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Abstract

This thesis has centered on applying Effective Field Theory (EFT) frameworks to study
neutrino phenomenology across various processes, as well as exploring the implications of
new physics (NP) for the muon g-2 anomaly. In addition, we have computed high-precision
calculations of hadronic light-by-light (HLbL) contributions to the muon g-2 within the
Standard Model (SM). The ultimate goal of this work is to identify alternative processes
and potential measurements that could complement or extend existing efforts, such as
neutrinoless double beta decay, in the search for NP and the answer of some intriguing
problems as the nature of neutrinos. In the following, I will provide a general overview of

the works [1], [2], [3], [4], [5] and discuss the direction of future research.

Keywords — Effective field theories, Michel parameters, neutrino interactions and nature,

muon g-2.



il

Resumen

Esta tesis se ha centrado en aplicar formalismos de teorias cuanticas de campo efectivas
(EFT, por sus siglas en inglés) para estudiar fenomenologia de neutrinos mediante diversos
procesos, asi como en explorar las implicaciones de nueva fisica (NP, id.) de la anomalia
en el g-2 del muén. Ademas, hemos calculado contribuciones de alta precision a la
dispersion luz por luz hadronica (HLbL, id.) al g-2 del muén dentro del Modelo Estéandar
(SM, id.). El fin ultimo de este trabajo es identificar procesos alternativos y medidas
potenciales que puedan complementar o extender los esfuerzos actuales, como las enfocadas
al descubrimiento de desintegraciones doble beta sin neutrinos, en busqueda de NP, y
la respuesta a alguno de los problemas abiertos intrigantes, como la naturaleza de los
neutrinos. En lo sucesivo, proporcionaré una introduccion general a los trabajos producto

de esta tesis [1], [2], [3], [4], [5] v discutiré posibles direcciones de investigaciones futuras.

Palabras clave — Teorias efectivas, parametros de Michel, naturaleza e interacciones de

neutrinos, g-2 del muén.
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Chapter 1

Introduction

One of the biggest and more challenging dreams of humans as a species is to understand
the laws of nature. Since we were little children, curiosity has been an inherent quality we
possess. Questions about everything we see and experience arise spontaneously: Why is
the sky blue? Why is the grass green? Or even, why are we not yet able to formulate a

complete quantum theory of gravity? (For the more curious).

Thanks to the giant efforts of the scientific community, we have been able to answer some
of these questions, but the task is far from complete. From a more fundamental point of
view, the Standard Model of Elementary Particles (SM) [6], [7], [8] is the most successful
theory describing nature by studying the fundamental particles and their interactions.
It has been tested many times, with ever-increasing precision, and remains consistent
with experimental data [9]. Nevertheless, the SM does not explain everything, such as
gravity interaction, neutrino masses or dark matter, mainly because this phenomena is
not encoded in its prescription. All of these motivate the search for new physics (NP)

that is beyond the SM.

One of the main experimental strategies in the search for a fundamental description of
nature which goes beyond the SM is to perform high precision measurements where an
observed discrepancy with the SM would reveal the signature of NP. For this purpose,
muon and tau leptons are specially important, where many precision measurements can

be made, see e.g. [10], [11], [12].

Investigations involving muon decays not only determine the overall coupling strength
but also reveal the Lorentz structure characterizing weak interactions. Additionally,
they impose extremely stringent constraints on processes that violate charged lepton
flavor (LFV). Furthermore, measurements of the anomalous magnetic moment of the
muon provide exceptional sensitivity to potential deviations from the Standard Model
and to the predictions of various beyond-the-Standard-Model scenarios. Overall, the

remarkable precision and sensitivity achieved in muon-based experiments make this lepton



an outstanding probe for testing the Standard Model with high accuracy.

In contrast, experiments involving the tau lepton lack the same level of precision as those
performed with muons. Nevertheless, the tau possesses distinctive properties that make
it equally relevant in the search for new physics. In recent years, thorough analyses of
higher-order electroweak corrections and QCD effects have elevated tau physics to the
realm of precision testing. The purely leptonic and semileptonic nature of tau decays
offers an excellent framework for probing the structure of weak currents and verifying
the universality of their couplings to gauge bosons. Additionally, since the tau is the
only lepton massive enough to decay into hadrons, its semileptonic decay modes serve
as an exceptional means to investigate strong interaction phenomena under remarkably
clean experimental conditions [10]. Finally, since one naively expects the fermions to be
sensitive to the possible NP proportionally to their masses, the large tau mass allows one
to investigate NP contributions, through a broad range of kinematically-allowed decay

modes, complementing the high-precision searches performed in muon decay.

In this thesis we are specially interested in exploring two main topics: neutrino interactions
and the anomalous magnetic moment of the muon, throughout precision tests analysis

within the effective field theory (EFT) approach.

Regarding the first topic, a central open question in contemporary particle physics is
whether neutrinos are Dirac or Majorana fermions. Resolving this issue is essential not
only for understanding the origin of neutrino masses but also for determining which
physical processes are permitted or forbidden. Various experimental approaches have been
proposed to investigate the fundamental nature of neutrinos, among which the search for
neutrinoless double beta decay (Ovf5f3) stands out as the most promising [13], [14], [15].
There are alternative possibilities, such as lepton number violating processes [16], [17], [18§],
[19], |20], |21], |22] or lepton flavor changing decays |23], most of them motivated by the
propagation of massive heavy neutral leptons. Moreover, many searches for the neutrino’s
nature are also conducted within the framework of cosmology, including cosmic neutrino
capture via tritium [24], the evaporation of primordial black holes [25], the cosmological

effective number of neutrino species [26], [27], and more [28], [29], [30], [31].

