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Outline for the lectures

o (i) NJL model at finite T and B - basics

o (ii) Issues related to regularizing thermo and
magnetic contributions within
nonrenormalizable theories and applications

o (iii) hot quark matter and hot bosonic matter
with a strong electric field
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Quarks and gluons in extreme conditions
» heavy ion collisions T < 102°C =200 MeV, n < 0.12 fm™3
B <10 G =0.3 GeV?/e

» neutron stars T <1 keV, n <2 fm™3
magnetars B < 10° G

» neutron star mergers T < 50 MeV

» eary universe, QCD epoch T < 200 MeV
standard scenario: n= 0 also allowed: ng =0, ny/s < 0.01

* G. Endrodi slide - SQM 2024



Strengths of magnetic fields

o Strong magnetic fields
are also present in

magnetars: C. Kouveliotou et al.,
Nature 393, 235 (1998).

magnetars:

at surface B < 101° QG
Duncan, Thompson, Astrophys.J. 392, L9 (1992

larger in the interior,
B ~ ]_()18_20 (;7? A. K. Harding, D. Lai, Rept. Prog. Phys. 69,

Lai, Shapiro, Astrophys.J. 383, 745 (1991) 2631 (2006)
E. J. Ferrer et al., PRC 82, 065802 (2010)

o and might have played an important role in the physics
of the early universe. T.vaschapati, Phys. Lett. B 265, 258 (1991).

D. Grasso and H.R. Rubinstein, Phys. Rep. 348, 163 (2001).



B Effects on QCD phase
transitions?
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MC.: V.P. Gusynin,
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T eB=0.6 GeV2 -

£ eB=0

V.A. Miransky ,
I.A. Shovkovy,
Nucl. Phys. B 462 249 (1996)
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Phase diagram

» control parameters: T, n< u, B H{u,d,s} / H{B,Q,S} / H{B,I1,S

» wel-knewn famous phase diagram
» well-known, less famous phase diagram: T — B

~ Captura de Téla ! B

* G. Endrodi slide - SQM 2024



B Effects on QCD phase
transitions?
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M. D'Elia, L. Maio, F. Sanfilippo, A. Stanzione, Phys. Rev. D 105, 034511 (2022).



Strength of the magnetic fields

B [Gauss] eB [MeV?]

Earth surface 0.5 (0.05x10-8MeV)?

Magnetic Ressonance 1.5x104 (8.6x10-8MeV)?

magnet - CERN 8.4x10% (20.5x10-%MeV)?

frog levitation * 10° (25x10—%MeV)?

Critical quantum field of the electron 4.4 x 1073 (0.5 MeV)? = mg?2
Magnetares (field on the surface) 5.0x107° (5 MeV)? = (10m¢)?
(Au+Au) Heavy ion collisions 1019 (400 MeV)? = (3m;)?

(1 Tesla = 10* Gauss)

* Andre Geim - Ig Nobel-2000 and Nobel-2010 (graphene)



Schrodinger Equation: free particle

Let's consider relativistic particles and, therefore, we will start by discussing the
appropriate equation of motion for this case, namely the Dirac equation. In the
non-relativistic case, we heuristically obtain the Schrédinger equation from the
energy

Bt R e

E= =
2m 2m
using the prescription:
E_ il N Lo Lo
at T i PTGy PP 05
we obtain
L0 R,
h— (T, 1) = ——VP(T,1)

ot 2m



Schrodinger Equation: free particle

In relativistic case the energy is given by:
E =1/p%c2 + m2ct

P h
E—il h
ot P

ih%w(ﬁ t) = \/—c2h2V2 + m2c4 (7, 1)

Extremely complex equation (nature is simpler!)

using the prescription:
v

we obtain



Schrodinger Equation: free particle

Dirac’s idea was to “take the square root” of:

E=+/p3c? + m2c* , Eﬁi% , pa’%ﬁ

= ih zp(r t) = Hp (7, t) = (ca-ﬁ+,3mc2) (F, 1)
Requiring that in the operatorlal form E2 = H2 = p?c? + m?c*
( — relativistic dispersion relation)
we can determine & and 8.

