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New Era of Gravitational-Wave Science
[Abbott et al. ’16]

• First detection of a GW, nearly 100 
years after Einstein’s prediction


• Source of GW signal: binary black 
hole merger
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Gravitational Waveform Production

• Need to solve 


• In principle, the solution is simple: Solve the equations in a computer!


- Computationally expensive: ~250k templates for GW150914 


- Challenging for EMRI                          large eccentricities 


- New simulation required for each point in parameter space


• Strategy: approximate analytical methods + numerical methods

<latexit sha1_base64="hA1SLeVHWfB0QYwlEKs7SdlWBjw=">AAACH3icbZDLSsNAFIYnXmu9RV26GSyCG0tSpHYjFF3ospbeoAllMp20QyeTMDMRSsibuPFV3LhQRNz1bZy2oWjrDwM/3zmHM+f3IkalsqyJsba+sbm1ndvJ7+7tHxyaR8ctGcYCkyYOWSg6HpKEUU6aiipGOpEgKPAYaXuju2m9/USEpCFvqHFE3AANOPUpRkqjnlmu9xIniB0ep/DS8QXCiZ0mpXSwwHV4AytOROE9bCxgzyxYRWsmuGrszBRAplrP/Hb6IY4DwhVmSMqubUXKTZBQFDOS5p1YkgjhERqQrrYcBUS6yey+FJ5r0od+KPTjCs7o74kEBVKOA093BkgN5XJtCv+rdWPlV9yE8ihWhOP5Ij9mUIVwGhbsU0GwYmNtEBZU/xXiIdIhKR1pXodgL5+8alqlol0ulh+vCtXbLI4cOAVn4ALY4BpUwQOogSbA4Bm8gnfwYbwYb8an8TVvXTOymRPwR8bkB5xCorY=</latexit>

Rµ⌫ � 1

2
gµ⌫R = 8⇡GTµ⌫ Hard problem

<latexit sha1_base64="XDLxi6BqQO0BZABXNSI5XGW7XQI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBQylJkeqx6MVjBfsBTQyb7aZdupuE3Y1SQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZFyScKW3b31ZhbX1jc6u4XdrZ3ds/KB8edVScSkLbJOax7AVYUc4i2tZMc9pLJMUi4LQbjG9mfveRSsXi6F5PEuoJPIxYyAjWRnoQvoNczpHw62616pcrds2eA60SJycVyNHyy1/uICapoJEmHCvVd+xEexmWmhFOpyU3VTTBZIyHtG9ohAVVXja/eorOjDJAYSxNRRrN1d8TGRZKTURgOgXWI7XszcT/vH6qwysvY1GSahqRxaIw5UjHaBYBGjBJieYTQzCRzNyKyAhLTLQJqmRCcJZfXiWdes1p1Bp3F5XmdR5HEU7gFM7BgUtowi20oA0EJDzDK7xZT9aL9W59LFoLVj5zDH9gff4Adl6RNA==</latexit>

m1 ⌧ m2 ,
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Inspiral Merger Ringdown 

Post െ Newtonian 
Theory 

Perturbation 
Theory 

Numerical 
Relativity 

[From Antelis & Moreno, arXiv:1610.03567]

Numerical

Relativity

Black Hole 

Perturbation Theory

Two-body

perturbation theory

Phases of a

binary merger:
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Inspiral Merger Ringdown 

Post െ Newtonian 
Theory 

Perturbation 
Theory 

Numerical 
Relativity 

[From Antelis & Moreno, arXiv:1610.03567]

Numerical

Relativity

Black Hole 

Perturbation Theory

Two-body

perturbation theory

Phases of a

binary merger:

We focus on
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Analytical Methods For Inspiral
• Post-Newtonian (weak field, nonrelativistic)


- Double expansion in


❖ Post-Minkowskian (weak field, relativistic)


- Expansion in 


• Gravitational self-force (strong field)


