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AdS/CFT holography and FG expansion

* Partition function for AdS gravity =~ generating functional of CFT correlators. [Gubser,
Klebanov and Polyakov 1998 ; Witten 1998]

. In saddle point approximation: /, [¢i] ~ — In (<ef¢0,i0i> ) =-W [qb()J]
CFT

 AIAdS metric near the boundary admits a FG expansion:
f2

2 _ B y .
ds” = g dxdx” = — (a’z + 8, (z,x) dx dxf> ,
é Z2 Z3
8ij (Z,X) = 8(0)ij (x) + ?8(1)17 (x) + Zg(z)ij (x) + ﬁg@lj (x)+ ...

 Line element in AIAdS spacetime diverges = AdS gravity action diverges.

« Finite 1, [gbi] + well-defined Dirichlet variational principle = renormalization compatible
with holography.
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HR of Einstein-AdS gravity in 4D

6
. Consider the theory given by Ity = = J d4x\/ | g | (R + —)
nG ) 4,

 The odd power coefficients in the FG expansion are zero.

* 802)ij Is fixed In terms of 8(0)ij by the EOM. 803)ij IS not fixed by the EOM.

» In holography, g is the source and g);; is the dual operator (CF T stress-tensor).

* Finiteness and variational principle achieved by Holographic Renormalization
counterterms [Emparan, Johnson and Myers 1999]:

ren 1 3 2 7
L=l o | /Tl =K+ + =2
0M ,
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Topological Renormalization in 4D

* Alternatively, consider adding the topological Gauss-Bonnet term:

4 HiHy Vilp = Vsly HU™ o

1 6 - 1
Iy = J d*x\/1g| | R+ — +—GB | ; GB =—6," . “RI*RI'¥ = R* — 4R'R" + R/JR""
162G J ,, £2 4

 Resulting action has same Einstein EOM but is finite on AdS spaces. Noether-Wald
charges reproduce conformal mass [Ashtekar and Magnon 1984; Ashtekar and Das
2000]. Topological Renormalization [Olea 2005].

 One can write identically
2

£ 1
TR __ 4 Hi---HaOW1V2 OYVV3Va . s afp _ pap ap
I}, = YT Jd xy/ gl op Q2 Qiss o with QI = R + > O,

 For pure AdS, Q% =0andso I;; = 0.
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Topological Renormalization in 4D

* TR can be compared to HR by considering the Chern form.

 Related to the Gauss-Bonnet density through the Euler theorem:

[ d*x\/ 18| GB = 32n°y (M 4) + J By ; By=—2d’x\/|h| &V (K’l%’?l? — —KflK?ZKfs)

L1113 J1 )3 3 J1 J2 J3
M 4 oM ,

 Up to the Euler characteristic, the Topologically-renormalized Einstein-AdS action is
given by

ITR 1 J d4 \/ ‘ ‘ R n 6 fz J B
ST 162G\ ), S )T a ),
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Topological Renormalization in 4D

 To show equivalence between HR and TR, consider FG expansion of extrinsic curvature:

. . 1 | .

 Extrinsic curvature has expansion in terms of intrinsic curvature near AdS boundary.

* In TR there is no addition of GHY term. Add and subtract in order to compare with HR:

1
Igg— g 87zGJ d3x\/\h\K+J d3x§ZKT,
OM

0M 4
£* 2 2
P = — \/ | h ‘ 5111213( th@]z]?, _ KJ1KJ2KJ3 4 — 5]25]31{]1)
KT V15 Juzj3 b iy 34 b B3 F2 b n

« Replace FG expansion of K., expand and keep up to normalizable order © (z3).
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Topological Renormalization in 4D

 The extrinsic “Kounterterm?” becomes purely intrinsic near the AdS boundary:

£ iiis [ 1 & - 2 (1 - | . 2.
Loy = VSN (=5 — eS| B —Z =6 — S ) [ =6 — ¢80 ) + =578 | + ...
327[G J1J2J3 f ’ 3 hly 3 f Al A f N L fz iy Is

 After some algebra...

