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The worldline formalism is an alternative framework to

the standard diagrammatic approach in quantum field theory

Standard approach Worldline formalism

Based on second quantization Based on first-quantized relativistic path

integrals
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Add contributions from every possible worldline connecting = with =’
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Sum over all possible values of the particle’'s proper time.



Example
Propagator of a relativistic scalar particle in an electromagnetic field

A* in Euclidean space-time
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The exponential factor suppresses long worldlines.

Large mass m makes long worldlines unlikely.
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The path integral favors smoother trajectories; extremely jagged paths are

exponentially suppressed.
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Every path accumulates an electromagnetic phase while moving through the

gauge field.



Specializing the background field to a superposition of plane waves yields a

master formula for the scalar propagator interacting with N photons
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Similar worldline master formulas exist for the one-loop N-photon

amplitude in scalar and spinor QED
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Discontinuity method for evaluating scattering amplitudes

within the worldline formalism

1. Discontinuity method

2. Application to photon-photon scattering



After integration over T and rescaling 7; = T'u;,

the one-loop worldline integrals take the form
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Since one-loop amplitudes decompose into tadpoles, bubbles, triangles,

boxes, and rational terms, we propose the following ansatz
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The transcendental functions associated with tadpole, bubble, triangle, and box

integrals are distinguished by their discontinuities in specific kinematic invariants
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One-mass triangle integral



The transcendental functions associated with tadpole, bubble, triangle, and box

integrals are distinguished by their discontinuities in specific kinematic invariants

Associated transcendental function

in D = 4 dimensions

_ a—1
T(-q) = 1In? (%)
—4q
Bz = 1- =

dPk 1 q=p*/m? §=q/4
(m)P/2 (k2 + m2)[(k + p)? + m?]?

One-mass triangle integral

7




The transcendental functions associated with tadpole, bubble, triangle, and box

integrals are distinguished by their discontinuities in specific kinematic invariants
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The rational terms can be extracted from the discontinuities of the

worldline integrals in specific kinematic channels
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The rational terms can be extracted from the discontinuities of the

worldline integrals in specific kinematic channels

A simple example...
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The rational terms can be extracted from the discontinuities of the

worldline integrals in specific kinematic channels

A simple example...
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The rational terms can be extracted from the discontinuities of the

worldline integrals in specific kinematic channels

A simple example...
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The rational terms can be extracted from the discontinuities of the

worldline integrals in specific kinematic channels

A simple example...
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The rational terms can be extracted from the discontinuities of the

worldline integrals in specific kinematic channels

A simple example...
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The rational terms can be extracted from the discontinuities of the

worldline integrals in specific kinematic channels

A simple example...
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The rational terms can be extracted from the discontinuities of the

worldline integrals in specific kinematic channels

A simple example...
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The rational terms can be extracted from the discontinuities of the

worldline integrals in specific kinematic channels
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Discontinuity method for evaluating scattering amplitudes

within the worldline formalism

1. Discontinuity method

2. Application to photon-photon scattering



The discontinuity method enables an efficient computation of the

light-by-light scattering amplitude
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Scalar QED
Photon polarizations (-+++)

Kinematics
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The discontinuity method enables an efficient computation of the

light-by-light scattering amplitude
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The discontinuity method enables an efficient computation of the

light-by-light scattering amplitude

Transcendental function related to a Box Feynman integral
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The discontinuity method enables an efficient computation of the

light-by-light scattering amplitude

Transcendental function related to a Box Feynman integral
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The discontinuity method enables an efficient computation of the

light-by-light scattering amplitude
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These examples highlight the potential of the discontinuity method as
an efficient approach to evaluating one-loop worldline master integrals

without direct computation
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