- Expansion in small mass ratio 

<latexit sha1_base64="Sr2loNtF80nNHNC3pKKJleol4Y8=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiRFqsuiC90IFewDmlgmk0k7dCYJM5NCSfMPbvwVNy4UcevGnX/jtM1CWw8MczjnXu69x4sZlcqyvo2l5ZXVtfXCRnFza3tn19zbb8ooEZg0cMQi0faQJIyGpKGoYqQdC4K4x0jLG1xN/NaQCEmj8F6NYuJy1AtpQDFSWuqap8OHCnQk5dAJBMLp9W2Wjh0vYr4ccf2lIhtn0GEM2l2zZJWtKeAisXNSAjnqXfPL8SOccBIqzJCUHduKlZsioShmJCs6iSQxwgPUIx1NQ8SJdNPpTRk81ooPg0joFyo4VX93pIjLyYq6kiPVl/PeRPzP6yQquHBTGsaJIiGeDQoSBlUEJwFBnwqCFRtpgrCgeleI+0hno3SMRR2CPX/yImlWyna1XL07K9Uu8zgK4BAcgRNgg3NQAzegDhoAg0fwDF7Bm/FkvBjvxsesdMnIew7AHxifPyXQnls=</latexit>

v2 ⇠ GM

|r| ⌧ 1

<latexit sha1_base64="8DsWlPjpfee24a6GpeHlh2caBls=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5+HjNY=</latexit>

G

<latexit sha1_base64="jN6Zm7NE1Dv/uCIbkgRYtllE2SQ=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4qrtFqseiF48V7Ae0y5JNs21okl2TbKEs/R1ePCji1R/jzX9j2u5BWx8MPN6bYWZemHCmjet+O2vrG5tb24Wd4u7e/sFh6ei4peNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4upv57TFVmsXy0UwS6gs8kCxiBBsr+SKoXorAQz3OkReUym7FnQOtEi8nZcjRCEpfvX5MUkGlIRxr3fXcxPgZVoYRTqfFXqppgskID2jXUokF1X42P3qKzq3SR1GsbEmD5urviQwLrScitJ0Cm6Fe9mbif143NdGNnzGZpIZKslgUpRyZGM0SQH2mKDF8YgkmitlbERlihYmxORVtCN7yy6ukVa14tUrt4apcv83jKMApnMEFeHANdbiHBjSBwBM8wyu8OWPnxXl3Phata04+cwJ/4Hz+AM2DkNY=</latexit>

m2/m1 ⌧ 1

<latexit sha1_base64="QQUCorU1LepNBn2t6oKgSn7PtyE=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiRFqsuiC90IFewDmlgmk0k7dCYJM5NCSfMPbvwVNy4UcevGnX/jtM1CWw8MczjnXu69x4sZlcqyvo2l5ZXVtfXCRnFza3tn19zbb8ooEZg0cMQi0faQJIyGpKGoYqQdC4K4x0jLG1xN/NaQCEmj8F6NYuJy1AtpQDFSWuqap04gEE6vb7N07HgR8+WI6y8V2TiDDmNw+FCBjqQc2l2zZJWtKeAisXNSAjnqXfPL8SOccBIqzJCUHduKlZsioShmJCs6iSQxwgPUIx1NQ8SJdNPpTRk81ooPg0joFyo4VX93pIjLya66kiPVl/PeRPzP6yQquHBTGsaJIiGeDQoSBlUEJwFBnwqCFRtpgrCgeleI+0iHpHSMRR2CPX/yImlWyna1XL07K9Uu8zgK4BAcgRNgg3NQAzegDhoAg0fwDF7Bm/FkvBjvxsesdMnIew7AHxifPzx9nls=</latexit>

