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Motivation

Extreme temperature
* Relativistic heavy-lon collision experiments
e Early universe

Extreme density
¢ Compact stars
* Relativistic heavy-lon collision experiments

Extreme magnetic fields

* Peripheral heavy ion collision experiments
* Magnetars




Outline

* Introduction to finite energy sum rules (FESR)
* Medium effects

* The QCD sector

* Condensates

* Hadronic sector

* FESR under external electroamgnetic effects
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Introduction to FESR



The spectral function

Two current correlator L, (x —y) = (0T J,(x).J)(y)|0)
Fourier transformation I1,,(q) = q,uquL(q2) i (guqu — qﬂqy)HT(q2)
. | 1 | A IC)
pectral function p(s) = —ImlIl(s + ie) II(p) = ds 5
T 0 S—P
p Hadronic resonances Resonances

overlapping

so — Hadronic continuum threshold
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FESR Quark-hadron duality Had . T7QCD

Cauchy’s theorem

1 [7° —1
— / ds s 1 ImIT™ (s 4 je) = —— ds s™ 1 II?CP(s)
™ Jo 2T |s|=s0
“Pac-man” contour
]{ — QCD / — hadron
SO 0

i
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Continuum hadronic threshold

7 (140)
a1 (1260) m(1300)

Axial-vector — Axial-vector correlator

|
S ~ 0.67 G6V2 So ~ 1.14 G6V2

pions only pions + a; 7/56



Continuum hadronic threshold

o) 7(1300)

Pseudoscalar — Pseudoscalar correlator

trg = 1GeV so ~ 1.45 GeV?
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Operator Product Expansion (OPE)

9P (2, y) = II"?P(z — y) + Y Con(z —y) (Oa2n)(z +3)
n>0
Short distance — high energy large distance — low energy
(5,, Wilson coefficients <(92n> condensates

In momentum space, short distance expansion, high s expansion

9P (5) = I1"°P(s) + Y _ Con(A)
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Operator mixing

II(s) = II,qen (s, A) + Z Co(s)(: ©, :)  normal ordered

condensates
n>0

Problems with the chiral limit

o In(—s/m;) terms

e limits m, — 0, mq—>0 # mqgq—0, my, -0 # m, =myg — 0
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Tq(x)q(z) =: q(z)q(z) : +5(z, T; pysg)
S(z,y) = (7|

T o@—m"
(O a4 £ [0) = (AUTaql0) + (e, 2 i)

Solution to the chiral-limit problem

Q= qq : Q) = (qq)(uzs) + S(x, 75 u3rs)  Non-normal ordered condensate

— operator mixing
— condensates become scale dependent and renormalizable
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[(s) = Myqon (5, pags) + Y Cn(s, 1ars) (On) (1a1s)

Example

, dk -
(: qyuiDy q ) = (Gv,iD, q) + tr/ o) YutDy Sa(k; pixrs)

In vacuum

N.m? 1 m 3 L, o
. = . . — _ . C T T y T G y
G quiDug ) = (@yiDvg) + 3 [d g (M—Ms> 4] G + 15 (G719

then ln(—S/m2) — ln(—s/,ui/[—s) 12/56



FESR features

* cuts the OPE series (vacuum with no radiative corrections)

d (Oap,
jé 2N 120277, i = Can(O2n)

27m

* No need to calculate the full form factor (can integrate contour before loop momentum integration
or Feynman parameters integration)

7{ y / d*k 1 _}/ d*k % 1 1
S
s 2m)* (p+k)? —m? k2 so otk —m2 R —m?
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Medium effects



Medium effects:
Temperature
Chemical potential X=T u B, E,...

