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• Lecture 1: Order of magnitude of B in different contexts. Units of B in

different unit systems. Charged particles in a magnetic field: Classical case

and non- relativistic quantum case.

• Lecture 2: Charged particles in a magnetic field: Relativistic quantum case.

Charged fields and propagators for spin 0, ½ and 1

• Lecture 3: Schwinger phase (SP). SP and charged particle propagators. Connection

between different representations of charged particle propagators. An example:

Leading Order Correction to the charged pion propagator.

PLAN OF THE LECTURES



Schwinger phase 

Given a particle P with electric charge QP, we denote the associated Schwinger

phase (SP) by ΦP . Its explicit form is

where 𝐹𝜇𝜈 is assumed to be constant, and the integration is performed along an 

arbitrary path that connects 𝑥 with 𝑦. 

In general, the SP is found to be not invariant under either translations, rotations or 

gauge transformations. 

On the other hand, the integral in ΦP is shown to be path independent; thus, it can 

be evaluated using a straight line path.



Using, in addition

one can obtain a closed expression for the SP associated to a static and uniform 

magnetic field in an arbitrary gauge. It reads

For the “standard” gauges introduced in previous lecture

Under gauge transformation the SP transforms as

SP always includes products that mix the coordinates of the points 𝑥 and 𝑦 . There

is no way in which these combinations could be expressed in terms of the difference

between a scalar function Λ evaluated at 𝑥 and the same function evaluated at 𝑦

If the SP does not vanish in a given gauge it will be nonvanishing in any gauge. The

SP cannot be ``gauged away''.



Schwinger phase and particle propagators 

In the previous lecture we have seen how to write the particles propagators in terms

of the Ritus eigenfunctions. Now, we will see an alternative form to express them.

For simplicity we consider the case of S=0 (the pion). For S=1/2 and 1 similar

arguments apply.

We have seen that a gauge transformation the pion propagator Δ𝜋𝑄(𝑥, 𝑦) transforms

as

Given the way in which the SP transforms under the same transformation it is clear 

that we can always write

where ഥΔ𝜋𝑄 𝑥, 𝑦 is a gauge invariant function; the gauge dependence of the

propagator is carried by the SP, which has a well defined expression.



Since we are dealing with a system subject to a static and uniform magnetic field,

the invariance under translations in time and space, under rotations around any axis

parallel to the magnetic field, and under boosts indirections parallel to the magnetic

field, is expected to be preserved.

Translations in time, as well as translations and boosts in the direction of 𝐵, can be

treated in the same way as in the case of a free particle, since they do not involve

the axes 1 or 2.

We focus on the translations in the plane perpendicular to 𝐵 and in the rotations

around the 𝐵 direction. The expected invariance seems to be at odds with the fact

that the charged pion propagator is known to be not invariant under these

transformations. For example, in previous lecture we have seen that it is expressed
in terms of F 𝑥, ത𝑞 that when written in the SG are not invariant under translations

In what follows we clarify this point and see how the invariance implies further

constraints on the form of the propagator.



Let us first consider space translations in the perpendicular plane, i.e. a general

transformation of the form 𝑥𝜇 → 𝑥′𝜇 = 𝑥𝜇 + 𝑏⊥
𝜇

. From Aμ 𝑥 =
1

2
𝑥𝜈𝐹

𝜈𝜇 + 𝜕𝜇Ψ(𝑥)

under this transformation one has

It is rather easy to see that (as in the classical case discussed in 1st lecture) this is

fully equivalent to a gauge transformation

where

A similar relation between the translation and the gauge transformation can be

obtained for the Schwinger phase. Under the translation, the SP transforms as

whereas performing the corresponding gauge transformation one gets

Taking into account the form of Λ𝑡(𝑥; 𝑏⊥) we observe that Φ𝜋𝑄,𝑡(𝑥, 𝑦) = ෩Φ𝜋𝑄(𝑥, 𝑦)



From the above equations it is seen that under the considered translation the
operator Dμ Dμ +𝑚𝜋

2 and the factor exp[Φ𝜋𝑄 𝑥, 𝑦 ] transform in the same way as

under the gauge transformation Λ𝑡(𝑥; 𝑏⊥).

Together with the requirement that the equation

must be translational invariant, this implies that the gauge invariant factor ഥΔ𝜋𝑄 𝑥, 𝑦

has to be also translational invariant and can be Fourier transformed

where we have explicit that one can have different dependences on 𝑣∥ and 𝑣⊥ .

Similar arguments hold for the rotations around the 𝐵 direction (i.e. the 3-axis). This

fact together with the invariance under boost along the 3-axis implies

where ഥΔ𝜋𝑄 𝑣∥, 𝑣⊥ can only depend on 𝑣∥
2 and 𝑣⊥

2



An entirely similar analysis can be performed for the case of spin 1/2 and spin 1

particles.

