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Fields in (1,0) & (0,1). Basics

o The Homogeneous Lorentz Group (HLG) is the group O(1,3), whose elements, L*,, are
defined by

Lupgp,uLVU = 8po- (1)
o The irreducible representations (irreps) of the HLG are defined by two SU(2) numbers:
1 3
HLG irreps: (a, b) a,b:07§71,§7,.. (2)
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@ Quantum fields are defined on these irreps

Scalar: (0,0) — spinj=0
Spi ! 0 0 ! — in j=
inors: —-,0),(0,= spin j = =
p 5 ' pinJ 5
11
Vector: (5, 5) — spin j =1,0
Antisymmetric tensor: (1,0),(0,1) — spinj=1
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Fields in (1,0) & (0,1). Basics

o The Standard Model uses only a few of these irreps.

(0,0)
(3:0) (0.3)
(1,0) (3.3) (0,1)
(3:0) (1.3) (3,1) (0,3)

Scalar: (0,0) — spinj=0 —  Higgs
. 1 1 1
Spinors: —,0),(0,= — spinj=—- — leptons, quarks
2 2 2
11 .
Vector: 35 — spin j =1 — gauge bosons
Antisymmetric tensor:  (1,0),(0,1) — spinj=1 - 7

@ The (1,0) and (0, 1) irreps are the most close-at-hand non-standard irreps. The parity invariant
irrep is (1,0) & (0, 1).

What about fields in the spin j =1 rep (1,0) & (0,1)?

October 21st, 2025

(0, 1) fields
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Fields in (1,0) & (0,1). Basics

o A field W € (1,0) @ (0,1) has 6 complex components. It can be represented both as
6-component spinor-like: W,,  a<> [ur]  2nd-rank antisymmetric tensor: Bu,.  (3)
o There exists a covariant basis for operators in this rep!
{1, x, S*¥, xSH, MY CHVPI Y, (4)

@ Analogous to the Dirac field, but for spin j = 1 instead of j = %

1 1
Dirac: ﬂ)e (5,0) @ (0,5) ~ W€(170)®(071)
1 : 4-dim spinor object ~ WV : 6-dim spinor-like object
1
Y spinj=— ~ V:spinj=1

2
basis: {1,75,7”,757”, MHY Y ~ basis: {1, x, S*¥, xSV, M¥Y CHVPI}

What is the free EOM for ¥V € (1,0) & (0,1)?

1Selim Gémez-Avila and M. Napsuciale. “Covariant basis induced by parity for the (j, 0) @(0, j) representation”. In: Phys
Rev. D 88 (9 Nov. 2013), p. 096012. poOI: 10.1103/PhysRevD.88.096012. URI
https://link.aps.org/doi/10.1103/PhysRevD.88.096012.
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The model. Massive m # 0

The most general parity-invariant free massive Lagrangian is
L =0"V (aguy + BSuw + igMun) 8V — m*Bu, (5)
where U = U159 \whose propagator has a two-pole structure

(aPZ - m2) 1 — IBPHPV(Suy)ab

o~ B2 — me] (o + A)p? — m?] (©)

iTap(p) =i

To get the physical pole at p?2 = m? the coefficients must be chosen as:
@ a =1,8=0. Klein-Gordon-like theory. No restrictions — twice DOF.
L =0"VUg,, 0"V — m*Uw ir _j lab
= 8uv —m ) iCap(p) =l
p m< + ie

@ a =0,3 = 1. Joos-Weinberg theory. Unphysical pole at p2 = —m?.

- - m? 1, + pupu (5" )ap
L =0"VS,, 0"V — m*Pv, ir =j—2 il Ly
1z ab(p) [p2 + !Tl2] [p2 — mz]

© a = £8 = 1/2. Shay-Good/Hammer-McDonald-Pursey (Kalb-Ramond) theory. UV-
divergent propagator (p2/p2—order) — non-renormalizable theory.

2 2 v
- ” 2. . 7_(—P +2m ) labipMPV(SM )ab
MV (guv £ Su) 0"V — m WV, T ,,(p) =i I [ — i+ id] .

