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A key lesson from the HERA         DIS collider: “Gluons 
and sea quarks dominate the proton wave-function at 
high energies
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Kinematics:Deep Inelastic Scattering (DIS)
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Introduction
For x < 0.01, the 1/x enhancement overcomes the ∼ αs 
suppression factor, and the quark loop diagram dominates
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Wee partons (x << 1) are intrinsically non-perturbative.

Quantum corrections:
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We cannot sum 
exactly. But we know 
how to sum for 
leading-log (LLA) or 
next-to-leading log 
(NLL).
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The sum was first calculated by I. Balitsky ’96 (effective 
lagrangian) and Y. Kovchegov ’99 (large Nc QCD):
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;

;
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ω̄S =
ωsNc

ε
;
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The breakdown of the linear 
regime occurs when 

which gives
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N(r = 1/Qs(Y ), Y ) = const
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ω → ε(ϑcr)

1↑ ϑcr; <latexit sha1_base64="OBWvKXdGjJi3tsE8u2vB7HZzRFI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgKSQqrReh6MVjBfsBbQib7aZdursJu5tCCf0nXjwo4tV/4s1/47bNQasPBh7vzTAzL0oZVdrzvqzS2vrG5lZ5u7Kzu7d/YB8etVWSSUxaOGGJ7EZIEUYFaWmqGemmkiAeMdKJxndzvzMhUtFEPOppSgKOhoLGFCNtpNC2+0PEOQpzLGc3nntZD+2q53oLOH+JX5AqFGiG9md/kOCME6ExQ0r1fC/VQY6kppiRWaWfKZIiPEZD0jNUIE5UkC8unzlnRhk4cSJNCe0s1J8TOeJKTXlkOjnSI7XqzcX/vF6m4+sgpyLNNBF4uSjOmKMTZx6DM6CSYM2mhiAsqbnVwSMkEdYmrIoJwV99+S9pX7h+za09XFUbt0UcZTiBUzgHH+rQgHtoQgswTOAJXuDVyq1n6816X7aWrGLmGH7B+vgGc26S5g==</latexit>

ωcr = 0.37



Introduction
Solution in the extended geometric region 

; ;

Approximate solution in the saturation region: We simplify 
the kernel by taking into account only log contributions

<latexit sha1_base64="zzrNYPpBWIKHbYwMLxYOn/tndMQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNAY9ELx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlRrVfLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO88VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5LtdssjjycwTlcggdVqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIdHjMY=</latexit>

7

with solution 
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Starting from 

<latexit sha1_base64="5ULuv1oFlfBf8yo7UhIjgL5Sgbk=">AAACKXicbZDLSsNAFIYn9VbrLerSTbAILkrNBKkui25ctmAv0KRhMp22QyeTMDORltDXceOruFFQ1K0v4rTNQlt/GPj5zjmcOX8QMyqVbX8aubX1jc2t/HZhZ3dv/8A8PGrKKBGYNHDEItEOkCSMctJQVDHSjgVBYcBIKxjdzuqtByIkjfi9msTEC9GA0z7FSGnkm9Wxn9pw2nXckoviWERjt6QRdFaQvYTgRd2XXcc3i3bZnstaNTAzRZCp5puvbi/CSUi4wgxJ2YF2rLwUCUUxI9OCm0gSIzxCA9LRlqOQSC+dXzq1zjTpWf1I6MeVNae/J1IUSjkJA90ZIjWUy7UZ/K/WSVT/2kspjxNFOF4s6ifMUpE1i83qUUGwYhNtEBZU/9XCQyQQVjrcgg4BLp+8appOGVbKlfplsXqTxZEHJ+AUnAMIrkAV3IEaaAAMHsEzeAPvxpPxYnwYX4vWnJHNHIM/Mr5/AJm/pZ4=</latexit>

