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KM Formalism

The following calculations extend the results of the paper published on
1992 by Kiihn and Mirkes (KM), [1], which is based in the study of the
structure functions for the semileptonic decay 7 — 3hv, for any light

mesons h in the context of a general V-A Fermi-like theory whose
amplitude is given by

cosf.] G
= H,M*
M {sin 0. } V2
MH =1(p, s, )V (ev — eays)u(P,s)
H* = <7ri7rj7rk\5’)’“(1 - 75)”’0> (1)
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Figure: Definition of Euler Angles (left), Non-relativistic ilustration of v, 6, 7
(right)
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Euler Angles

The frames S and S’ will be related by the rotation

X = R(a, B,7)X, (2)

with R(a, B.77) given by the product of the matrices

cosy siny O cosS 0 —sinvy cosa  sina 0
—siny cosy O 0 1 0 —sina cosa 0
0 0 1 siny 0 cosvy 0 0 1

with the angles defined by the relations:

@ cosf =i -,

v ’ﬁL X ﬁ]_’,
B (7 X Pt
o cosa = (AL > i) - (AL x L)

’ﬁL X ﬁTHFfL X ﬁJ_l '
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Lorentz Invariant Phase Space Measure

Thus, with the latter considerations and after quite an effort, the Lorentz
invariant phase space measure reads

d3p d3py d3p> d3ps

2E, 2E; 2E;, 2E3

1 M2 — Q2% dQ? dcos 8 dcosb
= T ds; dso dacd
6aany M2 gz ddndady———— ()

dPS® = (m) 8P —p—q1— g — @3)
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Lepton Kinematics

Under the choice of reference frame just described and sketched, the
leptonic degrees of freedom can be represented as follows

P =(E,|P|sint,0,|P|cost)

p =(P|,|P|sin4,0,|P| cos)
- 1P|

¢ = pol(_i

M. cos ), M cosfsin ) + sinf cos ), 0,

_I\i cos  cos ) — sin @sin 1))

with

g M@
= ST
M? — @2
T 2V/Q7
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Hadronic kinematics

By chance of the same choice of frames, the hadronic degrees of freedom
read

si = (pj+p)?
£ _ Q —si+m
1 2 /Q2

G =\E-m3

(2E2E3 — 5 + m% + m%)

X —
x . (2E1E3—52—|—m%—|—m§)
q]. - 2 X
a3
G =B (@) m

Daniel Arturo Lépez Aguilar (Cinvestav) RADPyC May 2025



Polarization Angle

Even though the polarization angle 6 of the tau is defined on its rest
frame, and the polar angle v in the hadronic rest frame, one very
important trait of the present description is that they are constrained by
means of their relation with the enery Ep, of hte hadronic system with
respect to the laboratory frame

oxm2 — m2 — Q2
cos) = xm; — m; — Q (8)

(m? — Q?)v/x* —4m2/s
_ X(m72' — Q2) B 2Q2 (9)
RGN

cos

2E,
with x = ?h and s = 4Egeam
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Hadronic Matrix element

The hadronic matrix element for the V-A theory H,, is given by
Hr = RV + RV + iF VS + Fa vy

with the basis of vectors associated to every form factor F;—1 5 34 defined

by
¥4

o Vf = (g/J‘V — QQ2 > (ply - P3u)

Vv
o V;—(g‘uy—Q Q )(PZV_P3V)

° \/éﬁ — e1P1P2P3

o V)= Q*
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Structure functions

Finally, with all the information and conventions displayed, we can write
the relevant contraction among lepton and hadron tensors as

LwH"™ =" IxHx = (6 + ea)(m? — ZLXHX, (10)
X
X € {A,B,C,..,1,5A,SB, ..., SG} (11)
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Structure functions (lepton part)

After integrating the unobservable (yet) angle «
o Lp=2/3Ki + Ko+ 1/3(K1 — K1)(3cos? 3 —1)/2
o Lgp=2/3K1+ Ky —2/3(K1 — K1)(3cos? B —1)/2
o Lc = —1/2Kysin? 3 cos2y

Lp = 1/2Kj sin? Bsin 2y

Le = Kz cos 3

Lr = 1/2K1sin23 cosvy

L = —K3sinfBsiny

Ly =1/2Kysin2B3siny

L; = —K3sin Bcosy

° Lsa= Ko
where the K;, K; coefficients are functions of the polarization angle and
the hadronic invariant mass @ only.
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Hadronic Structure Functions

As for the hadronic structure functions we have (some of them)

Wa = (52 + 3)|F1)? + (3 + x2)| P2 4+ 2(x1x2 — x2)Re(F1F5)
Wg = xa| F3|?

