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Figure 40: Final summary of various determinations of aHVP, LO
µ discussed in Secs. 2 and 3, propagated to aSM

µ . The first two panels refer to
data-driven determinations, where the three points for each e+e� experiment reflect the “CHKLS,” “DHMZ,” and “KNTW” methods, see Figs. 26
and 27 for more details. The gray band indicates the WP20 result, based on the e+e� experiments above the first dashed line. The ⌧ point
corresponds to Eq. (2.23). The last panel summarizes lattice-QCD determinations, including the hybrid evaluation [24], the three individual lattice-
QCD calculations shown in Fig. 36, and the five lattice HVP averages from Fig. 37. The blue band refers to the final WP25 result, which coincides
with “Avg. 1.” In all cases, except for the gray WP20 band, the remaining contributions to aSM

µ beyond aHVP, LO
µ are taken from WP25, as given in

Table 1. The red band denotes the experimental world average, which has been updated including the final results from the Fermilab experiment.

Sec. 3 (adding errors in quadrature, as suggested therein), using the fact that charm-disconnected contributions are
very small, and can thus be neglected. The three lattice points shown in the lower-right panel of Fig. 39 average to a
value larger than the band shown because the band includes more strange-connected results from Tables 7 and 8. For
the single lattice point in the lower-right panel, see Ref. [362]. For the ud and s+disc HVP lattice averages, the line
“Avg. B” in Table 13 has been used.

Figures 38 and 39 show that for the LD and intermediate light-quark connected RBC/UKQCD window quantities,
there are significant discrepancies between the KNT-compilation-based data-driven and the lattice-based estimates,
which lead to a significant discrepancy in the total aHVP, LO

µ (ud) when comparing with the most precise lattice de-
terminations. In contrast, for aSD

µ (ud) and for all the s+disc window quantities, there are no discrepancies (though
the data-driven errors for the latter are relatively large). Moreover, the exploratory exercise of replacing the ⇡+⇡�
KNT-compilation data in the interval between 0.33 and 1.2 GeV with the CMD-3 ⇡+⇡� data suggests that these
discrepancies could be due to discrepancies in the experimental data for the ⇡+⇡� component of Rhad(s) in the re-
gion around the ⇢ peak. With this replacement, the discrepancies in the light-quark connected results are eliminated
without disturbing the good agreement for the s+disc and the light-quark connected SD parts. The ⇡+⇡� channel is
responsible for 72% of the data-driven aW

µ (ud) result and for 88% of the data-driven aLD
µ (ud), but only 32% of the

aSD
µ (ud) value and only very small fractions of the s+disc results. These conclusions for the quark-flavor-specific
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A new measurement of the magnetic anomaly aµ of the positive muon is presented based on data
taken from 2020 to 2023 by the Muon g−2 Experiment at Fermi National Accelerator Laboratory
(FNAL). This dataset contains over 2.5 times the total statistics of our previous results. From the
ratio of the precession frequencies for muons and protons in our storage ring magnetic field, together
with precisely known ratios of fundamental constants, we determine aµ = 116 592 0710(162) ×
10−12 (139 ppb) for the new datasets, and aµ = 116 592 0705(148)× 10−12 (127 ppb) when combined
with our previous results. The new experimental world average, dominated by the measurements
at FNAL, is aµ(exp) = 116 592 0715(145) × 10−12 (124 ppb). The measurements at FNAL have
improved the precision on the world average by over a factor of four.

Introduction — Precise measurements of magnetic mo-
ments of charged leptons serve as precision probes of the
Standard Model (SM) due to their sensitivity to particles
and interactions within the SM and potentially Beyond
the Standard Model (BSM). The Dirac equation [1] pre-
dicted ge ≡ 2 for the g-factor ge that relates the elec-
tron magnetic moment to its spin. Schwinger’s radiative
correction [2], inspired by contemporaneous experimental
data [3, 4], refined this result and introduced the anomaly
ae = α/2π. This work laid the foundation for modern
relativistic field theory and the development of the SM.

The magnetic anomaly a ≡ (g − 2)/2 1 arises from
radiative corrections from virtual particles and can be
calculated precisely within the SM. While ae is mea-
sured [5] 1000 times more precisely than aµ, the muon’s
greater mass makes aµ about 4 × 104 times more sen-
sitive to much BSM physics. Precision measurements of
gµ span decades of advances, beginning with early exper-
iments at Columbia University Nevis Laboratory [6, 7]
and the University of Liverpool [8]. Direct measurement
of aµ started with the CERN-I [9], CERN-II [10] and
CERN-III experiments [11], which the Brookhaven Na-
tional Laboratory (BNL) E821 experiment further im-
proved [12]. The E821 results revealed a statistically sig-
nificant tension with SM predictions at the time. The
Muon g−2 Experiment at FNAL confirmed the E821 re-

1 The magnetic anomaly a is often also called the anomalous mag-
netic moment.

sult with the 2018 Run-1 data [13], then refined aµ with
over twice the precision with the Run-2/3 data [14].

This paper presents a measurement of aµ from the
Muon g− 2 Experiment using data collected in three
runs spanning 2020 to 2023 (designated as Run-4, Run-
5, and Run-6). The Run-4/5/6 positron statistics, over
2.5 times that of our previous measurements [13, 14], im-
prove our final Run-1-6 statistical precision by more than
2.5. Our final result surpasses our original statistical and
systematic goals [15] and establishes a stringent bench-
mark for future theoretical BSM extensions.

Experimental principle — Our Run-1 and Run-2/3
publications [13, 14, 16–19] detail the experiment. Polar-
ized muon beams are injected into a 7.112m radius stor-
age ring with a design storage momentum of 3.1GeV/c.
A superconducting magnet generates a homogeneous ver-
tical 1.45T dipole field [20] that provides weak horizontal
focusing of the beam and drives the muon spin preces-
sion. Two critical components for beam storage are a fast
kicker that redirects muons onto the central orbit [21] and
an electrostatic quadrupole (ESQ) system for vertical fo-
cusing [22]. At the design momentum, the contributions
to the muon spin precession from the electric fields in the
ESQ cancel.

The experiment determines the ratio of two frequen-
cies, R

′

µ = ωa/ω̃
′

p(Tr), where ωa is the difference be-
tween the spin precession and cyclotron frequencies of
the muon, and ω̃′

p(Tr) is the nuclear magnetic resonance
(NMR) precession frequency of shielded protons in a
spherical water sample (corrected to a reference tempera-

The new experimental world average 
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Figure 10: Measured values of the branching ratio for ⌧ ! ⇡⇡0(�)⌫⌧. Good consistency is observed among the di↵erent experiments. Figure
adapted from Ref. [194].

has been precisely measured by several experiments [188–192] under very di↵erent conditions at LEP and the B
factories. Here m⌧ is the ⌧ lepton mass, |Vud | the CKM matrix element, B⇡⇡0 and Be are the branching fractions of
⌧� ! ⇡�⇡0⌫⌧(�) (FSR is implied) and of ⌧� ! e�⌫̄e⌫⌧, and dN⇡⇡0/N⇡⇡0 ds is the normalized invariant mass spectrum
of the hadronic final state. The precision achieved in the experiments for the branching fractions (0.4%) and the
agreement between the di↵erent results, as seen in Fig. 10, provide a highly precise normalization of the spectral
functions, even superior to that obtained in e+e� data. There is also good agreement between the spectral function
results as shown in Ref. [189]. These measured spectral functions have been widely used (see, e.g., Ref. [193])
for a number of applications including in particular the evaluation of aHVP, LO

µ and �↵(5)
had as originally proposed in

Ref. [187]. The evaluation of aHVP, LO
µ using the ⌧ hadronic decay has been valuable in earlier years when the e+e�

data were not yet precise enough and in recent years given the large discrepancy among the most precise measurements
from BaBar [137, 174], CMD-3 [93, 94], and KLOE [130–133]. In order to achieve the required precision in the ⌧-
based evaluation of aHVP, LO

µ , IB corrections have to be understood and applied—a topic that we discuss in Secs. 2.3.2
to 2.3.6.

