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Functional integral formalism

We work with Euclidean spacetime ηµν → δµν .

Sum over ALL field configurations [ϕ(x)]

Z =

∫
Dϕ e−S[ϕ],

where S [ϕ] is the Euclidean action.

n-point function

⟨O[ϕ(x1)] · · · ⟩ =
1

Z

∫
DϕO[ϕ(x1)] · · · e−S[ϕ].
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Lattice regularization
Discretization of spacetime:

▶ ψ(x) → ψx

▶ ∂µψ(x) → ψx+µ̂ − ψx

▶
∫

d4x →
∑
x

,

∫
d4p

(2π)4
→

∫
B

d4p

(2π)4

NON-PERTURBATIVE and GAUGE INVARIANT approach.
3 / 27



Lattice gauge field theory
Compact formulation (NO gauge fixing):

Ax ,µ ∈ su(N) → Ux ,µ ∈ SU(N).

Link variable: Ux ,µ = e iAx,µ .

x x + µ̂

x + ν̂ x + µ̂ + ν̂

plaquette:

Ux ,µν = U†
x ,νU

†
x+ν̂,µUx+µ̂,νUx ,µ

(smallest Wilson loop)
Ux ,µ

Ux+µ̂,ν

U†
x+ν̂,µ

U†
x ,ν

Wilson’s standard action

S [U] =
β

N

∑
x

∑
µ<ν

Tr Re [1− Ux ,µν ] ,

where β = 2N/g 2, with g the gauge coupling.
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Fermions on the lattice

Fermi stastistics implemented by anticommuting Grassmann
variables

ψiψj = −ψjψi , i , j ∈ {1, . . . ,N}.
Fermion functional integral (fermion determinant)

ZF =

∫
DΨ̄DΨ exp(−Ψ̄DDiracΨ) = detDDirac,

where DDirac is the Dirac operator.
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Dirac operator

In the lattice the components of the Dirac operator or Dirac
matrix take the form

(DDirac)
ab
xy ,αβ =

∑
µ

(γµ)αβ
Uab

x ,µδx+µ̂,y − Uab
x ,−µδx−µ̂,y

2
+m0δαβδ

abδx ,y .
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Fermion fields ψ satisfy anti-periodic boundary conditions in
the Euclidean time direction and periodic elsewhere.

Computation of fermion determinant very inefficient.

Better to invert the Dirac matrix.
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Pseudofermions

On the lattice, instead of working with fermions one works
with pseudo-fermions.

Pseudofermions are bosonic variables with a similar partition
function to the fermion determinant for two degenerate mass
flavors

ZF =

∫
DΨ̄DΨ exp(−Ψ̄uDDiracΨu + Ψ̄dDDiracΨd)

= (detDDirac)
2

Zpseudo =

∫
D(Reϕ)D(Imϕ) exp(−πϕ†(DDiracD

†
Dirac)

−1ϕ)

= (detDDirac)
2
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Markov chains

Markov chain: A chain of stochastic configurations where the
current configuration only depends on the previous one.

[ϕ1] → [ϕ2] → · · ·

⟨O⟩ = 1

N

N∑
i=1

O[ϕi ]

where [ϕi ] is generated with probability 1
Z
e−S[ϕi ].
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Importance sampling
In order to generate good configurations the algorithm needs
to satisfy

▶ Ergodicity

▶ Detailed balance

[ϕi ]

[ϕj ]

p[ϕi ]p[ϕi → ϕj ] = p[ϕj ]p[ϕj → ϕi ]
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Update algorithms

Local

▶ Metropolis

▶ Glauber

▶ Heatbath

▶ etc. . .

Global

▶ Wolff

▶ Swendsen-Wang

▶ Hybrid Monte Carlo (HMC)
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Monte Carlo simulation

▶ Initial configuration hot or cold start.

▶ Generation of configurations.

▶ Thermalization: attain equilibrium.

▶ Taking of well separated measurements.

▶ Computation of averages and errors.

▶ Extrapolation to infinite volume.

