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// Fermions N vector %
The elementary particles are the fundamental o | Leptons | R ,;’"ﬂ
constituents of all matter, they are considered to | "/ @ | (2@ | - € » @
be point-like and structureless. That is, they do Flectron | | | muon T Photon
not occupy a volume in space. In the Standard B M T
Model they are characterized in two large v “(/)z ) ”(/) @\ » @ o
groups: bosons and fermions. clecron | || Muon | || Tau S
\neutrmo i \_neutrino ) i \neutrlncy /1—.\ g
Some of the most important properties of leptons Vs o | R ﬂwi :
ik 0 (0| (@ g
Lepton Mass [MeV /c?] Mean lifetime [s] Up | || Charm | || Top
Electron e” 0.511 o0 - i 8 J i N J
Electron neutrino v, 0 0 W NSHEY N R
Muon u~ 105.658 2.197 x 107° —{/;3 —;::g —;/;ttg —
Muon neutrino v, o] 00 \\ i 9 ) i L ) boson
Taut™ 1777 (291.0 + 1.5) x 1071° \_ | |
Tau neutrino v, 0 o0 I i I | I
IGENERATION |

Table 1: Leptons of the Standard Model.

"

Figure 1: Standard Model of Particle physics.
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The Standard Model is a local norm theory;
therefore, all its interactions are described by
local gauge symmetries.

The gauge transformations are given by unitary
matrices belonging to a certain Lie group U(N) or
SU(N). Because of this, the transformation
matrices can be represented as:

Ug(x) = e~10"0)Ta, (1)

where 0%(x) are the parameters of the
transformation and T, are the generators of the
group associated to that representation. Which
obey the following Lie algebra:

Figure 2: Yang & Mills in 1999.
[Ta, Tp] = ifabCTc- (2)
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A clear example of global gauge

Z4 I N 7| v .| invariance under the transformation ¥
- P’ = el®®Tay s present in the Dirac
Lagrangian:
Ly =iPy*0,¥ — YMVY. 3
AN BN >
1/)1 my 0 - 0
Espacio tiempo de Minkowski Espacio tiempo de Minkowski W= Y, M = 0 m, - 0‘
o | P 0
Figure 3: Local gauge fransformation. U, o o0 0 my,

But for the local gauge transformation ¥ —» @' = ¢~ Tay:
L' =iPy*9,¥ + q(0,0%) Py*T,¥ — PMY. (4)

In order to keep the Lagrangian invariant it is necessary to introduce the covariant
derivative D” = au + l'CITaAﬁ: F‘g', — auAg, _ avAﬁ 4+ qf(prﬁAe

1 — _
L=—2F"E} +i®ykD,¥ —-¥My. ()
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The U(1); model is a simple extension of the Standard Model by the addition of a new
gauge field associated with a new gauge symmeiry. The Lagrangian underlying the
addition of the new U(1),; symmetry group to the Standard Model is [1]:

1 1
Lsm+vayy = Lsm — 7 B B*Y + EKB“"F,E, + Lyiggs' + (6)
BHV = QHVY — QVVH, (7)
Assuming spontaneous U(1),; symmetry breaking:
1 1 1
Lsm+vyy = Lsm — 7 B B*Y + EKB“"F,E, + EmIZ,V“Vu + Lyiggs’ 0 (8)

sO as to, the kinetic Lagrangian is given by:

1 1 1
Lkinetic = _ZFquuv - ZBMVBI'W + EKBMVFHK,. (?)
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Note: A scenario is assumed for a dark photon in which the known quarks and leptons
have no U(1),; charge.

This Lagrangian can also be obtained by redefining the electromagnetic 4-potential:
AR —> AF — kVH,
(10)
F¥V — FHV — xBHY,
Which allows me to find an effective interaction Lagrangian of the Model:
eff _ Tyay U _ — Iy Y — Ly M
L] = geby (Ay — KV, ) = gepy* A — geriby v, (11)
The first term continues to describe an fermionic interaction by Standard Model’s photon.

Furthermore, the second term corresponds to an effective interaction between the
Standard Model’s fermions and the dark photon.

