Regularization methods in four-point interaction theories:
handling magnetic field and chiral imbalance effects

William R. Tavares

Theoretical Physics Department - UER]
The presenting author is a FAPER]-postdoctoral fellow

28 November 2025

ol @
%, VERS & APERJ

a0 O
.

Second Latin American Workshop on Electromagnetic Effects in QCD - 24-28 November 2025
Pontificia Universidad Catélica de Chile: Campus San Jaoquin



Introduction

@00

VVVVyVyVVVYyVYYVYYVYY

Collaborators

Rudnei Ramos (UER])

Gastao Krein (IFT)

Marcus Benghi Pinto (UFSC)

Ricardo L. S. Farias (UFSM)

Sidney S. Avancini (UFSC)

Varese Timéteo (UNICAMP)

Noberto Scoccola (CNEA - Argentina)
Maximo Coppola (CNEA - Argentina)
Joana Sodré (CBPF/UFSC)

Tulio E. Restrepo (U. of Houston)
Rafael Pacheco (Ph.D student at UFSC)
Rodrigo Nunes (Ph.D student at UFSM)

2/61



Introduction
oeo

Regularization of four-point interaction theories

In the set of the two lectures we will study:

» First Lecture on 27 November: Handling Chiral Imbalance Effects

» |Second Lecture on 28 November: Handling Magnetic Field Effects

We will apply these effects in the two-flavor Nambu-Jona-Lasinio model'Z, however, several of
these procedures can be applied in other effective models or theories.

'Y. Nambuand G, ). Lasinio. Phys. Rev. 122, 345 — Published 1 April, 1961.
2y.Nambu and G, J. Lasinio. Phys. Rev. 124, 246 — Published 1 October, 1961
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Magnetic Fields in QCD
1. High Temperatures (noncentral HIC): eB ~ 10" Reacton 2/ 8 j
plane.
G at BNL (RHIC) and eB ~ 102° G at LHC (ALICE) . AN
2. High Densities (magnetars): eB ~ 10" G. y o
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Topright fig.: Incera, Ferrer Eur.Phys.).A 52 (2016) 8, 266. Bottom right fig.: Huang, X.-G. 2016 Rep. Prog. Phys. 79

076302. s



Introduction
0000

Lattice QCD in strong magnetic fields
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Right plot: V. Miransky, I. Shovykovy. Phys.Rept. 576 (2015) 1-209.
Left plot: G. Bali, F. Bruckmann, G. Endrddi, Z. Fodor, S. Katz, A. Schiffer. Phys.Rev.D 86 (2012)
071502 o
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Chiral Magnetic Effect - Physical Motivations

_ eMs fd3XB

» The chiral imbalance is the difference » Chiral Magnetic Effect1:

between right- and left-handed quarks.

> Event-by-event Cand CPviolating B é @
processes in heavy-ion collisions; Q;Eo@

(Adler-Jackiw anomaly — chiral : %@%

imbalanced medium)?; X o A
> chiral anomaly transport model*: r

~ s = 2.1T + /eB > 300MeV T

K. Fukushima, D. Kharzeev, H. Warringa. Phys.Rev.D 78 (2008) 074033
2D.J. Gross, R. D. Pisarski, and L. G. Yaffe, Rev. Mod. Phys. 53, 43 (1981).
2 H. Aoyama, H. Goldberg, and Z. Ryzak, Phys. Rev. Lett. 60,1902 (1988).
*Zilin Yuan, Anping Huang, Wen-Hao Zhou, Guo-Liang Ma and Mei Huang. Phys. Rev. C109, L031903
Figure: D. Kharzeev, L. Mclerran and H. Warringa. Nucl.Phys.A 803 (2008) 227-253
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QCD Phase Diagram

Temperature

Quark-Gluon
Plasma

Superconductor

P. Costa, M. Ferreira, C. Providéncia. PoS Hadron2017 (2018) 161
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Nambu—Jona-Lasinio model SU(2)

The lagrangian of the two-flavor NJL model given by
L= [iy"0, — m] ¢ + G [(Y1)* + (%75?1/1)2] ; (1)

> Basicdefinitions:the current quark masses matrix i = diag(m,, my) in which
m, = my = mo; T are the Pauli matrices; v is the spinor representing the quark fields
¥ = (¢y  14)"; Gisthe coupling constant and 1 is the quark chemical potential.
» This is a non-renormalizable model: the coupling constant G has dimension of MeV 2.
» This model has three parameters to set: the cutoff A, the current quark mass mg and the
coupling C.
The parameters are chosen in order to obtain the vacuum values of the pion decay constant,
- 1
fx &~ 93 MeV; the pion mass m, = 135 MeV and the quark condensate (iiu) ~ (—250)3 MeV.