For the spin 1/2 fermion propagator one has

Here, ҧ𝑆𝑓 𝑣∥, 𝑣⊥ is a matrix in Dirac space combination of 𝛾∥. 𝑣∥ and 𝛾⊥. 𝑣⊥with

coefficients depending 𝑣∥
2 , 𝑣⊥

2 ,

For the spin 1 boson propagator one has

Similarly to the previous cases, invariance under rotations around the3-axis and

under boosts in that direction implies that 𝐷
𝜌𝑄
𝜈𝛾

𝑣∥, 𝑣⊥ will be given by a linear

combination of tensors of order two built from the tensors 𝑔∥
𝜇𝜈
, 𝑔⊥

𝜇𝜈
, 𝐹𝜇𝜈and the

vectors 𝑣∥
𝜇

and 𝑣⊥
𝜇

with coefficients given by functions that depend only on 𝑣∥
2 and 𝑣⊥

2



Connection between different representations of propagators

In the previous lecture we have seen that S=0 propagator is

where

Now, we have learnt that for gauge and symmetry arguments it can be also 

written as 

Which is the expression for ഥΔ𝜋𝑄(𝑣∥ , 𝑣⊥ ) ?



Equating the two expressions we have

Making the change of variables 𝑥 = 𝑡 + 𝑧/2, and 𝑦 = 𝑡 − 𝑧/2 and recalling
FQ 𝑥, ത𝑞 =F 𝑥, ത𝑞

Now, we multiply both sides by 𝑒𝑖 𝑧 𝑝 and integrate over 𝑧



Recalling

where

with ത𝑞𝑘 = (𝑞0, 𝑘, 𝜒, 𝑞3) . 

I is gauge invariant. It can be calculated in any gauge. 

We can write

where



Using e.g. LG2 one can show 

Where Ԧ𝑝⊥ = 𝑝1, 𝑝2 = Ԧ𝑝⊥ (cos𝜙⊥, sin𝜙⊥) and 

For the case we are interested in (i.e. 𝑘 = 𝑘′) we have 

Replacing in                                                                               we finally get

which is a function of 𝑝∥
2 and 𝑝⊥

2 as expected. I call this the LL representation of ഥΔ𝜋𝑄



There is still an alternative way to expressഥΔ𝜋𝑄. 

Using the relation

We have

Using the relation

With 𝛼 = 0, 𝑥 = 2 Ԧ𝑝2/𝐵𝜋 , 𝑧 = −exp(−2𝑖𝜎𝐵𝜋) we get

Replacing in previous expression we finally have

We call this the Proper-Time (PT) representation of ഥΔ𝜋𝑄



We conclude from this that there are 3 alternative ways to express  Δ𝜋𝑄 𝑥, 𝑦

where 

Ritus space

LL representation

PT representation



Similarly, for spin ½ we have

where

For definitions of Π𝑠, Γ
𝜆 and 𝑘𝑠𝜆 see 2nd lecture

The same happens for spin 1 (see Dumm et al, PRD 108 (2023) 1, 016012)

Ritus space

LL representation

PT representation



An example: Leading Order Correction to the charged pion propagator 

Let us consider the quark-pion interaction Lagrangian

where

We analyze now the leading order correction (LOC) to the two-point 𝜋+correlator. 

One has

where



Replacing this relation into

We introduce the 𝜋+polarization function in ത𝑞 (or Ritus) space, Jπ+ ത𝑞, ത𝑞′

Using the completeness relations of FQ 𝑥, ത𝑞 this can be inverted to give

and using the Ritus form of the 𝜋+ propagator and the orthogonality of F+’s , the

LOC can be written as



Jπ+ 𝑥, 𝑥′ can be written as

where

and

with

We need to obtain Jπ+ ത𝑞, ത𝑞′ given by

where

Using form of the quark propagators in terms of the SP



Replacing this form of Jπ+ 𝑥, 𝑥′ into

we have 

where

hP is gauge invariant. It can be calculated in any gauge. One gets

where



Replacing hP in

and performing the integral over 𝜙 ⊥ (note only depends on Ԧ𝑣⊥
2

as 

shown below), we get 

Even for 𝑘 = 0 we have to integrate over Ԧ𝑣⊥
2 ! We cannot set 𝑣⊥ = 0.  Like in 

the harmonic oscillator we have zero point motion in the g.s.  

Diagonal in 

Ritus space



Selfenergy

diagonal in 

Ritus space





This expression is divergent. Therefore, it has to be properly regularized by i.e. 

subtracting the B=0 contribution.



Summary III

We have introduced the Schwinger phase. It carries all the gauge and non-

rotational and translational invariance of the charged particle propagators.

The charged particle propagators can be written as a product of a SP term and a

factor which is translational invariant. The latter can therefore be Fourier

transformed. It also invariant under rotations and the boosts along the magnetic

field direction.

The invariant part can be expressed in two alternative ways: as a sum over LL or as

a PT integral. In addition, as seen in the second lecture, the full propagators can be

expressed in terms of Ritus functions.

We have obtained a closed expression for the LOC correction to charged pion

propagator which turns to be diagonal in Ritus space.
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