£=2
2
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The model. Massless m =0

The massless theories do not have any of those problems. The massless Lagrangian is

L= otV (aguv + BSuv + igM,) 0¥ W, (7
whose propagator is
; 2
. ! aply, — 5PuPu(5“ )ab
r = 8
TP = Bpup ®)

Thus, the above theories become
@ a =1,8=0. Massless Klein-Gordon-like theory. No restrictions — twice DOF.

L =0"Vg,, 8"V, iTap(p) =i

p? + ie
@ a=0,8=1. Massless Joos-Weinberg theory. No unphysical pole.

pup,,(S” )ab
4+ e

© o= +£B=1/2. Massless Shay-Good/Hammer-McDonaId-Pursey (Kalb-Ramond) theory.

L =0"VS,,, 0"V, iCap(p) =i

1 —
L 258"“1 (guv £ Suv) 07V, iT 25(p) =Not defined

Emergence of a gauge symmetry — add a gauge fixing. Non UV-div propagator (1/p?-order).

1, 1 1 (14 8) PPy + (1 €) pupu(SHY),
=20tV | (142 ) gt (1—=)Su|ovw T, ==
£=3? K +£)g" i( 5)5“]8 b =3 Pt + e

This propagator still has the form of (8).
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The model

o Dimension-4 quartic self interactions
L =0"V (aguy + BSu) "V — dim¥ =1 — dim [(VAV)(UBW)] =4. (9)

@ The most general parity-invariant self-interacting massless model is

_ A1~ Ao - A3 - A4, =
£ = 0" (agu + BSu) 0V + LIV + Z2(Txw)? + (TS 0) 4 ZHIM w2

(10)
@ Feynman rules
i 21, — Swy
s =i (p) = oy P IR (1)

a? — 32 o4+ e

+id1 [Lapled + Laglep] + id2 [XabXed + XadXeb]
=iVabed = +iX3 [(SHY)ab(Spv)ed + (S*)ad (Spv) cb) (12)
+ida [(MHY)ap(Mpv) g + (MPY)ag(Muw )eb]

o Observation: self-interactions explicitly break the gauge invariance of theory 3). This may
bring inconsistencies in the propagating DOF of its interacting theory; to avoid this issue, we
restrict to theories 1) a =1,8 =0 and 2) a = 0,3 = 1 from now on.
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Renormalization

Superficial degree of divergence D = 4 — N. Potentially divergent diagrams:

1) Self-energy: , 2) Vertex: . (13)
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Renormalization: Counterterms

@ Physical field: ¥ = Z_%\Uo — counterterms
=0V (aguy + BSuw) YV + = (\U\I!)2 (\u )2 4 ﬁ(ﬁ:s”"wf + ﬁ(\T:MWw)Q
+ 670"V (aguy + BSw) 0V + 521 (W) + oz, f(‘l’x‘l’)z +67,22 ( S w)?
+ 5247(&:/\/1#"\1:)27

(14)
where

0y =2Z-1, 521 =7 — 1, 522 =7, — 1, 523 =73 —1, 524 =Z; — 1. (15)

o Feynman rules

p p . . v
a =——=R=— b =idlp(p) = iéz [ap21ab + Bpupu(S* )ab] , (16)

a, p1 c,p3 +iM0z, [Lapled + ladles] + iX2dz, [XabXed + XadXeb]
=idVaped = +ir39z, [(57)ab(Spv)ed + (S*)ad(Spv) eb)
b, p d, ps +I'/\4(524 [(Muy)ab(M,uV)cd —+ (M'uy)ad(MuV)cb] .