(c& B+ Bmcz) (c& B+ Bmcz) W(F, 1) = (BB2 + mPc*)y(7, )

For the last equation to have a solution @ and 8 must be matrices.



Schrodinger Equation: free particle

The minimum dimension of the matrices «;, i = x, y, z e 8 that satisfy the desired
conditions is 4. A standard representation is the following:

a,-:(o”.z o ),/':x,y,z,,ﬂ:(1“2 022 )

o Oa2x2 Oox2  —Tl2x2

where o; are the Pauli matrices:

0 1 0 —i 1.0
=\ 1 0)" i 0o )27 o0 -1 )

as an example:

0 0 0 1 1 0 O 0 P4

_ 0 0 1 0 _ 0o 1 O 0 oo o
Qyx = 0 1 0 0 ) 6 - 0 0 _1 0 I ¢(f, t) - wS
1 0 0 O 0o 0o 0 -1 Y4



Schrodinger Equation: free particle

The Dirac equation is given by:
L0 S - =
ih (7. 1) = Hp (7, 1) = (od - B+ mc?) w(F.1)
Let's rewrite the Dirac equation in a more compact form using the v Dirac matrices:
70:B 5 7’7//:6&/ ) i:va)Z
multiplying the Dirac equation by g8
L0 - S
inp 5 (7. 0) = (08 - B+ (9)Pme?) (7. 1)
or even

0 - o -
ihyg—— + 7 - IhV r,t) =mcy(r,t
(im0 g + 709 ) 6. = me w7



Solution of Dirac equation for free particle

Using natural units: 7=1 e c=1
(P*m)“’(fvf) =0, P:P“W 5
iO(t,F) = HpWw(t,7) = (a.5+5m) w(t,7)

L0 0 &-p m 0 >
Ia"b(rvt)—[( &*ﬁ 0 )+( 0 —-m ):|’¢(f7t)
Ansatz to find the positive energy solution:

V(7 1) = W(Be P = [ 2() ]e*’(E“ﬁﬂ

Substituting into the Dirac Equation:



Solution of Dirac equation for free particle

Which results in the following 2 x 2 matrix equations
Ex=d-pop+mx, E¢=G-Px—m¢

Which, isolating ¢ on the right-hand side, results in :

J

G-p
= F mX
The positive and negative energy solutions are:
VOED = N[ R e = e
ErmXs
vy = N[ EimXs }e""“X“ = v
Xs

N corresponds to the normalization constant, and x to the Pauli spinor:

[E+m 1 0
N= oF )X+:|:0:|7X7|:1:|




Solution of Dirac equation for free particle

Considering the case where the particle’s momentum is zero:

B =0 ot F) = HpW(t,7) = (a B+ Bm) W(t,7) = Bmw(t,7)
And the ansatz for the positive and negative energy solutions:

VF 1) = use P = ue | WO(F £) = veeP 1 = ve

0w (1, 7) = pmu(t,7) =

Uy 1 0 0 0 uy

uz —iEt _ 0 1 0 0 up —iEt
I ’"(001 0)[%16

Uy 0 0 0 —1 Uy



Solution of Dirac equation for free particle

o)1, 7) = pmu (1, 7) =

Vi 1 0 0 0 Vi

V2 iEt 0 1 0 0 V2 iEt
E[vg}e ’”(001 o)[vg}e

Va4 0 0 0 -1 Va4

The four independent solutions are:

(=)= _ 0 iEt (=)= p _ 0 iEt
vU(r ) = e, W) = e
PR [ i } MG [ Y ]

HpwM(t,7) = EWD(t,7) = mulD(t,7) , s = {1, |} positive energy
How (1, 7) = BV (1,7 = —mw{D(1,7) , s = {1, |} negative energy



Solution of Dirac equation for free particle

E E
mc? % mc? %
0 o

) % ) %

Dirac Sea — set of negative energy states

E = 44/p?2c? + m2ct

Particle-Hole Pair Creation (e~ e*) (Electron-Positron)
Dirac Sea Hole — Positron




Particle in the Presence of an Electromagnetic
Field

The free Dirac equation:
in L0 = Ho w0 = (& B+ Bm) (7,1
ot
Transforms in the Presence of an Electromagnetic Field A* (X, t)=( ¢(X, t), A(%, 1)) in:

D7, ) = Ho (7, ) = (- (B aA) + Bm) (7, ) + gow(7, 1

Rearranging and multiplying by 3 = ~ to rewrite the equation in terms of matrices,
¥ = (v,7) = (8, Be)

(vo(Bo — q#) = 7 - (B — 9A) — m) (7, 1) =0



Particle in the Presence of an Electromagnetic
Field

Recalling the 4-vector notation, which the prescription corresponds to

at’

x=(X), x,=(t,—X), " = o (8

_— = AV s
Xy )

. o o O . 7
p' :(Po,P):Ih(a,fv) . A = (4, A)

(’Yo(f)o ~q¢) — - (B — qA) — m) (7, 1) = (vu(p" — gA") —m) ¢(7, 1) =0

Therefore, to describe a particle in the presence of an external electromagnetic field, we use
the prescription: (Miminal coupling) :

3] 14] =
p“ap"qu“aihaaihgqus, — ihV — —ihV — gA



Particle in a Magnetic Field

Let's Introduce the External Magnetic Field B via Minimal Coupling:

p=py = (P = gA ),
g = particle charge
A+ = (¢,A) = (0,0, Bx,0) (Landau gauge)

=B=VxA=Bz, V-A=0 , E=0 , =0

(p—qA—m)\U(t,F) = 0,
i00(t,F) = H(A(F)W(t,7) (a- [B- qAoe)] + Bm) w(t, 7)



Particle in a Magnetic Field

Let's consider an electron (g = —e) , and Landau gauge (A* = (0,0, Bx, 0) ), e=
proton charge > 0
The Dirac equation assumes the following expression:

io0V(t,7) = HX)W(T) = (& [B+ eBx| + sm) w(t,7)
0 0 7+ |B+eBxj 3}
/%zp(r,t): [( - [5+ eni] [Poe ) ) +( m o )] V0

Analogously to what we did when B=0, we will use an ansatz for the solution
(positive energy)

q

Y(t,7) = f(x)e”FHRYTRZ | f(x) - 4 — spinor



Johnson-Lippmann solution
= ansatz for the solution (positive energy):

Civn—1(8)

Covn(8) _iEt+ipyy+ipsz
v(t = Py y+ipz
(&7 Covo1(6) | ©

Cavn(€)

A given choice of Cy, C,, C3, C4 = four independent solutions:

(€En+ m)Va_1(€) 0
‘w = |11 0 1-5 | (cEn+m)vn(€)
vin = 2 €pzVn—_1(£) T3 —ipnVn_1(£)
ipnvn(€) —epzVn(€)
ve(,7) = (eB)!/4 1 (7)o e (ErRYp:)

(27T) 1/ 2€En(€En + m)
e = +1(—1) — positive (negative) state of energy
s=+1(-1) — spin states up (down)

pn=v2eBn ¢=(eB)"/?(x + cL%)

Convenient notation:

(X, 1) = qbf,f)s’py’pz()'(')e_"EEt .




The Positive Energy Solution for an Electron in
the Presence of a Magnetic Field B:

g1Vn(1)(§)

(+) _ 2Vn(& —iEt+ipy y+ipzz

VRN = e |0
Cavn(€)

1

€= (eB)"/?(x + (%) . vn(€) = m%(é)ef%g

B Determine the position where the oscillator wave functions are
centered. If our system is contained in a box of side L:

Py
< — <
0*eB*L’
= L L L [

E — E gn , E *)Z dpy:ZLeB, E 4)% dpz
Px n=0 -
2
V = p—>§ gn / apz , gh=2—1dno

Px Py ,Pz
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3. IS THE DIMENSIONAL REDUCTION 341 — 141 (241 — 0+1)
CONSISTENT WITH SPONTANEOUS CHIRAL
SYMMETRY BREAKING?

