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Introduction. Homogeneous Lorentz Group

The Homogeneous Lorentz Group (HLG) is the group O(1,3), whose elements, L*,, are defined
by

Lupg/,uijo = 8po- (1)
This group can be separated into 4 disconnected components:

o Proper ortochronous: detlL = 1 & L% > 0. It's the subgroup SO*(1,3), aka Restricted
Lorentz Group (RLG). lts elements are A#,,.

o Improper ortochronous: detl = —1 & L% > 0. lts elements are
[PA]*,, P =Diag(1,-1,—-1,—1). (2)
o Improper heterochronous: detl = —1 & L% < 0. lts elements are
[TA]HI_/7 T:Diag(flzlvlvl)' (3)

o Proper heterochronous: detL =1 & L% < 0. Its elements are

[PTA",, PT =Diag(-1,-1,—-1,-1). (4)
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Introduction. Homogeneous Lorentz Group

In general, the RLG is a six-parameter Lie group whose elements can be written as
A(O, p) = exp [—éﬂ,wﬂ“’] (5)
where the generators JHV satisfy the algebra
[, JP7) = (P I — 0 77 g IO — gt ), (6)
It can be rewritten as
[J, M) =ielk Jk, [V, K] =ie Kk, KT, K] = — ik Jk, (7)
where J/ = %a‘jkﬂk, K’ = J0. Defining the operators A, B as

A:%(J—iK), B:%(J-ﬁ-iK), )

it simplifies to two copies of the SU(2) algebra
[A], Al] =ielk Ak, [AT B/] =0, [B', B/] =i B, (9)

In this sense
S0™(1,3) ~ SU(2)4 ® SU(2)5 (10)
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Introduction. Homogeneous Lorentz Group

The irreps of the RLG are therefore
o Defined by (a, b), where a,b=10,1/2,1,3/2,---.
@ Have dimension (2a + 1)(2b + 1).
o Have eigenstates {|a, b, ma, mp) = |a, ma) |b, mp)}, with

A2|av m3> :a(a+1)|av ma> Bz|b7 mb> :b(b+1)|b7 mb> (11)
As|a, ma) =m;|a, ma) Bs |b, mp) =my |b, myp,) (12)
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Introduction. Homogeneous Lorentz Group

There is an infinite number of irreps for the RLG, however, the Standard Model only uses a few of
them:

e (0,0): Higgs.
° (3

0), (o, ): Leptons and quarks.
(% %) Gauge bosons.

In this presentation we will work with spin-1/2 fields belonging to the (2,0) @ (0, ) rep.
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Introduction. Spin-1/2 field: KG vs Dirac

A field ¢ € (%,0) @ (0, %) has spin-1/2. Its free dynamics are conventionally described by the
Dirac equation

(i7" — m)ip(x) = 0. (13)

@ Dirac solution = KG solution.
Every solution of the Dirac equation is a solution to the Klein-Gordon (KG) equation

(—iv" 8y — m)(iv* 8y, — m)(x) =(8% + m?)y(x) = 0. (14)

o KG solution # Dirac solution.
The converse is not true, i.e. not every solution of the KG equation solves the Dirac equation.
However, the most general solution to the KG can be split into two Dirac solutions!

w:% (H%)%L%(1—%)w:%(1+%>w+w5% <1+%>w5w:w1+w5w2
(15)

Is it possible to describe the free dynamics of a spin-1/2 field ) € (%,0) @ (0, %) by using just
the KG equation?

= Second order spin-1/2 field

IN. Cufaro Petroni et al. “Second order wave equation for spin 1/2 fields". In: Phys. Rev. D 31 (1985), pp. 3157-3161. Dol
10.1103/PhysRevD.31.3157.
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Second order spin-1/2 fermions. Naive hermitian theory

The Lagrangian for the second order spin-1/2 field i) € (%, 0) & (0, %) is
£= 0450, — mP Ty,
where the Dirac dual is ) = 1T~%. The conjugated momenta Ty, Ty are

oL Y

Top =2 n N — 127 n
7 o(a0w) T 0(90)
Observations
o The field has 8 degrees of freedom, twice those of the Dirac field.