2.3.2. Theoretical input for the HVP analysis based on ⌧ data: generalities
We focus on the dominant ⌧ ! ⇡⇡⌫⌧(�) channel and denote with s the ⇡⇡ invariant mass squared. The photon-

inclusive di↵erential decay spectrum d�⇡⇡(�)/ds can be used to evaluate aHVP, LO
µ [⇡⇡] according to the following dis-

persive formula [194–196] (with threshold sthr = 4M2
⇡± )

aHVP, LO
µ [⇡⇡, ⌧] =

1
4⇡3

Z 1

sthr

ds K(s)
"

K�(s)
K�(s)

d�⇡⇡[�]
ds

#
⇥ RIB(s)

S ⇡⇡EW
, (2.8)

where K(s) is the QED kernel [83–86], see Eq. (2.2) for the explicit expression,

K�(s) =
⇡↵2

3s
, K�(s) =

�e|Vud |2
2m2
⌧

 
1 � s

m2
⌧

!2  
1 +

2s
m2
⌧

!
, (2.9)

and the IB corrections are encoded in the product of several s-dependent factors

RIB(s) =
FSR(s)
GEM(s)

�3
⇡+⇡� (s)
�3
⇡±⇡0 (s)

������
FV
⇡ (s)

f+(s)

������

2

. (2.10)
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The leading order HVP contribution using tau data requires to account for the IB correction 
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Fig. 3 Relative comparison between e+e− and τ spectral functions, expressed in terms of the difference between neutral and charged pion form
factors. Isospin-breaking (IB) corrections are applied to τ data with their uncertainties, although hardly visible, included in the error band

4 Update of ahad,LO
µ [ππ,τ ]

The IB corrections applied to the lowest order hadronic con-
tribution to the muon g −2 using τ data in the dominant ππ

channel can be evaluated with

#IBaLO,had
µ [ππ, τ ]

= α2m2
τ

6|Vud |2π2

Bππ0

Be

∫ m2
τ

4m2
π

ds
K(s)

s

× dNππ0

Nππ0ds

(
1 − s

m2
τ

)−2(
1 + 2s

m2
τ

)−1[RIB(s)

SEW
− 1

]
,

where K(s) is a QED kernel function [47].
The numerical values for the various corrections are

given in Table 1 for the energy range between the 2π mass
threshold and 1.8 GeV. The present estimate of the IB effect
from long-distance corrections is smaller than the previous
one [15, 36, 37], because we now use a GEM(s) correction
in which the contributions involving the ρωπ vertex are ex-
plicitly excluded (except for its interference with the QED
amplitude). Its uncertainty corresponds to the difference be-
tween the correction used in this analysis and that from
[31, 32]. The quoted 10% uncertainty on the FSR and ππγ

electromagnetic corrections is an estimate of the structure-
dependent effects (pion form factor) in virtual corrections
and of intermediate resonance contributions to real photon
emission [44, 48, 49]. The systematic uncertainty assigned
to the ρ–ω interference contribution accounts for the differ-
ence in ahad,LO

µ between two phenomenological fits, where
the mass and width of the ω resonance are either left free to
vary or fixed to their world average values.

Some of the corrections in Table 1 are parametrisation
dependent. We choose to take the final corrections from the
Gounaris–Sakurai parametrisation and assign the full differ-

Table 1 Contributions to ahad,LO
µ [ππ, τ ] (×10−10) from the isospin-

breaking corrections discussed in Sect. 3. Corrections shown in two
separate columns correspond to the Gounaris–Sakurai (GS) and Kühn–
Santamaria (KS) parametrisations, respectively

Source #ahad,LO
µ [ππ, τ ] (10−10)

GS model KS model

SEW −12.21 ± 0.15

GEM −1.92 ± 0.90

FSR +4.67 ± 0.47

ρ–ω interference +2.80 ± 0.19 +2.80 ± 0.15

mπ± − mπ0 effect on σ −7.88

mπ± − mπ0 effect on Γρ +4.09 +4.02

mρ± − mρ0
bare

+0.20+0.27
−0.19 +0.11+0.19

−0.11

ππγ , electrom. decays −5.91 ± 0.59 −6.39 ± 0.64

Total −16.07 ± 1.22 −16.70 ± 1.23

−16.07 ± 1.85

ence with respect to the KS results5 as systematic error. The
total correction for isospin breaking amounts to (−16.07 ±
1.85) × 10−10 for ahad,LO

µ [ππ, τ ], where all systematic er-
rors have been added in quadrature except for the GS and KS
difference which has been added linearly. This correction is
to be compared to the value (−13.8±2.4)×10−10 obtained
previously [12]. Since the FSR correction was previously in-
cluded, but not counted in the IB corrections, the net change
amounts to −6.9×10−10, dominated by the electromagnetic
decay correction.

The corresponding IB-corrected ahad,LO
µ [ππ, τ ] in the

dominant π+π− channel below 1.8 GeV is given in Table 2
for ALEPH, CLEO, OPAL, Belle, and for the combined
mass spectrum from these experiments. The evaluation at

5We do not confirm the significant IB correction difference of the KS
parametrisation on the ρ–ω interference with respect to the GS para-
metrisation observed in [41].
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Uncertainty associated to the missing structure effects 

in  10^(-10) unitsRefs. [166, 194] Ref. [209] Refs. [237, 247] Our estimate

Phase space �7.88 �7.52 – �7.7(2)
S EW �12.21(15) �12.16(15) – �12.2(1.3)
GEM �1.92(90) �1.67+0.60

�1.39 – �2.0(1.4)
FSR 4.67(47) 4.62(46) 4.42(4) 4.5(3)
⇢–! mixing 4.0(4) 2.87(8) 3.79(19) 3.9(3)

�M⇢ 0.20(+27
�19)(9) 1.95+1.56

�1.55 –
��⇢(�M⇡) 4.09(0)(7) 3.37 –

FV
⇡

f+
(w/o ⇢–!) ��⇢(⇡⇡�) �5.91(59)(48) �6.66(73) –

��⇢(g⇢⇡⇡) – – –
Total �1.62(65)(63) (�1.34)+1.72

�1.71 – �1.5(4.7)

Sum �14.9(1.9) (�15.20)+2.26
�2.63 – �15.0(5.1)

Table 2: Summary of the di↵erent classes of IB corrections contributing to �aHVP, LO
µ [⇡⇡, ⌧] (in units of 10�10). For Refs. [166, 194], the second

errors due to the di↵erence between the GS and KS models are added linearly to the quadratic sum of all other uncertainties. For Ref. [209], the
total uncertainty includes an estimate of the systematic uncertainty arising from using di↵erent dispersive parameterizations. An additional 2%
uncertainty is added linearly to account for the di↵erence between the result based on the dispersive and the GS parameterizations. The entries in
the last column are discussed in the main text.

a direct estimate of the 2⇡ IB e↵ects alone, since in practice one would have to account and remove the IB e↵ects of
the three-pion channel, and neglect the e↵ects of even higher multiplicity channels.

The remaining term that could be ideally addressed in a lattice calculation is the GEM function. The current
strategy so far pursued in Ref. [245] consists of borrowing the available knowledge on GEM from ChPT [195, 196],
since a complete lattice calculation would require a study of the necessary triangle diagrams, see Fig. 12(right), from
Euclidean space-time, where problems with analytic continuation are present. Developments in this direction are
currently being pursued for simpler quantities, but progress is certainly to be expected as these methods become more
and more mature. From the short-distance perspective performing the entire calculation using the lattice regulator
would presumably simplify the renormalization pattern, leaving only the matching with S EW as the open question.

In summary, while an exclusive study of IB e↵ects for the 2⇡ channel remains a challenging problem for a lattice
calculation, an inclusive approach is currently being developed and intermediate quantities, such as the di↵erence of
isovector charged and neutral correlators may turn out to be useful, in the short term, to constrain model-dependent
parameters.

2.3.6. Summary on isospin-breaking corrections and ⌧-based HVP result
In this section we summarize the theoretical IB corrections needed for a ⌧-based analysis of HVP, discuss the

robustness of the associated uncertainties, and provide recommended values. Table 2 compiles results for various IB
e↵ects from recent state-of-the-art analyses, as discussed in previous subsections, and includes in the last column “our
estimate,” based on our assessment of the uncertainties.

Before discussing each line in Table 2, we observe that estimating uncertainties in this mostly nonperturbative
regime is not a simple exercise, due to the ensuing model-dependence of most results. The current main analy-
ses [166, 209] address this issue by assigning systematic uncertainties associated with the spread of results obtained
with di↵erent models. We will not repeat this exercise. Rather, we adopt this approach: (i) for most IB corrections,
we combine the results from Refs. [166, 194, 209, 237, 247]; (ii) where appropriate, we identify uncertainties not
included in current analyses and provide recommended numerical values for them.