S.P Klevansky. Rev.Mod.Phys. 64 (1992) 649-708
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Nambu—Jona-Lasinio SU(2): some details

To find the quark dispersion relation we start by looking to the functional generator:
7 7 = =26y — —2G (¢
Z:N/Ddel/Jexp [i/d“xﬁ(w,w)} = HS. = i @P 7 ()
T = —2GivsTY

where we performed the Hubbard-Stratanovich transformation (H.S.) with ¥ = 0 due to isospin
symmetry. The partition function becomes

Z—exp{ /d“x]exp[ /d“/ - TrepIn(p—m.—o)| . @A)

with N, = 3. Evaluating the trace over the flavor and Dirac indices using Tr In O = In Det O
ws(k) = Vk* + M2 where {M =my+o

OF —0.

The effective quark masses can be obtained by the minimization of the free energy, i.e., M=

/61
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Thermodynamic Potential ateB = 0

We will include temperature by means of the Matsubara formalism

[e’e) o) d3 w H w
/ ere (p07 p) = (’th p) (3)
o0 oo (27) = (2n+1)aT
The thermodynamics of this model will be evaluated through the partition function,
1
Z = exp [—B/(PX}"] , B= T 4)

where the Landau Free energy is given by F. Then the thermodynamic potential will be given by

_ M—mo) / ak 3 /°° ak _e)
F(T, ps) = i 2N Nf A (z7r)3w(k) 2NNfT Gy log (1 +e ) (5)

needs regularization!

where w(k) = v k? + M2
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Nambu—Jona-Lasinio model SU(2) with magnetic field

The SU(2) N]L Lagrangian with the inclusion of a constant external magnetic field is given by:

L= (B ) ¥+ [(P0) + BT o] = 3 Fu ®

with the current quark masses matrix i =diag(m,, m,) in the isospin symmetry approximation,
my, = my = m.

The covariant derivative is given by 9* — DH = (i0" — QA*); the electromagnetic field tensor
Fu = 04A, — 0,A,; and the charge matrix Q; =diag(2/3, —1/3)e. The gauge adopted are:

= ~
> AH = 6M2X1B, ( B = Bez);
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Energy solution of an electron in the presence of B = 0
G va(§)

\U(+)(t r) _ G, Vn(f) e_i5t+ipyy+,‘pzz

C3 Vn—1 (g)
Cava(8)
1

(eB)1/2 (x + py) va(€) = W Hu(€) e—2/2

The position where the oscillator wave functions are centered: 0 < fg < L
= 12eB
Yode Yog et Xogf e
Px n=

oo

2 2 eB
Vp)%;nz (271')3/ |4 WZ:;O[V: (Z’IT)Z [m Pz, (e 10
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Thermodynamic Potential at B # 0

We will include temperature by means of the Matsubara formalism

< d*p !qf\ sz po = iw,
/Oo (2m)* VZ Z/ o wy, = (v +1)7T 7

o0 h=0

The thermodynamics of this model will be evaluated through the partition function
1
Z = exp [—B/(PX}"] , B= T (8)

Then the thermo-magnetic part of the potential will be given by,
F™(eB,T) = F(eB) + F(B,T),ie.,

FM(T,eB) = —*ZZZIWI/ ) =Ty ZZZMHB/ )|0g( e

s==£1 f=uy n=0 si1f—un0

where wy s(k) = \/p§ + (2n —1+5)|ar|B + Mz,
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Landau Level Degeneracy

E(p.) Let’s take M = 0 in the energy relation

wn,s(Pz) = p; + 2|‘7f|B”/

inwhichn’ = (n + 12 -I-S%) .
» The lowest Landau level is spin polarized,
i.e.,wojf_1 = tp,

P

» However, the higher Landau levels are
twice degenerated

n=nand s=—1

n=n—1 and s=+1

Nl
AN

Fig: Igor Shovkovy’s Lecture on X1V International Workshop on Hadron Physics, Florianépolis, Brazil, 2018.
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Thermodynamic Potential at B # 0

Then we can rewrite the thermo-magnetic part of the potential

d oo
4 o dZ
FTM(T. ) —fZZan 18) [ o —rﬁrf_zwz_ganuqfw) | &

f=u n=0

_Wn(Pz)
(e )

where i, = 2 — 8,0 is the degeneracy factor and wy(p;) = /b2 + 2n|q¢|B + M?2. Here we also
observe the Dimensional Reduction from 3+1 D= 1+ 1D>.

