld derivotives. In oor
scalor Reld QFT example we have

£r31= (o [ Tod) + LEYEA Y +Tu(B)6pEY +... ]
oF, in a wove svggestive netation,

T[3]= Sa‘*x [ 2P (3BY - Vep($) + higher Aer.]

and gvm euprevious discussion on the semiclassics)



ex pansion , we kwow dhate

2($) = 4+ ofk) Vepp(@)= Vg ()+ © (B>
and Vepp(d) is +he quastor version of the clossical po-
tewtiol . In other words, if we speciclize 4o oo pesien-
independent freld &, , the (guarlom) effective potedtial is
given by :

TLdol= - [d' Vege(d)

1 ocal&v\axﬂ -F;u:::l‘éon
4 -dive sfue‘h:mn_ \50. Mf-“'j
volome V- T

The vacvom o.@ dhe -uu_o\—:." ve. 4he vacuom ex‘fed'o:"ioh valve
of & in dhe abosence of atecnal sSoures (T9o) is détermined
L!{ e wiviwum of Veq? . Nemesber {he relations

Swls] 1 ST[$]

s56) b= <ol 33 76

J=0 & 50‘)'—' ¢o

dveppl> _
\¢,-<¢>j % vy =0
d% is Some himes called H&n&u::a:\'éoh
elassical fueld (4.) condition
(in the sense of coherent homogenaous detecmines valve
fed, but il's the miniwwm of of f=v
+he guattors poteutial ) .

Quantum (or radiodive) toxrections cau Ploy a veyy Zw.fo(‘m'\"
vole {w m%mﬁ/héﬁe\-mﬂ 3\1%’“‘5 b\-e.a.\r.;nﬂ . We will
discoss how Yo inclode Hhem 3¥.oe'\'la3.

9



i.5 E.M.\-aau! In'\'er‘:re‘to.'\lion of Vepp
To forthar understand e ‘J.uds:,u..\ medsimg of the efR chive
fo'\'adia.l_,cows\’.&er e {’o“ow\'.u.s -l—\ouak'h experirank using

ove external sovrce T(x) . We «will examine how the Yacoum

vespowds to a. coustaud howmogeneous vale of I6e), althoogs
we Hom TG off sowly at L+ 20 T(x) = §b y(a}’), with

$(t)
—-—T—>

We also choose TKK) in svch a wa:s Mot it ?wo\»a.s an svzd&eé
valve of the 'h'.me-cndefmdut classicel 46’.6\& CIDC(;) :

<SG, = OGO
We end vp with e samg vacoum state we started with,
vp Fo o ghase thal -the syStem gicks op while staying
in tts amon& stake corung tive T, with B sesra ‘mx.\i .
That ¢s -
<0,0vt)0,00> = exp (LEBIT)
where E[5] is Soch enexgy. Fov Sofficiendy boug T and e
sbw enovgh +whin% snand <ff of e sovree,we can
Ma\u—'\’, any phase wcodowd in thal adiabatic turn enfoff.
Remembering the deRuition of WLIY,Has means
W3l=-T-els]
The vacouw in U pretece of T, (03, shovld thase fore
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e an o‘.ae.n{l;o‘.\'z o f Hre -l-\axw&\bv\im,wffkw\mw
by +ha seorte term :
(H - (B> PEN) 0>, = E[5]lod; (€
and E[3] wost be B lowest enexqy el qenvalie yfor the e-
c.déced fé?}.we. can show o), s the state thot sninimiees
the ensxgy , given e two caustraints Lolod_ = A and
<01 § ) o> = & G . Thit is a constrained minimizor
tion groblem and can be shled vsiug Lagruge wubhpliers.
The Qum-\-i-\j fo be minimized is
<brmdy - ',\',\(<dn¢>-1) -SJ’:?A,&)[<J>|§)L\>>-<\>¢(£)]
Lo..aram Qe wno Uc:.? wers
And B state 1¥dni corvestouding otk mintmom most
Sq:\'lsﬁ .
HIby = by - (9,0 em1g, =0

Bot +Hwis s Tve.dse.\.j eg. (&) above with

D0 = 1005, N =EST A0 = T pl®)

ood we ho..ve.

goMIoy = e[7]+ Sc\"k’yc?m\%c*)
S~
-le[::] _'.'__Sd"x
-2 [w [31- 5 J x::(x):bccx)] =- = T[4.]

oe V()= SoHIo; /vy,



@

We conclude that V(d.) is the minimum valve of the
emsrgy dewsily expectadion valve for all stakes that give
<E> = B . In parkicslar, fr 320, tha vacvom state
will corvesgond to a winimum of the clPective ‘,o-\z«cua.\..

From ovr defomition V)= - T[P1/Vy we can relte deri-
volives of the potetia) Yo dexivottives of I, thot is, 4PT
Gveen Ruetions (ab 2evo extexnal mowentom ). In ?a.r'\"‘cohr
Fv/odt is directly related fo TP, he 2-point 4PT Greew
fruction. As we saw i pege 13 Jfostoote, I® s reladed 4o
the inverse of dhe QU ¢ propagodor and brackingive Signs
we conslude ot Fv/ad® and €= SW/STST have the
Same 5ign. T's easy fo ee,using the Euclidean foreulotion
of tha gokh u..-l-q_am.l_) that 3*wW/232 (s pesikive and so ane
should hase FV/odE>0. Tn cthar wods, Fha psfeudial (s convex:

vi) | V(-0 + b))
\/ﬁ CDVEBY +Aav(d,)

o > i

b, &,

s is clearly al odds with our experience with efRechive

poleutials, which e.q. i the SM, ofen have non-convex shope -



