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PLAN OF THE LECTURES

* Lecture 1: Order of magnitude of B in different contexts. Units of B in different unit
systems. Charged particles in a magnetic field: Classical case and non- relativistic
guantum case.

 Lecture 2: Charged particles in a magnetic field: Relativistic quantum case. Charged
fields and propagators for spin 0, %2 and 1

 Lecture 3: Schwinger phase (SP). SP and charged particle propagators. Connection
between different representations of charged particle propagators. An example:
Leading Order Correction to the charged pion propagator.




Notation and general definitions

In what follows we use the Minkowski metric g*V = diag(1,-1,-1,-1) while for a
space-time coordinate four-vector x* we adopt the notation x* = (t,x) with
x = (x1,x%,x3). Moreover, the symbol ¢ denotes the proton electric charge.

Recall 9% = (%, — \7)

The electromagnetic field strength F*¥associated with a general electromagnetic

field A*is

P = 91 A" — 3 A =

And its dual is
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Next, we introduce the covariant derivative DY appearing in the field equation
associated with particles with electric charge Q . It is given by

D= 0" +i Q AM()

Under a gauge transformation A(x) the electromagnetic field transforms as

Al (z) = AM(z) = AH(z) + 0" A(x)

While F*V is invariant under this transformation, DF transforms in a covariant
way. Namely,

DH s DF — o1 RA®) pur i QA(z)




So far we have considered a general external electromagnetic field 4. Now we
concentrate on the case associated with a constant and uniform magnetic field B

The corresponding electromagnetic field strength F*V is

where i,j = 1,2,3. The associated electromagnetic field in an arbitrary gauge is given
by T
Al (x) = 5:1?,,,17”’“ + 0"V (x) ,

where W(x) is, in principle, an arbitrary function.

For a given form of W(x) one obtains a particular gauge. Without loosing generality
one can take B along the 3-axis. In addition, ¥(x) can be taken to depend only on
x1,x? since only the components F1? = - F21 = 0, which implies that only 0'A2 and
9%A?! are relevant. Some commonly used (“standard”) gauges are

Symmetric gauge (SG), ¥(z) =0 AP () = (o, —g 2, g 2!, o)
Landau gauge 1 (LG1), ¥(z) = ga:l:rz ,  A*(x) = (0,—Bz%0,0)

Landau gauge 2 (LG2), ¥(z) = —g tz?, AM(x) = (0,0, Bz',0)




[ A basic set of functions ]

We introduce the scalar functions 7, (x,q) which are solutions of the eigenvalue
equation

DF=0"+1iQ A'(x)

D'D, Folz,q) = fqFo(z,q
L Q( Q) fq Q( Q) A“((]}) = %CEVFV'M +8Mlp($) ’

q stands for a set of 4 labels that are needed to completely specify each
eigenfunction

One can be more explicit and write the eigenvalue equation in the form

S o 2 2] . .
00, —QB-L + I(fx B) ]e%Q\P(x) Folz,q) = f; QY (@) Folx,q)

where L* =i &m x,0,,. We see that while the eigenfunctions 7, (x,q) are gauge
dependent, the eigenvalues f; are not.

As mentioned, we can always take B along the 3-axis, and W(x!, x%). Thus, as in the
case of a free particle, the eigenvalues of the components of the four-momentum

along the time direction, ¢q°, and the magnetic field direction, g3, can be taken as two
of the labels required to specify F, (x, q)




From what was shown in previous lecture we have

fo=—1[(d")* = 2k +1)Bq — (¢°)"]

where B, = |QB| and k is a non-negative integer, to be related with the Landau level.
The eigenvalues depend only on three of the labels included in g. As we know there

IS a degeneracy, which arises as a consequence of gauge invariance; to fully specify
the eigenfunctions, a fourth quantum number y is required. One has § = (¢°,k, x, q3)

The quantum number y can be conveniently chosen according to the gauge in which
the eigenvalue problem is analyzed. In particular, since for the standard gauges SG,
LG1 and LG2 one has unbroken continuous symmetries, it is natural to consider
guantum numbers y associated with the corresponding group generators.