V.P. Gusynin,V.A. Miransky, |.A. Shovkovy, Nucl. Phys. B462, 249 (1996)

In this section we consider the question whether the dimensional reduction 3+1
— 141 (2+1 — 0+41) in the dynamics of the fermion pairing in a magnetic field
is consistent with spontaneous chiral symmetry breaking. This question occurs
naturaly since, due to the Mermin-Wagner-Coleman (MWC) theorem [12], there
cannot be spontaneous breakdown of continuous symmetries at D = 1+ 1 and
D = 0+41. The MWC theorem is based on the fact that gapless Nambu-Goldstone
(NG) bosons cannot exist in dimensions less than 2+1. This is in particular
reflected in that the (1 + 1)-dimensional propagator of would be NG bosons
would lead to infrared divergences in perturbation theory (as indeed happens
in the 1/N, expansion in the (1 + 1)-dimensional Gross—Neveu model with a
continuous symmetry [13]).

However, the MWC theorem is not applicable to the present problem. The cen-
tral point is that the condensate (0|17|0) and the NG modes are neutral in this
problem and the dimensional reduction in a magnetic field does not affect the
dynamics of the center of mass of neutral excitations. Indeed, the dimensional
reduction D — D—2 in the fermion propagator, in the infrared region, reflects the
fact that the motion of charged particles is restricted in the directions perpen-
dicular to the magnetic field. Since there is no such restriction for the motion of

~ el -


Ricardo L S Farias
V.P. Gusynin,V.A. Miransky, I.A. Shovkovy, Nucl. Phys. B462, 249 (1996)


4aMm

M

i)

M

Particle in a Magnetic Field

s=-1 s=1

=7 Electron Landau Levels
n=6
n=5 Ep=1/p2+ M2 4+ 2eBn
n=4 - 1
=3 n:l+5(1+s),s:j:1,
n=2 1=0,1,2,...
i E2 - M2 —2eBn=p2>0=
E2 — M2

n< |Z—" 1| , 2eBn— p?

- = [ 2eB } PR

Landau Levels with n=1,2,3... are doubly degenerate
(spin s = £1)

Ground state, n = 0, is not degenerate and has spin s=-1 (for the electron)
(In the figure we take p; = 0, €8 = 1)



DIRAC FERMIONS AT B#(
* Dirac equation for charged fermions:
(iy”Dﬂ — m)t/J =0
where A4, = (AO, —Z) and the Landau gauge A= (—By,0,0) is used.
* Look for a solution in the form: Y = (iy“Du + m)qb. Then,
|—08 + (0, + ieBy)? + 0; + 07 + iy'y*eB — m?|¢p=0

* Normalized solutions for ¢ have the form

; 1,,2
by, o L2 BB YT | miwttipyrtipgs
* 2

where @, are harmonic oscillator wave functions, 1.e.,
2

P X He(§)e 2, &= % +p,lsgn(eB) and =

leB|
* The dispersion relation is given by
w = Ef = +\/2n|eB| + p2 + m2

wheren =k + % + sgn(eB)s, and s, = i% 1s an eigenvalue of %)/1)/2

orbital svpin

Ilgor Shovkovy Slide
2018  XIV International Workshop on Hadron Physics, Floriandpolis, Brazil, March 18-23, 2018 6
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DEGENERACY OF LANDAU LEVELS

* The Landau level energies are independent of p, A"AE)

EX = +\/2n|eB| + p2 + m? : .
* This means that each level 1s highly degenerate |~~~ #f
* Let’s calculate the degeneracy by confining the L, 4

system 1n a finite box of size L, XL, with periodic boundary conditions

* The wave function is a plane wave in the x direction: Y (x) « e'Px*

2Tn

Y0 =yY(L,) = ePrlx=1 = p, = —, n=12,..N

7 "max
X

* The value of p, sets the center of the Landau orbit in y~direction:

2TTNmax 1 Nmax __ |eB|

~p 1?2 = I’sSL, = ~L, =
Yc = Px Px,max y Ly |eB| y LyLy 2T

 The degeneracy is proportional to the field strength and the size

-
(area) of the system in the spatial directions perpendicular to B
|eB]
N max ~ 2T LxLy |
Ilgor Shovkovy Slide
2018  XIV International Workshop on Hadron Physics, Floriandpolis, Brazil, March 18-23, 2018 7
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LLANDAU ENERGY SPECTRUM

* Landau energy levelsatm = 0 e E,(p.) ——
7 = ty2nleB| + p?

