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Functional integral formalism

We work with Euclidean spacetime 7, — 0,,.

Sum over ALL field configurations [¢(x)]

_ / D el

where S[¢] is the Euclidean action.

n-point function

(Ol6(x)]- / D O[$(x)] - e 5.
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Lattice regularization
Discretization of spacetime:

o

> 1h(x) = i
> E%J@b( ) — @bX4—u - lbx

/"4HZ/ /Zm

NON-PERTURBATIVE and GAUGE INVARIANT approach.
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Lattice gauge field theory
Compact formulation (NO gauge fixing):

Axp € su(N) — Uy, € SU(N).

Link variable: Uy, = ehen,

T
X+ D L&+&u x+p+0
-« plaquette:
N —_ oyt
U)Ll," b Ux+-fi,v Ux,ul/ = UX,VUX_A'_,’),M X+, Ux,u
& - (smallest Wilson loop)
X UX " X+ [

Wilson's standard action

S[U] = %ZZW Re [l — Uyl

X pu<v

where 3 = 2N /g2, with g the gauge coupling.
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Fermions on the lattice

Fermi stastistics implemented by anticommuting Grassmann
variables

Yy = =i, 0 j€{1,...,N}.
Fermion functional integral (fermion determinant)

Z/: = /D\DD\U exp(—\TJDD;raC\U) = det DDiraC7

where Dp;,,c is the Dirac operator.
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Dirac operator

In the lattice the components of the Dirac operator or Dirac
matrix take the form

b b
Dr: ab _ Uj,uéx"rﬁ,y - U)‘?,—MCSX—/AMY 5 53135
( Dlrac)xy@ﬁ = Z(%ﬁ)aﬁ 5 +mg af X,y

m
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Fermion fields v satisfy anti-periodic boundary conditions in
the Euclidean time direction and periodic elsewhere.

Computation of fermion determinant very inefficient.

Better to invert the Dirac matrix.
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Pseudofermions

On the lattice, instead of working with fermions one works
with pseudo-fermions.

Pseudofermions are bosonic variables with a similar partition
function to the fermion determinant for two degenerate mass
flavors

ZF = /D‘T’DW eXP(—\T’uDDirach + \T’dDDirach)
= (det Dpjrac)?
Zoseudo = / D(Re ¢) D(Im ¢) exp(—7¢"(Dpirac DY) 2 0)
— (det Dpjrac)?
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Markov chains

Markov chain: A chain of stochastic configurations where the
current configuration only depends on the previous one.

[¢1] = [¢2] — - -

(0)= 5>~ Ol

where [¢;] is generated with probability Ze=st.
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Importance sampling

In order to generate good configurations the algorithm needs
to satisfy

» Ergodicity
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Importance sampling

In order to generate good configurations the algorithm needs

to satisfy
» Ergodicity

» Detailed balance

ploilploi — ¢j] = plojlple; — @il

[¢)]
[¢1] D
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Update algorithms

Local
» Metropolis
» Glauber
» Heatbath
> etc...

Global
» Wolff
» Swendsen-Wang
» Hybrid Monte Carlo (HMC)
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Monte Carlo simulation

vVvyVvyvVvvyYyvyy

Initial configuration hot or cold start.
Generation of configurations.
Thermalization: attain equilibrium.
Taking of well separated measurements.
Computation of averages and errors.
Extrapolation to infinite volume.

Interpretation of results.
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Two flavor Schwinger model
Lagrangian of the Schwinger model with gauge group U(1)

2
1 _
L= ZFHVFHV + § 1/}f('Y;LDu + m0)1/;f7
F=1

where F,, = 0,A, — 0,A, and D, = 0, + ieA,.
Action on the lattice

S, 4, U] = B Re(l— Uy)+
2 vauw;tﬂ - va—ﬁﬂv/})):fﬁ +

x,f pn=1

Z motpiabf 4 other terms,

x,fop

where 8 =1/¢e? and U, , = e”» € U(1).
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~v-matrices in 2d
In 2 dimensions we take the Pauli matrices

(01 (0 —i
71_ 1 0 ) 72_ I 0 .

. -1 0
and 5 = —imy2 = 0o 1)
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Plaquette value

One of the simplest observables to measure is the sum of
plaquette variables

1
plaquette value = v <Z Re UX712> .
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Plaquette value

Schwinger model with two fermion flavors, V = 82
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Pion correlation function

Pion propagator C,(t) = (0,0, ), where O, = dyysu, and

t=|x—y|
<Z ’ Dlrac X)/:aﬂ‘2> .

Decays exponentially in Euclidean time
Ci(t) ox exp(—myt).
To take into account periodicity we use

G (t) o< cosh(m,(t — L;/2)).
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Pion correlation function
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Topological charge

In the continuum, gauge fields can be classified in topological
sectors characterized by the topological charge Q € Z.

In 2d the topological charge takes the form

1
Q= 47r/d X € F € Z.
On the lattice

1
= % ;ArgUX’u e 7.
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Toplogical suceptibiliy

An important quantity is the topological suceptibility

_ (@)

Xt V

the topological charge squared per spacetime volume V.

Physically, in QCD it is related to the mass of the ' meson via
the Witten-Veneziano formula

F2 M2,
Xt =~ b
2Ny
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Topological susceptibility with slab method

Divide the periodic volume V into sub-volumes or slabs of size
xV/, where x € [0, 1].

Extract x; from the fluctuations of the topological charge g
within these slabs.

At fixed topological charge @

p(q)p(Q — q) o exp (— 2x1tv (z(zfz)) ) :

from which we infer

(@%) = x: Vx(1 — x) + Q*x°.

21/27



Topological susceptibility with slab method

mg =100,V =162, 3=3

e Q'=0, xu = 0.0112(1)
— xi/Ve(l-2)

e Q =1, y; = 0.0108(1)
— xiVa(l— )+ 2?2
e Q =2,y = 0.0114(2)
—— xiVa(l — ) +4a?
(Q2)/V v, = 0.0118(5)
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Gradient Flow

On the continuum the Yang Mills flow is defined by
d 0Sgauge(B)
EB.UJ(Xa T) = _mu BH(XJ 7-)|7-:0 = A,U«(X)

where 7 is the flow time.

On the lattice, the Gradient Flow (or Wilson flow) is defined by

d
= Voul1) = Zou(MVau(m). Vi)l = Ui

where

Zop=—{Uu XL Y a

Zx,u = Z |:UX,I/ Ux+f/,,u, U)L_/j,l, + U:[_ﬁ,,/ Uxffz,,u Ux+ﬁff/,1/
VEN
W Wt T (W — W)

Woen —
e 2 2N
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Topological charge under Gradient Flow
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Topological charge under Gradient Flow
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Topological charge under Gradient Flow
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Summary

Lattice regularization is a non-perturbative and gauge
invariant approach.

Compact formulation does NOT require gauge fixing.
Lattice formulation very robust.

Schwinger model: toy model for QCD.

LQCD simulations in progress ;).

The slab method efficient when topological freezing occurs.
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