L= — \/h A %
M 8x2G ¢ 2 T TR

 Equivalent up to terms that vanish as z—0. [Olea and Miskovic 2009]

« Resulting action has a well defined Dirichlet variational principle with respect to 5g(0)l-j at
the AdS boundary. However, NOT Dirichlet with respect to o/;;

 Resulting action is also finite. Good for holography.
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Conformal Renormalizationin 4D

 Topological Renormalization can be obtained from Conformal Gravity [Anastasiou and Olea
20161

B 4./ affyiur . ap _ pop _ gclash]
ICG — CCGJd X ‘g‘ W/,w WO[,B ; WMV — le/ 45[551/]
* |In 4D there is only one local conformal invariant.

» The EOM of I gives B, = ), where

Ao : —
B =—4(V'Cuit S W,0) 5 Cui= V1S, = V.8,
- Einstein spacetimes have B, , = () = Solutions of CG. In this case
QH — I SH - W = R | I 5P = Q. (E] = Ceg d4xméﬂ1---ﬂ4QV1V2QV3V4
Y7 A S O | p2 MY TR CG Y 51 Ou,...vy =Sy Spapy
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Einstein-AdS from Conformal Gravity

,one has I [E] = I

ror Ceg = 647G

Action of CG for Einstein-AdS spacetimes = Topological renormalization of Einstein-AdS action.

Einstein-AdS spacetimes are solutions of CG and CG action becomes Einstein-AdS action —
Einstein-AdS gravity can be embedded into CG.

Renormalization of Einstein-AdS gravity by embedding it into CG is called Conformal
renormalization.

Imposing Einstein condition on CG can be understood holographically.

1
Define 4, = R, — ZRgW , such that the Einstein-AdS condition corresponds to H,, = 0.

For Conformal Gravity gy; and g,);; are not fixed. The theory is higher (4th) order. Expand H .
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Holographic Einstein Condition

 Expanding H,, we have:

i % j 1 i\ z” 1 N T SR
H; = 73 g(l)j_zg(l)éj 2 16Lﬂzg(1>msg(l)5j | 16f2g(1)5j 4523](1)]8(1)
LT R R i 1 j 3
572808 0m T 2380+ Fioy = 709 ) +0 (%)
2 2
-z " N e 2 - Z S A 1 ;
HjZ o 2_f2 (D(O)jg(l) B D(O)mg(l)j> +0 <Z )’ H; = 473 5(1) 1 A2 < 1672 g(l)ijg({) 1622 5(1) 22 52) ~ Z‘%(O) +0 (Z )

« Einstein condition H = 0 understood holographically in terms of Neumann boundary condition
for the induced metric (i.e. d,8,(z, %) |,_, = &1); = 0) [Maldacena 2011 ; Anastasiou, IJA and Olea
2020]1.

 Also 82yii = — 5205)(0)17 universally, consistent with PBH transformations [Imbimbo, Schwimmer,
Theisen and Yankielowicz 1999].
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Holographic data of CG

. The Weyl-squared action has three pieces: W%Wgﬂ” = W;z]szl;m + 4V[{;ZZW;’ZZ +4WE W

« Each pieceis 0 (24). Then, asymptotically the action behaves as

\/ 20)|

O (24) ~ 0 (z) + finite

4 a U
Jd /g WﬁWﬂ J sz >

 The on-shell variation is given by [Grumiller et al. 2014]

_ 3 ij ij
olcag | EOM L/@d x\/\go\ (TJ58(0)1']° P](Sg(l)zj)

. 77 and PY are the holographic stress tensor and the partially massless response. 80)ij and 8(1)ij

are their respective holographic sources. Dirichlet variational principle for two independent
sources in the CFT.

» For {81y = 0,80y = fch’(O)l] , 1r[8(3);] = 0}, 7;; x g(3);; = holographic stress-tensor for EH.
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Renormalized EH from CGin 6D

* |In 6D there are three linearly-independent local conformal invariants:

| 1 = Waﬁ//w

6
W‘W”Wpﬁ” L= WMﬁW“WWp o L=W,, (5,5‘ + 4RH — gRéﬁ) WrPor 4 v, J",

I
i+ SRV,R=R",V,R+ 2R*V,R,,.