• Phase space: The small di↵erences reflect the use of di↵erent form-factor parameterizations. We adopt the
midpoint of the results shown in the second and third column of Table 2, assigning an uncertainty to cover the
full range. Also note that higher-order IB corrections could play a role here, depending on whether one uses the
spectra from ⌧ decay or e+e� data.
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contribution

The form factor parameterize the distribution for each case
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uncertainty is added linearly to account for the di↵erence between the result based on the dispersive and the GS parameterizations. The entries in
the last column are discussed in the main text.

a direct estimate of the 2⇡ IB e↵ects alone, since in practice one would have to account and remove the IB e↵ects of
the three-pion channel, and neglect the e↵ects of even higher multiplicity channels.

The remaining term that could be ideally addressed in a lattice calculation is the GEM function. The current
strategy so far pursued in Ref. [245] consists of borrowing the available knowledge on GEM from ChPT [195, 196],
since a complete lattice calculation would require a study of the necessary triangle diagrams, see Fig. 12(right), from
Euclidean space-time, where problems with analytic continuation are present. Developments in this direction are
currently being pursued for simpler quantities, but progress is certainly to be expected as these methods become more
and more mature. From the short-distance perspective performing the entire calculation using the lattice regulator
would presumably simplify the renormalization pattern, leaving only the matching with S EW as the open question.

In summary, while an exclusive study of IB e↵ects for the 2⇡ channel remains a challenging problem for a lattice
calculation, an inclusive approach is currently being developed and intermediate quantities, such as the di↵erence of
isovector charged and neutral correlators may turn out to be useful, in the short term, to constrain model-dependent
parameters.

2.3.6. Summary on isospin-breaking corrections and ⌧-based HVP result
In this section we summarize the theoretical IB corrections needed for a ⌧-based analysis of HVP, discuss the

robustness of the associated uncertainties, and provide recommended values. Table 2 compiles results for various IB
e↵ects from recent state-of-the-art analyses, as discussed in previous subsections, and includes in the last column “our
estimate,” based on our assessment of the uncertainties.

Before discussing each line in Table 2, we observe that estimating uncertainties in this mostly nonperturbative
regime is not a simple exercise, due to the ensuing model-dependence of most results. The current main analy-
ses [166, 209] address this issue by assigning systematic uncertainties associated with the spread of results obtained
with di↵erent models. We will not repeat this exercise. Rather, we adopt this approach: (i) for most IB corrections,
we combine the results from Refs. [166, 194, 209, 237, 247]; (ii) where appropriate, we identify uncertainties not
included in current analyses and provide recommended numerical values for them.

• Phase space: The small di↵erences reflect the use of di↵erent form-factor parameterizations. We adopt the
midpoint of the results shown in the second and third column of Table 2, assigning an uncertainty to cover the
full range. Also note that higher-order IB corrections could play a role here, depending on whether one uses the
spectra from ⌧ decay or e+e� data.

31

Refs. [166, 194] Ref. [209] Refs. [237, 247] Our estimate

Phase space �7.88 �7.52 – �7.7(2)
S EW �12.21(15) �12.16(15) – �12.2(1.3)
GEM �1.92(90) �1.67+0.60

�1.39 – �2.0(1.4)
FSR 4.67(47) 4.62(46) 4.42(4) 4.5(3)
⇢–! mixing 4.0(4) 2.87(8) 3.79(19) 3.9(3)

�M⇢ 0.20(+27
�19)(9) 1.95+1.56

�1.55 –
��⇢(�M⇡) 4.09(0)(7) 3.37 –

FV
⇡

f+
(w/o ⇢–!) ��⇢(⇡⇡�) �5.91(59)(48) �6.66(73) –

��⇢(g⇢⇡⇡) – – –
Total �1.62(65)(63) (�1.34)+1.72

�1.71 – �1.5(4.7)

Sum �14.9(1.9) (�15.20)+2.26
�2.63 – �15.0(5.1)

Table 2: Summary of the di↵erent classes of IB corrections contributing to �aHVP, LO
µ [⇡⇡, ⌧] (in units of 10�10). For Refs. [166, 194], the second

errors due to the di↵erence between the GS and KS models are added linearly to the quadratic sum of all other uncertainties. For Ref. [209], the
total uncertainty includes an estimate of the systematic uncertainty arising from using di↵erent dispersive parameterizations. An additional 2%
uncertainty is added linearly to account for the di↵erence between the result based on the dispersive and the GS parameterizations. The entries in
the last column are discussed in the main text.

a direct estimate of the 2⇡ IB e↵ects alone, since in practice one would have to account and remove the IB e↵ects of
the three-pion channel, and neglect the e↵ects of even higher multiplicity channels.

The remaining term that could be ideally addressed in a lattice calculation is the GEM function. The current
strategy so far pursued in Ref. [245] consists of borrowing the available knowledge on GEM from ChPT [195, 196],
since a complete lattice calculation would require a study of the necessary triangle diagrams, see Fig. 12(right), from
Euclidean space-time, where problems with analytic continuation are present. Developments in this direction are
currently being pursued for simpler quantities, but progress is certainly to be expected as these methods become more
and more mature. From the short-distance perspective performing the entire calculation using the lattice regulator
would presumably simplify the renormalization pattern, leaving only the matching with S EW as the open question.

In summary, while an exclusive study of IB e↵ects for the 2⇡ channel remains a challenging problem for a lattice
calculation, an inclusive approach is currently being developed and intermediate quantities, such as the di↵erence of
isovector charged and neutral correlators may turn out to be useful, in the short term, to constrain model-dependent
parameters.

2.3.6. Summary on isospin-breaking corrections and ⌧-based HVP result
In this section we summarize the theoretical IB corrections needed for a ⌧-based analysis of HVP, discuss the

robustness of the associated uncertainties, and provide recommended values. Table 2 compiles results for various IB
e↵ects from recent state-of-the-art analyses, as discussed in previous subsections, and includes in the last column “our
estimate,” based on our assessment of the uncertainties.

Before discussing each line in Table 2, we observe that estimating uncertainties in this mostly nonperturbative
regime is not a simple exercise, due to the ensuing model-dependence of most results. The current main analy-
ses [166, 209] address this issue by assigning systematic uncertainties associated with the spread of results obtained
with di↵erent models. We will not repeat this exercise. Rather, we adopt this approach: (i) for most IB corrections,
we combine the results from Refs. [166, 194, 209, 237, 247]; (ii) where appropriate, we identify uncertainties not
included in current analyses and provide recommended numerical values for them.

• Phase space: The small di↵erences reflect the use of di↵erent form-factor parameterizations. We adopt the
midpoint of the results shown in the second and third column of Table 2, assigning an uncertainty to cover the
full range. Also note that higher-order IB corrections could play a role here, depending on whether one uses the
spectra from ⌧ decay or e+e� data.

31

The rho width difference gives the most important  contribution to FF

Corrections computed using different FF parameterizations
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isospin breaking arising from mass differences of neutral and charged " and ! mesons, radiative
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I. INTRODUCTION

Lowest-lying vector mesons undergo predominantly
strong interaction decays. The masses and decay widths
of members of the same isomultiplet will therefore look
very similar [1], with small differences induced by the
breaking of isospin symmetry. The isospin breaking effects
in the ! meson parameters have raised an interest recently,
due to both experimental and theoretical reasons [2–6].
According to the PDG [1], the weighted averages of avail-
able measurements are

 !m! # m!0 $m!% & !$0:7% 0:8" MeV; (1)

 !"! # "!0 $ "!% & !0:3% 1:3" MeV: (2)

These results are consistent with the absence of isospin
breaking in the !0 $ !% system. Note however that the
scale factors associated with the above averages are, re-
spectively, 1.5 and 1.4 [1] which reflects an important
spread in the yields from different experiments.

Some recent theoretical calculations of !m! seem to
confirm the above result. Using a vector-meson dominance
model to parametrize the #!! vertex, the authors of
Ref. [4] have obtained !m! & !$0:02% 0:02" MeV.
Also, using 1=Nc expansion techniques, the authors of
Ref. [3] have obtained $0:4 MeV ' !m! ' 0:7 MeV.
On another hand, it has been found that the width differ-
ence of ! mesons is of great importance to understand the
current discrepancy between the hadronic vacuum polar-
ization contributions to the muon anomalous magnetic
moment obtained from $ decay and e(e$ annihilation
data [2,5,6].

In this paper we provide an estimate of !"! by consid-
ering the isospin breaking corrections in the exclusive
modes that contribute to the decay widths of !0;% vector
mesons. A previous estimate of this effect was done in
Ref. [2] taking into account several sources of isospin

breaking, as mass differences and other subleading ! me-
son decays. Their result !"! ) !$0:42% 0:59" MeV [2]
is consistent with the world average given in Eq. (2).
Additional contributions to isospin breaking in !"!, in-
cluding the radiative corrections to the dominant !! ""
decays, are considered in this paper.