SG: X =1, nonnegative integer, associated to L?
(eigenvalue of L?: m = sign(QB) (1 — k))
. 0
LG1: Y =q', real number, eigenvalue of — i%
. 0
LG2: Y =q°, real number, eigenvalue of — i@




The explicit form of 7, (x, @) in the standard gauges are [By = [@B|, s =sign(QB)]

Sym Gauqe —i(q" 2°—¢323) _—is(k—1 —
SG Folz, q)(SG) Vor e a g z”) o—is(k—1)¢ Rk,z(P) ’ g =(q0,k,l,q3)

where | Ry ,(p) = Ny, §* 2 42 L€

with & = Byp?/2, Ny, = (By L!/k!)l/2 . Here, LT*(x) are generalized Laguerre
polynomials.

L andau Gauge

(LG1, LG2)
f’ ($ q)(LG2) — Npe i(q° °—g* 2% —q¢°2?) Dk(ng)) q=(q°.k,q2,q°)
2
where p;" = /2B, ( )pﬁz) V2B (x —;—Q> and Ny = (4rBy) """ VI

The cylindrical parabolic functions D, (x) are defined as

Dy (z) = 27k/2 e~ 14 |y, (IL‘/\&)

H, (x) are Hermite polynomials, with the standard convention H_;(x) =0




Fo (x,q) satisfy the completeness and orthogonality relations

gﬁfb@ﬂffdyw = Wy,

[ e Fotw.) Folwa) = S

We have introduced some shorthand notation whose explicit form depends on the
chosen gauge. For SG we have

dq’ dg® . , |
i — (2m)? Z 5o+ Oaz = (2m)" O 6 3(¢” = 47) 8(q” — )

q

While for LGi (with i1=1,2)
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For later use we define § = (k, x,q3) and

i = i?wé(qo —F

{ae} q




It can be shown that 7, (x, q) satisfy the useful relations

D° Folx,q) = —iq’ Folx,q)
(D' +iD?) Fo(z,q) = (Fs)[(2k+1F3)Bo]"” Fola, Gors)
D* Fo(z,q) = —iq’ Fo(z,q)

where Gi+s = (@% k £ 5, %,9°)

Under a gauge transformation A(x) the functions 7 (x, g) transform as

fQ(CU,(j) — fQ(xa Q) — 6_iQA($) fQ(IBJQ)




[ Spin 0 charged particles: the charged pions ]

The gauged Klein-Gordon action for a point-like charged pion in the presence of a
static and homogeneous magnetic field is

Ska = — /d4a¢ 72 (x)* (D" Dy + m2) m(x) Qr = Qe,with Q = +1

The associated gauged Klein-Gordon equation is

(D* D, +m2) m°%(x) =0

Gauge invariance of the gauged Klein-Gordon action requires that under a gauge
transformation A(x) the 9 (x) field transforms as

2(z) — 72(z) = e @TAE) 7o (y)




The quantized charged pion field can be written as

@) = 7@ = Y g {a2@ Fa) + 0@ F o))

{dE, }

Here the pion energy is given by E, = m2 + (2k + 1)B; + (¢3), k = 0, while
the functions F<(x, g) are given by

Fg(ma Cj) = FQ. (QC, g)

They satisfy the completeness and orthogonality relations obtained for F, (x, q)

The creation and annihilation operators satisfy the commutation relations

[a2(q), a£2(q)] = [a2(D)T, aX2(@)'] = [a2(d), a;%(¢")'] = 0,

[a2(@), a2(d)'] = 2B, (27) 6 10 8(¢° — ¢'°) .




The equation that defines the charged pion meson propagator A_o (x,y) is

(D" Dy +m2) Agele,y) = —60(z — y)

It can be shown that

Avol(z,y) = iFg(a:,q)Awgw,quQ(y,q)*

q

Here A , (k,q) =1/[ g’ —m2 - (2k +1)B_ +ie | With ¢ = (¢, ¢°) and af = (q°)* —(q*)?