ZNN/d3 Nciiaqu)/m"%(p) (©)
o (2m)? Zﬂ-funon f o (2m) TVE

"The physical reason of this reduction is the fact that the motion of charged particles is restricted in
directions perpendicular to the magnetic field>“.

3V.P. Gusynin, V.A. Miransky, I. Shovkovy. Nucl.Phys. B462 (1996) 249-290
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The gap equation

The gap equation, .F /OM¢ = 0, gives us the expression to evaluate the effective quark masses

6}" M — mo o0 sz M
oM~ 2G Zza” l9718) / (27) wa(ps)

ffun 0

dp, M 2 B
*on ZZO‘” 'qf'B/ )b 1+ enp (201)

funO

However, we have divergent contributions in the gap equation and in the free energy

. anlaley [ e M
ZZan \qf|B/ 2n) n(p2) ZZ n quls/ (2n) on(02)

fu"o funo

Divergence in the free energy Divergence in the gap equation

(10)

(1)
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Form-Factor regularization

The thermodynamical potential regularized with FFis given by

N, - > d
FeB) =5 Y (Y > [ e, s=+ 12

f=u,d n=0s==+1" "

where f,,f,S is the Form-Factor function. There are several possibilities

:
ff (N, eB) = : _
ns 1+ exp (((pz“l‘(qulB)(Zn;r'l—ssf)) / —/\))

N
ff (A, eB) A .

AN+ (p2 + (|as|eB)(2n + 1 — ssp))V/2

where A is the cutoff, N and A are extra parameters and sy = sign(qr).
S. Avancini, R. Farias, N. Scoccola and W. Tavares. Phys.Rev.D 99 (2019) 11,116002 (2019).
19/61
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Magnetic Field Independent Regularization

The magnetic field independent regularization is a regularization procedure used to separate
divergent contributions from the medium part.

» Inthe context of QED, this is similar to the subtraction of divergences *.

» Inthe context of effective models for QCD, it has been applied long time ago by Klimenko et.
al.®>, Shovkovy et. al., Avancini et. al/, among others.

» The name MFIR has been applied in the first time in the context of color-superconductivity 8.

When applied to non-renormalizable four-point theories, it enforces the regularization of the
medium-independent divergent contribution.

*]. Schwinger. Phys. Rev. 82, 664 (1951)

*D. Ebert and K. Klimenko, Nucl. Phys. A 728, 203 (2003)

¢]. Shovkovy. Lect.Notes Phys. 871 (2013) 13-49

’D. Menezes, M. Benghi Pinto, S. Avancini, A. Perez Martinez, and C. Provid"encia, Phys. Rev. C 79, 035807 (2009)

8p Allen, A.G. Grunfeld, N. N. Scoccola. Phys. Rev. D 92, 074041 (2015)
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Magnetic Field Independent Regularization

We will start by the divergent contribution in the free energy

d oo 0o
) = eSS anllle) [ Pl

f=u n=0

d oo 00
= Y- saal®) [ v

f=u n=0

— & d = ooﬂ B e ooﬂ
= o f:M(|‘7f|B) (2;/_00 (Zw)w”(pz) ;5,170 /_OO (Zw)w”(pz)> 14)
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Magnetic Field Independent Regularization

continuing...
F(CB) = _Z(|qf| )(Z/ (dﬂ-iz)wy'(pz)_/oo (dﬁ ( ))
. [~ b (5 2 > dp, p2 2
= ?f:M(MHB) _/OOE<Z\/PZ+M +2|qu|n> /OO +M

d [ oo
N, dp; 1/°° dp,
= = B 2%z J2]a¢|B - 2
— 2 _(lar[B) / - ( 7] ;o 2| f|B 2 ) ) Pz +

f=u e

2
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Magnetic Field Independent Regularization

Now we will define new variables

Mg
Xf = Zafl
q= L
\/2lar|B
d
dq — Pz
v/2as|B

then, we can rewrite our free energy as

d

F= S ate) [ V(Y v - LV

f=u

23/61
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Magnetic Field Independent Regularization

continuing...
2N, o da
7= 2 arley [/ (Zﬁ) N G B
f=u
Now we will make use of the dimensional regularization by using
< gk sea  T[A—d/2) 1
16
| G 41 = Gt gy 1o

which can be studied in more details in "Pierre Ramond. Field theory: a modern primer. Front.Phys. 74
(1989) 1-329”. We will considerA = —1/2and d = 1 — ¢, where we will take e — 0 at the end of
the calculation.

