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Abstract: We present a new treatment of the Earth matter effects on the neutrifiatasts that is valid
for an arbitrary density profile. When applied to the the study of the dayteifect on the solar neutrino
flux it renders us a simple analytical expression, which is more accilvatethose derived by using the
perturbation theory and can be extended to higher energies.

Introduction ~ 0 019[ E H ne(t) ]
' 10 MeV || Ny cm—3
Different types of experiments have provided com- 8 x 10~° eV?
pelling evidence for neutrino oscillations [1]. In X [(;mz} )
the case of solar neutrinos the leading effects can @

be accounted by oscillations between two neutrino

flavors, parameterized in terms of the mass squaréwhereV (t) = v/2Gpn.(t) represents the poter
differencedm? = m3 — mi and the mixing an-  tial energy forv., which comes from the charge
9'629- A global fit of all tshe eX|st|ng'd<2';1ta gives  current interaction with electrons. Hel@ is the
om* = (7.9 — 8) x 107> eV? andsin’(0) = Fermi constantf is the neutrino energyy 4 is the

0.310—0.315[1], which is in good agreement with  Ayogadro number, and. () is the number density
the results of other groups. These values belong to of electrons along the neutrino path.

the region in the parameter space referred as to the
Large Mixing Angle Solution (LMA). According

to the LMA, the®B electron neutrinos produced in
the Sun undergo a highly adiabatic conversion and
are almost totally converted into the mass eigen-
stater,. Then, the electron neutrino survival prob-
ability is P(v, — v,) = sin® . However, during
the night solar neutrinos arriving to terrestrial de-
tectors travel a certain distance through the Earth’s
matter, which affects the oscillations pattern. This
leads to a partial regeneration of the electron neu-
trino flux, a phenomenon known as the day-night
effect.

For the favored value ofm? and the energy rang
of solar neutrinos, Earth’s density is such that

1. Taking advantage of this fact, the perturbati
theory has been applied to derive an analytical
pression for the day-night rate asymmetry to fi
order ine [2, 3]. The formulas obtained are vali
for any density profile and simplify the numeric
calculations. The accuracy of the method has b
subsequently improved by means of a second
der expansion im [4]. In this work we show that
the Magnus expansion of the evolution operator
provides a convenient alternative to the pertur|
tive approach and derive an expression for the
Matter effects on the neutrino oscillations inside generation probability which is better, in the ser
the Earth are conveniently accounted in terms of that the relative error is smaller than the one cor
the parameter sponding to the second order obtained in Ref. [-
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Neutrino Oscillation in M atter

We consider a system consisting of two neutrino

flavors, ¥ = (¥., ¥,), which are related to the
mass eigenstat@,,,..s = (¥, ¥»), according to,

Uy =U(0)Tpgss, (2)
where,
cosf  sinf

u®) = < —sinf cos6 > ’ (3)
The evolution operator of the system satisfies the
equation

AU

Zi(t,to) = H(t) U(t,to) y (4)

dt

with the initial conditionl{(to,ty) = 1. The
hamiltonian in the mass base is given by

0 O
H(t) = ( sm? >+
0 2F

@) cos? 6
sin 6 cos 0

sin 6 cos 6
in’).®

and its eigenvalues are

2
Ae(t) = V() + T £ AL (1), (6)
with
dm? o
Apn(t) = (e(t) — cos20)? + sin” 26 .

2F
()

Let us now write

P(t7t0) Z/{’p(t,to), (8)

e*ia,(t,to) 0
0 67i&+(t,t0) ’

with ag (t,t0) = f:u dt’ A4 (t'). The operator
Up(t,to) obeys Eqg. (4) but with the Hamiltonian
Hp = P(t,to)(H(t) — Hp(t))P(t,to), where
Hp(t) = diag(A_(t), \+(t)). If we expand the
eigenvalues to first order in(t) we obtain an ap-

Ut,tg) =

P(t7t0) =

proximated expression for the transformed hamil-

where, ¢y, s = j;to dt' A, (t).