 There is a unique combination (up to normalization) which admits all Einstein spacetimes as
solution [Lu, Pang and Pope 2013]:

1
M, 3
e The action can be re-written as [Anastasiou, I[IJA and Olea 20201:

I; pp =J d®xy/ | g| SZLPP+J d>x\/ | 1] nﬂf”.
M d

Mo

— A A A
where J, = 4R "V*R ,,+ 3R*"V R, — SR*V R

vAp
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Renormalized EH from CGin 6D

 Where

| |
— SV Vet M3y Hshe __SYr Vs M M3y Hs pva
gLPP 0/ ( 4' 5/41'":“6W ylyzw I/3I/4W Vs + 2 5/41"'/45W 1/11/2W I/3I/4S Us + 8C C,ul//l ”

J=a (8WHHC, — W, VW, ).

* For Einsteln spaces, one has that

I--|E] = —4!(1[ d®x —GP6(Q)—(1J d°x\/ —h n* (Qkﬂyavﬂgz%),
M oM
| |
P6(Q) — (4!)2 5/411...Iuggﬂ1ﬂ2y1U2Qﬂ3ﬂ4y3y4g2ﬂ5ﬂ6y5y6 | 2(4!)@”2 5/411.“Mjgzﬂlﬂzylyzgzﬂ3ﬂ4y3v4.
f4

|
— Sl Ve pHik pHska pHsHe
&, Where &¢ = 2 0, . cR, IR, R 56, one has that for

. Because Z*P.(Q) =R +
f46( ) fZ 72

4 — :
EH 3847G
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Renormallzed EH from CGin6D
167G J d6x\/7( 72 g6 T (%i%j))

« Matches the Topological Renormalization of Einstein-AdS in 6D [Olea 2005], with extra term

which cancels remaining divergence when boundary is not conformally flat [Anastasiou, |IJA and
Olea 2020; Anastasiou, IUA, Corral and Olea 2023].

leGlE]

* Action obtained from LPP CG and its asymptotic charges are finite. Holographic stress tensor
matches the Holographic Renormalization result: 7;; « g5);:.

* One can compare this action to what is obtained from Holographic renormalization:

20 1
I, = °x\/—8 | R | xv/—h (K .
ren 1671'G [/%6d A g ( f2> SJZ'G ‘L/%6d A h ( T gct)
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Renormalized EH from CGin 6D

* From the Euler theorem one has

J dox\/—g&, = (4n)’ 3y [M6] + J d°xBs where

M, oM,
1
S | S | S
Bs = —6v—ho! 5K, L dt (5‘%]2]31'21'3(17) — tzK”zthig) (5%‘“:'41'5(’”‘) 1 K]4i5K]4i5) -
 Adding and subtracting the GHY term one defines
£+ Bs
= K, such that

IR __ 1 J 6 — ( 20) I J S —
e ) dx/=g (R+—7 ) +2— de\/ h (K+ Zkr) -
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Renormalized EH from CGin 6D

« Using the expansion oiji as before, one has

4 4 | 1 y
L r = & 4 ) 120571 c5°~’2 | "W, |, such that
4 3 2 |2 12 /
£ y
Zz ct Z KT — 4 Wmnlel]mn
Considering that | d®x,/— QPIQM | = —i d>x\/ —hW™ WY one gets I--[E] =/
) onsidering 8 U=z 7 ij mn g CG . — “ren:
M, oM,

 Taking the Einstein condition can be interpreted asymptotically as extended Neumann
boundary conditions: 0,8;; = 0, 83gl] = 0 so that gy, = 0 and g, = 0.

 More holographic sources at the boundary. [Anastasiou, IJA and Olea 2020]
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CG in 8D with Einstein sector

* In 8D there are 12 linearly independent local conformal invariants [Boulanger and Erdmenger
2004].

[ of them are inequivalent contractions of four Weyl tensors.
3 of them are non-trivial invariants involving explicit covariant derivatives of curvatures.