24/61
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Magnetic Field Independent Regularization

continuing...

n=0

_ 2N, d yqf\a M1+ ¢/2] 1 o
; 7 T3] Z(fo)‘1+§ 26, v

Making use of ['[—1/2] = —Zﬁ and the definition of the Hurwitz zeta function

Y (n+a)= =((s,a) (17)
n=0
which will change our result by
_ 2N (1—e)/2 [ [=1+ €/2] 1 ez
F=— > (ar1B)*(4m)~ —z\/% C(1+€/2%) = % (18)

f
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Magnetic Field Independent Regularization

continuing...

F= w\/—z a¢B)*(4m) = =AM [1 + ¢/2] {( 1+€/2,Xf)_%x1f_6/2] (19)
- =5 S o er) 2 e )= ] e

We will expand in e the above functions ® by using y¢ = 1+ € log(y) + O(€?) and the following
expressions

C(—1+€/2,x¢) = {(—1,%7) + 3¢ (=1, xp)e + O(€%) (19)

M—1+¢/2] = —% — 14+~ + O(e) (21)

°Lewis Ryder. Quantum Field Theory. Jun 6,1996 by Cambridge University Press
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Magnetic Field Independent Regularization

The relation with the Bernoulli Polynomials with the Hurwitz-Zeta function will be useful in this
step, by looking

Bn1(x)
_ S 22
() =~ @)
which, in particular,
) X ox 1
B,(x) = x —X+1/6.:>§(—1,x):—?+z+ﬁ. (23)
Then, we can conveniently write
2 2
Xf — X X 1 X
f €/2 f f — 4 € ?f Ian + C/(_17Xf) + 0(62) (26)

“14¢€/2,x7) — =+ =t X -
(T +e/2x0) = 5% PR

27/61
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Magnetic Field Independent Regularization

Therefore, we have expanded the term highlighted

. 2,:,:2 zf:(’(N‘B)z(47r)e/zr[_1 +e/2] [g(—1 +e€/2,x) — %XFG/Z}, (24)

and now we will expand
2
(47) /T [—1 + ¢/2] = == = In(4m) =1+ 7 + 0(c) 27)

which is obtained by the same procedure applied before.

28/61
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Magnetic Field Independent Regularization

We can now write

e xz2 Xz 2
(47T)6/2r[_1 +€/2] [ ( 1+6/2 Xf) ZXf /Z} = ?f + ?f('l —’yg+|n47r) — ?flnxf
—{'(- 1xf)——+ (75—1—|n47r)
+0(e) (25)

Now we can insert our result in the expression for the free energy

N,

]—"22

2 X2
Z(M 8)° [_f + X_f(1 — e+ In4m) — Xt Inxp — ¢'(—1,xf)

e 2 2
f (26)

1 1
—§+E(’YE—1—In47r)-I-O(e)
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Magnetic Field Independent Regularization

In order to regularize F we will subtract the vacuum free energy, i.e.,

Py
Fvac = _ZNCZ/W pz—i-M%
f

We can redefine p = q/+/2|q¢|B, in order to obtain

dq
Fuac = —8N¢ Zf:(|qf|3)z/ (2n)? V> + xf 32)

30/61
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Magnetic Field Independent Regularization

Using the dimensional regularization expression in the free energy of the vacuum, we identify
A = —1/2andd = 3 — e. Then, we get

— _8N Z |q |B 1 r(_ — ?’T) 1/2+(3_6)/2
Fuac f m)C-92  T(-1/2) Xf

(Ja¢1B)?x (47r)€/2r( + &)X
f

We can evaluate this equation as before, with the additional expression

N[=

(27)

_ 4
272

€ 1 1/3
r[—z+z] :g-l'z(z_’YE)"‘O(e) (28)
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Magnetic Field Independent Regularization

Then, explicitly applying dimension regularization to the vacuum free energy we will have

(am) M2 4 /b = (3 e+ |n47r> x40l @9
Therefore,
2 2 2
Fone = 2';’:2 zf:(yqf\s)z X?f + Xzf (% et |n47r) - % Inx¢ + O(e) (30)
Comparing with the magnetic field Free energy
F = Ne Z(Mf|3)2 {X—% + ﬁ(1 — Y+ In4m) — g xr — C' (=1, x¢)
2m? - € 2 2 @31

1 1
— — 4+ —(—-1—In47)+0
(e 1~ Inam) +0(¢)

