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—> quark of flavor j carries chemical potential f;
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thermal QCD

ﬁ put system at finite temperature and density

—> in equilibrium: euclidean time t = iT; extent 1/T

—> quark of flavor j carries chemical potential f;

ﬁ euclidean path integral:

Ny
Z(T, pj) = / DAe "W | det[D(u;)]
7=1
® Dirac operator

D(pj) =D+ mj+ py

® gluon action
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QCD phase diagram
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QCD thermodynamics
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ﬁ thermodynamics from p(T', ;) ~ log Z(T', 1) = equation of state

=» entropy density
» etc.

recall Z = tr e_%(ﬁ_“N)
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QCD thermodynamics
'R

ﬁ thermodynamics from p(T', ;) ~ log Z(T', 1) = equation of state

=» entropy density

® perturbation theory: p = O | O L e e = etc.
® |attice gauge theory: recall Z = tr e_%(ﬁ_“N)
<N> 0 T = 0
n; = Lo F ; NJ — ¢j7 %




QCD thermodynamics
a'h

ﬁ thermodynamics from p(T', ;) ~ log Z(T', 1) = equation of state

=» entropy density

® perturbation theory: p = O | O L e e ™ etc.
® |attice gauge theory: recall Z = tr e_%(ﬁ_“N)
(N;) Op c _ [ 7 0
J v 8#;‘ J . J J
,fermion Sign Problem:
@)
5 5
v°D(p;)7° = DT (—p;) > det D(p;) €

complex Boltzmann weight

v S '

“75 — hermiticity ~



phase-quenched QCD

ﬁ phase quenching: det D(uj) — | det D(,LL]')|



phase-quenched QCD

ﬁ phase quenching: det D(,uj) — | det D(,Lbj)|

Ny (assume 0qcp = 0)
e positive measure: e P4l H | det|D(15)]| > 0

j=1
no Sign Problem!

[Cohen, PRL ‘03]
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phase-quenched QC

ﬁ phase quenching: det D(,uj) — | det D(,Lbj)|

e positive measure: e P4l H | det|D(15)]| > 0

D

(assume 0qcp = 0)

j=1
no Sign Problem!

> Zpq(T, pnj) > Z(T, pj)

® QCD pressure bounded from above

[Cohen, PRL ‘03]

PPQ (Tv “J’) > p(T, Nj)
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phase-quenched QCD

det D(1;)| = y/det D(s;) det D(—p;)

® phase quenching: “half-species” of quarks

det D(u;)|" = det D(—p;)
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phase-quenched QCD

det D(1;)| = y/det D(s;) det D(—p;)

® phase quenching: “half-species” of quarks

® special case: ™M1 = My,

p1 = p2 —

det D(u;)|" = det D(—p;)

isospin QCD  p,, = — g

[lattice: Abbott et al., PRL ‘24]
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phase-quenched QCD

det D(1;)| = y/det D(s;) det D(—p;)

det D(u;)]* = det D(—p;)
® phase quenching: “half-species” of quarks

® special case: My = M3, (1 = W2 = isospinQCD y,, = —ugq

[lattice: Abbott et al., PRL 24]
ﬁ perturbation theory: a,(T, p;) < 1 g2

e PQ Feynman rule

\/ det D(p;) = exp {%tr log D(w)} (O Q )




phase-quenched QCD

Ap =ppg — P

e we know Ap >0
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phase-quenched QCD

Ap =ppg — P

e we know Ap >0

® PQ preserves C symmetry

Furry’s theorem
quark with (+u) = anti-quark with (—u)
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phase-quenched QCD

Ap =ppg — P

e we know Ap >0

Furry’s theorem
® PQ preserves C symmetry quark with (4+u) = anti-quark with (—u)

® perturbatively, tr (TaTbTC)fund. # tr (TaTch)anti_fund,
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phase-quenched QCD

Ap =ppg — P

e we know Ap >0

Furry’s theorem

® PQ preserves C symmetry quark with (4+u) = anti-quark with (—u)

® perturbatively, tr TaTbTC fund ;é tr

a brc
T T ant1 fund.
[Moore and Gorda, JHEP 23]

T = 0)

fully finiteat 7' =0
[PN, Paatelainen, Seppanen, PRD 24]
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phase-quenched QCD

Ap =ppg — P

e we know Ap >0

Furry’s theorem
® PQ preserves C symmetry quark with (4+u) = anti-quark with (—u)

