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Intense Magnetic Fields

• Presence of intense magnetic fields in high energy physics.
Magnetic field intensity in magnetars between 10−2m2

π on the surface1 and

up to 100m2
π in its core2. In heavy ion colisions ∼ 1− 10m2

π.
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Massive Charged Vector Bosons as External States

There are certain physical scenarios in which massive charged vector bosons exist
as external states under the presence of a strong magnetic field such as heavy ion
collisions and in compact objects such as neutron stars and magnetars4.

ρ±,W± ρ±,W± −→

Amputation process of the external states in the vacuum.

To extract the self-energy information from this type of diagrams it is important
to apply the LSZ reduction formula and cancel out the external states.

4
E.E. Kolomeitsev, K.A. Maslov, D.N. Voskresensky, (2018), Nucl. Phys. A 970, 291-315
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LSZ Reduction Formula

The Lehmann-Symanzik-Zimmermann (LSZ) Reduction Formula is a
non-perturbative operation which relates the scattering amplitude of a process to
the Green’s functions of the theory.
The simplest spin 0 case of the reduction formula for n(m) in-going (out-going)
particles is

⟨f | S |i⟩ = ⟨p′1, ...p′m| S |p1, ..., pn⟩

=

n,m∏
i,f

(
p2i −m2

) (
p2f −m2

) ∫
d4xi e

−ipi ·xi
∫

d4x ′f e
ipf ·x′

f

× ⟨0| T {ϕ(x1)...ϕ(xn)ϕ(x ′1)...ϕ(x ′m)} |0⟩ .
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LSZ Reduction Formula (Vacuum): Charged Vector Boson

The probability amplitude can be written as

⟨f | S |i⟩ =
∫

d4xf

∫
d4xi e

ipf ·xf e−ipi ·xi ε∗µ(p⃗f , λf )εν(p⃗i , λi )

×
(
∂α
xf ∂α,xf +m2

W

) (
∂β
xi∂β,xi +m2

W

)
⟨Ω| T

{
W µ−(xf )W

ν+(xi )
}
|Ω⟩

=

∫
d4xf

∫
d4xi e

ipf ·xf e−ipi ·xi ε∗µ(p⃗f , λf )εν(p⃗i , λi )

×
(
p2f −m2

W

) (
p2i −m2

W

)
⟨Ω| T

{
W µ−(xf )W

ν+(xi )
}
|Ω⟩ .

This is the result in the case of B = 0.
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LSZ Reduction Formula in a Magnetic Field

The advantage of using Ritus Eigenfunctions is that the structure, of the
equations in the vacuum case are preserved.
In the magnetic case

−→

B⃗ B⃗ B⃗ B⃗ B⃗ B⃗

Amputation process of the external states in the presence of a magnetic field.
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LSZ Reduction Formula (Magnetic): Charged Vector Boson

The probability amplitude can be written as

⟨f |S |i⟩B =

∫
d4xf

(
E+†

p̄f ,ℓf −1+ŝ3
(xf )

)µ

α
ε̄−∗
µ

(
⃗̄pf , λf

)∑
s′3

(
Dσ

xf Dxf ,σ +m2
W − 2eBs ′3

)
∆α

β(s
′
3)

×
∫

d4xi
(
E+

p̄i ,ℓi−1+ŝ′′3
(xi )

)ν

ρ
ε̄−ν

(
⃗̄pi , λi

)∑
s′′′3

(
Dγ∗

xi D∗
xi ,γ +m2

W − 2eBs ′′′3

)
∆ρ

δ(s
′′′
3 )

× 1

2π
⟨Ω| T

{
W β−(xf )W

δ+(xi )
}
|Ω⟩

=
1

2π

∫
d4xf

(
E+†

p̄f ,ℓf −1+ŝ3
(xf )

)µ

α
ε̄−∗
µ

(
⃗̄pf , λf

) (
P̄σ

f P̄∗
f ,σ −m2

W

)
×

∫
d4xi

(
E+

p̄i ,ℓi−1+ŝ′3
(xi )

)ν

β
ε̄−ν

(
⃗̄pi , λi

) (
P̄ρ

i P̄
∗
ρ,i −m2

W

)
⟨Ω| T

{
W α−(xf )W

β+(xi )
}
|Ω⟩ ,

This is the result for a constant magnetic field in the ẑ direction Bz ̸= 0.
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LSZ Formula: Comparison

⟨f |S |i⟩ =
∫

d4xf

∫
d4xi e

ipf ·xf e−ipi ·xi ε∗µ(p⃗f , λf )εν(p⃗i , λi )

×
(
∂α
xf ∂α,xf +m2

W

)(
∂β
xi ∂β,xi +m2

W

)
⟨Ω| T

{
W µ−(xf )W

ν+(xi )
}
|Ω⟩

⟨f |S |i⟩B =

∫
d4xf

(
E+†

p̄f ,ℓf −1+ŝ3
(xf )

)µ

α
ε̄−∗
µ

(
⃗̄pf , λf

)∑
s′3

(
Dσ

xf Dxf ,σ +m2
W − 2eBs ′3

)
∆α

β(s
′
3)