The relevant quantity is the regeneration probal
ity defined as the difference between the day ¢
night probability, F..y(E) = Pa—(E) — sin®#,
where Py ..(E) = (v |U(t,to)|2)|?. Here, we
determine the evolution operator in the mass b
from Eq. (8) by evaluatind/p in terms of the
lowest-order Magnus approximatiotp (¢,ty) =
exp(—i [, dt'Hp(t' to)). Proceeding in such
way we get

1
Freg(E) = 3 sin(27) sin 26 sin(¢p7_,;)
+sin?(I) cos 26, (20)
where,

t
I =sin20 / dt'V (') cos(dr_r)- (11)
t

In writing Eq. (10), we assumed that the pote
tial is symmetric with respect to middle point «
the trajectoryt = (¢ + to)/2, which is the case
for a neutrino that propagates through a medit
like the Earth, with a spherically symmetric de
sity profile. By doing an expansion up to first ord
in I, our result forF,..,(E) reduces to the one ca
culated to first order im [4]. To make a numerica
comparison of both formulas, we examine the ci
of a neutrino that crosses the Earth passing tro
the center. For the density profile of the Earth
use a simplified model called mantle-core-mar
[6]. According to it,n.(r) is approximated by &
step function and the radius of the core and -
thickness of the mantle are assumed to be hal
the Earth radius. Then, we put

5.953cm 3, r < Rg/2
ne(r) = Na
2.48 Cm73, R@/2 <r< R@
12)
whereRyg is the radius of the Earth.

As in Ref. [4] we consider the function,

5(E) = —— (Flor) ()

’ _ F(exact) E
Freg (E) reg ( ))7

reg
(13)

tonian in which the diagonal elements are zero, that where F2*"") is given by the approximated an

is
Hp(t,to) =V (1)

sin 20 0 e~ iPtg—t
2 etPto—t 0 ’

©)
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reg
(exact)

lytical expressionsfir ey is obtained from the
exact (numerical) solution, and

Fieg (E) = §E(t5) sin” 0, (14)
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Figure 1: The relative errof(E) as a function of ~ Figure 2: Relative error of the Day-Night asyr
the energy corresponding to a neutrino that prop- Metry dAxp(E) as a function of the energy co
agates inside the Earth and pass through the Earthfésponding to a neutrino that propagates inside
center at first (dashed line) and second (solid blue Earth and pass through the Earth centgr 0°)

line) order ins compared with the result obtained at first (dashed line) and second (solid blue lir

by using the equation (10) (solid red line) for order ine compared with the our result (solid re
sm? = 8 x 1075 eV? andtan?(6) = 0.4. line) for §m? = 8 x 10~° eV* andtan? () = 0.4.

cos20 —e(E,r)

is the average regeneration factor corresponding to .
the density of the surface layef(E) corresponds \/(s(E, ) — cos 20)2 + sin® 26
essentially to the relative error of the approximated (16)

expression. Figure 1 show$E) as a function of

the energy forF*"") computed at first (dashed Heref(r) is the spatial distribution function of th

line) and second (solid blue line) orderincom- ~ heutrino sources in the Sun [7] andE, r) is de-

pared with the result obtained by using our approx- termined by Eq. (1) with the electron density
imation (solid red line), fosm? = 8 x 10~° eV? the Sun [7]. Figures 2 and 3 show the relative er

andtan2(f) = 0.4. of Ayp as a function of the energy for the thre
approximations examined here and for a neutr
trajectory of nadir angle; = 0° (neutrino passing
through the Earth center) and = 30° (neutrino
passing tangent to the core region), respectiv
We used the spatial distribution functigitr) cor-

responding t&'B. In both cases, the smallest rel
tive error is obtained for our expression of the |

Day-Night asymmetry generation probability. We can also see that
relative error is smaller fof), in the three cases

Following Ref. [2] the day-night asymmetry as a Which is due to the fact that the electron dens
function of the energy is given by, and therefore, is smaller in the mantle region.

We also calculate the integrated day-night asy

From figure 1 we see that the relative error for our
result remains always smaller than the correspond-
ing to the second order i¥i. Although it increases
with the neutrino energy it is smaller than2% at
energies of order of4 MeV.

. metry,
Apx(E) = 2 (c0820)(E)Fyeq(E) . )
by 1 — (05 20)(E)(Freg(E) — cos260)’ Apny = 2 . dE¢y (E)(cos20)(E)Freq(E) x
(15) .
where: . {1 - /E dE, (E)(cos 20)(E) x
(cos 20)(E) = / drf(r) x . 1
Jo (Freg(E) = cos26)| 17)
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Figure 3: Relative error of the Day-Night asym- Figure 4: Relative error of the integrated Da
metry Ay p(F) as a function of the energy cor- Night asymmetryd Ay p(cosn) as a function of
responding to a neutrino that propagates inside thethe Nadir angle at first (dashed line) and secc
Earth and pass tangent to the core regign € (solid blue line) order ire compared with our re-
30°) at first (dashed line) and second (solid blue sult (solid red line) fobm? = 8 x 10~° eV? and
line) order ins compared with our result (solid red  tan?(9) = 0.4.

line) for om? = 8 x 10~° eV? andtan?(f) = 0.4.
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