We = (¢ = x3)|F1? + (3 — x3)|F2l* + 2(xixe + x3) Re(Fi F5)
Wp = 2[(x13)|F1|2 + (xax3)|F2|? + x3(x2 — x1)Re(F1F5)]

We = —2x3(x1 + x2)Im(F1F5)

Wr = 2xa(x1Im(F1F5) + x2Im(F2F3))

Wi = —2xa(x1Re(F1F5) + xaRe(F2F5))

Wh = 2x3xa(Im(F1F35) — Im(F2F5))

W) = —2x3xa(Re(F1F3) — Re(F2F3))

Wsa = Q?|Fal?

with x3 = Vi, = V¥, x3 = V', and x4 = V@?x3 V¥
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Heavy New Physics extension

We will study the heavy new physics effects that can be obtained from the
mass dimension-6 Lagrangian

L=- G%D{ (1 = s)vr - [07u(1 = 75) D
(€ — €ars)D]

+7(1 = ys)vr - U(es — €ps) D
+e7To" (1 — 5)v, - Uo D

+h.c. }
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Heavy New Physics Extension

To make use of the latter piece of Lagrangian, we need to consider the
following hadronic matrix elements

H* = {(x'w Dy (1 — s)ul0) = Hl, — HY (12)
= F1(Q,s1, )V + F2(Q, s1, ) V4 4+ iF3(Q, 51, %) V3" + Fa(Q, 51, %) Q"
HHY = <7Ti7rj7rk|50“V(1 + 75)u|0>
= Z Caeﬂu’yépslp?
L, =u(p)yu-(1—1s)-u(P),
L,uu :H(p)o—#y ' (1+’Y5) U(P)

Daniel Arturo Lépez Aguilar (Cinvestav) RADPyC

May 2025



Lepton and Hadron Tensors

The new lepton and hadron tensors are defined as

LZ;A Z Ly L HV577 ZSLWL}W Wn Z L;wl-

H;‘t/v A= HHH:E» H;wvti = HH'/HJ;(S’ H;Iwn = HWHn
where
L,u,uén = Tr[auwp/a&qp] + Tr[auufyﬁzp(aénp] + SMT Tr[auulaénp] + SMT Tr[UuV’YSlO'tSnﬁ]
L,’ul/n = _MT[Tr[UW'Yn,F{] + Tr[UuV'Y5'Yn,F’]] - S[T"[UWW'YW}”] + T"[“W%W’Yﬁf’]]'
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Tensor-Tensor terms

First of all, notice that the contraction between the lepton tensor LZVT&?

HTT  can be written as the contraction between

and the hadron tensor H s,

the tensors

1
LZZ;ZPaPB+PBPa—§(P'p)gaB+(P_>MTg)v

HIE = =i (b oy ) = P (pi ) + i (7 (s ) = P (pi ) -

ie.
Mot = 45 L) s, H* H" =4S HIFLLL (13)
Notice also that the lepton tensor can be written as

A

_ 1
L= LA = (P s (14)

where L\S/*Aa stands for the symmetric component of the lepton tensor
defined in the V-A theory.
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New Structure Functions (TT-Terms)

A

SWpg

SWp

SWsp

SWsp

SWsp

SWsp

where ap =

2
2q

1
= 8—1(79mf(x12 — Axoxg + 82 + 9x3) — Im3(4xE — dxoxq + X2 + 0x3)

—2(2xf — 5xox1 + 2)(22 + 9X§)(—2&§q2 - 2a§q2 + 5a1a2q2 + 2><12 + 2)(22 + 9x§ — 5x1x))
1 2 2
= 76><3(3m1(x1 — 2x3) + m5(6x; — 3x2)

+(x1 — x2)(7204%q2 — 2a§q2 + 50¢1a2q2 + 2)(% + 2)(22 + 9x§ — 5x1x2))