GM

|r| ⌧ v2 ⇠ 1

<latexit sha1_base64="xC6df4nnd3kH+YbdCM25V9LhMIQ=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiCUJIi1WXRhW6ECvYBTSyTyaQdOpOEmUmhpPkIN/6KGxeKuHXhzr9x2mahrReGOZxzLvfe48WMSmVZ38bS8srq2npho7i5tb2za+7tN2WUCEwaOGKRaHtIEkZD0lBUMdKOBUHcY6TlDa4memtIhKRReK9GMXE56oU0oBgpTXXN0+FDBTqScugEAuH0+jZLx44XMV+OuP5SkY2zmcHumiWrbE0LLgI7ByWQV71rfjl+hBNOQoUZkrJjW7FyUyQUxYxkRSeRJEZ4gHqko2GIOJFuOj0qg8ea8WEQCf1CBafs744UcTnZUTs5Un05r03I/7ROooILN6VhnCgS4tmgIGFQRXCSEPSpIFixkQYIC6p3hbiPdDhK51jUIdjzJy+CZqVsV8vVu7NS7TKPowAOwRE4ATY4BzVwA+qgATB4BM/gFbwZT8aL8W58zKxLRt5zAP6U8fkDBxWe1g==</latexit>

v2 ⇠ GM

|r| ⇠ 1

PM approach naturally suited for scattering problem 
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Credit: APS/Alan StonebrakerCredit: LIGO/T. Pyle

Gravitational Scattering

• Scattering and bound dynamics governed by same Hamiltonian*


• Our strategy is to extract Hamiltonian from scattering problem using 
scattering amplitudes and then translate to bound problem
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How do scattering amplitudes  
come into play?
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Separation of Scales

• Inspiral phase: 


• Can treat compact objects as point particles using effective field theory!

[Goldberger, Rothstein; Cheung, Rothstein, Solon; Damgaard, Haddad, Helset;…]

[From Walter Golberger, Yale & KITP 03]

<latexit sha1_base64="L0+wIqPolekXBM9DfR+Riyq8nyw=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoiUl0W3bisaB/QhDCZTNqhkwczE6GEgr/ixoUibv0Od/6N0zQLbT0ww+Gce5g7x085k8qyvo3Kyura+kZ1s7a1vbO7Z+4fdGWSCUI7JOGJ6PtYUs5i2lFMcdpPBcWRz2nPH9/M/N4jFZIl8YOapNSN8DBmISNYackzj4R3jxzOkShuh+togD2zbjWsAmiZ2CWpQ4m2Z345QUKyiMaKcCzlwLZS5eZYKEY4ndacTNIUkzEe0oGmMY6odPNi/Sk61UqAwkToEytUqL8TOY6knES+noywGslFbyb+5w0yFV65OYvTTNGYzB8KM45UgmZdoIAJShSfaIKJYHpXREZYYKJ0YzVdgr345WXSPW/YzUbz7qLeui7rqMIxnMAZ2HAJLbiFNnSAQA7P8ApvxpPxYrwbH/PRilFmDuEPjM8fy/6Uww==</latexit>

rS ⌧ r ⌧ �
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Point Particle EFT

• Spinless compact objects interacting gravitationally replaced by massive 
scalar fields minimally coupled to gravity 

<latexit sha1_base64="dQOOWmzMw5Hxd6GbHSwXXcKMZwk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVaT0WvXisaD+kXUo2zW5Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5QcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8epIrRFYh6rboA15UzSlmGG026iKBYBp51gfDPzO09UaRbLBzNJqC9wJFnICDZWelSoH0VIDe4H5YpbdedAq8TLSQVyNAflr/4wJqmg0hCOte55bmL8DCvDCKfTUj/VNMFkjCPas1RiQbWfzQ+eojOrDFEYK1vSoLn6eyLDQuuJCGynwGakl72Z+J/XS0145WdMJqmhkiwWhSlHJkaz79GQKUoMn1iCiWL2VkRGWGFibEYlG4K3/PIqaV9UvVq1dndZaVzncRThBE7hHDyoQwNuoQktICDgGV7hzVHOi/PufCxaC04+cwx/4Hz+APNoj98=</latexit>

r � rS

<latexit sha1_base64="9dAqpq3Zb+sdfNrpeOuKCw1DWTU="></latexit>
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System of Interest

11

• We study the dynamics of electrically charged, compact binary objects


• Not much attention received in the literature, but there has been recent 
progress:


- 3-body Hamiltonian at 2PM [Jones, Solon]


- 2-body Hamiltonian at 2PN [Placidi, Grilli, Orselli, Pegorin, Bartolo, Mastrolia]