It is however extremely challenging to distinguish experimentally between Dirac and

Majorana neutrinos, since any observable difference between both neutrinos nature is



always suppressed by some power of m,,/FE in theories with V' — A interactions such as
the SM. As stated by the “practical Dirac-Majorana confusion theorem” (DMCT) [32],

valid when the unobservable neutrinos momenta get fully integrated out.

Then, two main alternatives, which are studied in detailed in this thesis applying an EFT
analysis to a broad of muon and tau processes, are possible:

-If neutrinos possess interactions beyond those predicted by the Standard Model, high-
precision measurements could provide valuable insights into both their intrinsic nature
and potential new physics contributions.

-Given that neutrino momenta cannot be directly measured experimentally, find a method
to infer them. Such an approach should preserve the distinctions between Dirac and
Majorana neutrinos independently of the exact neutrino mass, provided that the neutrinos

are not strictly massless.

Now, for the second topic, the muon’s anomalous magnetic moment has garnered
considerable interest within particle physics, primarily because of the long-standing
tension between its experimentally measured value and the predictions provided by the
Standard Model. The latest measurements by the Muon ¢-2 collaboration at Fermilab
[33], [34], when combined with earlier results from the Brookhaven E821 experiment [35],
indicate a deviation of 5.1¢ from the SM prediction [36]

Aay, = aS® — ab™ = 249(48) x 107" (1.1)

p= A
Moreover, theoretical predictions themselves exhibit some tension, particularly in the
determination of the Hadronic Vacuum Polarization (HVP), which can be estimated
through various approaches. One commonly used method relies on ete™ data-driven
analyses, leading to the previously noted 5.10 discrepancy. In contrast, estimates based on
7 data-driven approaches [37], [38], [39] or lattice QCD calculations [40] significantly reduce
the tension between theoretical and experimental values to 2.00 and 1.50, respectively. The

latest CMD-3 measurement of o(ete™ — w7 ~) [41], [42] also points in this direction .

IThis trend has been confirmed by publications appeared after those contained in this thesis. The
final measurement from FNAL reduced the experimental error to 15 x 107!, Slightly before that, the
second White Paper by the Muon g-2 Theory Initiative (to which the author belongs) updated the SM
prediction [43], in such a way that now it is compatible with the world average within less than a standard

deviation, Aa, = a;P — aISLM =39(64) x 10711,



As the uncertainty in a;® is expected to decrease further in the future,it becomes
increasingly important to improve the theoretical calculations in order to clarify whether
the observed discrepancy signals new physics. Consequently, efforts are ongoing to refine
the various contributions, with particular emphasis on the hadronic components—the
Hadronic Vacuum Polarization (HVP) and hadronic light-by-light (HLbL) terms—which
constitute the dominant sources of uncertainty. The precision of QED and Electroweak
determinations are two and one order of magnitude more accurate than the hadronic ones,
respectively. The HVP data-driven computation is directly related to the experimental
input from o(ete” — hadrons) data. HLbL in contrast, requires a decomposition in all

possible intermediate states.

To this end, we present two main contributions. First, we perform a high-precision
calculation of the HLbL scattering contribution within the SM, focusing specifically on

the proton-box diagram. This constitutes the first reported baryonic contribution to

aHLbL .

i Second, we investigate potential new physics (NP) effects in a, by analyzing

high-energy lepton pair annihilation cross sections within the more general Higgs EFT

(HEFT) framework.

The thesis is structured as follows: in Ch. 2 and Ch. 3, we briefly introduce the main
concepts about the SM formulation and the EFT framework. Ch. 4 addresses neutrino
interactions. The analysis of NP effects, through the inclusion of the most general Lorentz
structure within the EFT approach for the processes ¢ — ¢'vpv, and ve — ve is presented
in detailed in Sub Ch. 4.1 and Sub Ch. 4.2, respectively. In Sub Ch. 4.3, we discuss
the alternative method of inferring neutrino momenta in order to distinguish the specific
nature of neutrinos within the SM, focusing on the ¢ — ¢'vpvyy decay. The second main
topic, concerning the muon g — 2, is covered in Ch. 5, where the NP contributions within
the HEFT framework are analyzed in Sub Ch. 5.1, and the precision calculation of the
HLDbL proton-box contribution is presented in Sub Ch. 5.2. Finally, a brief comment on
the current works in progress are made in Ch. 6, and our conclusions are summarized in

Ch. 7. Several appendices complement the main material of the thesis.



Chapter 2

Standard Model

The SM is the most successful theory we have ever had to describe nature, where gauge
invariance plays an indispensable role to determine the dynamical forces among the
fundamental constituents of matter. Nevertheless, it is far away from the so-called Theory
of everything and precision tests are needed for the search of the possible NP that is
beyond. In this chapter, we briefly discusse the particle content, structure and symmetries

of the SM.

2.1 Introduction to the SM

The SM is a renormalizable quantum field theory (QFT) that is used to describe
fundamental particles and their interactions. Specifically, it is a gauge theory, based on
the symmetry group SU(3)c ® SU(2)r ® U(1)y, that describes the interactions via the
exchange of the corresponding spin-1 gauge fields. Its Lagrangian also possesses Poincaré
and CPT invariance, together with some additional symmetries, not postulated at the
outset of its construction, collectivity denoted as accidental symmetries, such as baryon

number, lepton number, custodial symmetry, etc.

The gauge group describes strong, weak and electromagnetic interactions with eight
massless gluons, three massive bosons (W* and Z) and a massless photon as the
corresponding gauge boson mediators, respectively. The remaining fermionic matter

content will be discussed in more detail in the next section.