© The mass dimension of this field is 1, not the 3/2 dimension of the Dirac field.

(16)

(17)
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Second order spin-1/2 fermions. Naive hermitian theory

The Dirac decomposition of the field is

(1 +7%12) S (18)

V= Vom

1
v2m

—ip- 1 2 ip-
[allr,s + 3127,575] upse” P+ [bp:rs +b TS’YS] vp,se' X}

)
PO:Ep

1 d3p 2
w0 *\/ﬂ/ (2m)3,/2E, sz:; {

17 2t 5| Lipx 4 o 1 2 5] ,—ip-x
["p,s — dp,sY ] P  +Vps |bp s —bp 77| € pO—E,
=Ep

-1 d3p 2 _
v _\/ﬂ/ (2r)3\/2E, ; {”"'5

The canonical quantization starts by imposing anticommutation (fermionic) relations at equal times

{Walx, 1), my 5 (v, 6)} = = {Balx, ), 75,43, 8) } = 8268 (x — y), (19)

which imply anticommutation relations with the wrong sign = negative-norm states
{35 2!} =(2m)°6:0% (p — a). (b5, bl } =(2m)*66C (p — @), (20)
{95520l } =—(27)*050%) (p — ), {Bp.o: balr} ==(2m)*56(p — @) (21)

Naive hermitian theory ill-defined

It has been shown recently? that this problem can be fixed, and the second order spin-1/2 field
can be consistently quantized as a pseudohermitian QFT.

2Rodolfo Ferro-Hernandez et al. “Quantization of second-order fermions”. In: Phys. Rev. D 109 (8 Apr. 2024), p. 085003. DOI:
10.1103/PhysRevD.109.085003. URL: https://link.aps.org/doi/10.1103/PhysRevDi 109085003+
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Second order spin-1/2 fermions. Pseudohermitian theory

3

Pseudohermiticity in quantum theories was proposed and studied in>. An operator H is pseudo-

hermitian if it satisfies
H# =n~'H'n=H, (22)
where 7 is a linear and invertible operator. By redefining the inner product between two states as

(a(1)|b(t)),, = (a(t)Inlb(t)), (23)

two features emerge:

@ The probability amplitudes are preserved in time
(a(t)|b(t)),, = (ale™™" *ne™|b) = (alne™""e™|b) = (a|b),, . (24)
o The energy spectrum is real
(E — E*)(ag|ae), = (ae| (nH — H'n) |ag) = 0. (25)

where |ag) are energy eigenestates: H|ag) = E |ag).

3 Ali Mostafazadeh. “Pseudo-Hermiticity versus PT symmetry: The necessary condition for the reality of the spectrum of a
non-Hermitian Hamiltonian”. In: Journal of Mathematical Physics 43.1 (Jan. 2002), pp. 205-214. 1ssN: 0022-2488. por:
10.1063/1.1418246. eprint: https://pubs.aip.org/aip/jmp/article-pdf/43/1/205/19019524/205\_1\_online.pdf. URI
https://doi.org/10.1063/1.1418246.
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Second order spin-1/2 fermions. Pseudohermitian theory

The second order spin-1/2 field theory can be turned pseudohermitian by redefining the dual of the
field v as ¥
b =n" g, £ =00, — m*y, Lr=n"tLin=L (26)

The fields are now

+ alzi,s'YS] ”p,seiip'x + [blliTs + bI%TS’YS] Vp,seip'x} )

1 d 2
O = ;E;{[az,s

13127]:57775] ePx

(x) ) a
F / (27r)3\/2T,, Z{ ps [ 5k =
+7p,s [n’ by 51 — n’lbﬁ,snﬂ e”"”}-
Defining the action of 7 on the creation/anihilation operators as