- Scattering angle at 3PM [Wilson-Gerow]


• Puts constraints on black hole charges from GW signals

 



Charged Binary Black Holes

• Spinless compact objects interacting gravitationally and 
electromagnetically replaced by massive complex scalar fields 
minimally coupled to gravity 

Graviton & photon 

exchanges

<latexit sha1_base64="wKzr04DS03Lq8ZuOtnldA3L1Vxk="></latexit>
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• Fourier transform of non-analytic pieces of tree-level amplitude gives 
classical potential


Two-body Potential and Amplitudes
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⇠ e2Q1Q2(4m1m2�)

q2

F.T. <latexit sha1_base64="DBy+Kddq5CqaLk8G4nxKNSDtQZs=">AAACGnicbVDLSsNAFJ3UV62vqks3g0VoEUoSSnVZdOPOFuwDmjRMppN26OTBzKRQQr7Djb/ixoUi7sSNf+Ok7UJbD1w4nHMv997jRowKqevfWm5jc2t7J79b2Ns/ODwqHp90RBhzTNo4ZCHvuUgQRgPSllQy0os4Qb7LSNed3GZ+d0q4oGHwIGcRsX00CqhHMZJKcoqGJagPLY8jnJCB2XKMlmOmSc2KKORp2bi0fCTHGLHkPi1PB2al4hRLelWfA64TY0lKYImmU/y0hiGOfRJIzJAQfUOPpJ0gLilmJC1YsSARwhM0In1FA+QTYSfz11J4oZQh9EKuKpBwrv6eSJAvxMx3VWd2qFj1MvE/rx9L79pOaBDFkgR4sciLGZQhzHKCQ8oJlmymCMKcqlshHiMVk1RpFlQIxurL66RjVo16td6qlRo3yzjy4AycgzIwwBVogDvQBG2AwSN4Bq/gTXvSXrR37WPRmtOWM6fgD7SvH9rFn4E=</latexit>

⇠
e2Q1Q2

4⇡r
(1 +O(v2))

<latexit sha1_base64="HXAOFEdPSAHw2RFe1nPKsZzjbWc=">AAACEnicbVC7TsMwFHXKq5RXgZHFokJqB6okQoWxggHGItGH1KSR4zqtVTsJtoNURf0GFn6FhQGEWJnY+BuctgO0HOleHZ1zr+x7/JhRqUzz28itrK6tb+Q3C1vbO7t7xf2DlowSgUkTRywSHR9JwmhImooqRjqxIIj7jLT90VXmtx+IkDQK79Q4Ji5Hg5AGFCOlJa9YcSTl0AkEwuk179melTW7bJ3a2hlw1LMrk/S+Z0+8YsmsmlPAZWLNSQnM0fCKX04/wgknocIMSdm1zFi5KRKKYkYmBSeRJEZ4hAakq2mIOJFuOj1pAk+00odBJHSFCk7V3xsp4lKOua8nOVJDuehl4n9eN1HBhZvSME4UCfHsoSBhUEUwywf2qSBYsbEmCAuq/wrxEOl4lE6xoEOwFk9eJi27atWqtduzUv1yHkceHIFjUAYWOAd1cAMaoAkweATP4BW8GU/Gi/FufMxGc8Z85xD8gfH5A69ynD4=</latexit>

⇠ Gm2
1m

2
2(1� 2�2)

q2

F.T. <latexit sha1_base64="AaCKZsVKsY780KEayAh+Ze6lQMs=">AAACE3icbVDLSsNAFJ3UV62vqks3g0VoFUpSpLosutCdFewDmhgm00k7dCYJM5NCCfkHN/6KGxeKuHXjzr9x2mah1QMXDufcy733eBGjUpnml5FbWl5ZXcuvFzY2t7Z3irt7bRnGApMWDlkouh6ShNGAtBRVjHQjQRD3GOl4o8up3xkTIWkY3KlJRByOBgH1KUZKS27x2JaUQ9sXCCdX3LW4W0sTkZatE5sjNcSIJTdpeXxfq1TcYsmsmjPAv8TKSAlkaLrFT7sf4piTQGGGpOxZZqScBAlFMSNpwY4liRAeoQHpaRogTqSTzH5K4ZFW+tAPha5AwZn6cyJBXMoJ93Tn9FC56E3F/7xerPxzJ6FBFCsS4PkiP2ZQhXAaEOxTQbBiE00QFlTfCvEQ6XyUjrGgQ7AWX/5L2rWqVa/Wb09LjYssjjw4AIegDCxwBhrgGjRBC2DwAJ7AC3g1Ho1n4814n7fmjGxmH/yC8fENah2dPA==</latexit>