Within the framework of quantum field theory, all gauge bosons, as well as fermionic
and scalar fields included in the Standard Model, are defined at every point in spacetime.
The Standard Model Lagrangian density, Lgy;, governs the dynamics of these fields,
incorporating their kinetic terms and mutual interactions through appropriate coupling
terms. When the most general Lagrangian is constructed assuming massless neutrinos,

the resulting dynamics depends on 19 parameters, whose numerical values are determined
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through experimental measurements. The compact form of the SM Lagrangian is concise
enough to fit on a coffee mug -a popular item for science outreach-. However, its full
explicit expression, as detailed in [44], is significantly more complex and rarely used in

conference presentations to inspire young scientists to pursue research in particle physics.

Within this elegant theoretical framework, we are able to describe the known experimental
facts in particle physics with high precision, constituting the SM one of the most
successful achievements in modern physics. A detailed treatment of the formal aspects of
this construction lies beyond the scope of this brief introduction, but comprehensive
explanations can be found in numerous research articles and textbooks, which are
specifically designed to provide a clear and technically sound introduction to the Standard

Model at both undergraduate and graduate levels, see e.g. |45], [46], [47].

2.1.1 Particle Content

In the current view, all matter is made out of three kinds of elementary particles: leptons,

quarks and mediators (gauge bosons), as seen in Fig.2.1. The fermionic matter content

"ﬂ 2Il|1 al'll
' N \ 7 N N\ ¢
3 ul C L )
E up charm top photan L Higgs Boson J
=
- d S b W
down J L sange J beauty y W boson
i i O o Y d NN = »
0 =
[—]
W 8
= electron fruan tau Z boson 2
ax
2 g
U 1% £ =
2 e v T =
[ -3
neutring neutrnno neutrino |
A celecron R muon J N tau J i e

Figure 2.1: SM particle content.

(leptons and quarks), is organized in a three-fold family structure, each quark appearing

in three different colours ?:

, , , (2.1)

2The prime below identifies the quark weak/flavor/gauge eigenstate. One could proceed similarly for
neutrinos whenever their masses are non-negligible, see 4.
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where the notation, following [48] , is

Ve Qu Ve qu _
) ) eR? quR ;4dR, (22)
" qa ). qa) ,

together with the corresponding antiparticles. The left-handed fields, denoted by a
subindex L, are SU(2), doublets, while their right-handed partners, denoted by a subindex
R, transform as SU(2)y, singlets. The three fermionic families appear to have identical
properties (gauge interactions); they differ only by their mass and their flavour quantum

number.

As already discussed, every interaction has its mediators; the photon for the electromagnetic
force, two W’s and a Z for the weak force and eight gluons for the strong force. Finally, to
explain why some particles have mass, the so-called Higgs mechanism [49] was proposed [50],

[51], [52], |53], which requires the existence of a spinless particle.

Specifically, the gauge symmetry is broken by the vacuum, which triggers the spontaneous

symmetry breaking (SSB) of the electroweak group to the electromagnetic subgroup:

SSB

Thus, the SSB mechanism generates the masses of the weak gauge bosons, and gives rise
to the appearance of a physical scalar particle in the model, the so-called Higgs boson.
This particle was was discovered in 2012 by the ATLAS and CMS experiments at the
Large Hadron Collider (LHC) at CERN [54], [55].

Including their corresponding antiparticles and accounting for the three color charges of
each quark, the Standard Model encompasses 12 leptons, 36 quarks, 12 gauge bosons, and
a single Higgs boson, for a total of 61 fundamental particles (see Fig.2.2). Despite this
large number, these particles are highly interconnected. For instance, the eight gluons
differ only in their color combinations, and the second and third generations of fermions

replicate the properties of the first generation.
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Figure 2.2: Full particle content of the SM.

2.2 Beyond SM

The SM provides a very elegant theoretical framework, which is able to describe the
known experimental facts in particle physics with high precision, but it does not explain
everything. There are some physical phenomena that motivate the research of new physics

that is beyond the SM.

Here we list some of the most important unsolved problems in fundamental physics that

lie beyond the SM formulation:
e How to unify all forces, including gravity, in a consistent theory?
e Why do its 19 parameters have the values that we measure?
e Why are there three generations of particles?
e Why is there (much) more matter than antimatter in the universe?
e Does dark matter even consist of new particles? Where does it fit into the SM?

e Are neutrinos Dirac or Majorana fermions? What is the mechanism by which they

acquire mass?

The pursuit of a fundamental theory that extends beyond the Standard Model is guided by
two complementary experimental strategies. The first involves constructing increasingly
powerful colliders, such as the Large Hadron Collider (LHC) at CERN, capable of probing

matter at unprecedented energy scales. The second strategy relies on conducting high-
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precision measurements, where any observed deviation from Standard Model predictions

could provide a clear signal of new physics [11].

In this thesis, we implement the second strategy across various processes, where theoretical
analysis of these deviations can be performed using effective field theories (EFTs), which
are one of the best tools to test NP, in my opinion. Since EFTs, under certain general

assumptions, provide a model-independent framework for studying NP contributions.
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Chapter 3

Effective Theories

Effective field theories represent a crucial framework for providing a simplified yet
comprehensive description of physical phenomena at specific energy scales. While the basic
concept of an effective theory is relatively intuitive, constructing them in a mathematically

consistent manner within an interacting quantum field theory is far from straightforward.

In this chapter, we summarize the basic principles of effective theories (EFT’s), as well as
some examples, specially useful in this thesis: the Fermi theory of weak interactions, the

Standard Model EFT (SMEFT) and the Higgs EFT (HEFT).

3.1 Introduction to EFT

The idea behind effective field theories (EFT) is that you can compute observables without
knowing the precise fundamental theory. This allows you to calculate an experimentally
measurable quantity with some finite uncertainty. That is the reason why you are able to
calculate the hydrogen atom energy levels without using the fact that the proton is made
up of quarks, the existence of weak interactions or any detailed input from QED or QCD:;
just taking into account an electron of mass m, interacting via a Coulomb potential with

a proton treated as an infinitely heavy point particle with charge +1.