32/61



Model Details
00000000000008000000

Magnetic Field Independent Regularization
The idea of the MFIR is to employ,

F(eB) = F(eB)+ (Fuac — Frac)
= (F(GB) - ]:mc) + Fvac

= .7:(@3) + Fuac (32)

where | have defined F =_.7-"(eB) — Fuac. At the end of the day we regularize just Fq.
So, our finite free energy F can be written as

_ N, 1 x2
F= =5 > (arB)? [¢'(=1.x7) = S0 —xp) Inxg +
f (33)

1 1
+§—E(’)’E—1 —In47r)+(’)(e)]
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Magnetic Field Independent Regularization

However F is not yet finite, since we still have a term

N,
ren __ B 34
=5 f<|qf|) - 34)

This contribution is mass-independent, and do not contribute to the gap equation 0.F /OM = 0.
Therefore we can drop this term'©.
Our final result for Fis

Fo-

= Z(Mle —T1,%f) — —( —Xf)|an+ (35)

D, Ebert and K. Klimenko, Nucl. Phys. A 728,203 (2003).
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Magnetic Field Independent Regularization

Therefore, our regularized free energy is given by

F = Foac + F(eB) + F(eB, T) (36)

where

Foac = ZNCZ/(Z )3 2+M2

XZ

F(eB) = — (la(B)* [C'(—fo) - %(X? — x¢) Inx¢ + Zf

f

d oo

N Pz wnlpz)
F(eB,T) = _TEZZO‘” |qf|B)/ Iog 14+e 7 )

f=u h=0

35/61
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Magnetic Field Independent Regularization

The regularization of the vacuum contribution can be, in principle, chosen by any usual method,

forinstance

2N, N dpp? 5
Frac = o Z/o (27r)3‘/p2 + M%, 3Dsharp cutoff

2N d
Foac = _2772 Z/ (pr)3 p? + MZ U(p,\) 3D soft-cutoff or Form-Factor Regularization

Froac = —2N, Z Z o / 71 /p* + MZ + «; Pauli-Villars Regularization

...and proper-time, 4D sharp-Cutoff among others. For detailed analysis, see Ref.(S.P. Klevansky,
Rev. Mod. Phys. 64, 649 (1992).)

37)
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The gap equation in the MFIR procedure

The only non-trivial evaluation in F /OM¢ = 0 is the derivative of the zeta function

0
8—XfC(Z7Xf) = —z((z 41, %), (38)
o 0 0 0
8_)(154 (_17Xf) - &a_xfg(zﬂ(f) —_ Oz ZC(Z + 17Xf) e’ 39)
where, we can use the following expressions
¢'(0,xf) = InT(x¢) — 1 In(27), Re(xf) > 0, (40)
(0, %) = 3 — xr = —Ba(xy), (47

Therefore
9 ,
7§ (1) = =C(00x7) + C'(0.7) = _(; - xf) + (ln M(x) — %ln(Zw)). (42)

37/61
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The gap equation in the MFIR procedure

The gap equation will be, at the end of the evaluation

 OF N OF(eB)  F(eB,T)
 OMf OMg¢ OM¢

(43)

where

a-7:vac_ _2N Z/
OMy \/W

= - > ML) (1) — inam) + 57— 321~y ).

d oo
OF (eB,T) N dp M
6(M o Z o (|ar|B) / zz s
f 0 ( 77)1 +e 7

fu"
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Regularization at B # 0 (MFIR) vs (hnMFIR)

t
v

0.5

MFIR

04 0.6 0.8 1.0
eB [GeV?)

nMFIR 4

A, +24)12

04
02

MFIR

02 0.4 0.6 0.8 Lo

¢B [GeV?]

0.0
0.0

Avancini, Farias, Scoccola,Tavares, Phys. Rev. D 99, 116002 (2019)

lusions
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Vacuum Magnetic Regularization

Let’s look again to the divergence we have eliminated in the MFIR procedure

N,
F=3 Z(Mf\B) (44)
f

This contribution is mass-independent, and do not contribute to the gap equation 9.5 /OM = 0.
Therefore we can drop this term"'. However, we can subtract a sum a term that cancels out this

divergence

1 (lalB)? (" dp p o o
F = - E then we apply dimensional regularization...
feld 36~ amt Jo (2m)7 g+ M2 PPy &
1 B Z B

P

"D. Ebert and K. Klimenko, Nucl. Phys. A728,203 (2003).
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Vacuum Magnetic Regularization

Therefore, we will have to employ in this procedure

F = (F — Ffod) + Feld

= F™ 4+ Frou (46)
where the remaining term, Fp.j4 is regularized by some usual method, for instance, 3D sharp
cutoff