⇠
Gm1m2

r
(1 +O(v2))
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• Classical physics applies when de Broglie wavelength of particles is much 
smaller than their separation 


• Classical limit expansion parameter: 


• Loops have classical pieces too!


Loop Diagrams
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O(1/J) ⇠ O(|q|)
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+
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G2 , Ge2 , e4



Nonrelativistic EFT

• Integrated out massless force carriers mediating near-instantaneous 
interactions. Scalars interact through long-distance potential


• No antiparticles, no particle creation

<latexit sha1_base64="zQQlq+Fg73hvEU8eyHKsfZ1D/b8="></latexit>

L =
2X

i=1

Z

k
�†
i (�k)

 
i@t �

q
k2 +m2

i

!
�i(k)�

Z

k,k0
V (k,k0)�†

1(k
0)�1(k)�

†
2(�k0)�2(�k)

<latexit sha1_base64="XmSG2mfYWd/kXDTmvTrEBQA0/9w=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI9FLx4r2A9ol5JNs21oNhuSrFCW/ggvHhTx6u/x5r8x2+5Bqw8GHu/NMDMvVIIb63lfqLS2vrG5Vd6u7Ozu7R9UD486Jkk1ZW2aiET3QmKY4JK1LbeC9ZRmJA4F64bT29zvPjJteCIf7EyxICZjySNOiXVSd6AmfOhXhtWaV/cWwH+JX5AaFGgNq5+DUULTmElLBTGm73vKBhnRllPB5pVBapgidErGrO+oJDEzQbY4d47PnDLCUaJdSYsX6s+JjMTGzOLQdcbETsyql4v/ef3URtdBxqVKLZN0uShKBbYJzn/HI64ZtWLmCKGau1sxnRBNqHUJ5SH4qy//JZ2Lut+oN+4va82bIo4ynMApnIMPV9CEO2hBGyhM4Qle4BUp9Ize0PuytYSKmWP4BfTxDXUbjwI=</latexit>

�1

<latexit sha1_base64="zeQc3kdRBCDJGYGpaeH0uoFzdZk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2A9oQ9lsN+3SzWbZ3Qgl9Ed48aCIV3+PN/+NmzQHbX0w8Hhvhpl5geRMG9f9dkobm1vbO+Xdyt7+weFR9fikq+NEEdohMY9VP8CaciZoxzDDaV8qiqOA014wu8v83hNVmsXi0cwl9SM8ESxkBBsr9YZyykaNyqhac+tuDrROvILUoEB7VP0ajmOSRFQYwrHWA8+Vxk+xMoxwuqgME00lJjM8oQNLBY6o9tP83AW6sMoYhbGyJQzK1d8TKY60nkeB7YywmepVLxP/8waJCW/8lAmZGCrIclGYcGRilP2OxkxRYvjcEkwUs7ciMsUKE2MTykLwVl9eJ91G3WvWmw9XtdZtEUcZzuAcLsGDa2jBPbShAwRm8Ayv8OZI58V5dz6WrSWnmDmFP3A+fwB2oI8D</latexit>