—1,1 2t 71b1’r -12 2 71b21 _b2f

1
N “apsT =aps, s = prsv N "dps =—3ps n p,sTl = Dps;, (27)

the dual becomes

[a,, s+ast’Y ] x4 g, [b;7s+b‘2,7575] e—ip-x}. (28)

(X) \/7/ 271')3\/EZ{UP’

An explicit expression for this operator 7 is

. 2 B2
n =exp [m/ 2m) 2 Z <astaz 2 bﬁys):|, nt =n n'n=1. (29)
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Second order spin-1/2 fermions. Pseudohermitian theory

The Lagrangian is now . _
L= 0"y — m* P,

where ¢) = n~4m. The conjugated momenta Ty, T, are

or s FY
™ o) T ol

The canonical anticommutation relations at equal times

{ax £),myp(y, )} = = {Balx, 00,75, (v, O} = i8260@) (x — y),

imply now the anticommutation relations with the right sign = no negative-norm states

{al ., agl} =(21)%6.:6®) (p — q), {b} 5, bah} =(27)36,:63) (p — q),
{22, a5} =(21)%6.:6% (p — q), (b2 ., byl } =(2m)%6563) (p — ).

(30)

(31)

(32)

(33)
(34)
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Second order spin-1/2 fermions. Pseudohermitian theory

In addition, this pseudohermitian QFT has the following features

@ Microcausality

{¥a(x), P6(0)} =A(x = ¥)0ab,  {¥a(x), (1)} =0,  {ha(x),¥s(¥)} =0,

where A(x — y) is the Lorentz invariant and causal Schwinger's Green function

d®p : .
Alx — y) = —ip-(x—y) _ gip-(x—y)
(x=y) / (2r)32E, [e e ]

@ Hamiltonian

H=: / o (00000t + Drbr + mP)

o o 1 41 21 b2
/(2,T)3 qZ{aqraq,"‘aqraqr"'b rbg,r + by, by }

o Momentum

RY
Il

- / Px (901218;111 + )

1 2 1 2
/(27r)3q > {adhag, +aglal, + bal by, + bl 0, )
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Second order spin-1/2 fermions. Pseudohermitian theory

U(1)-charge

*x (Boow — dovbe) -

I
=
Q

Qua) =

Bq gt 2% 2 1t 1 g2t g2 (39)
:/ (27)3 Z {awaq -+ ag,rag,r — bg,rbg , — bq,rbq,r}
p

@ Discrete symmetries
Ph(x)P~H = in%u(Px),  CH()CTI=CdT(x),  TY()T 1 =Cr°u(Tx),

where C = —iy?~%. The theory is invariant under C, P, and T.

o Can have dimension-4 fermion self-interactions
Lo =22 (30) 4 22 (3%0) (3%0) + 2 (9M0) (SMuw) — (40)

o Renormalizable. It has been shown in* that its electrodynamics and self-interactions are
renormalizable at one-loop.

4Carlos A. Vaquera-Araujo, Mauro Napsuciale, and René Angeles-Martinez. “Renormalization of the QED of self-interacting
second order spin 1/2 fermions.”. In: Journal of High Energy Physics 2013.1 (Jan. 2013), p. 11. 1ssx: 1029-8479. Dol
10.1007/JHEP01(2013)011. URL: https://doi.org/10.1007/JHEP01(2013)011.

R-P, D-S, V-A (UGTO, UAZ) Second order spin-1/2 bosons RADPyC 2025 May 23rd, 2025


https://doi.org/10.1007/JHEP01(2013)011
https://doi.org/10.1007/JHEP01(2013)011

Outline

© Second order spin-1/2 bosons

Second order spin: 25 May 23rd, -



Second order spin-1/2 bosons. Naive hermitian theory

What happens if we try to quantize the second-order spin-1/2 field with bosonic statistics

instead of the fermionic one?