\

il

where n = k + % + sgn(eB)s,

orbital s‘i)in

i
A&

* Lowest Landau level 1s spin polarized

1
Oizipz (k =0, Szz_g)

* Density of states at £=0: cypi

dn leB| 1 _ |eB]|

dElg=0 2w 2T o 4772

* Higher Landau levels (n = 1) are

twice as degenerate:

. 1
(1) k=n & s= -7 —— —

(ik=n—-1 & s=+

I\
)

Ilgor Shovkovy Slide
2018  XIV International Workshop on Hadron Physics, Florianopolis, Brazil, March 18-23, 2018
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Example: Dirac Lagrangian

L£=LW(t,7),W(t7),0"u(t 7)) = U(t,7) (iv.0" —m)W(t, ), U = Wiy
Equation of motion for W:

9L 9, %% _o, %5 (ot —muw, £ _o
2%~ 50,

oV 00,V
that results in the Dirac equation:

(iyu0* —m)W(t,7)=0— (p— m)W(t,F) =0
Equation of motion for v:
oL oL oL - aL _

— —Ou——=0, — =—-V¥m, = Wiyt
v~ "o, v o, v )

that results in the Dirac equation:

—¥Um—9,Viy" = 0—>\TJ(EI7“+m)=O—>\TI<?+m> =0



Example: Dirac Hamiltonian

The conjugate momentum to the fields W e W are given by:

oL oL oL oL

My = —— = , Mg = —— = ——
a%v  dopw v a2V 0¥

L£=V(t,7) (i7" —m)W(t,F) = Ny = Viyg = iwH | Ng =0
Therefore the Hamiltonian density is given by:
H=TyW+NgW¥— £ = iWigw — U (ir,0" — mw
simplifying the expression:

H =i oW — Wiy (ir,0" — m) W = iwTagw — Wing (ivg8 + i -V — m)w

we obtain:

H:wT(—id.v+/3m)w=>H=/d3m:/dsrw(—ia.vHam)w



Free Fields Quantization
Let's consider the canonical quantization in Quantum Field Theory. As an
example we will take the scalar field:

qi, Pj| = ’h5l i { %WO&(K t)v HB(F/, t)% = ’5(F_ F/)(Saﬁ
M 4 / FT ) . o o
Q { {qhqj} =[pi,pj] =0 Q Vo (7, 1), We(F', 1)} = {Na(7, 1),Ng(F, )} =0

we obtain

oL
LTS
and, therefore the commutators of the scalar fields need to satisfy the canonical
quantization relations:

(a0, 0} = {WLEDVLE 0} =0, {Va@0,VLF 0} = i6(F — F)ous

Me = Wi 1)

500 = 3 (8 (e + bl o) (%))
W0 =30 (8l ®)Te + ol D (m)Te )

We need to do the interpretation of & and &/ as creation and annihilation operators of
fermionic particles

and for b, and b as creation and annihilation operators for fermionic anti-particles
(electron-positron or quark-antiquark)

{&.,8,y ={b.b\,} =6, , {&,3:}={b.bs}=0.



SU(2) Nambu-Jona-Lasinio model (NJL)

The Lagrangian of the NJL model with two flavors (u and d quarks):
L= (id - M)+ G [(B¥)? + DirsTy)?]
interaction terms : scalar-isoscalar + pseudoscalar-isovector

7 are the isospin Pauli matrices

 is the Dirac fields of quaks u and d,

e . (my O [ aw=3%e 0
() (m 8 ) e (T )

We consider my=mg=m



SU(2) Nambu-Jona-Lasinio model (NJL)

The Lagrangian of the NJL model to be suitable as an effective model for QCD
(Quantum Chromodynamics)

— It must reflect the symmetries (properties) of the strong interaction!
Positive points:

® Invariant under global phase transformations — Baryon number conservation
® The Lagrangian has chiral symmetry( in the limit m,=my=0)

® |t has the spontaneous symmetry breaking mechanism (dynamic mass
generation)