=5W¢

_ 15 2 2 2 2

= Eq (=9(a2 — 2a1)"m; — 9(ap — 2c2) " my + 2(2a; — az)(a1 — 2a)
(20ch2 + 2a§q2 — 5a1a2q2 — 2><12 — 2><22 — 9><32 + 5x1x2))

=0Wsa

1

aq

+((4ag — bag)xp + (4ag — 5a2)x1)(2a§q2 + 2a§q2 — 5a1a2q2 - 2><12 - 2x22 - 9x32 + 5x1x2))

(=9(c1 — 202)mi(x1 — 2x2) — 9201 — ) m3(2x1 — x2)

1 2 2
= qu3(73(o¢1 — 20p)mi(3an — 6ay)my
+(e — az)(2a§q2 + 2a§q2 — 5a1a2q2 — 2x12 — 2)(22 — 9x32 + 5x1x7))

2 2

2
q°—sy+m s1+sp) —m3 —m:
52, az=212 3 1 g=/@

2q
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Interference Terms

The tensor-vector interference terms are given by

M = 2er Ly H* H 4 h.c.
Luwn = Tr [0 (1 +18)u(PYE(P)(L + 15 )7 () - (15)
After some Dirac algebra
ZSLpun = —M; [Tr[UuV'YnF‘] + Tr[qu’YS’Yn}é]] (16)

—s| Tron kP + TronunstPrpl (17)
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Interference terms

Notice that the terms in the latter equation involving the s matrix can be recovered

from the others by considering the identity y50,., = Eewagao‘ﬁ, so that they read

% {Tr[ewaﬁaaﬁ’ynﬁ] + S[Tr[ewaﬁaaﬁw'ynﬁ]]} . (18)

Meanwhile, L., can be written as the self-dual projection of l,’“,n

i o
Ly = (/[M + 5ewaﬁ/’ ?7) : (19)

where

B = [=8(—ugun(P - p) + Pugun(p - £) + Pupuly + Pupylu + Pupuly)] — (1 — v).
(20)
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Self-Dual decomposition of the interference tensors

We can decompose the tensors L.y, Huuy in the following SO(3) irreps

Lo =[(P-p)—2Popo] £+ [(Po+ po)lo — (£ p)] P+ i(Po + po)l x P
Lo =—i(P-p)l+i(t-p)P —2pol x P+2i (/3(1?- P)— (PP
[s  =to(P-p)l—Po(L-p)l +2to(P® P)s — 2po({'® P)s + 2i ((Zx P)® /3)5
Ho = i(v QF/[Eip — Eipi + i(pi x pi)])
Ha = i(E(p x ") = E(p x H") +ilPi(p: - H') — Pi(5; - H')])
H'  =i(E[p® H'ls — E[p ® H'ls + i[(5: x Bj) @ H']s)
(21)
so that
M =Hy- Lo+ Ha-La+ Tr{H'L'} + c.c. (22)
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New structure functions (I-Terms)

Lo, = 274> M. (sin(B)(— cos(v))lox + sin(B) sin() oy + cos(8)h:)
La, = 274q° M- (sin(B)(— cos(7))lax + sin(B) sin(y)lay + cos(5)/az)
lox = qsfaqs (2 sin(0) M2 cos(1)) + g cos(0)yqs sin(w))
loy = —2igssin(0) M2 Bqs
loz = —qgsfqs (2 sin(8) M2 sin(v)) + g cos(6) cos(v)) (Mf + q2))
lax = —2igsM?Bqs (g cos(8) sin(1)) — sin() M, cos(1)))
lay = —2gssin(0)M, 3
laz = —2igsM?Bqs (sin(0) M. sin(v)) + g cos() cos(1)))
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Structure functions (I-Terms)

Let us define the structure functions for the unobservable 7's case

I I
Ly =Ly + L33

ol
L=l — Ly

I I |
W, = Hip + Ha + Hag
I

! ! !
W_ = Hiy + Hy — Hy (23)
Then we can write the contraction between lepton and hadron tensors as
1,1 Il 1 !
T {H'' ) = oKL (24)
where, after integrating the rather unobservable angle o
1 . * wy 2
Hy = i§F3e3(F1 — Fy) x5 (x1 + x2) xax3
1 * *
-3 ((e2 — e3) x1 + (&2 + 2€3) x2) (Fy'x1 + Fy'x2)
1 .2 ) .2 L2
Ly Z7r(—4A12 sin”(B3) sin(27) + A11 (2sin”(8) cos(2y) — cos(28) + 5) — Ao (2sin”(3) cos(2v) + cos(28) — 5
L_ =