To study a given physical system more effectively, it is important to isolate its most
relevant components, achieving a reliable approximation without needing to account for
every detail. This approach allows the analysis of low-energy dynamics in problems where
energy scales are widely separated, while remaining largely independent of the specific

details of high-energy interactions.

Therefore, EFTs provide a suitable framework for describing low-energy phenomena, where
“low” is defined relative to a particular energy scale, A. The approximation for a given
problem can be systematically refined by incorporating corrections arising from the higher

energy scales that were initially neglected, treating them as small perturbations. In EFTs
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this implies taking explicitly into account the relevant degrees of freedom, i.e. those states

with m << A, while the heavier ones with M >> A are integrated out from the action.|56]

Numerous successful examples of EFTs exist in physics, including Fermi’s theory of
weak interactions, Heavy Quark Effective Theory (HQET), Non-Relativistic Quantum
Chromodynamics (NRQCD), Chiral Perturbation Theory (xPT), Soft-Collinear Effective
Theory (SCET), as well as SMEFT and HEFT, among others. [57].

3.2 EFT Lagrangians

The EFT effective Lagrangian is of the following form:3

where O; are operators constructed with the light fields, and ¢; its couplings.

While we mentioned that high-energy dynamics can be neglected when studying low-energy
processes, the effects of these heavy or high-energy degrees of freedom are in fact encoded

in the couplings ¢;, as will be discussed in more detail later.

The Lagrangian density needs to have dimension 4, for the action to be dimensionless.
Then, if the dimension of the operators O; are d;, then the coefficients dimension are fixed

as:
1

O] =di — ¢~ Adi—a’

(3.2)
with A some characteristic short-distance scale of the system.

The EFT Lagrangian can be seen as an expansion of a more fundamental theory with a
small expansion parameter §, known as the power counting parameter. The calculations

are then done in an expansion to some order n in §, being the error of order §"*!.

Typically, the expansion parameter is the ratio of a low-energy scale E (the energy at
which the observables will be calculated) such as the external momentum p or particle

mass m, and the short-distance scale A, § = m/A.

It is crucial to note that an effective field theory provides reliable predictions only when

3From now on we will use natural units.
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E < A; for energies E > A, higher-order terms dominate over lower-order ones, rendering
the calculations invalid. Another important point is that the behavior of each operator is

dictated by its dimensionality. Actually, we can distinguish three types of operators [56]:
e Relevant (d; < 4)
e Marginal (d; = 4)
e Irrelevant (d; > 4)

In the low-energy regime (E < A), the Relevant operators are amplified by factors of
(A/E)*% becoming increasingly significant at lower energies, whereas the Irrelevant
operators are suppressed by (E£/A)%~* and contribute more weakly—though this does not
imply they are negligible. Finally, the Marginal operators lead to dimensionless coefficients
and maintain comparable importance across all energy scales, although quantum effects

can alter their scaling behavior on either side of the energy spectrum.

The EFT Lagrangian is then given by an infinite series of terms of increasing operator

dimension, treated as an expansion in powers of (E/A),
L= Lagcs+Ls(E/N) + Le(EJN)* + ... (3.3)

Finally, although effective field theories are generally non-renormalizable, this does not
pose a significant problem. It has been shown [56], [57] that, by applying standard
renormalization schemes along with dimensional analysis, an EFT effectively behaves like
a renormalizable theory when calculations are performed up to a fixed order in 1/A. This
is because only a finite number of terms in the effective Lagrangian £ are allowed at a
given order in 1/A. Higher-order terms can be safely ignored, as they cannot be enhanced

by positive powers of A to match the contributions of lower-order terms.

In other words, a non-renormalizable theory is just as good as a renormalizable theory
for computations, provided one is satisfied with a finite accuracy. The success of
QED in describing low-energy electron—positron scattering is not primarily due to its
renormalizability, but rather because the Z boson mass, My, is very large, causing the

leading non-renormalizable contributions to be suppressed by factors of (E/Myz)?.

Summarizing these ideas, we can get the following set of general principles for EFT [56]:
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1. Dynamics at low energies (large distances) does not depend on details of dynamics

at high energies (short distances).

2. If there are large energy gaps, put to zero (infinity) the light (heavy) scales, i.e.
O— m<<E<<A—

Corrections induced by these scales can be incorporated as perturbations.

3. The EFT describes the low—energy physics, to a given accuracy ¢, in terms of a

finite set of parameters:

e < (E/A>(dr4)

4. The EFT has the same infra-red, but different ultra-violet, behavior than the

underlying fundamental theory.

5. The remnants of the high—energy dynamics are in the symmetries of the EFT and

in the low—energy couplings.

In the following, we are going to review some examples of EFT’s, that will be apply in

the works done in this thesis.

3.2.1 Fermi Theory of Weak Interactions

Historically, Fermi developed his theory to describe beta decay, before the Standard Model
(SM) existed. He based his intuition from electrodynamics, which is based on a vector
current. Today, we understand that Fermi’s original vector interaction is replaced by
the V' — A structure, which accurately accounts for experimental observations, including

parity violation [58], [59].

Here, we shall discuss how to obtain the Fermi theory as the low-energy limit of the
renormalizable SU(2) x U(1) electroweak theory at tree level. In the SM, weak decays
proceed at lowest order through the exchange of a W boson between two fermionic
left-handed currents (except for the heavy quark top which decays into a real W). In

the Standard Model (assuming massless neutrinos), the charged current Lagrangian that
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governs this process is expressed as:

_ g t _
L= —mWM {; oy (1 —4°) + Zum/ (1-— de } + h.c (3.4)

Where g/ V2 is the W coupling constant, u; are the up-type quarks, d; are down-type

quarks and V;; is the CKM mixing matrix, [ is a lepton and 1; the corresponding neutrino.