® The entire QCD phase diagram can be described by a single effective model (a
single equation of state)

Negative points:
® The model is non-renormalizable (requires regularization, A-cutoff)

® The interaction does not have confinement (there are no gluons or color
charge)



NJL model in the mean field approximation (MFA)

L= (i = i) ¥+ G [(¥)? + (Pirs7e)’

MFA — Linearization of the interaction terms of £ neglecting quadratic
fluctuations:

0 = (0)+(0-(0) = (0)+a0 , 0 = Pv) or (Yirs7y)
MFA — (AD)2 = 0; (PiysTep) = 0 (symmetry)

0100 = ((O1) + A0 ((Os) + AD2) = (01)(Ds) + (O1)AD, + (Do) A Dy

= (01)(02) + (O1)(02 — (Bn)) + (02)(O1 — (O1)) = (O1) 02 + (D) Oy — (01)(O2)

therefore:

(W9)? = () — ()2



NJL model in the mean field approximation (MFA)

L Ly = (0 = ) v + G [2[) v — (Bu)?]
defining the constituent mass
M=m-2G <W>

we obtain )
Luea = (i = M) = G(u)

As we have seen, the Hamiltonian is easily obtained from the above Lagrangian:

Fluges = /dSrH - /dsr [\UT (_ia-v+/3M)w+G<w>2]



NJL model in the mean field approximation (MFA)

From the Hamiltonian operator, we obtain the energy of the system., E, calculating
its statistical average value at T=0:

E = (Fyea) :/dar?-[:/dar [<wT(—ia~v+ﬂM)W>+G<Ew>2]

noting that Hpjrae = —id - V + BM and that Dirac field is expanded in a basis of Hpjac:

iK- iE(k —IE(k
M Z/ (271')3/2 o (v bl 4 ue W)

where a} s is the fermion creation operator(quark) with linear momentum k and spin s and
bI is the anti-fermion creation operator(antiquark) corresponding to the linear momentum k

and spin s and E(k) = v/k? 4+ M2. The operators a; _ and by _ are the corresponding
annihilation operators



NJL in MFA - quark gas (fermions)

Substituting the expression for the field into the Dirac Hamiltonian operator, we
can show that:

3yt
/drw (—iG -V + M)V = Z/ (b b5+ a5 — 1)

The vacuum energy density can be calculated using the expression above for a quark gas at
T=0:

e—<0|Z/ bl bp¢ +al aﬁ,5—1)|o> + G(py)®
2NcNf/ 3 — \2
- d’p\/P2+M + G
@ Ji5ion PP ()
NNy

8n2

where Ny = 2, N, = 3and Ey = +/A? + M? and we introduce the cutoff A to regularize the
integral.

- (2/\53 M2AE, — M* In [A J;WE"D + G(p)?



NJL in MFA - quark gas (fermions)

usando que
— — M—m
M=m=2G(v) — (bv) = - —
Therefore, we can rewrite the energy density, ¢, as:
NcN; s .2 4, [A+Ex (M — m)?
e= — 8;2 (2AE/\—MAE/\—M In[ i D+ G

Gap Equation
To obtain the Gap equation, we need to calculate

(u) = (¥'ov)

where



NJL in MFA - calculation of the gap equation

o’k T

()= (ov) =3 [ o Wg Y | agre

< 0‘ <Vs e_’E’b - + Ug e’E’a- )’Yo (vs/e’E'bL.(, e + usfe_' a,‘(/,sl) |0 >

simplifying
o7 K w7 i
<7/”/}> Z 277)3/2 Z (27!‘ 3/2 S’YO 1 < Olb—!?,—sb_p/)_s/ ‘0 >

but,

<O0lb_g b, 10>=< O\b_;)_sbi;,ﬁs, + biz,ﬁs b_;

sT_K/, /

0>

sl

<0|{b_p ., bl 75,}|0 >=6(k— K)o o

K,

<ww> Z/ 2‘1\')3/2 _'er/ (27'r 3/2 Ikl ( k)'yoV/( El)é(ﬁfﬁl)éss’

=S



NJL in MFA - calculation of the gap equation

3/ R .
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NJL in MFA - calculation of the gap equation