x2
01 → x2

12 → x2
02 → 1/Q2

s

we can consider                                         so that 

In the vicinity of the saturation scale where

And taking only the log contributions, it reduces to 

RC BK

<latexit sha1_base64="rUan0D3R+c0CoLEvbXeSJ9rzyAk=">AAACLHicbVDLSgMxFM3UV62vUZduBotQQepMkeqy2I3LivYBnXG4k6ZtbOZBklHL0A9y468I4sIibv0O03YW2npC4OTcc7m5x4sYFdI0x1pmaXlldS27ntvY3Nre0Xf3GiKMOSZ1HLKQtzwQhNGA1CWVjLQiTsD3GGl6g+qk3nwgXNAwuJXDiDg+9ALapRikkly9anvAbWBRH9ybgnX65Cb0fnRXOrZP1OG015fAefg4fS5YTWtidfW8WTSnMBaJlZI8SlFz9Te7E+LYJ4HEDIRoW2YknQS4pJiRUc6OBYkAD6BH2ooG4BPhJNNlR8aRUjpGN+TqBtKYqr87EvCFGPqecvog+2K+NhH/q7Vj2b1wEhpEsSQBng3qxsyQoTFJzuhQTrBkQ0UAc6r+auA+cMBS5ZtTIVjzKy+SRqlolYvl67N85TKNI4sO0CEqIAudowq6QjVURxg9o1f0gcbai/aufWpfM2tGS3v20R9o3z/Sfaa3</latexit>

ω̄S(1/x
2
ij) → ω̄S(1/x

2
01)

<latexit sha1_base64="QxbklJp5hXu0N2VcsvvtRUjyHS0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRL0FvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+k2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+zOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A4pPjMg=</latexit>
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From the equations that determine the saturation 
momentum it is found 

(fixed) (running)

RC BK

We are not able to find a solution with geometric scaling 
(GS)                            . What we found instead is

<latexit sha1_base64="tBtAyMlg6jp24eMHUGjsd5sWYfo=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHaTUmKVDdC0Y3LFuxD2jRMppN26GQSZiZCDPVX3LhQxK0f4s6/cdpmoa0HLhzOuZd77/EiRqWyrG9jbX1jc2s7t5Pf3ds/ODSPjtsyjAUmLRyyUHQ9JAmjnLQUVYx0I0FQ4DHS8SY3M7/zQISkIb9TSUScAI049SlGSkuuWXi86jMOS2JQbbpyUC3dl8uuWbQq1hxwldgZKYIMDdf86g9DHAeEK8yQlD3bipSTIqEoZmSa78eSRAhP0Ij0NOUoINJJ58dP4ZlWhtAPhS6u4Fz9PZGiQMok8HRngNRYLnsz8T+vFyv/0kkpj2JFOF4s8mMGVQhnScAhFQQrlmiCsKD6VojHSCCsdF55HYK9/PIqaVcrdq1Sa54X69dZHDlwAk5BCdjgAtTBLWiAFsAgAc/gFbwZT8aL8W58LFrXjGymAP7A+PwBMM+TMQ==</latexit>

z = ln(r2Q2
s(Y ))

;

<latexit sha1_base64="W/xik6ZxB3o82aH3ft+mZiDXPzU="></latexit>

Q2
s(Y ) = !2

QCDe
→

39Y/3
<latexit sha1_base64="u8/Q5A8iZZPrapYHxewO26hLI8k="></latexit>

Q2
s(Y ) = !2

QCDe2.44ω̄SY

<latexit sha1_base64="1YfHHlZ6e/C+J8HAqzrlhYGl8w0="></latexit>

ω
d2!ω(ω)

dω2
+

d!ω(ω)

dω
= 1 → e→!ω(ω)

<latexit sha1_base64="N0jF13yyogdjvRGvz3GC6BJJ50U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB8/tlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWhdVr1at3V9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+wEjPo=</latexit>
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RC BK
Exact

Ωζ

Ωζ
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Iterative solution or numerical

<latexit sha1_base64="qlClGe4gEiwbkVSPpYamFAXt9l8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB8/rlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWhdVr1at3V9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+2IjPs=</latexit>
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To solve this last eq. we apply the homotopy perturbation 
method (HPM): 

For                                               it gives the solution to the 
nonlinear equation (J.H. He, 1999)

Integro-differential 
operator

Non-linear part; 
arbitrary form 

We construct a homotopy                                  such that

where                is an embedding parameter. The sol. is

Homotopy: One can 
be "continuously 
deformed" into the 
other.