« 2 of them are conformal invariants which can be written as divergences of vectors, such that
they correspond to pure boundary terms.

 Thereis a unigue combination, up to an arbitrary combination of the two pure-boundary Cls,
which admits all Einstein spaces as solutions. The BR CG given in [Boulanger and Rovere 2025]:

lglg,] = L% dx /=g (aZy + BV, I8 + 7,04 )
8

1 23 21 2 7 124 9 568

I I, — 39 +—1, — —I; ly+—1,)— 4]
A 75 2 53 6T ST T 8T T 10 11773

20
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Conformal Renormalizationin 8D

 Consider the action of 8D Einstein-AdS gravity supplemented by the Euler term:

1 42 £° 1
IR _ — o9 | | — U1 Ug p 1Mo R Haps o Hshe T 71
I = — J,/* gd x(R F ot ee0 %8>, where &g = 165M11,,,ﬂgRyIIU;RV;VfRV;D;R,,;U;.
M

* Action is finite for Einstein-AdS spaces with conformally flat boundary. Divergent in general.
[Anastasiou, Miskovic, Olea and Papadimitriou 2020]

* To find the divergence structure, consider the identity:

|42|56g_56 L & R S
Kt 72 2880 °% ) TR0 \ 2500 T 3gp2 0 F 576 P | where

(I)(k) = Stk Vil Q) Vok—1V2k

Vi g H1lo Hok—1M2k

. Also consider that for Einstein-AdS spaces Qﬁ’; = W;‘;.
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Conformal Renormalizationin 8D

« Bulk Weyl tensor for Einstein manifolds has radial decomposition:
WuyaﬂWaﬁﬂy — WmnleVijmn 4 4W/}ziZVViz JzZ n 4WmnizVViZmn .

 Considering the FG expansion of the terms:
4
W= = B, + O
2 T 32 0y <)

3
. 7 .
Wi = = =5 Gy’ + 0@),

2 4

z7 |2 . p
Wi = — W 0" — B (O)[k[lé /L +28 on' oy’ = S ? 0y’ + 0 ! Gy’ | + 0.
£? £2 13 Do)
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Conformal Renormalizationin 8D

« Asymptotic behavior of terms in the action:

477 y 870 1 . . g
— ] mn m ]S ni ym 3 B n pmij 3
6
— = Shlegyth I3ly sl 3
®e) | g {6 %eis 7 i Oviis ! Ovisis T O

£” z’ 4 3
8 = v/ B0 | 1 = 5 Slom + 0 ;cp(4)|EN@(z)

* Divergence structure of the action given by Topological Renormalization:
f6
div _g(O)l]_ 1280]Z'G

d’x —g i WY gms . : <5i1°°'i5 lejz Wféh §j5
S \/ () 373 (Oyms ™ (0)ij 27 \ Jiis O (0)isiy — (0)is
3

Lo ,,
l 1l gl Grisla Grsle ym )
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Conformal Renormalizationin 8D

. Analogy with 6D, look for terms to cancel divergences of the form 2 ®(2),
« The asymptotic expansion of these terms is
, 576z | 207 m _ 8
q>(2)|E = T2+ =5 | 2880, + 28887, = 72D D 0T | + O)
| = gt o
Ol N ’
o, =B LT [uprp 7. lesm 7. 486,] + O
(2)|E — £6 2 26 | Oy O0)m~ 2 Oym~ 2 2_ + O(z%)
where
. U mn _ Sl J1J J3J JsJ
S = %(O)WZW(O)’J’ Sy 0= 5 it %(10)21112 W(3())41314 W(S())ism

. om jl ni ym i
Q=9 (O)nW(O)sz(OM 2% 0) € 0yiim + Dy (W@ﬁi"m’”‘cg(m)
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Conformal Renormalizationin 8D

 Then, the following action is divergence free and has the same finite (universal) part as the one
given by Topological Renormalization:

70 1 1
x,/ ()]
renl By | 128()7zG [ Pol, T3 0l T 5760wl
0 @Dl 216 Olg ~ 42 @Dl

* Action agrees with the result from Holographic Renormalization [Anastasiou, |[JA, Boulanger,
Olea and Rovere 2026].

