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Dirac equation in electromagnetic fields

The Dirac equation, considering the minimal coupling rule, in the massless case, can be written
as
VmW(x), T =00y — Ay, (1)

where A, = (¥, A) is the electromagnetic potential of a external field. We are interested in
solved the squared operator (7 - 7)2, which takes the form

(v 7)° ="y MWVZW2+TFW’ ot 25[7“77]7
0 E E &
2
“E. 0 -B, B, (2)

Fu=lroml= | T8 o o %

~E, -B, B, 0
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Dirac equation in electromagnetic fields

Developing each term separately, we obtain that

(9 0A;
> 0Ao 2 OA . 2
_8 at 2/A08t + A + 8j + IW + 2!Aj6j — Aj, (3)
U_WF _ ([ —oski2+ 02F13 — 01F23 i(o1Fo1 + 02Fp2 + 03F03)
2 i(o1Fo1 + 02Fo2 + 03Fo3) —o03F12 +02F13 —01F23
where we have used the relations [°,~'] = 2a;, [/, ¥] = i2¢jx0k @ hxa, Fu = —F,, and
ot = —g"", with the Dirac matrices being

0 __ o 1 0 i L 0 agj
Y _B_(O _1 ) Y _Bal_ —0; O )
(4)
a=(2 7)., =iy = () o
=\ o) 10)

and o; being the Pauli matrices.
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Parallel electromagnetic fields

Let us consider a static parallel field configuration, namely, a magnetic field B = B(x) Z and an

electric field E = E(z) 2. By taking the Landau gauge the vector potential generating B can be

chosen as A = A(x) §. Moreover, since the rotational of the electric field is equal to zero, the

electric potential ¢ is a function only depending on z. Thus, the field strengths turn out to be
_ dAKX)

B(x) = A0) g ) )

On the other hand, we assume the spinor Wp(t, x, y, z), such that (v - 7)*¥p(t,x,y,z) =0,
has a standard temporal behavior and since the system exhibits translational symmetry along
the y-direction, we propose Wp(t,x,y, z) can be written as follows

(2N

. . s
Vol xy,2) = N (x,2) = ) | 1 (6)
T
Ly
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Parallel electromagnetic fields

The time-independent spinor W(x, z) fulfills an eigenvalue problem that is equivalent to the
following coupled system of equations

d¢(Z)

{ [af —(k+ A(x))*+ %E(X)

+[(’)§+<¢(z)+e)2]}wT Wwe=o (@)

This system can be decoupled defining the variables
+ _ i« B
P = YRy (8)

Then, the system of equations can be written as

Hy +HE| o =0, [Hi+HT|ef =0, (9)
where
Hi =02+ (ot AP = A0 s = a2 o) 1P =1 %20) )
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Parallel electromagnetic fields

The previous fact implying the functions c,o%IE =X; (x)qt(z), (pit = XI’(X)CiF(z) satisfy that
Haix, =eaxiy, MG = eodi. (11)
Hence, we obtain a relation between the energies €4 and €4, given by
ea= —c4 (12)
The SUSY transformations are carried out by means of the superpotentials

wa=k+A(x), wg=i(e+¢(2)) (13)
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Confining case: Poschl-Teller-like potentials

Let us consider the electromagnetic potentials of the form

o Bo s . - Eo
Alx) = o sec(vx), 5 SVX <o ¢(z) = . sech(pz), (14)

With the definitions above, the SUSY partner potentials are

ViE(x) = k? + 2kDa sec(vx) + D3 sec?(vx) + vDa sec(vx) tan(vx),

+ 2 20 p2 . (15)
V; (z) = —&° — 2eDysech(uz) — Dgsech®(uz) F ipDgsech(pz) tanh(pz),

where Dy = By /v, Dy = Ep/p. In order to solve the eigenvalue equation of the Hamiltonians
Hj, we apply the change of variable u = isinh(uz), it is obtained that

d? d eD, D? u

2 2 2 2 ¢ [

1-— — —uu— —e°—2 — F uD,

,u( u)du2 udu ¢ V1= u? 1—u? ¢1—u2

— 4| ¢F(u) =0. (16)

This differential equation leads us to the Jacobi equation, if first we take € = 0.