Focusing on the leptonic sector, the derivation of the quark sector will be almost identical.

The tree-level amplitude for the leptonic | — ' + 7y + vy decay from (3.4) is:

M= (2‘7%) (1 = %)) (22 ) [y (0= )] (3.5)

where we use the 't Hooft-Feynman gaugethe for the W boson propagator, the momentum
transferred by the W is p, and uy,v2,u3 and uy are the spinors corresponding to [,y v

and [' respectively.

The amplitude given by (3.5) produces a non-local four-fermion interaction, due to the
factor p* — MZ, in the denominator. Now, if the momentum transfer p is small compared
with My, i.e, p << My, the non-local interaction can be approximated by a local one,

using the Taylor series expansion as follows

1 1 p2 p4
pQ—M{%V:_MI%V<1+M_2+W+ (3.6)

To lowest order, the amplitude is

M= () (%) (1= et =l + O (g ) (D

which is the same amplitude as that produced by the local Lagrangian

2

£ = gl =Pl -0 +0 (377 ) (3.9

Equation (3.8) is the lowest order Lagrangian for leptonic lepton decays (and related

processes) in the EFT (p << My, ). For historical reasons, it is written in terms of the
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so-called Fermi coupling constant G:

L= —G—\/g[l_’v“(l =l (=) + 0 (M%*v) ) (3:9)

where the relation between G and the W coupling g is

GF_ g9’

75 = A (3.10)

These results can be generalized to the quark sector %, so weak decays can then be

described through an effective local four-fermion interaction

_Gr

L= K 3.11
ﬁJ,J (3.11)
where
TH=Y oy (L ="+ an (1= 7°)Vid;. (3.12)
l i

Equation (3.11) corresponds to what is known as Fermi’s theory of weak interactions.
This theory is only valid in the regime where p << My, ; which describes to a really
good accuracy the weak decays, where p is of the order of the decaying particle mass
such as my, m. and my; since my, me.,m; << My,. The theory involves dimension-6
operators, leading to couplings with mass dimension -2. Consequently, the Irrelevant
(d > 4) property of the operators explains why such interactions are weak at low energies

(E << My).

Equation (3.10) is technically called a matching condition; and shows explicitly the
relation between the effective coupling constant and the underlying electroweak theory
parameters (g,My ). The Fermi Lagrangian, as any other EFT, has the usual expansion
form, with the expansion parameter § = p/My,. The higher-order corrections O (1/M;)

can be neglected, provided we are satisfied with an accuracy not better than (p*/M3,).

As a review; at low energies (p << Myy), there is not enough energy to produce a physical
W boson. Therefore, the vector-boson propagator shrinks to a point and can be well

approximated through a local four-fermion interaction (Fig. 3.1), i.e, for weak decays

4Quark masses cannot be generally neglected, which gives rise to the mass eigenstate basis. Its
misalignment with the weak basis gives rise to the V;; CKM factor [60], [61]. In the lepton sector, for
massive neutrinos, an analogous mixing appears, parametrized in terms of the PMNS matrix [62], [63].
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the electroweak theory can be replaced by the Fermi effective theory up to corrections of

order O (1/M;,).

3

2
P < M2,

=

Figure 3.1: Left: Non-local weak interaction by the exchange of a W boson. Right:Local
weak interaction described by Fermi’s theory.

Fermi theory of weak interactions includes the effect of W exchange via dimension-six
four-fermion operators and the higher-energy parameters are hidden in the effective
coupling Gr. Notice that the EFT Lagrangian (3.11) has the same chiral symmetry as
the fundamental theory, coupling just left-handed particles (right-handed antiparticles)

via the V-A Lorentz structure.

At first glance, this may appear straightforward, since the EFT was explicitly derived as
a low-energy limit of the fundamental electroweak theory. However, in many cases the
underlying high-energy theory is unknown. In such situations, the EFT is constructed
by considering the most general framework consistent with the relevant symmetries and
the known light particles. Still, the characteristics of the unknown high-energy theory

manifest themselves through non-trivial symmetry structures within the EFT.

3.2.2 The SM EFT

In this section, based on [64], [65], [66], [67], [68], a brief introduction of the basic concepts
relevant to the construction of the Standard Model Effective Field Theory (SMEFT) are

reviewed in a qualitative manner.

For the fundamental point of view of particle physics, we know the low-energy limit of
the theory, which is the SM, while we do not know its UV completion. The goal is to find
a general description, in terms of higher-dimensional operators, of the effects generated by

integrating out heavy degrees of freedom that are a priori unknown, as already discussed in
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this chapter. The symmetries we assume are Lorentz invariance, the SM gauge symmetry,
and possible additional global symmetries, such as baryon and lepton number. With the
known symmetries, it becomes a pure group theory exercise —although a non-trivial one—-

to construct all the allowed operators.

More formal, the SMEFT is a consistent EFT generalization of the SM constructed out of
a series of SU.(3) x SUL(2) x Uy(1) invariant higher-dimensional operators, built out of
SM fields. The idea of the SMEFT is that extensions to the SM are assumed to involve
massive particles heavier than the measured vev, which sets the scale (up to coupling
suppression) of the SM states. In addition, it is assumed that any non-perturbative
matching effects are characterized by a scale parametrically separated from the EW scale

and the observed Higgs-like boson is embedded in the SU(2);, Higgs doublet.

The SMEFT follows from these assumptions and is defined as

Lsyvprr = Loy + L£O + L0 4 £0 4 LD = Z ﬁ@gd) ford > 4. (3.13)
i=1

The operators di) are suppressed by d — 4 powers of the cutoff scale A, and the C’i(d) are
the Wilson coefficients. The number of non-redundant operators in £, £ £ and

L® is known [64], [65], [66], [69], [70], [71], [72].