(17)
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Renormalization: Self-energy

Self-energy at one-loop

P p p

d + a —=—=—Xx—>—d (18)

dD
=u25/ on )DlVabcdlrbc(/)+'5rad(P)

. p
i*ad(p) = a —>

Setting D = 4 — 2¢, and ¢ — 0, the integral vanishes and so

DIV [iEau(p)] =id7 [apLag + BPups(S*")ad] > 02 =0. (19)
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Renormalization: Vertex

Vertex at one-loop

iNabed (P1, P2, P3) = (20)

a, p1
’ C, P3

b, P2 ) P4

dPr . . . .
:#26 / W [(VabrmiTnm (! 4+ p1 4 P2)iVimdesiTsr (1)

+ ivarcnirnm(l +p1— P3)ivmdsbirsr(l)
+iVadnrirn171(l +p1— p4)iVmcbsirsr(l)] + i(svabcd
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Renormalization: Vertex

Setting D = 4 — 2¢, and € — 0, the UV-divergent part is
o —i
Div [iAapca(P1, P2, P3)] = (@m)2(a? — B)e

2 2

x {(aqu + %f) [Lapled + Lagles] + (042C>1< + %Ci) [XabXcd + XadXeb]
20, B s

+ (P4 ) (5 sl S + (5" at(Si o

2
+ (a2cl%/1 + %CI?/I) [(M“V)ab(Muu)cd + (Muy)ad(Muu)cb]}

+ i)\1621 [1ab1cd + 1adlcb] + i)‘2622 [Xachd + XadXCb]
+ iA30z; [($"7)ab(Spr)ed + (5"7)ad(Spv )eb]
+ i>‘4524 [(M”V)ab(MuV)cd + (Muy)ad(MMV)cb] s

where the coefficients {cll, c;(, c_é, c,lv,, cf, ci, cg, cl\s/,} are given by

(21)

of = — 11A] — 231(8Xg + 1223 + Ap) — 48 (A] + 20423 + 233) + 8BAzxp — 373,
= =8\ + 20 — 203) — 480 — A3)% — 8A3, b = —8A3(\; — 4X4 +2)3),
cip =233 — B (A1 + Mg+ A2), o = —16 (63F + A (1824 + 3023 + M) — 2(0g + A3)(8Ag4 +8A3 — 32p))
(22)
g =16 (R2(A1 + 183 — 30A3) + 2(A4 — A3)(3Ap — 474 + 8A3) +633) ,
@ == 33+ 322010 — 20823 + Ap) — 16 (833 +2323) +805(40 + A3) — 323,
s

iy =48X3(A] — 8Ag + Ap).
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Renormalization: Vertex

To cancel the divergences, the counterterms dz,,0z,,0z,,0z,, must be chosen as (MS scheme)

PR S S e SRS ) S SIS S S SR Ap
1T (47)2(02 — B2)2e VRt )0 T2 T, (4n)2(a2 — B2)26 x X))
1 1 52 1 1 ﬁ2
Sy == (a2t 75)’ 5 :7—(21 75).
%73, (@m)2(a? — B2)2e (a STRS) 0% TN ez — gz \C M T M
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Renormalization: Renormalizable subtheories

_ A1, = A2 = A3 = A
£ = 0"F (aguw + F5,) "W + “L(BW) + Z2(Byw)2 4+ Z2(FsHw)? 4 2

?2 ?(\mewf (24)

The inclusion of all the independent self-interactions is sufficient for renormalizing this model for any
values of «, B; however, in some cases, not all of them are necessary. Renormalizable subtheories:

e a =1,8 =0. Three renormalizable subtheories (appart from XA = (A1, A2, A3, A1)

A=A, 22=0,23=0,2=0), (25)
A =(A1,22,23 =0,\ =0), (26)
A=(A1, 22,23 =0, A4). (27)

@ o = 0,8 = 1. No renormalizable subtheories; all the independent self-interactions are necessary
A= (A1, A2, A3, Ag).
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Renormalization: Beta functions

Running couplings — Beta functions 8, = udAx/du
1
2472 (a2 — B2)?