1 (lar1B)* / p 1 (lar[B)* 1 AN 1 (arlB)? M
]:ﬁeld—3 e dppZ+M2_3 e | ( +M)O— 3 8n? ln/\2—|—M2' (47)
in order to avoid violation of the Goldstone Theorem'? we will expand the logarithmic term
1(|ar|B)* , M2 A WO N 3L:) S N
F = In— (14— — 40 48
feld T3 em "alUTa) T3iem M2 -+ (i) @8

"2 Avancini et al. Phys.Rev.D 103 (2021) 5, 056009
41/61
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Vacuum Magnetic Regularization

The thermodynamical potential in the VMR scheme at T = O is given by

M — m)?
F = —( 2c ) + Fuac + Field +.7:VMR(eB), (49)
MZ
Assuming the definitions : B = |q¢B| and x; = Z—Bff,we have
Nc(larIB)* [ ., 1., X
F(eB) —gu:d oz |6 (5hxe) = (% = xp) log x + - — (1 + log xf)
Nc(|as|B)* | M¢
]:ﬁeld = —ZWM /\75 (50)
f=u,d

and F 4 is the vacuum contribution which depends on the regularization scheme.
Avancini etal. Phys.Rev.D 103 (2021) 5, 056009
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Gap equation in VMR and MFIR

The thermodynamical potential in the VMR scheme is given by

M — 2
F = % + Fuac + 'Fﬁeld + ]'-(65), (51)

The gap equation is given by 90 FM = 0. Therefore, we have

anFIR afVMR

= oM = (PPYMIR = (p) MR (52)

which means

M = m — 2G(4py)) (53)

Avancini etal. Phys.Rev.D 103 (2021) 5, 056009
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Hadron Resonance Gas model + magnetic fields
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duction Model Details Examples

Hadron Resonance Gas model + magnetic fields

B Renormalized free energies

Here we give the renormalized free energy, eq. (3.19), for spins s = 0, 1/2 and 1, without
the pure magnetic energy B?/2,

1 , 2 g? log(z) + 1

AL0) = 5 (aB)? [c (~1z+1/2) + - = - logla) + %] ,
-1 x 22 a2 log(x) + 1

Ao (1/2) = LB ¢ (L) +  loglo) + I = G dor(e) — L

AfYEE(1) = %((;B)E l(l(fl, r—1/2) + é(.r. +1/2)log(z +1/2)

+ %(I —1/2)log(x — 1/2) + f; - glog(x) _qloe@+1 1] .

24
(B.1)

where we made use of the identity of eq. (A.8).

In the VMR, we have the same fermionic contribution as obtained in the HRG.

Conclusions
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SU(2) NJL model with eB and quark AMM

The SU(2) N]L Lagrangian with quark AMM and a constant magnetic field is given by:

L=y <izz5 — i+ ;aFﬂ”aW> ¥+ G [(00) + (Pis Tv)] — %F*“’FW, 54)

with the current quark masses matrix i =diag(m,, m,) in the isospin symmetry approximation,
my, = my = m.

The covariant derivative is given by O* — D* = (i0* — Q,A"); the electromagnetic field tensor
isdefinedas F,,, = 0,A, — 0,A, and the charge matrix Q; =diag(2/3, —1/3)e. The gauge
adoptedisA, = 0,,xB, (B = Bg,).

The AMM factor is a=diag(a,, a4) with ar = qrovrfis. In the one-loop level approximation, the
previous quantities are given by

Oéeq,% 1 e

, Qe HB = (- (55)

af = = —,
2m 137 M
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Some results of quark AMM in the NJL model

(a) u=0MeV, T=0MeV

Examples
0®00

| Chaudhuri, etal. Phys.Rev.D 99 (2019) 11,116025

0 T =50 MeV
700f — =— Ky =const w T S0MeV ——
__ 600 ko = const T=150MeV — —
>
2 500 320w k#0,1,=0
= %\ ~
§ 40 = 240
S 300 s .
W 160 s
£ 200 b
100 80 S
o == oL® ) ‘ ‘ .
0.0 0.2 0.4 0.6 0.8 0 0.04 0.08 0.12 0.16 02
eB (GeV?) ¢B (GeV?)

Sh. Fayazbakhsh, et al. Phys.Rev.D 90 (2014) 10,105030
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a(eB)[MeV]

Model Details

0000000000000 00O00OO0OO00O00000OO000000

Some results of quark AMM in the NJL model

T=0MeV

Ky =xy =0GeV—!
£, =020 6GeV ', k=0353986GeV-!