[ This can be proven using

(D'D, + m?r) F9(z,q) = — [(qo)2 —m2 — (2k+1)B;, — (q3)2} F9(z,q

and i‘m‘%;, ) F2(y.q)" = 6@ (z — y)

q

We say that the charged pion propagator is diagonal in g-space (or “Ritus space”)

Under a gauge transformation A_q (x,y) transforms as

Ano(z,y) = Ano(z,y) =e Q@) A _o(z,y) @ W)




[ Spin 1/2 charged particles: the quarks

J

We consider the gauged Dirac action for a point-like quark of flavor f in the
presence of a static and homogeneous magnetic field. We express the quark

charge as Qf =Q e with Q = 2/3, Q~-1/3for f = u,d

Sp= [ da iy (@) (P — mg) v (a)

v, =yl
D =y, D*

The associated gauged Dirac equation reads

(i —my) y(x) =0

Gauge invariance of the gauged Dirac action requires that under a gauge

transformation A(x) the ¥, (x) field transforms as

() = Pp(z) = e LA pi(z) |




The quantized quark fields are given by

- Y > 5

a=1,2
{ae,}

_ o -'- _
21§f (¢,a)Us(x,q,a) + ds (G, a) V}(m;q,a)}

where the quark energy is given by Ef = \/m]% + 2kB,; + (q3) withk > 0.Fork =0

only the value a = 1 in the sum over a is allowed.

The spinors Ur and V¢ can be written as
Vf (:Ea q, (1) — Eigf('x:Q) U—Qf<kaq3:a) )

Eq (x,q) and E;f (x,q) are Ritus functions. Their explicit forms are

E°(x,q) = ) I'Fglz,a) q, ="k, 2.0°)
A==+

_ k,=k-(1F5)/2
E-2(,q) = Y D Fogle,qn) :
A==+

Here, I't = (1 + S3)/2 where S; = i y1y? is the 3-component of the spin operator
in the spin one-half representation




The functions E<f satisfy the orthogonality and completeness relations

/d‘*:p E°s (2,q)E% (2,7) = dgq/ [T + 6o (0% — )] B (x,d)=7°| B (x G)]T 7’
Q, =Q; /e
Z: B (2, q) B/ (a/,q) = 6 (2 —2/) T s =sign(Q, B)
q 7 =diag(1,1,1,1)

The spinors are [in Weyl representation of ymatrices]

1 F $(@) s = @ = (1
U k’ 37(), = < E ,]f, 3 m 7 ( . ) 0
(B 0) v 2(Ey +my) BBy ) 4 7] ¢l
! B ¢ - 0
—o, (k; 37 = —U_(Ey, k, 3+ T ( ~ ) ¢(2)=¢(1):( )
v Qf( q°,a) \/Q(Ef+mf) _ U_s(E¢. k,q°) +my } 5@ X

where 1§ = (q° 0, —s /2kBy, q%)

The anticommutation relations between creation and annihilation operators are

{bs(4d, a’)?bf(‘j,?a’,)} = {ds(q. a),df(cj',a,’)} =0,
{bf(éa &),df((j,,a,)} — {bf'((j, &):df(dlv&,)T} — )
{bf(qJ; CL), bf((j’, a’)T} - {df(éa CL), df((jla a’/)T} — 2E?f 5aa’ (27T)3 5kk’ 5xx’ 5((]3 - qIS)




To understand how the expressions for the quark energy and for the spinors are
obtained it is useful to consider the relation,

iP B (z,q) = B2 (z,q) Us(¢°, k, ¢°)

which follows from the properties of 7, (x, q).

We consider the Dirac equation
(ZZD o mf) Uf(:EaCja CL) — (@ZD o mf)EQf(xvq) qu(ka qgaa’)

From the property above we have
|:]?[5(q0’ k, q3) o mf} Ug, (ka q?,’ (L) =0

To satisfy the equation in general we must have

~ 2
det (.(¢" k. q") = my ) = ((°)” = m} —2kB; = (¢)°)" =0 |E} = (¢")? = m}+2kB+(c)?

The explicit forms of qu(k,q3,a) are obtained by solving the above equation under
this condition and properly normalization.

