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Motivation

● What?

➔ This talk is rooted in perturbation theory in Quantum Field Theory

➔ The idea is to explore its structure and uncover hidden 
properties

● Why?

➔ What kind of numbers and functions appear in perturbative 
predictions for physics observables?

➔ Can we leverage this knowledge to push computational 
boundaries in QFTs?

● How? 

➔ Let us work under the paradigm 

Symmetry = Simplicity 

and see if we get any mileage



Symmetries on steroids



Yang-Mills SU(N)

adjoint matter: gluon + 
six scalars + four fermions extended supersymmetry: unique 

interactions

four dimensions

only one coupling g and one parameter N.

faint resemblance with massless QCD?

ΦAB

ΨA

10 d

+
A=1...4

N = 4 SYM in one slide
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Yang-Mills SU(N)

adjoint matter: gluon + 
six scalars + four fermions extended supersymmetry: unique 

interactions

four dimensions

only one coupling g and one parameter N.

faint resemblance with massless QCD?

ΦAB

ΨA

10 d

+
A=1...4

solve a QFT

● inspire novel techniques
● many data of objects whose 

perturbative expansion is 
similar to massless QCD 
counterpart

Why it is interesting:

N = 4 SYM solvability



An example: scattering 
amplitudes



emergent properties of 
scattering amplitudes

in N = 4 SYM

on-shell methods

Bern et al 1994-

N = 4 scattering amplitudes
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Feynman integrals

on-shell methods

evidence for 
integrability

Arkani-Hamed et al 2013
Basso et al 2013

Henn 2013
Drummond et al 
2007-2009

Bern et al 2005
Bern et al 1994-

bootstrap methods
Alday et al 2007

Dixon et al 2011-

N = 4 scattering amplitudes



Focus on this: transcendentality

uniform
transcendentality

● Meaning? It is a mathematical property exhibited by the 
perturbative series of certain observables calculated with 
dimensional regularization

● One associates a degree of transcendentality to certain 
transcendental functions and numbers

● Uniform transcendentality occurs when such a degree is found to be 
fixed for all terms at each perturbative order



Focus on this: transcendentality

uniform
transcendentality

● Meaning? It is a mathematical property exhibited by the 
perturbative series of certain observables calculated with 
dimensional regularization

● One associates a degree of transcendentality to certain 
transcendental functions and numbers

● Uniform transcendentality occurs when such a degree is found to be 
fixed for all terms at each perturbative order

● It is a highly remarkable occurrence with little explanation
● It has been leveraged for perturbative calculations of scattering 

amplitudes, both in N = 4 and for phenomenological applications

canonical form 
Henn 2013

bootstrap methods
Dixon et al 2011-



The power of 
transcendentality



In 2008 a bunch of heroes computed a very complicated six-point 
scattering amplitude at two loops in N = 4 SYM

Goncharov polylogarithms

In terms of transcendental 
iterated integrals called 
Goncharov polylogarithms

Del Duca et al 2008

Transcendental weight 
= # iterated integrals



In 2008 a bunch of heroes computed a very complicated six-point 
scattering amplitude at two loops in N = 4 SYM

Goncharov polylogarithms

Del Duca et al 2008



17 pages like that

Goncharov polylogarithms

In 2008 a bunch of heroes computed a very complicated six-point 
scattering amplitude at two loops in N = 4 SYM

All terms exhibit the same 
transcendentality weight!

Del Duca et al 2008



Thanks to properties of 
transcendental functions it 
was possible to reduce the 
result to

Goncharov polylogarithms

In 2008 a bunch of heroes computed a very complicated six-point 
scattering amplitude at two loops in N = 4 SYM

Goncharov et al 2010



New uniformly transcendental 
magnitudes

MB 2306.06239



My calculation: the simplest ever

Their conformal dimension 2 is protected by SUSY
and so are their 2pt and 3pt functions in 4 dimensions

For some reason I have been computing 2pt functions of 
some supersymmetric operators in N = 4 SYM of the form

complex scalars

tree level exact



protected 2pt functions

Their conformal dimension 2 is protected by SUSY
and so are their 2pt and 3pt functions in 4 dimensions

complex scalars

tree level exact

Yet, working in d = 4-2ε 
there can be O(ε) 
quantum corrections:

to the 2pt function

For some reason I have been computing 2pt functions of 
some supersymmetric operators in N = 4 SYM of the form



Credits

For 2pt-function:

Feynman diagram 
generation

QGRAF

Nogueira 1993

Feynman diagram 
evaluation

Color package

FORM
Vermaseren 1991

Forcer

➔ master integral 
substitution

➔ Master integrals 
reduction

Ruijl et al 2017

:

van Ritbergen et al 1999

Integrals: 



master integrals reduction example

master 
integrals

rational 
coefficients in d

For 2pt-function:



of protected 2pt functions

Their conformal dimension 2 is protected by SUSY
and so are their 2pt and 3pt functions in 4 dimensions

complex scalars

tree level exact

Yet, working in d = 4-2ε 
there can be O(ε) 
quantum corrections:

to the 2pt function

For some reason I have been computing 2pt functions of 
some supersymmetric operators in N = 4 SYM of the form

What numbers will 
appear?
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→ d = 3 ; w = 9Example:



Zeta values and transcendentality

Multiple zeta values (MZV):

← transcendental weightdepth: d = k weight: w = Σsi

Riemann’s Zeta:

Why MZVs?