II. SOURCES OF ISOSPIN BREAKING

At a fundamental level, isospin symmetry is broken by
the different masses of u and d quarks and by the effects of
electromagnetic interactions. At the hadronic level all
manifestations of isospin breaking can be traced back to
such fundamental sources. In the absence of isospin break-
ing, the !0;% mesons must have equal masses and decay
widths, thus !m! & !"! & 0.

The dominant decay modes of ! mesons that are com-
mon to charged and neutral !’s are the "" decay and its
radiative mode. The branching fraction of other modes
contributing only to the !0 meson adds up to [1]

 

B0
rest & B!"0"0#" ( B!%#" ( B!&(&$" ( B!e(e$"

( B!"("$"0" ) 5:3* 10$4: (3)

There is also a dipole transition !! "# which is common
to !%;0 vector mesons with branching fractions of a few
times 10$4 [1]. Since the ! meson widths are of order
150 MeV, all these subleading decay modes will contribute
to the width difference at the tiny level of

 !"sub
! ) 0:08 MeV: (4)

Thus, any sizable difference in the decay widths can only
originate from the dominant decay modes. To be more
precise, we will define explicitly the contributions to the
width difference as follows:
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Data based

ΔΓρ ≡ Γρ0 − Γρ+

Theoretical, EM radiative corrections, sQED

ΔΓρ = (0.3 ± 1.3)

Approximations: Structureless pion and rho photon interactions (sQED)


Only convection-convection terms in virtual corrections


Δmρ = (+0.7 ± 0.8)

ΔΓρ = (−0.58 ± 1.04) Δmρ = (+0.30 ± 0.53)

ΔΓρ = (+0.76 ± 0.20)

Δmρ ≡ mρ+ − mρ0

Flores-Baez, Castro and Toledo 
PRD 76, 096010 (2007)

S. Navas et al. [Particle Data Group], 
PRD 110 (2024)

Davier, Malaescu, and Zhang  
ArXiv:2504.13789v1  (2025)MeV

MeV MeV

MeV

MeV

+1.82 (±10%) −1.06
radiative correction Δmπ

structure
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The rho width difference can be split into

where ΔΓρ(rest) includes all the measured channels, except the two pions and the  corresponding 

radiative channel

Thus, for a common neutral and charged rho width ( for example 150 MeV)

ρ0 : l+l−, π0γ, ηγ,3π,4π

ρ+ : π+γ

3

of decay channels other than ⇡⇡ and ⇡⇡� (we call them “rest” and include measured
`
+
`
�
, ⇡

0
�, ⌘�, ⇡

0
⇡
0
�, 3⇡ and 4⇡ channels for the ⇢

0 and ⇡
+
� for the ⇢

+ decays). Using
the experimental results given in [10] we get BR(⇢0 ! rest) = (1.04 ± 0.10) ⇥ 10�3 and
BR(⇢+ ! rest) = (4.53 ± 0.46) ⇥ 10�4, which gives a very small contribution to the width
di↵erence

��⇢(rest) = �⇢0 ⇥ BR(⇢0 ! rest)� �⇢+ ⇥ BR(⇢+ ! rest)

= (0.088± 0.017) MeV , (1)

where in the last row we have assummed a common value for the total width of ⇢±,0 mesons
(=150 MeV). We will take into account this di↵erence in our final results.

Therefore, at the level of precision of a few tenths of a percent, the widths of rho mesons
are given by their photon-inclusive ⇡⇡ decay channels, namely

�⇢ ' �[⇢! ⇡⇡(�)] , (2)

which requires the calculation of the radiative corrections of O(↵) to the ⇢ ! ⇡⇡ decays.
These corrections are calculated in forthcoming sections.

The isospin symmetric model for ⇢⇡⇡ coupling is given by the interaction Lagrangian

L⇢⇡⇡ = g✏ijk⇢
µ
i ⇡j
 !
@µ⇡k, where i, j, k denote isospin indices, ✏ijk is the antisymmetric Levi-

Civita tensor and g is the strong coupling constant. If we allow for di↵erent values of the
⇢⇡⇡ coupling g+,0, the photon-inclusive two-pion decay widths of rho mesons are given by:
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48⇡
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3
0(1 + �0), (4)

where �+,0 are the pion velocities in the rest frame of decaying ⇢
+,0 mesons. The masses of

neutral/charged pions and rho mesons are denoted by m+,0 and m⇢+,0 , respectively. Finally,
�0,+ contain the radiative corrections of O(↵) including real photons of all allowed energies.

To first order in the IB breaking parameters, the width di↵erence takes the following form
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where we have defined � ⌘ m+ �m0 and �g ⌘ g+ � g0. Therefore, the di↵erence of total
widths becomes

��⇢ = ��⇢[⇡⇡(�)] +��⇢(rest) (7)

In our previous work [1], we have computed the radiative corrections �+,0 using the
scalar QED approximation (point electromagnetic interactions of pions and rho mesons).
Further, in the calculation of virtual corrections, only the so-called convection terms [15]
were included for the electromagnetic vertices of charged particles, which give results that
are ultraviolet finite, gauge-invariant and contain all the infrared divergencies. The e↵ect
of using truncated electromagnetic vertices and missing structure-dependent corrections can
be associated as an uncertainty in the �g isospin breaking couplings (see Ref. [7]), which
should be removed if one computes them explicitly, as we do in the present work.
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i ⇡j
 !
@µ⇡k, where i, j, k denote isospin indices, ✏ijk is the antisymmetric Levi-

Civita tensor and g is the strong coupling constant. If we allow for di↵erent values of the
⇢⇡⇡ coupling g+,0, the photon-inclusive two-pion decay widths of rho mesons are given by:
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where �+,0 are the pion velocities in the rest frame of decaying ⇢
+,0 mesons. The masses of

neutral/charged pions and rho mesons are denoted by m+,0 and m⇢+,0 , respectively. Finally,
�0,+ contain the radiative corrections of O(↵) including real photons of all allowed energies.

To first order in the IB breaking parameters, the width di↵erence takes the following form
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where we have defined � ⌘ m+ �m0 and �g ⌘ g+ � g0. Therefore, the di↵erence of total
widths becomes

��⇢ = ��⇢[⇡⇡(�)] +��⇢(rest) (7)

In our previous work [1], we have computed the radiative corrections �+,0 using the
scalar QED approximation (point electromagnetic interactions of pions and rho mesons).
Further, in the calculation of virtual corrections, only the so-called convection terms [15]
were included for the electromagnetic vertices of charged particles, which give results that
are ultraviolet finite, gauge-invariant and contain all the infrared divergencies. The e↵ect
of using truncated electromagnetic vertices and missing structure-dependent corrections can
be associated as an uncertainty in the �g isospin breaking couplings (see Ref. [7]), which
should be removed if one computes them explicitly, as we do in the present work.

At the precision level of a few tenths of a percent, 

the widths of rho mesons are driven by the  decay 
ρ → ππ(γ)

The  width differenceρ

S. Navas et al. [Particle Data Group], 
PRD 110 (2024)

ΔΓρ = ΔΓρ[ππ(γ)] + ΔΓρ(rest)
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Γ[ρ+ → π+π0(γ)] =
g2

+mρ+

48π
β3

+(1 + δ+) Γ[ρ0 → π+π−(γ)] =
g2

0mρ0

48π
β3

0(1 + δ0)

Δ ≡ m+ − m0 δg ≡ g+ − g0

ΔΓρ[ππ(γ)]
The neutral and charged photon inclusive rho to two pions width are given by

Thus, the rho width difference can be set, in terms of the IB parameters, as

where Δmρ ≡ mρ+ − mρ0

where δ+ and δ0 account for the radiative correction

Thus, the radiative corrections  and  for charged and neutral rho are neededδ+ δ0

3

of decay channels other than ⇡⇡ and ⇡⇡� (we call them “rest” and include measured
`
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, ⇡
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�, ⌘�, ⇡

0
⇡
0
�, 3⇡ and 4⇡ channels for the ⇢

0 and ⇡
+
� for the ⇢

+ decays). Using
the experimental results given in [10] we get BR(⇢0 ! rest) = (1.04 ± 0.10) ⇥ 10�3 and
BR(⇢+ ! rest) = (4.53 ± 0.46) ⇥ 10�4, which gives a very small contribution to the width
di↵erence

��⇢(rest) = �⇢0 ⇥ BR(⇢0 ! rest)� �⇢+ ⇥ BR(⇢+ ! rest)

= (0.088± 0.017) MeV , (1)

where in the last row we have assummed a common value for the total width of ⇢±,0 mesons
(=150 MeV). We will take into account this di↵erence in our final results.