0.5GeV ™!
=0.7Gev

0.0

0.4 06 08 1.0
eB[GeV?)

(a)

Examples
00®0000000000

=iy =0GeV-!

T =0MeV, eB=0.45GeV*

0 100 200 300 400 500 600 700
o[MeV]

| Mamiya Kawaguchi and Mei Huang. Chin.Phys.C 47 (2023) 6, 064103

(b)

Conclusions

[e]e]e}
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nVMR vs VMR results: eB # 0 with AMM=# 0

‘ Farias, R.L.S, Tavares, W.R. et al. Eur. Phys. ]. C (2022) 82:674 ‘
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0

0.35 : : : : :
0.00 0.05 010 0.15 020 0.25 0.30

55 L 120000 Gev - «!¥
-~ T=0.000 GeV - «!?
50] “
---T=0.000 GeV - «!0
A45¢ _.....—-—"
e
AO0F sz

eB [GeV?]

0.50
- T=0.140 GeV - « ¥

_ 0450 1-0.140 Gev - «I2
E oo} 00 GV - Wl -
s o —";:

0.35) oz

0.30

0.00 005 010 015 020 0.25 0.30
eB [GeV?]
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Regularizationat T # O (TRPT)

TRPT : Thermomagnetic Regulated Proper-Time (with A\);
SPT : Standard proper-Time (without A);

N2
Q(8,T, M) = ("/'46”“) + w(B,M) + w(B, T, M),

d 2 .
N @ ~STa 5 (1 i8]
(B, T, M) = ] Z |a¢1B) /wl a¢ " coth(s)s (5., ) = TRPT,
ds —s M ilqrB
w(B, T,M) = Z |ar|B) / —e 1l coth(s)fs <2 4| le> — SPT,
f=u
~ (1 ilqrB Bl 30 -1
(3 ') ~{ Sy foco (v 2 )] Lo

27 4msT?

n=1
50/61

Sidney S. Avancini etal., Phys. Rev. D103, 056009, (2021).
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Examples
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The parametersetis: A = 675 MeV and m = 3.5 MeV. The coupling was chosen in order to
reproduce IMC in the quark condensate

| eB[GeV?] [ VMRand MFIR | SPT and TRPT

0.0
0.2
0.4
0.6

5.83200
5.05349
3.74477
2.69719

5.83200
5.19413
4.05506
3.05269

Table: G(B)A? values for the four different

regularization prescriptions.

\ G. Endrédi and G. Marké, JHEPOS, 036 (2019) \

Sidney S. Avancini et al., Phys. Rev. D103, 056009, (2021).

_ oP

p=—0Q,

AP = P(T7 B) — P(O, B),
S

C, = Tﬁ ,
op S

2 _ Y97 _ 2

G = 0 G,

M = dpP/8B.

(57)

(58)
(59)

(60)
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Reduced Pressure
5 <l 1.5 d 15
0.05 0.10 ;—‘l ')[GEV] 0.20 0.25 0.30 0.05 0.10 ;—‘13[Gev] 0.20 0.25 0.30 0.05 0.10 ;J;[Gev] 0.20 0.25 0.30
wf :M:?E ‘ AteB = 0 — Pedro Costa et al., Symmetry 2 (2010) 1338-1374. ‘
B [ AteB = 0 — Pedro Costa et al., Phys.Rev.D 81 (2010) 016007. |
‘ Sidney S. Avancini etal., Phys. Rev. D103, 056009, (2021). ‘
0.05 0.10 %‘V)[GEV] 0.20 0.25 0.30

AteB = 0 this has been explored in the first two references
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Model Details Examples
000000000000 00000O00O00000000000000000 000000000000

Magnetizationvs T

Introduction
00000000
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0.0050
0.0025
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—
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~0.0100
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Renormalized Magnetization

0.30

— T=0Gev G(0)
0.0025F - T=02GeV
— T=025 GeV
5 0.0020
>
v
O 0.0015
g 0.0010
0.0005
0.0000 =t
0.00 0.05 0.10 015 020 025
2
eB [GeV7]
0.014
—— B=02GeV* G(0)
0.012 B =04 GeV?
——- B=06GeV*
0.010
Y T
2 0.008
2.
© 0.006 Ss
2 0.004 -
0.002 ﬁ/
0.000

0.10

0.15

T [GeV]

0.20

0.25

0.30

M = M — (B)? lim -8

e8>0 (eB)? '
\G.S. Balietal JHEP 04 (2013)130\

Obs: A constant G was adopted in this work.