+48 (Ai +2Xhs + 2,\3)] +482 [wf 4 A1(A2 + 18X + 30A3)

—2(Ag + A3)(—372 + 4N + 8X3)]},

.
672 (a2 — 52)2

e [2 (3A§ 4 90oAs — 15003 — 422 + 1204 )\3 — 8,\§)

+/\1()\2 + 64 — 6/\3)]}7

1 2 2 2 2
aFrrpem: {9602 s(ha — 4xe +223)] + 52 [30F +3) (30)

T201 (A2 + 4003 — 4X4)) — 8Aa(4A4 + A3) + 16 (sxi + 23A§)] } ,
1
212 (a2 — f2)°

B, = {3a2 [11,\§ 201 (A2 + 8Xg + 12X3) + 302 — 8Xx); (28)

Ba, = {6a2 [,\1,\2 22+ 2X0(As — Az) + 6(Ag — ,\3)2] (29)

Bxas =

By, = {202 [333 = M0 + X0+ 20)] + B2 Da( + 20— 8A)T} . (3D)
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Renormalization: Beta functions

@ Theory i) (a =1,38=0).
® [x;- No real fixed points.
® [3x,. Defined by

_ 2
AL ==X+ 23 — Ag) — 60‘3/\7’\4). (32)
2
° HA3. Defined by
A3 =0, or AL =4Xq — 2)3. (33)
o [, Defined by
323
A= —(Ao 4 A) + 2. (34)
Aq
Six independent non-trivial common solutions
)\(1) :()\17 A =0,A3=0,0 = 0) s (35)
A® = (A, 0 = —A1, A3 = 0,04 = 0), (36)
6 1

AB) = (Al,AZ =g\ =00 = gxl) : (37)
A4 = ()\ YR SV VI 1 W V- ) (38)

1, A2 — 7173— 14 1, A\ = 141

2 1 1
A®) = (,\,,\z =S VIDY f,\,,\zf,\), 39
1 2 3 1, A3 = 6 1, N4 6 1 ( )
(,\,\— M= A= —,\) (40)
1, N\2 — 5173710 1, N4 — 101
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Renormalization: Beta functions

o Theory ii) (¢ = 0,8 =1).
o ;. Defined by
=627 — 6A1(5A3 + 3X4) + 8(A3 + Ag)(2X3 + Aa)

A2 = . 41
2 A1+ 6(A3 + Ag) (1)

° ﬁxz- Defined by

=623 — 622(—5X3 + 3X4) + 8(— A3 + Ae)(—2X3 + Ag)

= A2+ 6(—A3 + Ag) (42)

o ;. Defined by
A= (Al,)\zzkl,)\gzo,M:%)\l). (43)

® 3x,. Defined by
A3 =0, or A1 =8Xs — X2 (44)

No non-trivial common solutions. Curious solution: XA = (A1, A2 = A1, A3 =0, s = A\1/4),
Bxs = Br, =0 and By, = —fBy, = —25A3/1272.
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Summary and conclusions

@ There are three theories for a massive field W in the (1,0) & (0, 1) rep of the HLG:

£ =0"TO, W — 2OV, L =0"US,,0"V — m*Uv, L :aﬂ@@aw — PV,
Issues: 2) unphysical pole at p?> = —m?, 3) UV-divergent propagator — non-renormalizable.
@ Massless theories do not have those problems
_ _ _ + S,
L =0"Vvo, Vv, L =0*VS5,, 0"V, L :Q”Wg‘w%a”\ll.

o Dimension-4 quartic self interactions
L =0"V (aguy + BSw) 0"V — dim¥ =1 — dim [(VAV)(UBWY)] = 4.
o Model: general parity-invariant self-interacting massless field
L= 0"V (aguy + BSuu) 0¥V + %(\TJ\W + %(\fowf + %(\TJS“”W)Z + %(@M“”‘Uﬁ
@ Renormalizable at one-loop for any «, 5.
@ For a = 1,3 = 0 there are three renormalizable subtheories, defined by
A=A, 22=0,23=0,24=0),
A=(A1,22,A3=0,24 =0),
A =(A1, 22,23 =0,4).
@ For a = 0,3 = 1 there are no renormalizable subtheories; all the independent self-interactions

are necessary.
o Large set of fixed points.
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