Therefore, at the level of precision of a few tenths of a percent, the widths of rho mesons
are given by their photon-inclusive ⇡⇡ decay channels, namely

�⇢ ' �[⇢! ⇡⇡(�)] , (2)

which requires the calculation of the radiative corrections of O(↵) to the ⇢ ! ⇡⇡ decays.
These corrections are calculated in forthcoming sections.

The isospin symmetric model for ⇢⇡⇡ coupling is given by the interaction Lagrangian

L⇢⇡⇡ = g✏ijk⇢
µ
i ⇡j
 !
@µ⇡k, where i, j, k denote isospin indices, ✏ijk is the antisymmetric Levi-

Civita tensor and g is the strong coupling constant. If we allow for di↵erent values of the
⇢⇡⇡ coupling g+,0, the photon-inclusive two-pion decay widths of rho mesons are given by:
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where �+,0 are the pion velocities in the rest frame of decaying ⇢
+,0 mesons. The masses of

neutral/charged pions and rho mesons are denoted by m+,0 and m⇢+,0 , respectively. Finally,
�0,+ contain the radiative corrections of O(↵) including real photons of all allowed energies.

To first order in the IB breaking parameters, the width di↵erence takes the following form
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where we have defined � ⌘ m+ �m0 and �g ⌘ g+ � g0. Therefore, the di↵erence of total
widths becomes

��⇢ = ��⇢[⇡⇡(�)] +��⇢(rest) (7)

In our previous work [1], we have computed the radiative corrections �+,0 using the
scalar QED approximation (point electromagnetic interactions of pions and rho mesons).
Further, in the calculation of virtual corrections, only the so-called convection terms [15]
were included for the electromagnetic vertices of charged particles, which give results that
are ultraviolet finite, gauge-invariant and contain all the infrared divergencies. The e↵ect
of using truncated electromagnetic vertices and missing structure-dependent corrections can
be associated as an uncertainty in the �g isospin breaking couplings (see Ref. [7]), which
should be removed if one computes them explicitly, as we do in the present work.
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Previous analysis 


Real photon emission:       sQED + Model dependent

ρ0 → π+π−(γ)Virtual photon emission:

IR Finite

UV Finite with convection

ρ+ → π+π0(γ)

ρ → ππ(γ)

sQED

  sQED  (convection terms only)

Radiative correction for the neutral and charged 
processes and their difference, at = 775 MeVmρ

δ+ = − 4.15 × 10−3 δ0 = 8.05 × 10−3 δ0 − δ+ = 12.2 × 10−3

Meister and Yennie, PR 130, 1210 (1963)

Queijeiro and García, PRD 38, 2218 (1988)

 vertexρργ Γμνα = (2P − K)αgμν + 2(kμgνα − kνgμα) −Pμgνα − (P − k)νgμα

Width difference of ! vector mesons
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We compute the difference in decay widths between charged and neutral !!770" vector mesons. The
isospin breaking arising from mass differences of neutral and charged " and ! mesons, radiative
corrections to !! "", and the !! ""# decays are taken into account. It is found that the width
difference !"! is very sensitive to the isospin breaking in the ! meson mass, !m!. This result can be
useful to test the correlations observed between the values of these parameters extracted from experi-
mental data.
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I. INTRODUCTION

Lowest-lying vector mesons undergo predominantly
strong interaction decays. The masses and decay widths
of members of the same isomultiplet will therefore look
very similar [1], with small differences induced by the
breaking of isospin symmetry. The isospin breaking effects
in the ! meson parameters have raised an interest recently,
due to both experimental and theoretical reasons [2–6].
According to the PDG [1], the weighted averages of avail-
able measurements are

 !m! # m!0 $m!% & !$0:7% 0:8" MeV; (1)

 !"! # "!0 $ "!% & !0:3% 1:3" MeV: (2)

These results are consistent with the absence of isospin
breaking in the !0 $ !% system. Note however that the
scale factors associated with the above averages are, re-
spectively, 1.5 and 1.4 [1] which reflects an important
spread in the yields from different experiments.

Some recent theoretical calculations of !m! seem to
confirm the above result. Using a vector-meson dominance
model to parametrize the #!! vertex, the authors of
Ref. [4] have obtained !m! & !$0:02% 0:02" MeV.
Also, using 1=Nc expansion techniques, the authors of
Ref. [3] have obtained $0:4 MeV ' !m! ' 0:7 MeV.
On another hand, it has been found that the width differ-
ence of ! mesons is of great importance to understand the
current discrepancy between the hadronic vacuum polar-
ization contributions to the muon anomalous magnetic
moment obtained from $ decay and e(e$ annihilation
data [2,5,6].

In this paper we provide an estimate of !"! by consid-
ering the isospin breaking corrections in the exclusive
modes that contribute to the decay widths of !0;% vector
mesons. A previous estimate of this effect was done in
Ref. [2] taking into account several sources of isospin

breaking, as mass differences and other subleading ! me-
son decays. Their result !"! ) !$0:42% 0:59" MeV [2]
is consistent with the world average given in Eq. (2).
Additional contributions to isospin breaking in !"!, in-
cluding the radiative corrections to the dominant !! ""
decays, are considered in this paper.

II. SOURCES OF ISOSPIN BREAKING

At a fundamental level, isospin symmetry is broken by
the different masses of u and d quarks and by the effects of
electromagnetic interactions. At the hadronic level all
manifestations of isospin breaking can be traced back to
such fundamental sources. In the absence of isospin break-
ing, the !0;% mesons must have equal masses and decay
widths, thus !m! & !"! & 0.

The dominant decay modes of ! mesons that are com-
mon to charged and neutral !’s are the "" decay and its
radiative mode. The branching fraction of other modes
contributing only to the !0 meson adds up to [1]

 

B0
rest & B!"0"0#" ( B!%#" ( B!&(&$" ( B!e(e$"

( B!"("$"0" ) 5:3* 10$4: (3)

There is also a dipole transition !! "# which is common
to !%;0 vector mesons with branching fractions of a few
times 10$4 [1]. Since the ! meson widths are of order
150 MeV, all these subleading decay modes will contribute
to the width difference at the tiny level of

 !"sub
! ) 0:08 MeV: (4)

Thus, any sizable difference in the decay widths can only
originate from the dominant decay modes. To be more
precise, we will define explicitly the contributions to the
width difference as follows:

PHYSICAL REVIEW D 76, 096010 (2007)
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Beyond sQED by modifying the photon propagator in loops


Improvements

Structure effect

4

RADIATIVE CORRECTIONS

The O(↵) radiative corrections to ⇢ ! ⇡⇡ decay are composed of the virtual (one-loop)
corrections and the rate for emission of one real photon. These corrections require to model
the photon-hadron interactions at all energies and are, thus, model-dependent. As a first
approximation one can use the vertices by neglecting the structure of hadrons (sQED),
as done for instance long ago by Schwinger [16] to compute the corrections to the pion
electromagnetic vertex. Owing to current conservation, virtual corrections are finite in the
ultraviolet, although this is not the case for corrections to the weak pion vertex. Similarly,
the O(↵) corrections to ⇢

0 ! ⇡
+
⇡
� are finite, while the corrections to ⇢

+ ! ⇡
+
⇡
0 are not

[1]. In order to render finite the latter, in Ref. [1] we have assumed the so-called convection
terms approximation [15], where only the radiation o↵ the charge of spin-1 particle 1 is
considered so that the virtual corrections to ⇢

+ ! ⇡
+
⇡
0 are gauge-invariant, ultraviolet

finite and contain all the soft-photon divergencies [17]. In the present work we consider
the electromagnetic structure of pions and rho mesons using a vector meson dominance
(VMD) to model the photon-hadron interaction. This model gives rise to a finite amplitude
for ⇢

+ ! ⇡
+
⇡
0 and allows to consider the full electromagnetic vertex for the charged rho

meson. In the case of ⇢0 ! ⇡
+
⇡
� decays, our sQED calculation can be compared to existing

calculations of the FSR corrections [16, 18], while the extended VMD model considered in
this work allows to compute the structure-dependent e↵ects to FSR.