(63)

The M" with G(B, T) is obtained in the SU(3)
NJL model:Tavares, W.R., Farias, R.L.S. et al.
Eur. Phys. ). A57,278 (2021).

For more discussions about G(B, T) see: Farias,
R.L.S., Timéteo, V.S., Avancini, S.S. et al. Eur.
Phys.]. A53,101(2017).

‘ Sidney S. Avancini et al., Phys. Rev. D103, 056009, (2021).
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R malized M ization in NJLSU(3)+G(B,T
enormalized Magnetization in NJ (3)+G(B,T)
T=0
T T 17 T T T T
150 — B=00GeV’ = LQCD —HRG L
B =02GeV a-u NJL SUG) G(eB, D) L0F  |= GEeBT=0) , j
- . 2 160 4 HK parametrization ,
eB =04 GeV, ) - G(0,0) ’ g
o RN " eB=06GeV | = o « LQCD - JRe
=100 . 1% : X -
° ‘gf z 205 PP 1
o £, ’ ] -
0.50 NG K =
140 1565 - 00| i
0.00 , , , . . . .
0 130 140 3 : X ) 02 03 _ 04 05 06
T[MeV] 2

eB[GeV’]

2 [GeV?] x 10°

eB[GeV’]

eB[GeV’]

Tavares W., Farias R. Avancini S. Timéteo V., Pinto M. Krein G..Eur.Phys.).A 57 (2021) 9, 278
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Mesons in NJLwith eB # O

@) = - [ L5 ol P50y RSk + )
Unlg) = Q) Hhed T YT q)l,
1 d*k I

;Hg(q2)= f Gyt TrenlS S Kk + ).

1 d*k _ _
I g) = f Gy Treol TS EY TS (ke + gl
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Mesons in NJL with eB # 0 —nMFIR procedures

p=0MeV ] —
25f | =— ¢B=0.3GeV? 3sf J
— — B =05 GeV?
20f | === ¢B=0.7GeV’ 30f E

— S,=1 for neutral p
25f  ---- §,=0 for neutral p
-—- S,=0 for charged p

M, [GeV*]

0 100 200 300 400

eB[GeV?]

Right:Hao Liu, Lang Yu, Mei Huang. Phys. Rev. D 91, 014017 (2015).

Left:Sh. Fayazbakhsh, S. Sadeghian, and N. Sadooghi .Phys. Rev. D 86, 085042 (2012).
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Mesons in NJL with eB = 0— MFIR procedures

o 18 T :
. e = — "
- N Toast P=n R
C‘.i e Point-like
= = 121 m Ref [41] -]
£ < oo © Ref
e !
E“ @ 0.6
~E
0.7 —— " meson mass with 5,=0 ; Hoost
----- " meson mass with s,=1
5 -v=:- ¢ meson mass i S S S ' o o o0 o5 10
0'6.0 0.1 0.2 0.3 0.4 0.5 o 02 0.4 06 038 1 12 14 . N : N : .

eB[GeV?] eB [GeVY]

Avacini S, Farias R., Timéteo V., Tavares W.Nucl.Phys.B 981 (2022) 115862
Avancini S., Farias R., Pinto M., Timéteo V., Tavares W.Phys.Lett.B 767 (2017) 247-25.
AvanciniS., Coppola M., Scoccola N., Sodré]. Phys.Rev.D 104 (2021) 9, 094040
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Summary
Magnetic Fieldsin QCD
» Magnetic Fields: We expect very strong magnetic fields in noncentral HIC, magnetars and
the primordial universe.
Regularization
» nonMFIR procedures: Is a set of regularization prescriptions that does not separate the
vacuum from the magnetic field. Usually, makes use of Form-Factors.

» MFIR procedure: Is a regularization prescription, originally performed in QED defined as a
subtraction of divergences. For effective model purposes, the separation of vacuum and

magnetic field contributions is performed, and one regularizes just the remaining divergent
contribution.

» VMR procedure: Is a regularization prescription based on MFIR, thatincludes a
mass-independent vacuum-magnetic contribution in the free energy.
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Conclusions

» MFIR vesus non-MFIR: The MFIR procedure avoids that regularization artifacts that
changes several physical quantities, e.g., meson masses, magnetization among others.

> Examplesin literature: This procedure has been applied in the context meson masses,
thermodynamics, decay of neutral mesons among others.

> Future applications: This procedure can be interesting to separate divergences in
renormalizable theories and beyond mean field approaches.
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