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Motivation



e Neutrino oscillations are well-established and extensively studied, and it has proven

beyond any doubt that neutrinos are mixed massive particles.

e Right now, the three-flavor neutrino model provides the best possible theoretical

paradigm for describing the underlying physics of most present and future experiments.

e Matter effects need to be incorporated into the theory since, in most scenarios, neutrinos
propagate in big chunks of terrestrial matter (NOVA, DUNE, T2K).

e Analytical solutions are needed to understand the size of matter effects. The exact

solution to this problem can be achieved using the time evolution operator.

e Deriving approximate solutions from the exact expressions is more accessible than the

perturbative approach.

e This method only requires the eigenvalues of the Hamiltonian. No eigenvectors are

required. Approximate eigenvalues can work nicely, too.
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Let 7= c = 1. The starting point is the Schrodinger like equation for the evolution operator
‘ZAl(r, 1)

z'%sz(r, ro) = H(r)U(r,mo) (1)

Then, the flavor transition probabilities can be computed via the relation P, = \CZAlﬁa *. In the

above equation, H(r) is the hamiltonian in matter in the flavor basis:

A

H(r) = UHoU" 4 Voo (r)Y = O3 [013012 HoO}, 0% + Voo (r)Y] T O, (2)

Where U is the leptonic mixing matriz (PMNS), 0, are orthogonal rotations matrices around
the plane ij, ¥ = diag(1,0,0), and V_.(r) = \/EGFYep(r)

— s the neutrino-charged potential.
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Since matrices 0O,; and I' can be factorized from both sides in the expression for effective

Hamiltonian in the flavor basis, we can define an auxiliary operator %(r, r):
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~ Zzlee ‘ea Zzleb Z/A[ee Z/A{e,u Z/A[eT
U(r,T0) = Z{ae Z/,{aa Z/,{ab — FTOSS Z/A{ue Z/A[ML Z/A[MT Oa3l’ (3)
Uve Uba Unp Ure Ury U
which obeys the evolution equation
d -~ Ry
Z@Z/{(T, TO) — (T) M(T7 7QO) (4)
with the new Hamiltonian H given by
[:](7“) — OlSOlQHO 11;2(911:3 —|_ VCC (T)Y (5)

Therefore, by solving equation (4) for %(r, r,), we can compute all the neutrino probabilities.



For a symmetric potential, the matrix
elements of the operator CZAl(r, rp) can be
expressed in terms of the components of

U(r, ry) as follow:
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We only need to focus on three

probabilities. The other ones can be
derived using (6) or (7). We have

chosen the following three: P,,, P,,, and
P

put’

Propagation Basis 7/ (7, 1)

Blennow, M. & Smirnov, A. Y. Neutrino propagation in matter. Advances in
High Energy Physics 2013, 1-33 (2013).



Since #%" =1, the electron survival probability can be written as:

And

For the antineutrinos, the substitutions 6 — — 6 and V__.— —V_. must be performed.
Therefore, we need to compute %(r, r,) and perform the operations indicated in expressions
(8), (9) and (10) to completely solve the problem.



For a constant (i.e., symmetric) potential:
U(L) = exp(—iLﬁ) (11)

where L =r—r, (average path traveled in the media). This exponential function can be
calculated explicitly using the Caley-Hamilton theorem. This method only needs the

eigenvalues of H, a real symmetric matrix. Explicitly, the Hamiltonian H is of the form:

2 2 1 1
812A21 =+ SlgAee + Ve 552015 c13Q21 552013 Ace
~ 1 2 1
H = 582912013A21 C1o 21 _552912513A21 (12)
1 1 2 2
582913A66 _582912813A21 S]_2A21 = C13Aee

with A,, = A;; —s5,A,,. The eigenvalues of H can be obtained by solving the characteristic
equation

€3 — k1€ + Kol — k3 =0 (13)

where k;, k,, and k; are quantities that can be expressed in terms of the trace and the
determinant of H:



K1 = Tr(ﬁ), Ko = % [TIQ(ET) = Tr(ﬁ[z)} . and K3 = det(ﬁ). (14)

Or explicitly given by

k1 = Qg1 + Asz1 + Ve, Ko = A1 Az + VCC(A21 + C%SAee)a and k3 = C%QC%3A21A31VCC- (15)

The eigenvalues are given in closed form from the three real solution to cubic equation:

K 2 2 _l 2/{?4—27/{3—9/{1/12 T _ |

In the previous expression, we have the order & <&, < & . In the case of inverted mass

ordering, one must reassign the subscripts labels to achieve the wvacuum condition
A3y <0< A,,. This can be done by defining &’ =&(—[A5]), & =8(—[As]), and

§0251(— ‘A32‘)-
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Now that we have the exact eigenvalues at our disposal, we can compute (L) as an

application of the Caley-Hamilton theorem. This theorem allows us to write the time

evolution operator as

UL) = e "LH = Fol + Fy H + Fo H? (17)

Where the coefficients F,, F,, and F; are given by

Fo o—iLE E283w32 — flfsw?)l@_wm% E1€oware 19 |
Fi1] = — (&2 + &3)wsa + (&1 + E3)wzre ™' — (& + E)ware P (18)
F., W21W31W32 W3 — Waje P21 L (o e P31

Here, w;; = &, — &; and ¢; = ;L is the eigenvalue difference in matter and the product of this

three quantities (w,,w;,;®5,) gives an exact quantity

1 1 3v/3

wawziwsz 2 \/4 (/{% — 3/{2)3 — (2/{% — 9K ko + 27&3)2 (19)
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By using the relations given in expression (14), one can simplify the structure of the matrix

elements of F; and H” to achieve compact expressions for the non-diagonal elements. For

~J

example, %, ., %,,, and %, are given by

ea’

Y A21

Ueq, = C13526,5, 90 [W32 (&1 — Asz1) — w31 (& — Agq)e —twal wo1 (€3 — Agzp) e_iw?’lL} el

1 Aee — W — W —1
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X A . | |

Uab = —813520,, 2—521 [wsz (&1 — Asz1 — Voo) — w31 (&2 — Az — Vo) e~ w2l 4 og (&3 — Asz1 — Vo) 6_7’“’31L] etk

From the first two amplitudes, we can write neutrino electron survival probability as

. wglL - wglL . wggL
Pee—l—A2181n< > ) A3181n< > ) A32sm< 5 > (21)

L L L No1As1 A L L L
P, = A5 sir12<w221 > + ALY Sin2<w:321 > + ALS SinQ(wSQ2 > _g—=2t—dl 32jsin<w221 ) Siﬂ(wgzl ) Sin<w322 ) (22)

Wo1W31W32
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In the previous equations
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Applications



For the configuration of the DUNE experiment, the eigenvalues of the problem can be

approximated as

A2 A?
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H. Nunokawa, S. J. Parke, and J. W. Valle, Prog. Part. Nucl. Phys. 60, 338 (2008).
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Thank you!