Virtual corrections

Structure-dependent e↵ects in virtual corrections can be introduced by modifying the
photon propagator in loops according to

1

k2
! 1

k2

⇥
FV (k

2)
⇤2

, (8)

where a FV (k2) ⌘ m
2
V /(m

2
V � k

2) factor is attached to the coupling of the photon to each
hadron as shown in Figure 1. TheG-parity quantum numbers of pions and rho mesons, deter-
mines that only vector-isovector resonances can mediate photon-hadron interactions, thus we
will take m2

V = m
2
⇢�im⇢�⇢ . This structure with one resonance resembles the GVMD model

of Ref. [19] where up to three-resonances were considered FIL(k2) =
P

V =⇢,⇢0,⇢00
aV FV (k2),

subject
P

V =⇢,⇢0,⇢00
aV = 1, to fit the experimental data of the pion form factor. Because

this form factor does not take into account the energy dependence of the meson widths,
among other things, the mass and width parameters obtained from the fit departs [19] from
their values extracted using the Gounaris-Sakurai parameterization. Since the model with
a single resonance 8 describes reasonably well the pion form factor data, and because it
provides more tractably nalytical expressions for the radiative corrections, we will use it and
will estimate their uncertainties due to missing ⇢

0
, ⇢

00 contributions. For this purpose, note
that the form factor of Ref. [19] can be written as

FIL(k
2) = F⇢(k

2)


1 + a⇢0

F⇢0(k2)� F⇢(k2)

F⇢(k2)
+ a⇢00

F⇢00(k2)� F⇢(k2)

F⇢(k2)

�
(9)

1
We use the general form of the electromagnetic vertex for a spin-1 particle as given in Ref. [], which

coincides with the one of the charged W boson in the standard model.

where FV(k2) ≡
M2

V

M2
V − k2

Consider the GVMD by Ignatov et al, where up to three resonances were used to fit the pion form 
factor and explain pi pi charge asymmetry 

M2
V = m2

ρ − imρΓρ

We consider three resonances, the , ´ , ´´ with the mass and width as given in the GVMDρ ρ ρ

F. V. Flores-Baez, G. L. Castro and G. Toledo  
Arxiv: 2510.02723

and

Ignatov and Lee, PLB 833,137283(2022) Colangelo, Hoferichter, Monnard, and Ruiz de Elvira, JHEP 08, 295 (2022) 

•  Structure effect via a form factor


• Full EM vertex of the , not only convection termρ

Real photon emission not modified


makes virtual corrections finite


• Implications for FSRByproduct
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π+(p+)

π−(p−)

a) b) c)

d)

π+(p+)

π−(p−)

e)

ρ0(P) ρ0(P) ρ0(P)

Neutral rho meson
ρ0 → π+π−(γ)

Structured vertices

Contact vertex fixed by gauge invariance

Infrared and UV finite upon inclusion of  real photon emission contribution

Real photon emission same as in the previous analysis, verified

δ0 = 8.05 × 10−3

now

Flores-Baez, Castro and Toledo 
PRD 76, 096010 (2007)

δ0 = 6.04 × 10−3



G. Toledo
18

a) b) c)

d)

ρ+(P)

π+(p+)

π0(p0)e)

Structured vertices

ρ+ → π+π0(γ)

Charged rho meson

 vertexρργ Γμνα = (2P − K)αgμν + 2(kμgνα − kνgμα)

−Pμgνα − (P − k)νgμα

Infrared and UV finite
Real photon emission same as in the previous analysis, verified

Radiative correction as a function of energy

Convection term considered to make UV finite 
(previous).

VMD (new)

δ+ = − 4.15 × 10−3

now

Flores-Baez, Castro and Toledo 
PRD 76, 096010 (2007)

δ+ = + 2.10 × 10−3
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Radiative correction for the neutral and charged processes and their difference, as a 
function of the  mass, in the region around the physical valueρ

Radiative correction

δ+ = − 4.15 × 10−3δ0 = 8.05 × 10−3 δ0 − δ+ = 12.2 × 10−3
Compared to the previous value at the same energy

Flores-Baez, Castro and Toledo 
PRD 76, 096010 (2007)
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Width difference contribution

Γ(ρ0 → π+π−) = 150 MeV

= Γ(ρ0 → π+π−)[δ0 − δ+ −
2δg
g0

−
Δmρ

mρ0
−

6m2
+

m2
ρ0β2

0 ( Δ
m+

+
2Δmρ

mρ0 )]

The rho width difference, in terms of the IB parameters, is

For

3

of decay channels other than ⇡⇡ and ⇡⇡� (we call them “rest” and include measured
`
+
`
�
, ⇡

0
�, ⌘�, ⇡

0
⇡
0
�, 3⇡ and 4⇡ channels for the ⇢

0 and ⇡
+
� for the ⇢

+ decays). Using
the experimental results given in [10] we get BR(⇢0 ! rest) = (1.04 ± 0.10) ⇥ 10�3 and
BR(⇢+ ! rest) = (4.53 ± 0.46) ⇥ 10�4, which gives a very small contribution to the width
di↵erence

��⇢(rest) = �⇢0 ⇥ BR(⇢0 ! rest)� �⇢+ ⇥ BR(⇢+ ! rest)

= (0.088± 0.017) MeV , (1)

where in the last row we have assummed a common value for the total width of ⇢±,0 mesons
(=150 MeV). We will take into account this di↵erence in our final results.

Therefore, at the level of precision of a few tenths of a percent, the widths of rho mesons
are given by their photon-inclusive ⇡⇡ decay channels, namely

�⇢ ' �[⇢! ⇡⇡(�)] , (2)

which requires the calculation of the radiative corrections of O(↵) to the ⇢ ! ⇡⇡ decays.
These corrections are calculated in forthcoming sections.

The isospin symmetric model for ⇢⇡⇡ coupling is given by the interaction Lagrangian

L⇢⇡⇡ = g✏ijk⇢
µ
i ⇡j
 !
@µ⇡k, where i, j, k denote isospin indices, ✏ijk is the antisymmetric Levi-

Civita tensor and g is the strong coupling constant. If we allow for di↵erent values of the
⇢⇡⇡ coupling g+,0, the photon-inclusive two-pion decay widths of rho mesons are given by:
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where �+,0 are the pion velocities in the rest frame of decaying ⇢
+,0 mesons. The masses of

neutral/charged pions and rho mesons are denoted by m+,0 and m⇢+,0 , respectively. Finally,
�0,+ contain the radiative corrections of O(↵) including real photons of all allowed energies.

To first order in the IB breaking parameters, the width di↵erence takes the following form
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where we have defined � ⌘ m+ �m0 and �g ⌘ g+ � g0. Therefore, the di↵erence of total
widths becomes

��⇢ = ��⇢[⇡⇡(�)] +��⇢(rest) (7)

In our previous work [1], we have computed the radiative corrections �+,0 using the
scalar QED approximation (point electromagnetic interactions of pions and rho mesons).
Further, in the calculation of virtual corrections, only the so-called convection terms [15]
were included for the electromagnetic vertices of charged particles, which give results that
are ultraviolet finite, gauge-invariant and contain all the infrared divergencies. The e↵ect
of using truncated electromagnetic vertices and missing structure-dependent corrections can
be associated as an uncertainty in the �g isospin breaking couplings (see Ref. [7]), which
should be removed if one computes them explicitly, as we do in the present work.

MeV

MeV
Adding the difference from other channels, we obtain the total width difference

 0.22   not included before±

Δ = 4.5936

Δρ = (+0.7 ± 0.8)

- 0.19 MeV - 1.1 MeV

S. Navas et al. [Particle Data Group], 
PRD 110 (2024)
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0 and ⇡
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+ decays). Using
the experimental results given in [10] we get BR(⇢0 ! rest) = (1.04 ± 0.10) ⇥ 10�3 and
BR(⇢+ ! rest) = (4.53 ± 0.46) ⇥ 10�4, which gives a very small contribution to the width
di↵erence

��⇢(rest) = �⇢0 ⇥ BR(⇢0 ! rest)� �⇢+ ⇥ BR(⇢+ ! rest)

= (0.088± 0.017) MeV , (1)

where in the last row we have assummed a common value for the total width of ⇢±,0 mesons
(=150 MeV). We will take into account this di↵erence in our final results.

Therefore, at the level of precision of a few tenths of a percent, the widths of rho mesons
are given by their photon-inclusive ⇡⇡ decay channels, namely

�⇢ ' �[⇢! ⇡⇡(�)] , (2)

which requires the calculation of the radiative corrections of O(↵) to the ⇢ ! ⇡⇡ decays.
These corrections are calculated in forthcoming sections.