Z77(12A12 sin2(B) sin(27) — 1243 sin(28) sin(7) + 6 (A — A11) sin?(3) cos(27) (25)

+12A13sin(2) cos(y) + (A1 + Azz — 2As3) (3cos(28) + 1)) (26)
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Structure functions I-Term

A = gsBqs sin(7)) (st (2gsin(0)M; cos(vp) — cos(8)yqs sin(¥)) + cos(ﬂ)ﬁés sin(w))
A1 = iq°ssin(0) M &, sin())
Az = gs(Basvas (gsin(0) M- cos(21)) — cos(6)yas sin(v) cos(4))
+cos(6) 54 sin(v) cos())
Anz = iq°s sin(0) M. B, cos(v))
Az = —qsBascos(v)) (as (25in(8)M: sin(1) + cos(8)as cos(1))) — cos(8)B3s cos(t).

with the associations M2 — g°> — Bqs, M2 + ¢° — s
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Structure functions for the I-Terms (hadron tensor

components)

In the case of observable 7's, we need all the components of the hadronic tensor
@ Hox=—1Fiq((e2— es)x1 + (&2 + 263) x2),

@ Hoy = esF) gxs,
@ Ho, = —?qu(xl + x2) x3,
@ Haw = ix3(F (xa 4+ %) x3 — F5 (x1 + x2) xs + 3e3F5'xa)
@ Hay =
F(Fx(a+x)xs+ Fx(xa+x)x— F (e —ea)x + (e + 26e) x2) xa)
@ Hp, = % ((e2 4+ 2e3) Fi + (&3 — &) F5') (x1 + x2) x3,
@ Hjy = —% ((e2 — &) x1 + (&2 + 2e3) x2) (Fi'x1 + F5 x2),
® Hi =3 (esxa(Fixi+ Fx) — 5 (F — F) (e — &) xi + (&2 + 2e3) x2) x3)
® Hiz=F (—3(a+x)xs(Fx+Fx)—1F (e —e)x+ (e2+2e3) ) xa)
® Hp=e(F —F)%,
e Hi = %’ (e3F3*X3X4 - % (Ff — F3) (a + x) x§)

) H3<3 = %F; (X1 + X2)X3X4
These 12 functions should be paired with their leptonic counterpart but we still have to
talk about a more convenient representation for them
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A new representation for the lepton tensors

We can obtain the list of independent components of a rotated symmetric lepton tensor (L17 Lip L33 Lpp Lp3 L3z )by
means of the following linear transformation

2 2 2
(D2,2 — D20 + D2, —2) —2(D1,2 — 4/ ng,o +D1,-2)  —(4 gDo,z - gDo,o + D3 —2) he 1 b1
2
i(D2,2 — Dy, —2) —2i(D1,5 — D1, ) *f\/;Do,z he of [ A2
2 B3
(D2,1 — D2, 1) 2(D1,1 — D1,-1) 500,1 hiec. 0 -~
2 2 2 2 i
—(D22+ )/ =D2,0 + D2, 2) 2(D12 + 4/ =D1,0+ D1,-2) —Do2+ = Do o hie. 1 =
3 3 3 3 B2
2
—(D2,1+ D2,—1) 2i(D1,1 + D1,—1) i gDO,l h.c. 0 B3
2 2 4 L/3
2,/ =D —44/ =D — =D h.c. 0
\/ 3020 \/; 1,0 3 D00

where, as functions of the non-transformed components ij B = L{l — 2iL£2 — Léz , B2 = L{3 — iL£3,

B3 = L{; — Ly — 215, By = Ljy +2il{, + L)y , By = Li5 + i’ Lp3 and the trace L = L/; of the symmetric 3-tensor.
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A new representation for the lepton tensors