The dimension-five piece £®) consists of a single term, the so-called Weinberg operator [64],
the only one consistent with the dimensional requirements, gauge and Lorentz invariance.
After electroweak symmetry breaking, the Weinberg operator introduces a Majorana
mass for the left-handed neutrinos v, that violates total lepton number by two units, as

explained in appendix B, that could naturally justify the smallness of neutrino masses.

The operators of £ —and higher— are built analogously, with the same symmetry
considerations. A giant effort to obtain a complete SMEFT operator set up to a higher
dimension has been done and continuously checked by the scientific community, since a
lot of lists contain many redundant operators that need to be eliminated to provide a
minimal basis. This goal is achieved with general arguments on how different effective
operators can be related and how an independent set can be obtained, see [67], [68] for

technical details.
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There are many viable choices of basis that can be used to write the complete set of SMEFT
operators at certain dimension. The Warsaw basis is the most commonly used for the
d =6 SMEFT, although other bases can be advantageous when considering specific sets
of observables. A commonly adopted set of dimension-six operators in phenomenological
analyses is the so-called strongly-interacting light Higgs (SILH) and the HISZ “basis” °.
The Green functions’ basis is another common set of SMEFT operators, etc. An extensive

discussion about the basis choice in the SMEFT can be found in [73].

As a summary, the SMEFT is an enormously powerful consistent field theory useful to
characterize the low-energy limit of physics beyond the SM. Even if a full model extension
of the SM becomes experimentally supported in the future, the SMEFT can still be a
useful and appropriate tool to use to interface with large swaths of experimental data below
the characteristic scale(s) A of a new physics sector. Considering the current global data
set of particle physics, adopting the IR assumptions that define the SMEFT seems to be
a very reasonable compromise between utility and generality of the theoretical framework
assumed to accommodate the certain fact that the SM is an incomplete description of

reality but an extremely successful one in particle physics.

3.2.3 The Higgs EFT

A naive overview of the aspects about the Higgs EFT is given in this section. This is a

relevant EFT that is explicitly applied in one of the main works of this thesis [4].

Although the SMEFT framework considers the Higgs as an elementary SU(2) doublet,
there exist scenarios in which the Higgs does not strictly reside in this representation.
Such possibilities, including Composite Higgs models, remain consistent with current
experimental constraints [74], [75], [76], [77], [78]. This makes intriguing to identify

observables that can distinguish between these different possibilities.

For SMEFT, one singlet scalar h—coming from the scalar complex SU(2), doublet field
H-5, corresponding to the physical Higgs boson, ensures the exact unitarity at all energies
of scattering amplitudes with external 7! fields. Nevertheless, this requirement can be

relaxed and the EFT can remain self-consistent for lower energies scattering events where

SHowever, although called basis, they do not represent a complete set at dimension six.
6We refer to this embedding as the linear realization of the electroweak symmetry breaking mechanism.
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the EFT is well-defined. We recall that an EFT does not have to exactly preserve unitarity.
It only has to be unitary up to the cut off scale where the Taylor expansion used in its

construction breaks down.

The scenarios where the Higgs does not belong to an SU(2), doublet are described by
the so-called Higgs EFT (HEFT) [79], [80], [81], [82], [83], [84], [85], [86], [87], [88], based
on the Callan-Coleman-Wess-Zumino (CCWZ) formalism and offers a parameterization
of the scalar sector with minimal infrared assumptions. In this approach, the physical
Higgs h is treated as a singlet under the Standard Model gauge group, separate from the
three electroweak Goldstone bosons, which in SMEFT are collectively represented by the
Higgs doublet. As a result, the number of independent operators at any given order in
the expansion is substantially larger than in SMEFT. Furthermore, within HEFT, the
dependence on the h field is typically captured by generic functions, F;(h), which serve as

the fundamental building blocks for constructing effective operators.

The differences between the SMEFT and HEFT approaches can lead to distinct
phenomenological outcomes in processes involving the Higgs sector. A large number
of interesting discussions, such as those in Refs. [89], [90], have identified signatures
that may help distinguish between these two frameworks. Some of these include studies
of Dark Matter [91] and the scattering of the longitudinal components of gauge bosons
[92], [93]. At the present moment, all observations are compatible with the SM, and the
SMEFT extension, but the evidence in favor of this option is still not compelling. For a

comprehensive review of both formalisms, we recommend Refs.[68], [94].

In analogy with the formalism employed in chiral perturbation theory (xPT) for the
pions of QCD 7, we construct the HEFT with a non-linear realization of the electroweak

1

symmetry breaking mechanism, where the three Goldstone bosons 7' are embedded into

a dimensionless unitary matrix
U = exp (it'n" /v), U~ LUR', (3.14)

where 7 denotes the three-vector of Pauli matrices and U transforms as a bi-doublet under

global SUL(2) x SUR(2) transformations.

"In fact, the HEFT used to be called electroweak chiral Lagrangians because of that.
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It is convenient to define objects that transform in the adjoint of SU(2)y,, to be employed
as building blocks of a SU(3). x SU(2);, x U(1)y invariant Lagrangian. It is possible to

construct a scalar and a vector as follows:

T =UrU", T+— LTLT,
(3.15)
v, = (D,U)UT, V, = LV,LT,
where the covariant derivative of the U field is
DU =0,U + %WJTIU - %B#UT‘g. (3.16)

Note that the field T is invariant under hypercharge transformations, but not under the

global SU(2)g group, so it can be treated as a custodial symmetry-breaking spurion.