The isospin symmetric model for ⇢⇡⇡ coupling is given by the interaction Lagrangian

L⇢⇡⇡ = g✏ijk⇢
µ
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@µ⇡k, where i, j, k denote isospin indices, ✏ijk is the antisymmetric Levi-

Civita tensor and g is the strong coupling constant. If we allow for di↵erent values of the
⇢⇡⇡ coupling g+,0, the photon-inclusive two-pion decay widths of rho mesons are given by:
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where �+,0 are the pion velocities in the rest frame of decaying ⇢
+,0 mesons. The masses of

neutral/charged pions and rho mesons are denoted by m+,0 and m⇢+,0 , respectively. Finally,
�0,+ contain the radiative corrections of O(↵) including real photons of all allowed energies.

To first order in the IB breaking parameters, the width di↵erence takes the following form
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where we have defined � ⌘ m+ �m0 and �g ⌘ g+ � g0. Therefore, the di↵erence of total
widths becomes

��⇢ = ��⇢[⇡⇡(�)] +��⇢(rest) (7)

In our previous work [1], we have computed the radiative corrections �+,0 using the
scalar QED approximation (point electromagnetic interactions of pions and rho mesons).
Further, in the calculation of virtual corrections, only the so-called convection terms [15]
were included for the electromagnetic vertices of charged particles, which give results that
are ultraviolet finite, gauge-invariant and contain all the infrared divergencies. The e↵ect
of using truncated electromagnetic vertices and missing structure-dependent corrections can
be associated as an uncertainty in the �g isospin breaking couplings (see Ref. [7]), which
should be removed if one computes them explicitly, as we do in the present work.

Contributions to ΔΓρ[ππ(γ)]

vs previous +1.82 (±10%) - 1.1 MeV+

ΔΓρ = (−0.58 ± 1.04) Davier, Malaescu, and Zhang  
ArXiv:2504.13789v1  (2025)MeV

+ +

ΔΓρ = ΔΓρ[ππ(γ)] + ΔΓρ(rest) =

This can be compared with

structure uncertainty now accounted

 MeV−0.621 ± 0.22

+ 0.5911 MeV = - 0.709 MeV
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FSR
The  decay  is related to the FSR contribution in the   process. 


Thus, our result  for  incorporates the structure on the FSR in the VMD approach 
ρ0 → π+π−(γ) e+e− → π+π−

δ0(s)

Radiative correction  as a function of energyδ0 M. Drees and K. Hikasa  
Phys.Lett.B252 127 (1990)

J. S. Schwinger  
Particles, Sources and 
Fields, vol. 3 (AW, 1989)

FSR(s) = 1 + δ0(s)

Flores-Baez, Castro and Toledo 
PRD 76, 096010 (2007)

Cross-check: Our result matches the one by Schwinger (Drees-Hikasa) for sQED.

This allows to identify the additional structure effects on VMD
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δ+

 vertexρργ

Γμνα = (2P − K)αgμν + 2(kμgνα − kνgμα)

−Pμgνα − (P − k)νgμα
Radiative correction  as a function of energy

Convection term considered to make UV finite (previous).

VMD (new) incorporates the full vertex structure

δ+
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Estimated impact on 

We compute the corrections using data (uncorrelated)
For the FF we use  Gounaris-Sakurai parameterization.
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Fig. 3 Relative comparison between e+e− and τ spectral functions, expressed in terms of the difference between neutral and charged pion form
factors. Isospin-breaking (IB) corrections are applied to τ data with their uncertainties, although hardly visible, included in the error band

4 Update of ahad,LO
µ [ππ,τ ]

The IB corrections applied to the lowest order hadronic con-
tribution to the muon g −2 using τ data in the dominant ππ

channel can be evaluated with

#IBaLO,had
µ [ππ, τ ]

= α2m2
τ

6|Vud |2π2

Bππ0

Be

∫ m2
τ

4m2
π

ds
K(s)

s

× dNππ0

Nππ0ds

(
1 − s

m2
τ

)−2(
1 + 2s

m2
τ

)−1[RIB(s)

SEW
− 1

]
,

where K(s) is a QED kernel function [47].
The numerical values for the various corrections are

given in Table 1 for the energy range between the 2π mass
threshold and 1.8 GeV. The present estimate of the IB effect
from long-distance corrections is smaller than the previous
one [15, 36, 37], because we now use a GEM(s) correction
in which the contributions involving the ρωπ vertex are ex-
plicitly excluded (except for its interference with the QED
amplitude). Its uncertainty corresponds to the difference be-
tween the correction used in this analysis and that from
[31, 32]. The quoted 10% uncertainty on the FSR and ππγ

electromagnetic corrections is an estimate of the structure-
dependent effects (pion form factor) in virtual corrections
and of intermediate resonance contributions to real photon
emission [44, 48, 49]. The systematic uncertainty assigned
to the ρ–ω interference contribution accounts for the differ-
ence in ahad,LO

µ between two phenomenological fits, where
the mass and width of the ω resonance are either left free to
vary or fixed to their world average values.

Some of the corrections in Table 1 are parametrisation
dependent. We choose to take the final corrections from the
Gounaris–Sakurai parametrisation and assign the full differ-

Table 1 Contributions to ahad,LO
µ [ππ, τ ] (×10−10) from the isospin-

breaking corrections discussed in Sect. 3. Corrections shown in two
separate columns correspond to the Gounaris–Sakurai (GS) and Kühn–
Santamaria (KS) parametrisations, respectively

Source #ahad,LO
µ [ππ, τ ] (10−10)

GS model KS model

SEW −12.21 ± 0.15

GEM −1.92 ± 0.90

FSR +4.67 ± 0.47

ρ–ω interference +2.80 ± 0.19 +2.80 ± 0.15

mπ± − mπ0 effect on σ −7.88

mπ± − mπ0 effect on Γρ +4.09 +4.02

mρ± − mρ0
bare

+0.20+0.27
−0.19 +0.11+0.19

−0.11

ππγ , electrom. decays −5.91 ± 0.59 −6.39 ± 0.64

Total −16.07 ± 1.22 −16.70 ± 1.23

−16.07 ± 1.85

ence with respect to the KS results5 as systematic error. The
total correction for isospin breaking amounts to (−16.07 ±
1.85) × 10−10 for ahad,LO

µ [ππ, τ ], where all systematic er-
rors have been added in quadrature except for the GS and KS
difference which has been added linearly. This correction is
to be compared to the value (−13.8±2.4)×10−10 obtained
previously [12]. Since the FSR correction was previously in-
cluded, but not counted in the IB corrections, the net change
amounts to −6.9×10−10, dominated by the electromagnetic
decay correction.

The corresponding IB-corrected ahad,LO
µ [ππ, τ ] in the

dominant π+π− channel below 1.8 GeV is given in Table 2
for ALEPH, CLEO, OPAL, Belle, and for the combined
mass spectrum from these experiments. The evaluation at

5We do not confirm the significant IB correction difference of the KS
parametrisation on the ρ–ω interference with respect to the GS para-
metrisation observed in [41].

FSR(s)

Radiative corrections are taken at  =775 MeVmρ

For FSR we obtain around 15% reduction respect to sQED

Figure 10: Measured values of the branching ratio for ⌧ ! ⇡⇡0(�)⌫⌧. Good consistency is observed among the di↵erent experiments. Figure
adapted from Ref. [194].

has been precisely measured by several experiments [188–192] under very di↵erent conditions at LEP and the B
factories. Here m⌧ is the ⌧ lepton mass, |Vud | the CKM matrix element, B⇡⇡0 and Be are the branching fractions of
⌧� ! ⇡�⇡0⌫⌧(�) (FSR is implied) and of ⌧� ! e�⌫̄e⌫⌧, and dN⇡⇡0/N⇡⇡0 ds is the normalized invariant mass spectrum
of the hadronic final state. The precision achieved in the experiments for the branching fractions (0.4%) and the
agreement between the di↵erent results, as seen in Fig. 10, provide a highly precise normalization of the spectral
functions, even superior to that obtained in e+e� data. There is also good agreement between the spectral function
results as shown in Ref. [189]. These measured spectral functions have been widely used (see, e.g., Ref. [193])
for a number of applications including in particular the evaluation of aHVP, LO

µ and �↵(5)
had as originally proposed in

Ref. [187]. The evaluation of aHVP, LO
µ using the ⌧ hadronic decay has been valuable in earlier years when the e+e�

data were not yet precise enough and in recent years given the large discrepancy among the most precise measurements
from BaBar [137, 174], CMD-3 [93, 94], and KLOE [130–133]. In order to achieve the required precision in the ⌧-
based evaluation of aHVP, LO

µ , IB corrections have to be understood and applied—a topic that we discuss in Secs. 2.3.2
to 2.3.6.