�2

<latexit sha1_base64="XmSG2mfYWd/kXDTmvTrEBQA0/9w=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI9FLx4r2A9ol5JNs21oNhuSrFCW/ggvHhTx6u/x5r8x2+5Bqw8GHu/NMDMvVIIb63lfqLS2vrG5Vd6u7Ozu7R9UD486Jkk1ZW2aiET3QmKY4JK1LbeC9ZRmJA4F64bT29zvPjJteCIf7EyxICZjySNOiXVSd6AmfOhXhtWaV/cWwH+JX5AaFGgNq5+DUULTmElLBTGm73vKBhnRllPB5pVBapgidErGrO+oJDEzQbY4d47PnDLCUaJdSYsX6s+JjMTGzOLQdcbETsyql4v/ef3URtdBxqVKLZN0uShKBbYJzn/HI64ZtWLmCKGau1sxnRBNqHUJ5SH4qy//JZ2Lut+oN+4va82bIo4ynMApnIMPV9CEO2hBGyhM4Qle4BUp9Ize0PuytYSKmWP4BfTxDXUbjwI=</latexit>

�1

<latexit sha1_base64="zeQc3kdRBCDJGYGpaeH0uoFzdZk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2A9oQ9lsN+3SzWbZ3Qgl9Ed48aCIV3+PN/+NmzQHbX0w8Hhvhpl5geRMG9f9dkobm1vbO+Xdyt7+weFR9fikq+NEEdohMY9VP8CaciZoxzDDaV8qiqOA014wu8v83hNVmsXi0cwl9SM8ESxkBBsr9YZyykaNyqhac+tuDrROvILUoEB7VP0ajmOSRFQYwrHWA8+Vxk+xMoxwuqgME00lJjM8oQNLBY6o9tP83AW6sMoYhbGyJQzK1d8TKY60nkeB7YywmepVLxP/8waJCW/8lAmZGCrIclGYcGRilP2OxkxRYvjcEkwUs7ciMsUKE2MTykLwVl9eJ91G3WvWmw9XtdZtEUcZzuAcLsGDa2jBPbShAwRm8Ayv8OZI58V5dz6WrSWnmDmFP3A+fwB2oI8D</latexit>

�2

<latexit sha1_base64="HERR7CZd5UiRbmFU0zO5zUyjkDU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjFfsBbSib7aZdutmE3YlQSv+BFw+KePUfefPfuGlz0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Cbz249cGxGrB5wk3I/oUIlQMIpWur8q9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On80hk5scqAhLG2pZDM1Z8TUxoZM4kC2xlRHJllLxP/87ophpf+VKgkRa7YYlGYSoIxyd4mA6E5QzmxhDIt7K2EjaimDG04WQje8st/Seus6tWqtbvzSv06j6MIR3AMp+DBBdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgHEqIzg</latexit>= Full theoryEFT

EFT Matching determines the potential
 15



• In the small      expansion, diagrams appear which have larger classical 
scaling. These are called superclassical terms


• In the EFT, superclassical terms are iterations of lower order potentials


• At 1-loop:


• Superclassical pieces cancel in EFT matching between full theory and 
effective theory amplitudes

16

Cancellation of Superclassical Pieces

<latexit sha1_base64="T5I0iNZv3wpVh8ZQ5VgMw0cfuOM=">AAAB+XicbVC7TsMwFL3hWcorwMhiUSExVQlChbGChbFI9CG1UeU4TmvVcYLtVKrS/gkLAwix8ids/A1OmwFajmT56Jx75ePjJ5wp7Tjf1tr6xubWdmmnvLu3f3BoHx23VJxKQpsk5rHs+FhRzgRtaqY57SSS4sjntO2P7nK/PaZSsVg86klCvQgPBAsZwdpIfdue9vyYB2oSmSt7mk37dsWpOnOgVeIWpAIFGn37qxfEJI2o0IRjpbquk2gvw1Izwums3EsVTTAZ4QHtGipwRJWXzZPP0LlRAhTG0hyh0Vz9vZHhSOXZzGSE9VAte7n4n9dNdXjjZUwkqaaCLB4KU450jPIaUMAkJZpPDMFEMpMVkSGWmGhTVtmU4C5/eZW0LqturVp7uKrUb4s6SnAKZ3ABLlxDHe6hAU0gMIZneIU3K7NerHfrYzG6ZhU7J/AH1ucPk0uUSg==</latexit>