×
∫

d4xi
(
E+

p̄i ,ℓi−1+ŝ′′3
(xi )

)ν

ρ
ε̄−ν

(
⃗̄pi , λi

)∑
s′′′3

(
Dγ∗

xi D∗
xi ,γ +m2

W − 2eBs ′′′3

)
∆ρ

δ(s
′′′
3 )

× 1

2π
⟨Ω| T

{
W β−(xf )W

δ+(xi )
}
|Ω⟩
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LSZ Formula: Comparison

⟨f |S |i⟩ =
∫

d4xf

∫
d4xi e

ipf ·xf e−ipi ·xi ε∗µ(p⃗f , λf )εν(p⃗i , λi )

×
(
p2
f −m2

W

)(
p2
i −m2

W

)
⟨Ω| T

{
W µ−(xf )W

ν+(xi )
}
|Ω⟩

⟨f |S |i⟩B =
1

2π

∫
d4xf

(
E+†

p̄f ,ℓf −1+ŝ3
(xf )

)µ

α
ε̄−∗
µ

(
⃗̄pf , λf

) (
P̄σ

f P̄∗
f ,σ −m2

W

)
×

∫
d4xi

(
E+

p̄i ,ℓi−1+ŝ′3
(xi )

)ν

β
ε̄−ν

(
⃗̄pi , λi

) (
P̄ρ

i P̄
∗
ρ,i −m2

W

)
⟨Ω| T

{
W α−(xf )W

β+(xi )
}
|Ω⟩
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See you in the
poster session!
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LSZ Formula in a Magnetic Field

The dispersion amplitude in the presence of a magnetic field should involve the
magnetic information

⟨f | S |i⟩B = 2
√

Ep̄iEp̄f ⟨Ω| ap̄f (∞)a†p̄i (−∞) |Ω⟩

= 2
√
Ep̄iEp̄f ⟨Ω| T

{
[ap̄f (∞)− ap̄f (−∞)]

[
a†p̄i (∞)− a†p̄i (−∞)

]}
|Ω⟩ ,

and the Fourier expansion on the quantum field is

Ŵ µ−(x) =
∑∫ d3p

(2π)3
1√
2E

3∑
λ=1

[
âλp̄E

+µ
n, α(ρ+)ε

α−
λ (p̄) + b̂λ†p̄ E

−µ
n, α(ρ−)

(
εα+λ (p̄)

)∗]
.

Here, the spin projection matrix

∆µ
ν(s3) ≡=


1− s23 0 0 0

0
s23
2

−is3
2 0

0 is3
2

s23
2 0

0 0 0 1− s23

 .
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LSZ Formula in a Magnetic Field: âp̄,λ and â†p̄,λ

The Fourier analysis over the quantum field is

∫
d3x

∑
s′3

X+
ℓ′−1+s̃′3

(ρ′+)∆
α
µ(s

′
3)e

i(p2′x2+p3′x3) (i∂t + Ep̄′) Ŵ
µ−(x) = −

√
4πEp̄′ âp̄′,λ′e−iEp̄′ x0 .

With this, the creation and annihilation operators become

âp̄,λ =
−1√
4πEp̄

∫
d3x

(
E+†
n (ρ+)

)α
µ
ε̄−∗
α

(
⃗̄p, λ

)
(i∂t + Ep̄) Ŵ

µ−(x),

â†p̄,λ =
−1√
4πEp̄

∫
d3x E+α

n, µ(ρ+)ε̄
−
α

(
⃗̄p, λ

)
(i∂t − Ep̄) Ŵ

µ+(x).
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LSZ Formula in a Magnetic Field: Differences

The differences are then

√
4πEp [ap̄,λ(∞)− ap̄,λ(−∞)] = −i

∫ ∞

−∞
d4x

(
E+†
n (ρ+)

)α

µ
ε̄−∗
α

(
⃗̄p, λ

) [
∂2
t + E 2

p̄

]
Ŵ µ−(x),

√
4πEp

[
a†p̄,λ(∞)− a†p̄,λ(−∞)

]
= i

∫ ∞

−∞
d4x E+α

n, µ(ρ+)ε̄
−
α

(
⃗̄p, λ

) [
∂2
t + E 2

p̄

]
Ŵ µ+(x),
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LSZ Formula in a Magnetic Field: Proca Fourier Analysis

On the other hand, the Magnetic Proca Equation Fourier Analysis gives

∫
d4x

(
E+†
n (ρ+)

)µ
α
ε̄−∗
µ

(
⃗̄p, λ

)∑
s′3

(
DσDσ +m2

W − 2eBs ′3
)
∆α

β(s
′
3)W

β−(x)

=

∫
d4x

(
E+†
n (x)

)µ
α
ε̄−∗
µ

(
⃗̄p, λ

) [
∂2
t + E 2

p̄

]
W α−(x)

= i
√
4πEp̄ [âp̄,λ(∞)− âp̄,λ(−∞)]
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