Where the n;, 7j; coefficients for the |-tensors and TT-tensors A;, \; read

@ =

asBQs sin(4) <2q sin(0) My (q2+'st cos(w)) —2qsin(0)M3 —cos(0)M2 B qq sin(¥)-+cos(6) sin(w)(qzﬁQs —vés))

M
sin(6) M. cos(24)) —cos(6 sin(v) cos cos(6) B sin(1)) cos
® mots <qBQs(~Qs(q ()M cos(24p)—cos( )WS;T () cosv) +eos(0) 8, snw) o)) | <in(0)52, cos(d))) ,
° asBQs (cos(S)ﬁasB cos(29)+1) — Qs (eq sin(8) My sin(21)-+cos(68)vqs(3 cos(21,[})+1)))
n = - Sy )
° asBQs sin(z[))(quin(@)MT (q2 —Qs cos('d))) —2qsin(8)M3 +cos(0)M2 B sin(t))+cos(6) sin(w)('yés —q2BQS))
1=— T, )
W =
—asBQs (q sin(0)Mr (q2 cos(1)) ~ Qs cos(2'(/))) —qsin(0)M2 cos(t))+cos(0)M2 Bqq sin(¥) cos(t)-+cos(0) sin(x)) cos(u))(qé;qzﬁos)
-
@ ;= L1g?sin Y —2gssin(6)M, cos M2 (= sin sin 2 4 scos(d
1= 1P sin(w) (6% — M2) (—2gssin(0)My cos(w) + M2 (— sin()) + sin(¥) (® + scos(6)7as ) ) »
@ X\ = %qz (q2 — ME,) (7qs sin(0) M cos(2¢) + Mi sin(4)(— cos(v))) + sin(¢) cos(v) (q2 + scos(@)'st)) s
@ )3 = 7%q2 (q2 — Mf_) (6qs sin(0)M sin(2¢) — (Mf_(3 cos(2¢) + 1)) + (3cos(27) + 1) (q2 —+ scos(H)WQs)) s
@ =1,
@ =X

with the associations M72, +¢2 > Bqs (qu, - qz) — Qs
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A new representation for the lepton tensors

We can also obtain the independent components (L; L, L3) of any
transformed SO(3) structure that transforms a triplet irrep, that includes
antisymmetric 3D- tensors, spacelike vectors, self-dual four-tensors, and the
axial(polar) components of an antisymmetric four-tensor

1 1 N Ty
§(D111 - Dg§_4) E(Dll—l - Di ;) 5 (DL, — Diy)
—i i iv2 (27)
T(Dh + D§_;) §(D1171 +Di ) N (D110 + Diy)
V2 V2 T3
—7D110 5 DYy, Dgo

where as functions of the non-transformed components Lf-;
Ti = L; + iL’y and T3 = le
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Null observables, disentangling the new physics

In the same spirit as in the formalism developed by K&M, we can extract the structure functions coming from the interference

terms by measuring the averages <D£m> and solving the system of equations

A+ At —At N+ N+ —n+
(0%) 2 2
Y 0 -3 0 — /=
<D220) + + N+ 3 T+
Re d | (P2-2) _ At =4 —>\+ —n+ N4
<D22> —2X_ —2A_ —27], —2n_ 2n_
D. 2 2
<<Di°2>> 2\/;)\, 0 \/7A, ,/ n_ 0 2\/;7,
—2A_ 22 —27] 2n_ —2n_

whose solution is assured as long as n_ Ay — niA_ # 0, where

Ap = A1+
N+ =M+
A =X+ X
n— =m+m;

Daniel Arturo Lépez Aguilar (Cinvestav) RADPyC

(28)



Angular information visualization

Two of the Euler angles «, 3, v obey the same equivalence relations than the
spherical coordinates, then the information displayed by two of these angles must
lie somewhere in the 2-sphere, but we still have a radial direction to play with,
which can be associated to the remaining angle, but we need a mapping taking
the interval [0, 1] to the interval [—m, 7],

a(r) = 2arcsin(—2y1—-r2+1) (29)
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Angular information visualization

04
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Figure: Wigner-D function D3 _(c, 3,7)
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Wigner-D functions

How to visualize them ?

o8

0.4

-0.4

. _a
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Finally D:

Thanks a lot, uwu !
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