2.3.2. Theoretical input for the HVP analysis based on ⌧ data: generalities
We focus on the dominant ⌧ ! ⇡⇡⌫⌧(�) channel and denote with s the ⇡⇡ invariant mass squared. The photon-

inclusive di↵erential decay spectrum d�⇡⇡(�)/ds can be used to evaluate aHVP, LO
µ [⇡⇡] according to the following dis-

persive formula [194–196] (with threshold sthr = 4M2
⇡± )

aHVP, LO
µ [⇡⇡, ⌧] =

1
4⇡3

Z 1
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"
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, (2.8)

where K(s) is the QED kernel [83–86], see Eq. (2.2) for the explicit expression,

K�(s) =
⇡↵2

3s
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�e|Vud |2
2m2
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!
, (2.9)

and the IB corrections are encoded in the product of several s-dependent factors

RIB(s) =
FSR(s)
GEM(s)

�3
⇡+⇡� (s)
�3
⇡±⇡0 (s)

������
FV
⇡ (s)

f+(s)

������

2

. (2.10)
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4 Update of ahad,LO
µ [ππ,τ ]

The IB corrections applied to the lowest order hadronic con-
tribution to the muon g −2 using τ data in the dominant ππ

channel can be evaluated with

#IBaLO,had
µ [ππ, τ ]

= α2m2
τ

6|Vud |2π2

Bππ0

Be

∫ m2
τ

4m2
π
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K(s)
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)−2(
1 + 2s
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)−1[RIB(s)

SEW
− 1

]
,

where K(s) is a QED kernel function [47].
The numerical values for the various corrections are

given in Table 1 for the energy range between the 2π mass
threshold and 1.8 GeV. The present estimate of the IB effect
from long-distance corrections is smaller than the previous
one [15, 36, 37], because we now use a GEM(s) correction
in which the contributions involving the ρωπ vertex are ex-
plicitly excluded (except for its interference with the QED
amplitude). Its uncertainty corresponds to the difference be-
tween the correction used in this analysis and that from
[31, 32]. The quoted 10% uncertainty on the FSR and ππγ

electromagnetic corrections is an estimate of the structure-
dependent effects (pion form factor) in virtual corrections
and of intermediate resonance contributions to real photon
emission [44, 48, 49]. The systematic uncertainty assigned
to the ρ–ω interference contribution accounts for the differ-
ence in ahad,LO

µ between two phenomenological fits, where
the mass and width of the ω resonance are either left free to
vary or fixed to their world average values.

Some of the corrections in Table 1 are parametrisation
dependent. We choose to take the final corrections from the
Gounaris–Sakurai parametrisation and assign the full differ-

Table 1 Contributions to ahad,LO
µ [ππ, τ ] (×10−10) from the isospin-

breaking corrections discussed in Sect. 3. Corrections shown in two
separate columns correspond to the Gounaris–Sakurai (GS) and Kühn–
Santamaria (KS) parametrisations, respectively

Source #ahad,LO
µ [ππ, τ ] (10−10)

GS model KS model

SEW −12.21 ± 0.15

GEM −1.92 ± 0.90

FSR +4.67 ± 0.47

ρ–ω interference +2.80 ± 0.19 +2.80 ± 0.15

mπ± − mπ0 effect on σ −7.88

mπ± − mπ0 effect on Γρ +4.09 +4.02

mρ± − mρ0
bare

+0.20+0.27
−0.19 +0.11+0.19

−0.11

ππγ , electrom. decays −5.91 ± 0.59 −6.39 ± 0.64

Total −16.07 ± 1.22 −16.70 ± 1.23

−16.07 ± 1.85

ence with respect to the KS results5 as systematic error. The
total correction for isospin breaking amounts to (−16.07 ±
1.85) × 10−10 for ahad,LO

µ [ππ, τ ], where all systematic er-
rors have been added in quadrature except for the GS and KS
difference which has been added linearly. This correction is
to be compared to the value (−13.8±2.4)×10−10 obtained
previously [12]. Since the FSR correction was previously in-
cluded, but not counted in the IB corrections, the net change
amounts to −6.9×10−10, dominated by the electromagnetic
decay correction.

The corresponding IB-corrected ahad,LO
µ [ππ, τ ] in the

dominant π+π− channel below 1.8 GeV is given in Table 2
for ALEPH, CLEO, OPAL, Belle, and for the combined
mass spectrum from these experiments. The evaluation at

5We do not confirm the significant IB correction difference of the KS
parametrisation on the ρ–ω interference with respect to the GS para-
metrisation observed in [41].
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4 Update of ahad,LO
µ [ππ,τ ]

The IB corrections applied to the lowest order hadronic con-
tribution to the muon g −2 using τ data in the dominant ππ

channel can be evaluated with

#IBaLO,had
µ [ππ, τ ]

= α2m2
τ

6|Vud |2π2

Bππ0

Be

∫ m2
τ

4m2
π

ds
K(s)
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× dNππ0

Nππ0ds

(
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m2
τ

)−2(
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τ

)−1[RIB(s)

SEW
− 1

]
,

where K(s) is a QED kernel function [47].
The numerical values for the various corrections are

given in Table 1 for the energy range between the 2π mass
threshold and 1.8 GeV. The present estimate of the IB effect
from long-distance corrections is smaller than the previous
one [15, 36, 37], because we now use a GEM(s) correction
in which the contributions involving the ρωπ vertex are ex-
plicitly excluded (except for its interference with the QED
amplitude). Its uncertainty corresponds to the difference be-
tween the correction used in this analysis and that from
[31, 32]. The quoted 10% uncertainty on the FSR and ππγ

electromagnetic corrections is an estimate of the structure-
dependent effects (pion form factor) in virtual corrections
and of intermediate resonance contributions to real photon
emission [44, 48, 49]. The systematic uncertainty assigned
to the ρ–ω interference contribution accounts for the differ-
ence in ahad,LO

µ between two phenomenological fits, where
the mass and width of the ω resonance are either left free to
vary or fixed to their world average values.

Some of the corrections in Table 1 are parametrisation
dependent. We choose to take the final corrections from the
Gounaris–Sakurai parametrisation and assign the full differ-

Table 1 Contributions to ahad,LO
µ [ππ, τ ] (×10−10) from the isospin-

breaking corrections discussed in Sect. 3. Corrections shown in two
separate columns correspond to the Gounaris–Sakurai (GS) and Kühn–
Santamaria (KS) parametrisations, respectively

Source #ahad,LO
µ [ππ, τ ] (10−10)

GS model KS model

SEW −12.21 ± 0.15

GEM −1.92 ± 0.90

FSR +4.67 ± 0.47

ρ–ω interference +2.80 ± 0.19 +2.80 ± 0.15

mπ± − mπ0 effect on σ −7.88

mπ± − mπ0 effect on Γρ +4.09 +4.02

mρ± − mρ0
bare

+0.20+0.27
−0.19 +0.11+0.19

−0.11

ππγ , electrom. decays −5.91 ± 0.59 −6.39 ± 0.64

Total −16.07 ± 1.22 −16.70 ± 1.23

−16.07 ± 1.85

ence with respect to the KS results5 as systematic error. The
total correction for isospin breaking amounts to (−16.07 ±
1.85) × 10−10 for ahad,LO

µ [ππ, τ ], where all systematic er-
rors have been added in quadrature except for the GS and KS
difference which has been added linearly. This correction is
to be compared to the value (−13.8±2.4)×10−10 obtained
previously [12]. Since the FSR correction was previously in-
cluded, but not counted in the IB corrections, the net change
amounts to −6.9×10−10, dominated by the electromagnetic
decay correction.

The corresponding IB-corrected ahad,LO
µ [ππ, τ ] in the

dominant π+π− channel below 1.8 GeV is given in Table 2
for ALEPH, CLEO, OPAL, Belle, and for the combined
mass spectrum from these experiments. The evaluation at

5We do not confirm the significant IB correction difference of the KS
parametrisation on the ρ–ω interference with respect to the GS para-
metrisation observed in [41].

For FF we obtain around 50% reduction respect to sQED

ΔaHVP
μ [ππ, τ]

ΔaHVP
μ [ππ, τ]

ΔaHVP
μ [ππ, τ] (×10−10)
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• HVP from tau data requires to properly account for all the IB corrections


• The rho width difference  is a key ingredient in the form factor IB 
estimates. 


• We have computed the   radiative corrections, including the 
structure dependence.


• As a byproduct, the structure dependent effects on FSR was obtained


• We estimated the impact on . Hadrons structure is now 
theoretically accounted.

ΔΓρ

ρ → ππ(γ)

ΔaHVP
μ [ππ, τ]
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