|q|

<latexit sha1_base64="/0Nl/JhFg6jpx0sMyrkBEec++/w=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQxDIjUt0IRVHcCBX6graWTJq2oZnJkNwRyzAf4cZfceNCEbcu3Pk3po+Fth4InJxzL8k5Xii4Bsf5tlJz8wuLS+nlzMrq2vqGvblV0TJSlJWpFFLVPKKZ4AErAwfBaqFixPcEq3r9i6FfvWdKcxmUYBCypk+6Ae9wSsBILfug4RPoUSLim+QubgB7gPjyqpQkrdg9HF+FlGGS4DPcsrNOzhkBzxJ3QrJogmLL/mq0JY18FgAVROu664TQjIkCTgVLMo1Is5DQPumyuqEB8ZluxqNQCd4zSht3pDInADxSf2/ExNd64HtmchhBT3tD8T+vHkHntBnzIIyABXT8UCcSGCQeNoTbXDEKYmAIoYqbv2LaI4pQMD1mTAnudORZUjnKuflc/vY4Wzif1JFGO2gX7SMXnaACukZFVEYUPaJn9IrerCfrxXq3PsajKWuys43+wPr8AajLnzI=</latexit>

MEFT
1�loop =

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="buuCP2tP9yTJAWY9qgFY6mWQgUE=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WPeixgv2Adi3ZNNuGZpM1yQpl7Z/w4kERr/4db/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywupr6rUeqNJPizoxj6kd4IFjICDZWajefeun1fWXSK5bcsjsDWiZeRkqQod4rfnX7kiQRFYZwrHXHc2Pjp1gZRjidFLqJpjEmIzygHUsFjqj209m9E3RilT4KpbIlDJqpvydSHGk9jgLbGWEz1IveVPzP6yQmvPBTJuLEUEHmi8KEIyPR9HnUZ4oSw8eWYKKYvRWRIVaYGBtRwYbgLb68TJqVslctV2/PSrXLLI48HMExnIIH51CDG6hDAwhweIZXeHMenBfn3fmYt+acbOYQ/sD5/AHNaI/V</latexit>

V |G2

<latexit sha1_base64="1zpAmRE2eU3Di9MhDAa0XMTAQJ4=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewagx6JHvSIiSwksCHd0oVKt920XROy8h+8eNAYr/4fb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHvpapIrRJJJeqHWJNORO0aZjhtJ0oiuOQ01Y4up76rUeqNJPi3owTGsR4IFjECDZW8v2nXnYz6ZUrbtWdAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10GGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXib+WdWrVWt355X6VR5HEY7gGE7Bgwuowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/gfP4ApGePMQ==</latexit>

V |G
<latexit sha1_base64="1zpAmRE2eU3Di9MhDAa0XMTAQJ4=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewagx6JHvSIiSwksCHd0oVKt920XROy8h+8eNAYr/4fb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHvpapIrRJJJeqHWJNORO0aZjhtJ0oiuOQ01Y4up76rUeqNJPi3owTGsR4IFjECDZW8v2nXnYz6ZUrbtWdAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10GGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXib+WdWrVWt355X6VR5HEY7gGE7Bgwuowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/gfP4ApGePMQ==</latexit>

V |G



Two-body Effective Hamiltonian
<latexit sha1_base64="pAzQ9uqA45s+pt1thbcK1/CvpFM="></latexit>

V 2PM(p, r) =
c1(p2)

|r| +
c2(p2)

|r|2

<latexit sha1_base64="bF8ZZhMB+6+/fE+hUuLHlQT++m8="></latexit>

c1 =
Gm2

1m
2
2

E1E2
(1� 2�2) +

e2Q1Q2

4⇡E1E2
(m1m2�)

<latexit sha1_base64="jHACLlimO1lk0cXZzH7wcoBCn1M="></latexit>
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2
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2E3
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<latexit sha1_base64="Xk41DYpPQrFwHXcnqwTsM95mLOo="></latexit>

+
e2Q2

1Q
2
2

16⇡2

"
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2E1E2
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m1m2�(E1 + E2)