The physical Higgs scalar is introduced as a gauge singlet h. This choice ensures the most
general approach to the physics of this state and makes the HEFT a versatile tool, which
includes the SU(2);, doublet case as a particular limit. Specifically, the SM Higgs doublet

H can be written as a fixed combination of the fields h and U according to:

(ﬁ[ H) - “:/%h U. (3.17)

Being a singlet, the h field has completely arbitrary couplings, that are customarily

encoded in generic functions [83], [84]

h h?

that constitute another building block for the HEFT Lagrangian. Note that here the
polynomial structure should be interpreted as the result of a Taylor expansion in (h/v),

which may include an infinite number of terms.

The HEFT Lagrangian is then composed of the gauge and fermion fields of the SM and
the scalar fields U, h previously defined. It can be written as

Luyprr = Lo+ AL+ ..., (319)

where Ly contains the leading order terms and AL includes first order deviations. Unlike



3.2 EFT Lagrangians 21

the SMEFT, it is not possible to classify the HEFT invariants based on just the canonical
dimension. This is due to the fact that the HEFT is a fusion of xPT (in the scalar sector)
with the SMEFT (in the fermions and gauge sector). Because these two theories follow
different counting rules, the structure of the joint expansion is complex. A rigorous and
self-contained method to determine the expected suppression of a given HEFT invariant

represents a non-trivial and subtle task that has been intensely debated in the literature.

The explicit form of the leading and first order deviations Lagrangian can be found in
[67], together with discussion of technical points that are out of the scope of this brief

introduction.
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Chapter 4

Neutrinos Nature and New Interactions

4.1 Michel Parameters: Lorentz Structure of the

Charged Current

Based on Ref.[1], we explored the impact of NP on leptonic tau and muon decays
(¢~ — ¢ Tpv,), within an EFT framework. This analysis allowed us to define general
parameters that can be directly extracted from experimental data to constrain NP Wilson
coefficients in a model-independent manner. We also incorporated the effects of finite
neutrino masses, particularly relevant when considering a possible heavy neutrino sector.
Specifically, for tau neutrinos, the current mixing limits with a heavy mode could generate
significant distortions in the corresponding energy and angular distributions, as we shall

see, motivating their experimental search.

All the basic information about Majorana fermions, including their Feynman rules, together

with neutrinos masses and mixings models are given in appendices A and B.

4.1.1 Effective Decay Rate for Dirac Neutrinos

Let us consider the leptonic decays (= — ¢~ vy vg, where the lepton pair (¢,¢') may be
(p,e), (7,e) or (7,). The most general, local, derivative-free, lepton-number conserving,
four-lepton interaction Hamiltonian, consistent with locality and Lorentz invariance is
[10], [95], [96]°

H=14

G,y -
e [0 ()| (ATl (4.1)

The subindices €, w, o, A label the chiralities (L, R) —for left- and right-handed, respectively—
of the corresponding fermions, and n = S, V, T the type of interaction: scalar (I'¥ = I),
vector (I'V = +#) and tensor (I'" = ¢ /4/2). Since tensor interactions can contribute only

for opposite chiralities of the charged leptons, this leads to the existence of 10 complex

8The relation between different set of Hamiltonians used in the literature are derived in appendix C
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coupling constants, related to 4 scalar, 4 vector and 2 tensor interactions.

After removing an unphysical global phase, 19 real parameters remain to be determined
experimentally. In addition, the global factor G, obtained from the total decay rate,

defines the normalization of the coupling constants as follows:[97]

1
1= Z(|Q}§R|2 +1gncl® + 92rl? +195L1%) + 3(l9Lrl” + |9kLl?) (42)

+ (lggal® + lgncl® + l9rsl® + l91L]?)-

Thus, |¢°)| < 2,l¢gY,| <1 and |¢gZ,| < 1/v/3. The Standard Model predicts |g};| = 1 and
all others couplings vanishing. In the search for new physics it is important to calculate

the final charged-lepton distribution using the Hamiltonian (4.1).

Within the general framework, the charged weak current interaction is expressed in the mass
eigenstate basis of the charged leptons ¢ and neutrinos IV}, following the diagonalization
of their respective mass matrices. When working in a basis where the charged lepton
sector is already diagonal, the flavor neutrino fields (v, ) are treated as superpositions of

the neutrino mass eigenstates (N;) with masses m;, namely:
v = Z UijNjr, Vg = Z ViiN;g, (4.3)
J J

where j = {1,2,...,n} with n the number of mass-eigenstate neutrinos.

As shown by Langacker and London [98], explicit lepton-number nonconservation still
leads to a matrix element equivalent to the one derived from eq.(4.1). In the mass basis,

the effective Hamiltonian for the {~ — E’fﬁij process is written as:

H = 72/ Z {QEL [FL‘/E’]'NJ'R] [NkRVZIZEL} +911 [gL”VMUf’ijL} [N"CLUZ”“EL}

+ 9hr _?RUe'ijL] [NkLUEkfR] + 9kr [gzﬂ“ Ve’ijR} [NkRVg};%ER}
+ 9ir _FL‘//]’NJ‘R} [NkLU;kER} +91r [FLV“ Uz’ijL} [NkRVéZ%gR] (4.4)

- ot

+91:§R EL\/— JR:| [NkLUZk\/— }_’_QI%L [ZRUZ'ijL] [NkRszgL}

+ 9hr _ZR'YM‘/K’ijR} [NkLUe*ﬂqu} + 9kr { \/— JL] [NkRVék\/_ }}
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It is important to note that N denotes an antineutrino in the case of Dirac neutrinos,
whereas in the Majorana scenario, it is identified with the neutrino itself, satisfying
N=N¢=CN'. Consequently, for Dirac neutrinos—unlike the Majorana case—only a

single first-order Feynman diagram contributes to the process.