() =~ Z/(d ¥ E;EMXIXS(“#)
Pk E+M (E+M)? - k?
(Pw) =~ Z/( ¥ 2 (E+ MY

_ d*k E+M E2+2EM+ M? — k2
<W>:_Z/(2w)3 2E (E + M)

< Z/ d®k E+M K>+ MP +2EM 4+ M? — K?
W (er)® 2E (E + M)2
<W Z/ Pk E+M 2ME+M) d*k M

)3 (E+ M2 2n)® /K2 + M2

therefore, we obtain the Gap Equation:
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U(2)-NJL model in the presence of a B field

NJL Lagrangian with two flavors:

. . _ L 1.
L= (iD= i) ¥+ G [(B0) + (Bins7o)| — 2 F* F
Frv = grAY — ¥ A - electromagnetic field tensor

D = (io" — QAM) - covariant derivative (minimal coupling)
we work in Landau gauge — B = B2. Using the prescription:

2 3 e eB oo
W/dpzngnw/ dp:
n=0 e

Thus, the Gap equation transforms into:
\eq|B

M—m M
= N, / dpz
quu:dnz% * /P2 + VB +2¢Bn




Gap equation - NJL
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NJL Parameters: set-2 Buballa
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Effective mass increase with B
— magnetic catalysis effect (MC)

Refs: parameters NJL : M. Buballa, Physics Reports 407 (2005)205
su(2)-NJL EOS: D. P. Menezes, M. Benghi Pinto, S. S. Avancini, A. Pérez Martinez and C. Providéncia, Phys. Rev. C 79, 035807 (2009).



NJL equation of state with two flavors
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Equation of state using NJL model with two flavors.
By =1 x 10"Gauss



Mass-Radius diagram of a neutron star
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Mass-radius diagram of a neutron star using the NJL model with two flavors. By =
1 x 10'9Gauss
B-equilibrium is imposed — chemical equilibrium for the reaction: n=p + e~



Thermodynamical properties of the model

The mean-field Hamiltonian for the quarks in second quantization is given by:
LD DD ID DD B) DRVIZE: FEINEL CAE MR A )
q=u,d n=0s=+1 P2 p3

Grand canonical partition function:

)

Z = e PH"™Tqmala) g _ _% InZ

where 3=1/T. Thermodynamic quantities are related to Q through the following
relations:

Q=Q(T,V,ugu) =E—=TS = pgNg—> N,
q i
QT,V,nq)=—PV, F=QT,V,ug, 1)+ Y _ ngNg, (@)
q

where F = E — TSis the Helmholtz free energy and the average number of
particles is obtained from the expression:

N _18|nZ_ oQ
“ B Opa aﬂa.



Due to the particular form of the mean-field Hamiltonian, we have:
Z- T,[e—ﬁ(HMFA—zqquq)] _ efBV(GUZJr%BZ)ﬁ[efﬁ(F’MFA*Zq quq)] 7

where HMF It corresponds to the NJL model Hamiltonian without VGo? and V' } B2,

The representation of the occupation numbers in terms of the quark (ng,) and
antiquark (ng,) occupation numbers can be written as:

|a) = |nq1 ,Ngy-..; Ngy » Ngy > ondeng,,ng, =0,1,...,00er=1,2,..00,

We order, for example, the set of independent quark particle states according to
the rule:
{nQV} = {n%spzp3} = (nQ1 yNgg s vees nloo) 5

ﬁ[e*B(F’MFA*Eq Hqu)] — Z <5¢‘ efﬁ(f:/MFA*Zq #qu) ‘&>

[

— eB Zq,r Eg X 676 Eq,r,qu(Eﬁfﬂ'q)an 976 Zq,r,ﬁq,(ErL’+l‘q)ﬁqf .

Fermion occupation numbers can only take the values 0 or 1, and therefore we can
write it using products:

7 = e BVIGE+EB) BT E H (1 + e—ﬁ(Eﬁ—w)) H (1 + e—ﬁ(Erqﬂtq))
q.r q,r



From the partition function, we can obtain the grand canonical thermodynamic
potential:

Qo = _%mz V(Go? + = 52 ZEq
1 g 1 1 g
— =N in(1+e PE=1)) - N _n (1 4 e AE R |
B; ( ) 5;5 ( )

We have already shown that:

2= > iVZQn

r n,s,p2,pP3

/ dp3 .