E2
1E

2
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2
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2E3
1E
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<latexit sha1_base64="EOVoycv7bOY1hRMZrjNlicRz7hE="></latexit>

+
Ge2

4⇡

"
3Q1Q2m1m2(m1 +m2)�

E1E2
� m1m2(Q2

1m2 +Q2
2m1)(1� 3�2)

4E1E2
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Q1Q2m2
1m

2
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2
2

<latexit sha1_base64="gJWvEa7iHhfe7+at0bExNynO2d8="></latexit>

�Q1Q2m3
1m

3
2�(1� 2�2)(E2

1 + E1E2 + E2
2)

E3
1E

3
2(E1 + E2)

#

Coefficient functions:

<latexit sha1_base64="5LuD56QtCjo2giw9OeoH4RKTur0="></latexit>

H
2PM(p, r) =

q
p2 +m

2
1 +

q
p2 +m

2
2 + V

2PM(p, r) ,

Bern, Gatica, Herrmann,

Luna, Zeng


(2021)

Bern, Gatica, Herrmann,

Luna, Zeng


(2021)

Westpfahl

(1985)

<latexit sha1_base64="88htDWwxAn40HspmlyBKPANgPdc="></latexit>

� =
p1 · p2
m1m2

=
1p

1� v2

Lorentz factor
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Original checks:


• Hamiltonian reproduces pure gravity result in the neutral limit

[Bern, Cheung, Roiban, Shen, Solon, Zeng]


• Hamiltonian reproduces scalar QED result in the limit 

[Bern, Gatica, Herrmann, Luna, Zeng]


• Scattering angle agreement

[Wilson-Gerow]


Ongoing check:


• Compare to 2PN Hamiltonian in the overlap region published recently

[Placidi et.al., arXiv:2509.20432v2]           
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<latexit sha1_base64="LnIeERZUopAZ6NhQlTmd6u/KcIo=">AAAB/HicbVDLSgNBEOyNrxhfqzl6GQxCAiHsBokeg148JmAekCzL7GSSDJl9MDMrLEv8FS8eFPHqh3jzb5wke9DEgoaiqpvuLi/iTCrL+jZyW9s7u3v5/cLB4dHxiXl61pVhLAjtkJCHou9hSTkLaEcxxWk/EhT7Hqc9b3a38HuPVEgWBg8qiajj40nAxoxgpSXXLJbbrl1tu/UKGqoQla2qVXHNklWzlkCbxM5ICTK0XPNrOApJ7NNAEY6lHNhWpJwUC8UIp/PCMJY0wmSGJ3SgaYB9Kp10efwcXWplhMah0BUotFR/T6TYlzLxPd3pYzWV695C/M8bxGp846QsiGJFA7JaNI450m8ukkAjJihRPNEEE8H0rYhMscBE6bwKOgR7/eVN0q3X7Eat0b4qNW+zOPJwDhdQBhuuoQn30IIOEEjgGV7hzXgyXox342PVmjOymSL8gfH5A24zkhA=</latexit>

(Q1, Q2) ! (0, 0)

<latexit sha1_base64="YSD+M1SZT5PuJX20cbuQ1h7UUL0=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFF7qsYB/QDiWT3mlDM5khyQhl6Ee4caGIW7/HnX9j2s5CWw8EDufcS+45QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLFS+470TEzcfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzcKTmzyoCEsbJPGjJXf29kNNJ6EgV2MqJmpJe9mfif101NeO1nXCapQckWH4WpIDbiLDsZcIXMiIkllClubyVsRBVlxjZUsiV4y5FXSeui6tWqtYfLSv0mr6MIJ3AK5+DBFdThHhrQBAZjeIZXeHMS58V5dz4WowUn3zmGP3A+fwAQiY7B</latexit>

G ! 0



Conclusions

• Quantum scattering amplitudes have pushed post-Minkowskian 
expansion to higher orders


• Can incorporate effects of spin, finite size, and radiation


• Complements post-Newtonian, self-force, and numerical relativity and 
offers additional insights


• Methods are not exhausted and can be improved

19



Thank you!