<latexit sha1_base64="dTLPyzd9yv60YWyMnrjdWiEVPAY="></latexit>

up : ! → [0, 1] ↑ R

<latexit sha1_base64="yughlkr7aU4E1sh8sa2NN3zh7jY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmtx+5NiJWDzhJuB/RoRKhYBStdJ9cef1yxa26c5C/xMtJBXI0+uXP3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SE6sMSBhrWwrJXP05kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsv/yWts6pXq9buziv16zyOIhzBMZyCBxdQh1toQBMYDOEJXuDVkc6z8+a8L1oLTj5zCL/gfHwDz1mNgQ==</latexit>

p = 1

<latexit sha1_base64="EeQpsCAt6H1RjJi0/RrXr+5ibtk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmtx+5NiJWDzhJuB/RoRKhYBStdJ9cuf1yxa26c5C/xMtJBXI0+uXP3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SE6sMSBhrWwrJXP05kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsv/yWts6pXq9buziv16zyOIhzBMZyCBxdQh1toQBMYDOEJXuDVkc6z8+a8L1oLTj5zCL/gfHwDzdWNgA==</latexit>

p = 0

<latexit sha1_base64="GHrBjhyAsJmsZyDL60ZPvjjc97M="></latexit>

up(Y, x01, b) = u0(Y, x01, b)

(
1 + p

u1(Y, x01, b)

u0(Y, x01, b)
+ p2

u2(Y, x01, b)

u0(Y, x01, b)
+ · · ·

)

RC BK
<latexit sha1_base64="SablyYeBseqKUShWcA8BrfAVHzk=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWMV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ68Kr9UtmtuHOQVeLlpAw5Gv3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aVTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07RhuAtv7xKWtWKV6vU7i/L9Zs8jgKcwhlcgAdXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A+8MjPw=</latexit>
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Defining 

Ωζ

l - ls=0.01
l - ls=1
l - ls=10

1 2 3 4 5

0.5

1.0
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2.0

ζ

Ω
(ζ
,l
-
l s)

<latexit sha1_base64="tydq+RQjtWDM08af2amTiWaF7kE="></latexit>

!(0)(ω, l → ls) ↑ !(3)
ω (ω) + !→(ω, l → ls)

For the zero iteration it gives 

RC BK
<latexit sha1_base64="CxP+B1yh3eOZoeH1fDBwJ/1oi/0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa698775Ypbdecgf4mXkwrkaPTLn71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyYlVBiSMlS1pyFz9OZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PJf0jqrerVq7e6iUr/O4yjCERzDKXhwCXW4hQY0gUEIT/ACr87YeXbenPdFa8HJZw7hF5yPb/CQjP0=</latexit>
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And for the corrections it gives 
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Not only studying the homotopy approach to nonlinear 
QCD, but also studying the scaling variable in this case

RC BK
<latexit sha1_base64="hqW7WFhaZ6wJG2bTpYXJ2jZJaiE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04F32yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD/IUjP4=</latexit>
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RC BK
<latexit sha1_base64="lHoUh9jhSS2l6sf44pb0DbLfdD4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa69y765Ypbdecgf4mXkwrkaPTLn71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyYlVBiSMlS1pyFz9OZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PJf0jqrerVq7e68Ur/O4yjCERzDKXhwCXW4hQY0gUEIT/ACr87YeXbenPdFa8HJZw7hF5yPb/OYjP8=</latexit>
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RC BK
<latexit sha1_base64="3ev8N7igMhPRjA0NOW8wYCMT4lM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04NX65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq1au7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB/UcjQA=</latexit>
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Things to do
1.) Connect with BFKL solution for rQs(Y)<1 for a full 
picture, and compare with the fixed coupling case 
2.) Check once again the geometric scaling behavior 
(since the numerical solution shows geometric scaling it 
seems)
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Y=40
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 2*0.85
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Running coupling

)τN(

τ

(pictures from J. Albacete and Y. Kovchegov)

<latexit sha1_base64="oow5QyUs+/jXYL9q1jl5k7aXmVU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx6rWFtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSvVfvlytu1Z2DrBIvJxXI0eyXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCKz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV8nhR9WrV2t1lpXGdx1GEEziFc/CgDg24hSa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH/agjQE=</latexit>
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Thanks for listening!