▶ Interpretation of results.
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Two flavor Schwinger model
Lagrangian of the Schwinger model with gauge group U(1)

L =
1

4
FµνFµν +

2∑
f=1

ψ̄f (γµDµ +m0)ψ
f ,

where Fµν = ∂µAν − ∂νAµ and Dµ = ∂µ + ieAµ.
Action on the lattice

S [ψ, ψ̄,U] = β
∑
x

Re(1− Ux ,12) +

∑
x ,f

ψ̄f
x

2∑
µ=1

γµ
Ux ,µψ

f
x+µ̂ − Ux ,−µψ

f
x−µ̂

2
+∑

x ,f ,µ

m0ψ̄
f
xψ

f
x + other terms,

where β = 1/e2, and Ux ,µ = e iAx,µ ∈ U(1).
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γ-matrices in 2d

In 2 dimensions we take the Pauli matrices

γ1 =

(
0 1
1 0

)
, γ2 =

(
0 −i
i 0

)
.

and γ5 = −iγ1γ2 =

(
−1 0
0 1

)
.
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Plaquette value

One of the simplest observables to measure is the sum of
plaquette variables

plaquette value =
1

V

〈∑
x

Re Ux ,12

〉
.
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Plaquette value
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Schwinger model with two fermion flavors, V = 82
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Pion correlation function

Pion propagator Cπ(t) =
〈
OxŌy

〉
, where Ox = d̄xγ5uy and

t = |x − y |

Cπ(t) =

〈∑
α,β

∣∣(D−1
Dirac)xy ,αβ

∣∣2〉 .

Decays exponentially in Euclidean time

Cπ(t) ∝ exp(−mπt).

To take into account periodicity we use

Cπ(t) ∝ cosh(mπ(t − Lt/2)).
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Pion correlation function
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Topological charge

In the continuum, gauge fields can be classified in topological
sectors characterized by the topological charge Q ∈ Z.

In 2d the topological charge takes the form

Q =
1

4π

∫
d2x ϵµνFµν ∈ Z.

On the lattice

Q =
1

2π

∑
x

ArgUx ,12 ∈ Z.
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Toplogical suceptibiliy

An important quantity is the topological suceptibility

χt =
⟨Q2⟩
V

the topological charge squared per spacetime volume V .

Physically, in QCD it is related to the mass of the η′ meson via
the Witten-Veneziano formula

χt =
F 2
πM

2
η′

2Nf
.
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Topological susceptibility with slab method

Divide the periodic volume V into sub-volumes or slabs of size
xV , where x ∈ [0, 1].

Extract χt from the fluctuations of the topological charge q
within these slabs.

At fixed topological charge Q

p(q)p(Q − q) ∝ exp

(
− 1

2χtV

(q − xQ)2

x(1− x)

)
,

from which we infer

⟨q2⟩ = χtVx(1− x) + Q2x2.
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Topological susceptibility with slab method
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Gradient Flow
On the continuum the Yang Mills flow is defined by

d

dτ
Bµ(x , τ) = −∂Sgauge(B)

∂Bµ(x , τ)
, Bµ(x , τ)|τ=0 = Aµ(x)

where τ is the flow time.

On the lattice, the Gradient Flow (or Wilson flow) is defined by

d

dτ
Vx ,µ(τ) = Zx ,µ(τ)Vx ,µ(τ), Vx ,µ(τ)|τ=0 = Ux ,µ

where

Zx ,µ = −{Ux ,µΣ
†
x ,µ}TA

Σx ,µ =
∑
ν ̸=µ

[
Ux ,νUx+ν̂,µU

†
x+µ̂,ν + U†

x−ν̂,νUx−ν̂,µUx+µ̂−ν̂,ν

]
WTA =

W −W †

2
− Tr(W −W †)

2N
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Topological charge under Gradient Flow
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Topological charge under Gradient Flow
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Topological charge under Gradient Flow
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Summary

Lattice regularization is a non-perturbative and gauge
invariant approach.

Compact formulation does NOT require gauge fixing.

Lattice formulation very robust.

Schwinger model: toy model for QCD.

LQCD simulations in progress ;).

The slab method efficient when topological freezing occurs.
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