Something similar holds for V;(x,q,a) and v, (k, q3,a)




Note that for S=0,1/2 the energies are

E?=m?+(2k+1)B, +(q°) E°=m?+2kB, +(q°)°

Then, the S=1/2 energies can be written as

"orbital" SPIN
EZ=mi+| 2n+1 +2s, |B; +(q°)° with s, =+1/2
2k

n S3 k

0 -1/2 0 — Lowest Landau Level (LLL) non-degenerated
0 +1/2 1 n

1 -1/2 1

- All the other LL’s appear twice

1 +1/2 2

2 -1/2 2 -

For LLL, Ef = mf + (¢®)* like particle in 1-dim (dimensional reduction)




The equation that defines the quark propagator S¢(x,y) is

(iP —my) Sy(z,y) = 6W(z — y)

In terms of the Ritus eigenfunctions it can be written as

where

Si(z,y) = XEQf(x,g) S (k,qp) B2 (5,q) |

q

A Hs+mf
Sy(k,qp) = .
sk ay) qﬁ—m?—Qka—i-ze

This can be proven noting that, according to the property of B given before, we have

(P —mp)E% (2,q) (I +mys) = B (2,9) (W —my ) (Lo +my)

= E°s(x,q) (1?13 — m?) = E°f(z,q) (qﬁ — m?: = Qka)

and using the completeness relations of the B

Under a gauge transformation the quark propagator transforms as

S¢(x,y) — §f(a:,y) — o iQsA(x) S¢(z,y) RICHING)




[ Spin 1 charged particles: the charged p meson

The gauged Proca action for a charged point-like p meson in the presence of a

static and homogeneous B is

Spo = [dte {= 5ot ) + @) p3() + 5 Qo300 5 0) -

) 3] |

with p,, =D, pg —D, pﬁ.

The associated gauged Proca equation reads

DDy pg () +my pg () = 20 Q, F,% pS(x) =0 | with D" pi(z) =

The rho field reads

{QEP

= X X 5 [@oweea vaowowey

The rho energy Is|E, = ng + 2k +1)B, +(¢®)? ,with k = -1




The functions W' (x, g, c) are given by

Wh(z,q,c) = RO (x,q) €0, (k, q°, )

We have separated the wavefunction into a function R%#*¥ that depends on x and g
and a polarization vector ¢, (k, g3, c), the index ¢ denoting the polarization state.

For explicit expressions for polarization vectors see Dumm et al, PRD108(2023)016012

For k = —1 there is only one possible polarization vector, i.e. ¢ = 1 in this case.
For k = 0 two polarization vectors can be constructed, i.e. c = 1,2.
For k = 1the sum over c runs over the full set of values c = 1, 2, 3.

The functions RY#" are given by

R (z, q) Z Fo,(x,qx) TR",
A=-—1,0,1
where §;=(q% k — s 4, x, ¢*). There are different possible choices for Y;” ; we use
1% r ]‘ v 174
o T = L S

= i(6f5§’ - 5;‘61’) IS the 3-component of spin operator in the S = 1 representation.




The equation that defines the rho propagator D;‘g(x, y) is

(DD +m2) guw — DDy + 21 Q Fus | D () = 8, 69 (z — )

In terms of the Ritus eigenfunctions it can be written as

D) = Y ROU(w.0) Dye alhoa) RO (0,0)
q
where ¥
D o (k’ ): _ga5+(1_5k,—1) Ha(k7Q||)HB(k7Q||) /m?)
P2 V5 | @ —m?— (2k+1)B, + ic
with

k) = (o /B2 (VT = VR)  —5\/B,/2 (VET T4 VE) . ")

for k>0

Under a gauge transformation the rho propagator transforms as

~

ng(a:,y) — D;g (z,y) = e 1QsA@) ng (z,y) QAW




For S=1 the energy is Ef=mj + (2k + 1) +(¢°)* withk > -1

This can be written as

"orbital” SPIN
ES=m’+| 2n+1 +2s, |B, +(q°)° with s, =-1,0,1
2k +1
n S3

<— Lowest Landau Level, only 1 polarization

% 1st Landau Level, only 2 polarizations
\

All the other LL’s, 3 polarizations

/

_ P O Rhb P O R
P N P O FP O b =




Summary |l

We have introduced a relativistic notation to express gauge transformations and
fields.

We have introduced a set of basic functions and show their explicit form in the
standard gauges.

We have shown how to express the relativistic fields for particles of S=0, 1/2, 1 in
terms of the basis functions.

We have shown how to write the corresponding propagators in terms of the
associated (Ritus) eigenfunctions.
We have shown that the propagators transform in a covariant way under gauge

transformations.

Of course, our results can be used for other charged particles: e~ , W=, etc
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