External electromagnetic fields

1P (p, X) = 11" (p, pigggy X) + Y Co(ps iyzs) (On) (irss X)
n>0

* New condensates due to symmetry breaking
 More FESR equations

e |Infrared Wilson coefficients

- Is assumed all medium effects in the condensate 1556



Finite temperature and density

H(w,pQ) _ Heven(w2’p ) + wHOdd( D )

So d
/ ds sN ImIT"d (s +4e,0) = —7{ ® sV TI9°P (5, 0) + Res [s™VII2°P (s, 0))]
0 T 1s|=s0 27'('2 s—0
S = w2
/T
\\ D =
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Finite temperature and density
M(w, p®)

wo d
][ d_w wn—l—lImHhad(w + iE,O) _ _]{ _w wTL—I—l]:[QCD( O) + Reb [ n—i—lHQCD(wjo)}

woﬂ-
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Vacuum
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Finite temperature — Resonances “melt”

gl

§O(T) S

So acts as an order parameter
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So(T) / So(0)

S - deconfinement

1.4 ' ! ' ! ' ! ' T ) T ' J

- Dominguez, Loewe, Rojas, Zhang
12F 1 PRD 81, 014007 (2010)
11 F .

1.0 .

08 | z
0.7 7
06| -

0.0 02 04 06 0.8 1.0 12
T Ta
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20r

el =0
eB = 0.05 GeV?

B = 0.10GeV? | |

0.5¢

2.0t

0.0 0.5 1.0

1.5

2.0

Nucleon threshold at finite baryon density

Dominguez, Loewe, Villavicencio, Zamora

PRD 108, 074024 (2023)
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The QCD sector

22222



Vacuum

Operators — quark and gluon
condensates in combination
with quark mass

[1P2P(s) ~ log(—s)

Example: charged pions

Axial current, hadronic sector

Ap(z) = —frOum " (2)

Axial current, QCD sector

Au(z) = d(@)yy5u(w)
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Axial — Axial correlator and derivatives

Haw%=w/ﬁ%mWWMﬂAwmAumw»=«%%—f%nn¢m%ﬂhuhm%

H@W%ﬂffmmwﬁwﬂmAMW®=%mm%

%wwﬁ/&mm@Twmm&@@w>

Ward identities w) @I, (¢*) = s, (¢%) + (Ol[a@ru — dr,.d][0)

"5, (q%) = ¥5(q”) + (0|[myau + mqdd]|0)
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Diagramatically

I S -
s—m? ~ log(—s)

d

D9 -
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FESR for charged pions

/dSHT—>
/dSSHT—>
/dsH5—>
/ds\I!5—>

50
2f2=-"—
fﬂ' 47_‘_2
2 f2m2 = 20 o, (dg) — —— (e, G2)
LY ) 2% q 127
92,2 — _ 4 _ 3 2
Jrma = —4me(aq) + 5—5mq"s0
T
3m?2 s2 m2
2 4 q°0 3 /= q 2
2f7rm7'r — 4 72 o 4mq <QQ> + % <a8G >
"‘O(mq/SO)n
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Nucleon - nucleon correlator
hadronic sector proton interpolating function (QCD sector)

nn (x) = An (@) (%) = e°[(u)7 (x) Cru® (x) |y sde (x).

Neutrons: ue=d

M(g) = ; / Fxe (O Ty(0A(0)0) = 411,(¢?) + Th(g)
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Nucleon - nucleon correlator

~1 ~ (qq) ~ (qqqq)
~ <QSG2> ~ <asG2(jQ> ~ (9:0Gq)

. 2
— _ 2 _ A
19277 + 19, (a,G=) + 3 (G9qq)
FESR

sz 1 _
Aymy = _8—;22 (gq) + 127 (a,G*qq)
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Nucleon - Axial-vector correlator

U d

g

np ?7?’?,

double FESR

°r ds' " d ds' d
[ [ P = f 55 4 SR s
o o T sy 2T [, 21
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Finite temperature and density effects

Propagators

1
(twp + p)? —p*> —m

Y

5 finite T" and p (Matsubara frequencies)

7
~ : finite © and T = 0 (time ordered propagator
p%—pQ—m2+zepo(p0—,u) H ( propag )

1
— — 216 — ) 2 2 2
pg—pQ—m2+z’e m0(po( — po))d(p5 — P m-)
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Scattering with the thermal bath

First detected by
Bochkarev, Shaposhnikov, NPB 268, 220 (1986)