● Ubiquitous numbers appearing evaluating Feynman integrals
● Conjecturally, they are all transcendental numbers
● Linearly independent over rationals if their weights are different: 

vector space is direct sum of subspaces or graded Q-algebra
● w defines transcendental weight for MZVs



For instance: QCD beta function

At lowest order: nf is the number of “quarks”



possesses zeta values

At lowest order: nf is the number of “quarks”

At higher order ζs pop up!



Quantum corrections

Back to my 
calculation
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Quantum corrections

Factoring tree level result

Quantum corrections are exposed, which are order ε

in DimRed scheme Siegel 1979@NLO:

Back to my 
calculation



Quantum corrections

Factoring tree level result

Quantum corrections are exposed, which are order ε

@NLO: w=2 w=3-1 w=4-2 w=5-3 w=6-4 w=7-5 w(ε)=-1

Back to my 
calculation



Heuristic uniform transcendentality

@NNNLO:

@NNLO:



Heuristic uniform transcendentality

@NNNLO: w=6

@NNLO: w=4 w=5-1 w=6-2 w=7-3 w=8-4

w=7-1 w=8-2 w=9-3
w=10-4

w(ε)=-1



Uniform transcendentality conjecture 

Conjecture 1: the perturbative series of 2pt functions of N = 4 SYM 
dimension-2 protected operators in dimensional regularization has 
uniform transcendental weight 2L @ loop L to all orders

Observation: up to NNNLO quantum corrections exhibit uniform 
transcendentality
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Conjecture 1: the perturbative series of 2pt functions of N = 4 SYM 
dimension-2 protected operators in dimensional regularization has 
uniform transcendental weight 2L @ loop L to all orders

Observation: up to NNNLO quantum corrections exhibit uniform 
transcendentality

Non-MZV numbers are expected to appear in propagator integrals 
@8 loops. If they also appear in the two-point function, some 
extension in defining transcendentality beyond MZVs is required. 
But they might not … 



Uniform transcendentality conjecture 

Panzer et al 2017

Conjecture 1: the perturbative series of 2pt functions of N = 4 SYM 
dimension-2 protected operators in dimensional regularization has 
uniform transcendental weight 2L @ loop L to all orders

Observation: up to NNNLO quantum corrections exhibit uniform 
transcendentality

Can we infer a pattern for the leading terms highlighted in ?

Non-MZV numbers are expected to appear in propagator integrals 
@8 loops. If they also appear in the two-point function, some 
extension in defining transcendentality beyond MZVs is required. 
But they might not … 



Ask the OEIS

Reconstruct sequence for red circled O(ε) terms: ask OEIS



A second conjecture

Conjecture 2: according to the OEIS oracle, the O(ε) reads to all orders

Here is my all loop resummation!



Re-summing the series

can be re-summed     using integral form of zeta and Σ ↔ ∫

The perturbative series for the O(ε) result

planar limit 
understood



Re-summing the series

can be re-summed     using integral form of zeta and Σ ↔ ∫

The perturbative series for the O(ε) result

Pestun 2005, many others...

Some colleagues managed to check the 
conjecture via a technique called supersymmetric 
localization !!!



Re-summing the series

can be re-summed     

interpolating function from 
weak to strong coupling

This invites a holographic calculation of the 
correlation function at strong coupling using 
AdS/CFT (in d = 4-2ε, though)



Applications

MB in progress



First, get a link on the OEIS



Practical application?

● The UT property “predicts” that certain combinations of master 
integrals are of uniform transcendental weight

● This could be useful for reconstructing their analytic expansion 
from numerics

● Though at the level I am working (4 loops) MIs have been already 
expanded up to transcendentality 12 and most can be made UT 
by some overall rescalings

Lee, Smirnov, Smirnov 2011



Practical application?

● The UT property “predicts” that certain combinations of master 
integrals are of uniform transcendental weight

● This could be useful for reconstructing their analytic expansion 
from numerics

● Though at the level I am working (4 loops) MIs have been already 
expanded up to transcendentality 12 and most can be made UT 
by some overall rescalings

Lee, Smirnov, Smirnov 2011

● Our result suggests that we should be able to do better and find a 
full basis of uniformly transcendental integrals!



Uniformly transcendental basis

● Let’s try to construct a basis of uniformly transcendental master 
integrals at four loops

MB in progress



Hidden simplicity

● Let’s appreciate the UT basis in action

● The four-loop result in a non UT basis looks like



Hidden simplicity

● Let’s appreciate the UT basis in action

● In a UT basis it simplifies to

● With only rational coefficients!
● Hallmark of hidden simplicity of N=4 SYM



Conclusions



Conclusions

● Transcendentality has been playing a prominent role in 
perturbative calculations in QFTs

● Uniform transcendentality appears in several magnitudes of   
N = 4 SYM

● No deep explication is available for such a property

● Yet it has been leveraged for phenomenological applications

● We have uncovered this property in some new magnitudes: 
two-point functions of (lowest dimension) protected operators

● This transcendental structure helped guessing an all-loop re-
summation

● We exposed simplicity by constructing a basis of master 
integrals with manifest uniform transcendentality



Thank you!
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