The Lagrangian for the second order spin-1/2 field 1) € (%, 0) & (0, %) is

L = H POyt — m* Py,
where the Dirac dual is ) = 1)T~%. The conjugated momenta Ty, T are
oL = oL .
Ty =——— =, T = :'¢v
v a(00w) " 0(00%)

Observations
@ The field has 8 degrees of freedom, twice those of the Dirac field.
o The mass dimension of this field is 1, not the 3/2 dimension of the Dirac field.

(41)

(42)
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Second order spin-1/2 bosons. Naive hermitian theory

What happens if we try to quantize the second-order spin-1/2 field with bosonic statistics
instead of the fermionic one?

Dirac decomposition of the field

(Y1 + %), P :i (1 — ¥27°) s (43)

V= V2m

1
v2m

[ p,s T ap s ] up,se” P+ [b + bp s ] Vp,se'p.x} =g,

Y(x) = F/(%r EZ{

P(x) = ! / a’p Z {Ep s [a”s - 32275] P 4 p s [bl — b2 75] ef"p‘x}’ .

This time we impose commutation (bosonic) relations at equal times

[Va(x, ), 7,60y, )] = [Balx, ), 75 (3, 8)] = 160680 (x — ), (44)

which imply commutation relations with the wrong sign = negative-norm states
[ap.s ag!r] =(27)*55:6P)(p — q), [bp, -b”r] =—(2)°5:5(p —q),  (45)
(45, aalr] =—(2m)*6::6(p — q), (b7, b3\] =(27)*55r6) (p — a). (46)

Naive hermitian theory ill-defined

Let’s try the same recipe: pseudohermitian QFT.
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Second order spin-1/2 bosons. Pseudohermitian theory

Let’s turn the theory pseudohermitian by redefining the dual P as
Wb =04, L =0")0utp — m*p, LF=n"tty=c.  (47)
The fields are

[ p,s T ap,S'V ] Up,se x4 [b;Ts + bIZ’TSVS] prseip'x} )

¥ F/(zw)WEZ{

—1_2¢ ] ip-x

-1
\/7 / (27r)3\/ﬁ Z{ tp.s [ a"’sn T 3Ty
+Tp,s [ B on — 0 1bE ®] TP}
Defining the action of 1 on the creation/anihilation operators as

— — 1 — —1,2
n ! ;1;,577 ,13,5’ 1bp,s77 __prsu n 13;21,577 :_3;21,57 1prs77 b )59 (48)

the dual becomes
0= | e 3 (o o] 5 s, 4 83,7] 7). ()
p

An explicit expression for this operator 7 is

o [P 2 22 4l pl t i
n=ep |in [ 553 > (ap sa5 s+ bplsb, ) , nt =n nfn=1.  (50)
s
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Second order spin-1/2 bosons. Pseudohermitian theory

The Klein-Gordon Lagrangian is now
L= "oy — m* P, (51)
where 1/3 = n~1¢mn. The conjugated momenta Ty, T, are

oL R oL :
T :W:@b, T = = . (52)

The canonical commutation relations at equal times

[a(x, €), 76y, )] = [Balx, 8), 75, (v, 8)] = id066)(x — ), (53)
imply now the commutation relations with the right sign = no negative-norm states

E a.l,tl =(2m)355:6® (p — q), (b . bgir] =(27)*6:6 (p — q), (54)
[a2 ., a5 ] =(27m)335:6®) (p — q), [b%s,bsi,l =(2m)%55:6® (p — q). (55)
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Second order spin-1/2 bosons. Pseudohermitian theory

In addition, this pseudohermitian QFT has the following features

@ Microcausality

[Wa(x), Db ()] =A(x — y)8ap,  [Wa(x),¥s(y)] =0, [$a(x),%p(y)] =0,  (56)

where A(x — y) is the Lorentz invariant and causal Schwinger's Green function

d®p : .
Alx — y) = —ip-(x=y) _ gip-(x—y) 7
== [ GayaE, | e )] (57)