Formalized in the quiral limit

Dominguez, Loewe, PLB 233, 201 (1989)
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Scattering with the thermal bath

In the axial-axial correlator

[ Bk np(Eq — p) —np(Ey — p)
wllse = / (ZW)?)f(p, k) w[w — (Ed - Eu)]

Vanishes in the limit p — 0 and My = Mg

Ed:\/(k+p)2+m§l, E, =1\/k*+m2

After contour integration, the residue gives

f(p, k) —

/ dk np(Eq—p) —np(Ey, — p) dk

(2m)

111——13u (Zﬂ)
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PQCD are calculated with medium dependent propagators
OPE - only condensates medium dependent
Operator mixing? — not well established in-medium

Prescriptions — pQCD medium independent (baryon density)
- pQCD medium dependent

our findings — Operator mixing contribution to pQCD is medium dependent
— Operator mixing contribution to OPE is considered in vacuum

(: @ypiDuq =) = (@1uiDya) + \(Top ) + Y 1) (0
n>0
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Condensates



Quark condensate

Example A-A correlator

Step 1

(QIT A,u(2)AL(0)]€2) = (QUT d(z)vuv5u(2) ©(0)7.75d(0)]2)

= {(Q : di(x)u;(z) g (0)di(0) : Q)

+(Q] : di(2)d;(0) + S%(2)|Q) +(QUSE(=2) = @(0)u;(z) : |
—(QISji(—2) S (2)|) } Yuvslig sl
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{} J}  malaa)
. 5

Step 2: Small-x expansion

1
q(x) = q(0) + 2 D,q(0) + §xaa:f8DaD5q(O) + ...

Step 3: Operator mixing — non-normal ordered condensates
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Gluon condensate

Expansion in backroun gluon field

S(e.y) = (@l
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Example A-A correlator

(D - - -

Background gluon field small-x expansion

Fock-Schwinger gauge: G (3;) =20

! 1 1
Go(x) = /0 dtthGgﬁ(t:I;) ~ 53:56135(0) + gxpmﬁDpGgB(O) +...
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In vacuum
(Giq;) ~ (49)0i;

(@i Dpgj) ~ ma(aq) [ vulij
Finite temperature and density - «, = (1,0, 0,0)
(@g;) ~ (79)6i; + (d" @) [0l

<(7iiDqu> ~ mq<ch> [’Yu]ij + <qiDOq>uu5ij
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In vacuum

<&3GZV Zﬁ> ~ <048G2>(9,LLO¢QVB - gﬁgua)
Finite temperature and density - «, = (1,0, 0,0)

<048GZV gﬁ> ~ — [uuuam@ — Uy UBNyo + UpUBNpa — u,,uanw} <043E2>

+ [nuanVB - nuﬁnva} <asB2>

Nuv = Guv — Uy Uy
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If we consider external electromagnetic effects — Fj.

Structures include all possible combinations of

Juv Cafuv Uy F,uz/

A large amount of condensates!
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How to calculate condensates?
* By the sum rules

 through your favorite model
* |attice

Example: finite baryon density

(0,)) = (0]0,]0) + (N]|OL|N) + (NN|O,|NN) + ...

Gluon condensate:
Vacuum - with FESR

temperature and density contribution — through the traceanomaly (gauge only)
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Hadronic sector
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p(s) = %Imﬂ(s + i€) I(p) = /OOO ds P(S)T

Example: Axial-vector correlator (0|T A, (x)AT(0)[0)

1 = |m){(w| + |7m){mm| + ...

Saturation with one pion

(0| A (@)|7(p)) = V2fre P — A1) = —V2fr 0,77 (2)

Example: Nucleon-nucleon correlator

Oy (x)|N(p.s)) = Ayu(p, s)e'?™ nv(z) = AnYn(z)

44/56



Example: al

0.10

0.05]

0.5 1.0 15 2.0
s [GeV?]