HOMOSUA
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Analyzing the free Lagrangian associated with the V# field of the model's Lagrangian
(equation 12), a Proca-type Lagrangian is found:

1 1
Losg = =7 BuwB" +5m*VH, (12)

Whose plane wave solution associated with its equation of motion is:

3
_ dq3 1 J —igx J* T igx
o = | o JZ_%;@(q)aq,,-e rel (@al ey, (1)

With which, the Feynman propagator for the dark photon is obtained:

(14)

. —I _q[,LCIV
OTHOWHO) = g — 22
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The magnetic moment is an intrinsic property of particles that depends on their spin S and
their angular momentum L, and tells how sensitive these are to an external magnetic field

B. In the non-relativistic limit, the Dirac equation in the presence of an external magnetic
field has the following Hamiltonian:

H =

v ° B-(L+g, 15
o T V@) +5-B - (L+95). (15)

N[ Ql

where § =2, mis the particle's mass and g; 1S its gyromagnetic factor.
L

- analogously -

The g, factor is adimensional.

Figure 5: Angular magnetic moment.
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For the case in which the process corresponds to the interaction between a Dirac fermion
and a “classical” electromagnetic field (Figure 6), the gyromagnetic factor g; corresponds
exactly to 2.

!

p P

> >

Figure 6: Tree-order interaction between a charged lepton
and an electromagnetic field.

For this process with momentum transfer corresponding to g = p’ — p, the calculation of the
scaftering amplitude using the Feynman rules for QED is:

—iMg = ig.uP )y up). (16)

10
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However, by using the quantum field theory treatment new contributions to the
gyromagnetic factor g; appear. Therefore, the anomaly is defined:

— 2
a=9= (17)

These corrections to the g, value can be obtained from expanding the vertex correction
function T*(p, p’). These conftributions correspond to the diagrams in Figure 7.

Il
+
+

igey" = igTH(p,p")

(a) (b) (c)

Figure 7: Expansion of the vertex correction function I'*(p,p’). (a) Total contribution.
(b) Tree-order contribution. (¢) 1-loop contribution.
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so as to, the total contribution will be the superposition of all contributions of all possible
Processes:

—iM¥ = ig.[u(p’) T*(p,p") u(p)] (18)

Thus, for a process of specific n-order one has:

—iMy = ig.[u(p’) TF™ (p,p") u(p)] (19)

igeY* — igI* (»,p")

Orden 0 Orden 1 Ordenn

Figure 8: Expansion of the correction to the vertex T (p, p") of n-order.

12
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‘Ward's identity: If M'(q) = €,(q)M*(q) is the || Gordon'’s decomposition: For any solution
amplitude of some QED process involving u(p) of the massive Dirac equation, it is
an external photon of momentum q, then: safisfied that:
U P UV
; I 200 o Za 1ot
quM*(q) = 0. u(p’) y* u(p) = u(p’) [ +—— = u(p).

Considering Ward's identity and Gordon's decomposition, the most general vertex
correction function associated with this process is:

uv
(20)

, . q
[“(p,p') = F1(¢D)y* + iF,(¢%) ; l

where F,(g?) and F,(q?) are called form factors. A sum of contributions for each n can be
associated with the form factors:

bpp') = Y TR () p') = ™ (g2yph 4 g™ g2y DI 21
“(p,p") = ) THY(p,p') = E7(@2)y* +iE 7 (q”) | (21)
n=0 n=0

l

13
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Using the Born approximation for an electrostatic potential it is found that the first form
factor Fl(") corresponds to a modification of the electric charge and must fulfill that

Fl(o)(q2 = 0) = 1, therefore, Fl("')(q2 =0)=0foranyn > 1.

On the other hand, using the Born approximation only for a magnetostatic potential, we
obtain that:

i=—[F0) + KO (22
m,

= g; = 2[F;(0) + F,(0)] = 2 + 2F,(0). (23)

So, for the value of the anomalous magnetic moment of a charged lepton we have:

a=F(0) =) FP0). (24
n=0

14
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ANOMALOUS MAGNETIC MOMENT OF THE MUON

* g-2 Collaboration:

- @ -
S
" S;=0 Sv

Py, Sy,
¢ . >-- . S, P,
B, Sy, Su

« White Paper: Theoretical calculation of the
muon anomalous magnetfic moment by
performing a perturbative expansion.

« BMW: Calculation of the conftribution of the
hadronic polarization of the leading-order
vacuum.
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T T T T | T T T T
BNL 2006 | A :
FNAL 2023 —a&—
Experimental avg. F—&—
0.9
s
This work
I = !
BMW 20
< 4.00 >
f o i
White paper
5.20
Ll P Ll >
| I | b [ |
Babar H——o0——H
H - Ly CMD-3
] el UL}
KLOE 1 A ]
LI | v LI
Tau
1 1 1 1 | | 1 1 1

175 180 185 190 195 200

a, x 101 — 11659000

205 210 215

Figure 9: Experimental and theoretical
predictions for muon g-2.
Source: BMW Collaboration(2024).