® perturbatively, tr TaTbTC )funa. 7 tr (T aTch)antl fund.
[Moore and Gorda, JHEP ‘23]

(T = 0)
=0 - <£O oot o

1

,caveat potentially large quark-pairing contributions Appairing ~ PQ, Apq ~ g—56 75 ¢
© [Fujimoto, PRD ‘23]




evaluating Ap

ﬁ setup: U, d and s quarks in beta equilibrium at finite I’ d<u+te Ve
S<ru-+e +1,

l’l’u:l'l’d:/'lfsy HB::}/,LU e o o
TFQ ~ 40 — 110 MeV

C

(,LLB ~ 2.0 —3.0 GGV)
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evaluating Ap

ﬁ setup: U, d and s quarks in beta equilibrium at finite I’ d<u+te Ve
S<ru-+e +1,

Hu = Pd = ks, HB = Sfby
TFQ ~ 40 — 110 MeV

(,LLB ~ 2.0 —3.0 GGV)
palrmg

21



evaluating Ap

ﬁ setup: U, d and s quarks in beta equilibrium at finite I’ d<u+te Ve
S<>u—+e +1,

l’l’u:l'l’d:/vlfsy HBzgﬂu e o o
TFQ ~ 40 — 110 MeV

C

Ap — (}X) n % (up ~ 2.5 — 3.0 GeV)

® static low-momentum gluons at 7' > (0 source infrared divs.

Ao Aos “electrostatic QCD”
0

A AN A
: : ==~ iy tr (Ag)’

resummation ’
¥V 4
AO Ag [Hart et al. ‘O3] 22




evaluating Ap
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evaluating Ap

3

= a,(c1 + co log a)

e evaluated with thermal Loop Tree Duality:

[Catani et al.; JHEP ‘O8]
[Capatti et al.; PRL 19]

/6\ numerical Monte Carlo

framework

[PN, Paatelainen, Seppanen; PRD 24]

[Karkkainen, PN, Nurmela, Paatelainen,
Seppanen, Vuorinen; PRL 25]
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evaluating Ap
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evaluating Ap

N T S R e
O(as' ") \ §

® fullresultto O(azm):

Ap = ai(cl + colog as) + c;;ozz/z

[Gorda, PN, Sandbote, Paatelainen,

® check nonperturbative condition Ap > O Seppanen; 2511.09627]
— 26



conclusions

® thermal QCD relevant for compact stars, heavy-ion collisions and cosmology
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conclusions

® thermal QCD relevant for compact stars, heavy-ion collisions and cosmology

® try to get the best of lattice simulations and perturbation theory

p(T, uB) = ppq — Ap

g Vv

lattice pert. theory
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conclusions

® thermal QCD relevant for compact stars, heavy-ion collisions and cosmology

® try to get the best of lattice simulations and perturbation theory

.

Weak
Phase-quenched QCD coupling

p(T, uB) = ppq — Ap

—
S

~ with Ap correction
8 Lattice QCD
E simulations
N7 N7 < N
- — " Quark-qgluon
lattice pert. theory o [ » 9
O m? plasma
=
= k-
—

® room for systematic improvements on Ap

A Hadronic Color
O(Oés) - five loops! phase \ Superconductivity

Baryon chemical potential up

> 29
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thermal Loop Tree Duality

ﬁ goal: render a Feynman (sum)-integral locally finite and integrable in D=4

(Z) subtract ultraviolet divergences /6\well—known from vacuum QFT (R-gperation”)

(ZZ) subtract infrared divergences /6\ of thermal origin (use effective theories)

( ) integrate energy components via Residue theorem (original “Loop Tree Duality”)

(i’U) numerical Monte Carlo integration

O

T — (F _ CTF) + CTy defines the renormalization scheme

~



quark pairing

ﬁ ground state of QCD at high density is superconducting

(2SC, CFL phases, etc.) [Alford, Rajagopal, Wilczek
+ others, late ‘90s]
® condensation of Cooper pairs /6\
exponential suppression
ppairing(T < :U) ™~ :U’zAza A~ g—5e—c/g 1= 1GeV
[Son, PRD ‘99]

Ap = ppq — P + ADpairing

1
e 2-flavor isospin case: pairing enhancement APQ ~ 9—56_EC/9

[Fujimoto, PRD ‘23]

, PQ theory: potentially large pairing effects; however
O

TcPQ — 40 — 110 MeV S condensate melts [Gorda, PN,"Sandbote, Paatelainen,
Seppanen; 2511.09627] 33

(/LB —=25—-3 GGV)