* Now, compare the renormalized action with the BR conformal gravity for Einstein spaces:

. First, we note that J dgx\/ g \/ﬂ ol = 0, 1 =1,2.
M g E
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Conformal Renormalizationin 8D

 The integrated pure boundary conformal invariants vanish for Einstein spaces.

* They do not contribute to the action.
f6
5042G

. Finally, Iren[gw] =aEHJ d®x —g SZS| for apy =
E y E

8

* Renormalized Einstein-AdS gravity action exactly reproduced by BR conformal gravity.
 Pure boundary conformal invariants do not contribute (therefore are not relevant) for Einstein.

 Einstein-AdS gravity embedded into conformal gravity.

IGNACIO J ARAYA, ICN-UNAM, AUGUST 5, 2026



Conclusions and outlook

 Conjecture:

* There is a uniqgue combination of conformal invariants in even dimensions, up to pure
boundary conformal invariants, which admits all Einstein-AdS spacetimes as solutions.

* When evaluated on Einstein manifolds, this combination gives the renormalized Einstein-
AdS action

 For Einstein-AdS spaces, the integrated pure boundary conformal invariants vanish such
that they do not contribute to the action and therefore can be omitted.

* This would amount to Conformal Renormalization in all even dimensions.
e Evidence in 4, 6 and 8 dimensions. In 6 and 8 it is non-trivial evidence.

* Applications in codimension-2 for holographic entanglement measures and energy functionals in
(A)dS/CFT [Anastasiou, |[JA and Olea 2022: Anastasiou, |[JA, Bueno, Moreno, Olea and Vilar
Lopez 2024; Anastasiou, |IJA, Das and Moreno 2026].
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8D local conformal invariants

 For completeness, the invariants are [Rovere and Boulanger 2025]:

=W, ﬂwwaﬁﬁwwpﬂwéapﬂ_ L=W7 GWaﬂ}/fSWﬂ/) s vacm Iy = Wa voyyaProw pﬂWI/pO‘//t

Iy =W, ”W‘W‘SW(;’W W, - 3 110 = Waﬂyéwaﬁﬁwypwwwﬂﬂ L, =W/ GW“ﬂnyWﬁ W

I,=W, WWWWﬂ “Wesio -

1
a “7 0“7 o€ “705 sz 5“7 €0 “7
J(l) - g pro & V'O cop N & p ’ V roco Qa afyo €op afiyo €cp
Joy = WHEW,EV , Wheso — WHEWGTEV , Wos

€0

i WPIW € 2P W,

Y wesow e ovew,
Py oecp 15

Gop , 2 ayo € o 2 afpyo € o
15 —EW pr W,B V'OWG(;&O — EW pr Wﬁ y VpWéaep ‘

2 e e ovew
| 15 Py ooep
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8D local conformal invariants

I, = WP DPPW, A > Qzﬁwﬂ 2D Wk

42
+2D W5, D DD W + —DDPW, 0 DD WTPH

125
9 (0972% 3 a v
+— DD W f 2D, W P+ LWy ? DrWrree
96 74
+—2,D W, DD WP —W LW, DPDWP
125 25 "
Rl W e pPprwr, o — 8W, 1 FWe P DD WY
5 Hra ap "t ovp o'l 7 H
16 44
F—W,,..,\ W5, "D DOWPHP W KDWY DW S
5 ayup " pv o 25 p
104 88 o
W'D WP DWW, ., > Wop @ Wy, Pow .

IGNACIO J ARAYA, ICN-UNAM, AUGUST 5, 2026



8D local conformal invariants

I, = Wﬁayﬂ WVOC}’M@IOQZGWIBPGV +5 Wa}’ﬂp Wﬁvay@ "D aWﬂW’O

+5W,5 DW,, LDW

apyu

@, Wt 4y
YU="v po 5

Iy = WeW,0, DPDWP |V —20W, 7 4 WP DD WP,

48
- Wy 2 W, W DW,s J = 20w 1,2 WP DEWP 0

< , defined in [Boulanger 2005].
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