« CMD-3: Experimental measurement of the cross section of the e™ + e* -t + = process
at energies of 1.2 GeV at the VEPP-2000 electron-positron collider.
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The Feynman diagram associated with the 1-loop contribution of the effective interaction
between Z' boson and muon is:

Note: The vertexes in the process will correspond t0 iL;y;.

QED vertex igeyH

Effective vertex —ikgeyH

i(y”ku + mu)

Muon propagator
Propag kz—mﬁ+ie

Z' boson propagator v
Propag q2 —mé +ie
Figure 10: 1-loop confribution with Figure 11: Propagators and vertexes for the
the Z' boson for the anomaly. orocess.
d*k i(F +m ) i(f+m ) —ig
O = [ X e g D D w
igou(p I (p, pulp) (Zn)4u(p )(—igeky )k,2 - (lgey )72 mﬂﬂe_ —igeky?)u(p) e p)2—ml +ic (25)
16
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[Using the properties of the gamma matrices:

Y YHVa = —2vH, YY* Y Ve = 49", YEyYVyRyoy, = —2y°yHyV. ]

Therefore:
_ _ d*k ¥y — 2m, (k'" + kM) + m2yH
TGO, p ) = 292 | T — L L
(2m) (k'* —mZ + ie)(k? —mZ + ie)[(k — p)? — m& + ie]

u(p). (26

. )
rThe Feynman Parameters: They are a tool that allows us to evaluate loop integrals in
quantum field theory in an easier way.

= —Jld dx, - d 5zn: 1 (n-1)! (27)
AjAy Ay )y 12 n & [A1x1 + Apxy + o+ Ay |

i=1

Forn = 3:
1 2

AjA7A;5 [A1x1 + Ayxy + Azx3]®
\_ J

HOMOSUA

1
- j dxldxzdx3 6(x1 + Xy + X3 — 1) (28)
0

17
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In this case:
Aq =k’2—mﬁ+i6
A, =k?> —mj +ic (29)
A; = (k—p)? —mi + ie.
Furthermore, considering 4-momentum conservation at the vertex (k' =k +q) and the
Dirac delta condition (x; + x, + x; = 1), we have:

d*k S(x; +x, +x3 — 1)[6()/“%' —2m, (k'™ + k) + mﬁy“]
(2m)*

1
4igiK? f dx,dx,dx; u(p’) su(p). (30)
0

|2 + 2k(x,q — x3p) + %192 + x3p% — mZ(xy + x3) —mpx3 +ie]

Developing the denominator:

d*k (1 5(xy + x5 + x5 — D|¥y*E — 2m (K'* + k*) + m2yH
4ig2i> 4] dx,dx,dx; u(p") (1 2 3 )[5()’ ¥ u( ) uY ] —u(p). (31)
(2m)* Jy |(k + x1q — x3p)% — mZ(1 — x3)2 —mZx3 +x,%,q2 + i€]
And, defining the following parameters:
l=k+x19 — x3p, A= mﬁ(l — x3)% +mjx; —x1%,q°.

18
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First, the numerator must be written in terms of the new variable I:
N = fy*}' —2m, (k'* + k") + m2y*~. (32)
For the first term:
FyHE = lyHL+ Uy asp + yH(1 = x1)ql + [x3p + x1qly#L+ [xsp + x1qly*xsp + [xsp + x1qly* (1 — x1)q.
For the second term:
—2my, (k'™ + k*) = —4m,I* — 2m,[(1 — 2x1)q* + 2x3p*].  (34)
Then:

= IH + flyFasp + vE (L — x)d] + [xsp + x g1y F] + s + xadlyPxsp + [ap + xidly (1 — x4 (35)
—4my, 1% —2m, [(1 = 2x1)g* + 2x3p*] + miy*.