8/19



Confining case: Poschl-Teller-like potentials
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Figure: A sketch of the alignment of the fields in the plane X — Z (a). The electromagnetic fields generated by the potentials in Eq. (14) (b). The scale of the graphs is set by

parameters Eg = 2.0, By = 1.0, ¢ = 1.0 and v = 1.0.
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Confining case: Poschl-Teller-like potentials

Figure: Plot of the Poschl-Teller-like SUSY partner potentials V/:\E (x) (left). Real and imaginary parts of the potentials \/j: (z) (right). The scale of the graphs is set by

parameters Eg = 2.0, By = 1.0, 4 = 1.0, v = 1.0and e = k = 0.
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Confining case: Poschl-Teller-like potentials

The eigenfunctions of the Hamiltonians H(f are given by

CE(u) = (1 — u)iGr)(1 4 g p{ e i)

_ 2
E¢:—M2 n(n—Q¢+1)+%], r:|::\/].-i-4-5¢>(5(15:|:].)7

_ /14+454(Sp+1

(17)

where Sy = D/, Qs MVIHS,(So=D) 161 1 and Qs — 1> n. While, the
solutions of the Hamiltonians Hj‘t, when k = 0, can be written as follows

1 1
i () = (1 — w)irsa) (1 4 )it plesder) )

2 (18)
ea =17 n(n—i—Q;H—l)—F@ . Sy =1/1+454(54£1),

_ \/1+4$A($A+1)+\/1+4SA(SA_1)

with u = sin(vx), Sa = Da/v, Qa 5 and Sa(Sa+1) > —1/4.
The relation between the energies leads us to [v(Qa + 14 2m)| = [u(Qp — 1 — 2n)|.
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Probability and current densities

Pz, 2) pile,2) plx,2)

Figure 3. Probability densities for the L- and R-handed spinorsin equation (39) (firstand second column, respectively) and total
probability density (third column), corresponding to the zero-mode spinorin equation (35). The scale of the plotis set by the
parameters Ey = 2.0, By = 1.0, # = 1.0and v = 1.0. Note that weare using natural units, i = ¢ = e = 1, where x, y, zvariables possess
unitsof (MeV) ™', whereas the probability density has units of (MeV)™.

12/19



Probability and current densities
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Probability and current densities
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Probability and current densities
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Figure 5. (Left) A representation of the Rightand Left chiralities. The sum of the corresponding L- and R-handed currents is non-zero
in y-direction. (Right-top) j, current on the surface of a cylinder and (Right-bottom) its projection to the x — zplane. It can be seen the
direction switching through passing the z = 0 plane. Note that we are using natural units, b = ¢ = ¢ = 1, where x, , zvariables possess

unitsof(MeV) ', whereas the probability current densities has units of (M eV)*
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Summary and outlook

The (3+1) Dirac equation describing a Dirac material in the presence of static
non-uniform parallel electromagnetic fields is solved within a SUSY-QM framework.

The current densities vanish in all spatial directions, except for the current along the
y-direction, which defines a plane in which it lies perpendicularly to the electromagnetic
fields. Hence, it is appropriate to assume that a PHE develops in the system dealt here.

iThe Dirac material addressed here shows a new class of chiral PHE!

The electromagnetic profiles used in this work are tough to realize in the laboratory.
Nevertheless, a configuration of pseudo-electromagnetic fields, associated to strains in the
material, could become analogous to the system worked here. Such configuration could be
feasible in the laboratory through modern strain techniques in Dirac materials, such as
scanning tunneling spectroscopy

Solving the SUSY partner potentials Vf(z), Vj[(x) for € # 0 is an interesting work for
the future.
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