Or use some model, calculate the self-energy.. as you wish
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Finite temperature and density Hg‘*‘d(w,p) _ / dp 2 Pi (Pnapg)
0 iUn —w

Ao(x) = = fr 0o " () P,P
—) ,uf,- (p) - 2f p ?)2‘[;)2#_ VE
Az(x) —fs(?m‘L(a:) 0 Py T

PO:p07 PZ:U721-p’L

fr=/fsft, ve =/ fs/ft —» Imposed by Ward identity

Screening mass: ~ ''sc = My [vr
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External electromagnetic effects
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QCD sector

In QCD, we can just do the same as with the gluons

— expansion in electromagnetic fields

S = ! . . F/JVF'LW
7/@ + 6f~A + g$ — my =) ExpanS|on INn powers of (S() — m?>2

I

Example: magnetic field so ~ 1 GeV? — |eB| < 0.1 GeV* ~ 5m2 Big enough!
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QCD sector

Magnetic field can reach larger values

50 [GPVZ]
8 ;_ my from NJL ]
7 5 Myg/m2 =const.
[| smmmmmm My =const.
~ 6F
8 [
o L
P
8 4t
S
3r
1F- 1 i ]
[ T N S S S SR T S S E S S S S B S R S B
0.0 0.2 04 06 0.8 1.0 1.2 1.4 0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14

eB [GeV?] eB [GeV?]
Schwinger proper time or Landau levels?

— complicated if we have different flavors (orthogonality breaks)
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Hadronic sector

field expansion

otice: s—m?2 s—(m?2—a)—a s — (m? —a)

Produces the same FESR

Condition: 0<m?—a< s
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Hadronic sector

Expanded magnetic field propagator is good enough

Gz, ') = @0 §(x — )

Example: fermions

- B z(p-l—m) i(p+m)012(p+m)
5p) = P2 —m? +ge (p?2 — m? 4 i€)?

D= (P07 V1P, v||P3)
51/56



Hadronic sector

Propagator expanded in Landau levels: No problem

1

Disc

pﬁ — 2leB|n — m?

FHADf 2

2.0f

1.5¢

1.0¢

0.5}

= z'7r5(pﬁ — 2|eB|n — m?) =

s leB)/m,2

Discrete results
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Hadronic sector

Schwinger proper time — Not recommended

Technical problems with the discontinuity

Disc /dTeiPQTJF“‘f(T,B) =7
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Charged pion correlator

I (x, y) = i{0|T[A,(x)AL(y)]|0)

15, (x. y) = i{0|T[iD - A(x)A;(y)][0)

Ay(x) = —f,D,x* (%)

ws(x,y) = i(0|T[iD - A(x)[iD - A(y)]']|0)
Ward identity

QTN q*) =15, (q%) — A, (q?) ie %,
Q = 4y ot e —

0"Tls, (%) = ws(q?) + As(q?). @
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Alejandro's request

40—| T T T T T T T T T T T T T T T

g from NJL
Mya/m2 =const.
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No summary, just some references

A. Raya, C.Villavicencio, "QCD sum rules at finite quark chemical potential and zero
temperature," arXiv:2402.14137 [hep-phl]

C.A. Dominguez, M. Loewe, C. Villavicencio and R.Zamora,"Nucleon azial-vector coupling
constant in magnetar environments," Phys. Rev. D 108, no.7, 074024 (2023)

C.Villavicencio, "Azial coupling constant in a magnetic background," Phys. Rev. D 107,
no.7, 076009 (2023)

C.A. Dominguez, L.A. Hernandez, M. Loewe, C. Villavicencio and R. Zamora, "Magnetic field
dependence of nucleon parameters from QCD sum rules," Phys. Rev. D 102, no.9, 094007 (2020)

C.A. Dominguez, M. Loewe and C. Villavicencio, "QCD determination of the magnetic field
dependence of (CD and hadronic parameters," Phys. Rev. D 98, no.3, 034015 (2018)

A. Ayala, C.A. Dominguez, L.A. Hernandez, M. Loewe, J.C. Rojas and C. Villavicencio, "(Quark

deconfinement and gluon condensate im a weak magnetic field from (CD sum rules," Phys. Rev.
D 92, no.1, 016006 (2015)
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