@ Hamiltonian

H=: / o (00000t + Drbr + mP)

(58)
2t 2 1t 41 21 b2
/(27r)3 qg {aq,a% + ag)rag,r + by, bg,r + bylrbyg }

o Momentum

RY
Il

- / Px (901218;111 + )
(59)

1 2 1 2
/(27r)3q > {adhag, +aglal, + bal by, + bl 0, )
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Second order spin-1/2 bosons. Pseudohermitian theory

o U(1)-charge

Quay = i/d3X @301/) - 301/3111) :

(60)
21 2 17 /1 21 42
/ (2n)? & E : {aq r3q,r + 3qlrdg, — bglrbg, — qurbq»r}

o Discrete symmetries
PU()P = i"p(Px),  Cu(x)Ct=CdT(x),  Tu()T ! =Cryy(Tx),

where C = —iy?~%. The theory is invariant under C, P, and T.

@ Can have dimension-4 boson self-interactions

Lo =22 (30) 4 22 (3%0) (3°0) + 2 (9m0) (SMuw)  (61)
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Conclusions

Second-order spin-1/2 bosonic naive hermitian theory:
@ Suffers from a similar problem as the fermionic one: indefinite metric. Inconsistent QFT.
Alternative approach: pseudohermiticity
@ Introduce pseudohermiticity by defining a new dual 7,?) = n~4n where
1N = exp [inf % > (a,ZJsta2 + ler b}, )] L# =n~1Ltn=L.
Second-order spin-1/2 bosonic pseudohermitian theory:

o Well defined pseudohermitian QFT: no negative-norm states, causal theory, real energy spec-
trum, unitary time evolution, Hamiltonian bounded from below, C,P,T invariant.

@ The field has 8 degrees of freedom.

@ Since the field has mass dimension one, the theory can have renormalizable self-interactions.

567

o Evades spin-statistics connection. This point has been studied before in>®, within the context

of pseudohermitian QFTs.

5André LeClair and Matthias Neubert. “Semi-Lorentz invariance, unitarity, and critical exponents of symplectic fermion
models”. In: Journal of High Energy Physics 2007.10 (Oct. 2007), p. 027. po1: 10.1088/1126-6708/2007/10/027. URI
https://dx.doi.org/10.1088/1126-6708/2007/10/027.

6Dharam Vir Ahluwalia and Cheng-Yang Lee. “Spin-half bosons with mass dimension three-half: Evading the spin-statistics
theorem”. In: Europhysics Letters 140.2 (Oct. 2022), p. 24001. poI: 10.1209/0295-5075/ac97bd. URL:
https://dx.doi.org/10.1209/0295-5075/ac97bd.

"Dharam Vir Ahluwalia et al. “Irreducible representations of the Poincaré group with reflections and two-fold Wigner
degeneracy”. In: Journal of High Energy Physics 2024.4 (Apr. 2024), p. 75. 1ssN: 1029-8479. por: 10.1007/JHEP04(2024)075
URL: https://doi.org/10.1007/JHEP04(2024)075.

Second order spi


https://doi.org/10.1088/1126-6708/2007/10/027
https://dx.doi.org/10.1088/1126-6708/2007/10/027
https://doi.org/10.1209/0295-5075/ac97bd
https://dx.doi.org/10.1209/0295-5075/ac97bd
https://doi.org/10.1007/JHEP04(2024)075
https://doi.org/10.1007/JHEP04(2024)075

Thanks

Second order spin: 25 May 23rd, -



	Introduction
	Homogeneous Lorentz Group
	Spin-1/2 field: KG vs Dirac

	Second order spin-1/2 fermions
	Naive hermitian theory
	Pseudohermitian theory

	Second order spin-1/2 bosons
	Naive hermitian theory
	Pseudohermitian theory

	Conclusions