Now, considering the following identfifies:
d’l L 0 o I a3
@m* (2 —A+ie)® Cm*(Z—A+ie)? ) @o*(Z—A+ie)3

19

HOMOSUA



UNIATLANTICO SE

PARTIAL RESULTS W i | WARETES

The general expression can be simplified to:

4
()T (p, pYu(p) = 4ig2ic? [ s
X { ) +mi(1— x5 — 2x3) + (1 —x)(1 — xl)q“] Y* + x3my, (x3 — D(p* + P’“)}u(P) (36)

Or, with the Gordon’s decomposition:

TP )T (p, pYu(p) = 4ig2n j
HVQV

(2m)*
l2
X
{ 2my,

——+mi(1 — x5 — 2x3) + (1 — x,)(1 — x1)qH
Comparing expression (37) with the expression of the vertex correction function (20):

6(3(1 +.X'2 +X3 - 1)
[12 — A+ i€]3

1

dxdx,dx; u(p’)
(27_[)41_]0 1 2 3
l2

O +x, +x3—1)
fdxldxzdeu(p) [112—2A+i2]3

5 yH — 2x3mﬁ(x3 —1)

}u(p)- (37)

2x3mf;(1 — x3)

(1) A
E; 7 (q%) = 4igik? n )4j dx,dx,dx; 5(x; + x5 + x5 — 1) TERE (38)
, ; qvo*’
Note: M@ (p,p) = FV(@y* +iR @) 51— (20)

20
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‘Wick’s rotation: This procedure involves a complex rotation in the time component of the
momentum [ (1° - ilY), changing the space-time metric from Lorentzian to Euclidean signature.
This makes it easier to integrate:

d*l 1 (-1 1 1

Qm)*[I2—A+ie]r (4m)2 (n—1D)(n—2) A2’

S

For this case (n = 3):

2x3m (1 — x3)

2(4m)2A
xsmj; (1 — x3)

1
Fz(l) (q?) = 4g2K? f dx,dx,dx3 5(x; +x, + x3 — 1) (39)

1
a

=—XK j dxldxzdxg 6(x1 +x2 +x3 — 1)
21 0

Evaluating £ (g% = 0) = a:

2(1 — v )2 42 — 2"
mi (1 — x3)% +myx3 —x1 X4

xsmj; (1 — x3)

a = E X K j dx,dx,dx; 6(xy + x5, + x5 — 1)

f p Jl X3 x3mﬂ(1 — Xx3)
=5 XK X .
3 mﬁ(l — x3)% +mixs

mZ(1 — x3)? +mpx;
(40)

21
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a 1 2x3mﬁ(1—x3)2 The k* factor in the contribution
= a(my, 1%) = o f xs on affects the order of
[ 2m ), m2(1 — x3)% + max; expression affects e order o
magnitude of aj.

I_?
dy

1x1078 +
8x1079 -

— K2”10_6 63‘10—9:'

— K?~107* ol

4x107™7

10~10 [
2x1079 -

1 k‘_* A 1 1 |
200 400 600 800 1000 my (Mev) - 200 400 600 800 1000 my (MeV)
Figure 12: Z' boson contribution for the anomaly.
The aZ value is inversely proportional to Z' boson mass (my). Upper limits k ~ 0(1072 — 1073) [4]

my = 100 MeV [5]

HOMOSUA
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compared  with  the White Paper 116 591 810(43) x 1011 245(49) x 10~ 11
theoretical predictions of

. CMD-3 116 592 006(49) x 1011 49(55) x 1011
WP, CMD-3 and BMW'24. (49) (55)
y -11 —-11
7~ 116592 055(24) x 10 BMW'24 116 592 019(38) x 10 36(45) x 10
¥
Ty

4x 1079 _

; \ — a, "(WP)
3x10~9 L | . 210
\ | | | — K2~107*

| \ &IF(CMD-3)
1x1079 _

' ' ' v)

 (Me

2% 10™2

— m
0 200 400 600 800 1000

Figure 13: Comparison between the Z' boson contribution

for the anomaly and theoretical predictions.
23
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« For100 MeV < my < 550 MeV and
4x 109 \ 107 < k25 10~* there is agreement with

=s

the WP prediction.

3x 1079 &

— ay (W P) 5 6 .
\  Fork* < 107° the discrepancy presented
2x 107} — K*~10¢ by WP cannot be explained.

| — K*~107
1,‘10—9K - \ « Formy = 100 MeV and k2 < 107° there is

agreement with the predictions of CMD-3

v (MeV) and BMW'24. However, their contribution

0 o 260 | 400 S'II}D B[I]U 10IOD "
& & to g-2is very small (a}, < 2.5 x 10719).
4x 1079 P , 4x107 1 NP
— dIP(BM W 24) ai?(C M D-3)
3x100 | K210 3x1079 | K210
- — K2~1074 : — K2~107*
2x1079 F 2x 1079 -
1x1079 | 1x10‘9K
e L T — ——— | | |
200 400 600 800 1000 my (MeV) 0 200 400 600 800 1000 my (MeV)
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