The grand canonical potential can be written as:
Qq 1 5
= 9 0,B)+ =B
wg y = wal0.B)+ 3

_ %Zg N(02|O¢);\B/ dps (In (1 + efa(ELuq)> +1In (1 + efg(anq))) '
q,n -

Ga'z— Nc|Oq|B/ dpz /M2 + P2 +2|Qq|Bn

(M;Gmc LN, Z/q(B)_(M Cf:c) +Q(1 Loop) . Ne=3.

wq(0, B)

g=u,d



Interesting expression

= QB [
() = 72(27%0)'(2;')2/ dog\/ M2 + p? +2|Qq|Bn .
n=0 -0

This contribution essentially corresponds to the vacuum energy, that is, to the
expectation value of the quark Hamiltonian in the vacuum state:

(B) = <0 ivq O>
< v Z Z Z Z V M + o3 +2|Q‘7|Bn( nspop3 ”59293 + Bgsgzpsi)gsﬂ’zps N 1)

n=0 s=+1 po
The contributions in If’ are clearly divergent and need to be regularized. We will
rewrite them in a more convenient form using the generalized Riemann zeta
function or the Hurwitz-Riemann zeta function:

°



We can rewrite /{ as the following:

2|Qq|B)2 M2 + p2 Qq|B
me = -G "”/ Z (2|Qq|33 ) ]

(Z\C’q\B)2 /°°

M2 + p?

|Q0/|B/oo
dps /M2
2 2108 " (2r)y P/ M2 +

Pa (2

Using the integral representation of the zeta function:

/Ooo dyy?~ " exp[—By] coth(ay) = T[z] {2“za‘zC(z %) - B‘z} : @

Making the identification:

0‘:|Qq‘B:B:M2+pgvz:—§:

we obtain:

(21Qq|B)2 [ 1
fe)=-Cate [ 2372(]Qy B)'/2

{ 1/2)/ dyy—3/2 exp[— (M2+P3)y]coth(\Qq|By)+\/M}
(2 )2/ dPs\/m,




using that [(—1/2) = —27'/2 we can rewrite the last expression as the following:

|QqlB

19(B —
1(B) (2m)22x1/2

[ e [T oy el (W2 + )y corh( Qg )

The p3 integration can be easily performed:

172
/ dps exp[— psy 1/2/ dpexp[—p7] = y1/2 .

The final results for /1" is the following:

QqlB e~ My By [~ e My
19(B) = “7| / ay & o <oth(1QqlBy) = 87"2/0 dy % coth(By). By = | Qy|B.

The integration I1‘7(B) is clearly divergent and needs to be regularized.

Qll7 o) = N, Z 19(B) = 871-2 Z / dy e ™% Byycoth(Byy) « (divergent ify — 0) |.

The origin of the divergences can be understood by using the Taylor series
expansion of the function:

(qu )? (qu )*
3 45

= To regularize the effective potential, we need to perform two subtractions.

Bgy coth(Bgy) ~ 1+ + Ol(Bgy)®]



1-Loop efective potential - MFIR regularization

_ <dy _ Bgy)?
W= ga D4 e {qucoth(sqy) ~q- G ]
finite
+/ dy o M2 Bj/“ Y g-ym?
3Jo ¥
infinity infinity
o g Bgy)?
Tmaog 2 Z / y o YM?2 Bqy coth(Bqy) — 1 — (Bgy)
871' 3
q=u,d
o () N,
NS / pm
q u,d q=u,d
QU _ d}’ eM2 dy o M2
q vd 2471' 182 Y

= ;BZ [ /\ZZ}N 24WZZ { ( 2)+7E]

q=u

Q(;;OLoop) — Q(Tn;aé]) + Q(vac) i Q(ne/a')

(S.S. Avancini, R. L. S. Farias, M. B. Pinto, T. E. Restrepo and W. Tavares, Phys. Rev. D 103,
NEE0N0 (2021) )
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