The differential decay rate for the process {~ — E/_Nij is

dr = drt. (4.5)
gk
Explicitly:
(2m)*6*(p1 — p2 — p3 — pa) d*pad’p3d®py 2
dl’ = | »
2. 2my (21)32F5(27)32 F5(27)32 B, (Mol (4.6)

Jk

where we are taking into account all the possible neutrino final states, ni the mass basis,
and the sum extends over all energetically allowed neutrino pairs, assuming that the

neutrinos are not detected.

It is important to emphasize that, in the phase-space integration, we neglect terms
depending on the neutrino masses. This approximation is well justified, as it remains
consistent with the observed charged-lepton energy distribution. Such terms enter only
quadratically in the phase-space factor, through expressions of the form rjzk, = %;
which are strongly suppressed—either due to the smallness of light-neutrino masses or
to the mixing suppression of heavy neutrinos. Moreover, these effects become relevant
only near the endpoint of the energy spectrum, where the experimental statistics are
limited. A detailed discussion of these corrections can be found in [99], [100]. In cases
where higher precision is required, one must include non-negligible neutrino mass effects
in the calculation. For this thesis, we are dealing with neutrino masses effects up to the

matrix element calculation. With this consideration, the explicit differential decay rate

for Dirac neutrinos is given in section 4.1.3.

4.1.2 Effective Decay Rate for Majorana Neutrinos

Unlike the Dirac case, the properties of Majorana neutrinos have strong consequences

in the amplitude. As it has been pointed out in well-known previous works, see the
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discussion just before note added of Ref.[101], for Majorana neutrinos the decay modes
- — E/_]\_ijk and (- — ﬁ/_]\_kaj yield the same final states for j # k as well as
for 7 = k, and hence the amplitudes must be added coherently. Then the possible first

order Feynman diagrams for the ¢~ — ¢ N;Nj, decay are shown in figure 4.1. The first

Ni(p3) N;(p2)

'~ (pa)

N;(p2) Ni(ps)

Figure 4.1: Feynman diagrams for the {~ — ¢~ N. ;i Ni, decay. The orientation chosen
for the fermion chains is defined by the blue arrows.

diagram leads to the same matrix element as the Dirac case, while the second diagram is
only possible in the Majorana neutrino case, where the orientation for each fermion chain

is already defined (blue arrows). ?

In this case, the differential decay rate for the process ¢~ — ¢~ N;Ny is

1 .
dl = EZdPJ . (4.7)
7,k
Explicitly:
1 (27)*6%(p1 — p2 — p3 — Ppad’psd®
dF:‘Z< m)*0%(p1 — P2 — p3 — pa) _Apadpadp e g
24 2my (27)32E,(27)32 E5(27)32F,

where the 1/2 factor that appears in the Majorana case arises from two distinct reasons.
For the 7 = k case it is a statistical factor accounting for the presence of indistinguishable
fermions in the final state, while for the j # k case it arrives because of double counting,

since the sum ) ik is not restricted to j < k. The same discussion can be found in section

9We select this orientation of the fermion chain in order to apply the spinor completeness relation
directly within the matrix element calculation. This choice does not affect any physical observables,
provided that the appropriate Feynman rules for Majorana fermions are consistently followed [102].
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11.2.2 of Ref.[103].

Then, after integrating over the neutrinos momenta, the decay rate will have the following

dependence on the amplitude:!°
1
dl’ o B Z |M;k - M§k|2
ik
1 *
= 5 D {IMIE + M = 2Re(M} M%)} (4.9)
ik

= Z |M]1k|2 - Z Re(M;kMil:)
J.k Jik

Thus the fundamental difference between Dirac and Majorana cases is precisely the last
interference term, sometimes called the Majorana term [103].

Using this property, we can write the final differential decay rate for both cases in a single
expression, where the Dirac and Majorana nature is distinguishable by the Majorana term.

This was done with the implementation of a flag parameter ¢ = 0, 1.

4.1.3 Dirac vs Majorana Distributions

For efficiency, we present our final result using the PDG parametrization, which is
currently the most practical. Additionally, we isolate the Majorana contribution by
explicitly calculating the corresponding term, introducing a flag parameter ¢ = 0, 1.
Finally we rename dummy indices wherever possible in order to make our expressions

clearer and more convenient for general applications.

4.1.3.1 Massless neutrino case

Considering massless neutrinos, the differential decay probability to obtain a final charged
lepton with (reduced) energy between z = E, /w and x + dz, emitted in the direction 2
at an angle between 6 and 6 + df with respect to the initial lepton polarization vector P,

and with its spin parallel to the arbitrary direction CA , neglecting radiative corrections, is

OWhere ./\/ljlk and M?k are related by the exchange j <+ k once the neutrinos momenta are integrated
out.
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given by

dl A
dxdcos 0 47r3 G A 7% —xf X ( _—73\/902 z3cos OA(x )

X [14+¢-Py(x,0)],

(4.10)

where w = (mj +m3)/2my, 2o = my /w and the polarization vector Py in eq.(4.10) is
Py = Pr, &+ Pp, §+ P 5. (4.11)

Here z, 9 and Z are unit vectors defined as:

z is along the ¢ ' momentum Dy

=y is transverse to p, and perpendicular to the decay plane, (4.12)

[T ERN3Y

« B,
x Py

A~

Y X z =2 s transverse to py and in the decay plane,

and the components of 735/ are, respectively

Pr, =Psinb - Fr,(z) / {F(:E) — gP\/aﬁ — xd cos QA(QJ)},
= Psinf - Fr,(x) / {F(w) — g'P\/IE2 — 22 cos 914(33)}, (4.13)

—Fip(z) +Pcost - Fap(x)

P = ;
- F(z) — §P/2? — 22 cos 0A(x)

where

2
Flz)=z(1l—-2)+ 97 (42° — 3z — ) + nxo(1 — ),

Ax) = 1—x—|—§5 (4x—4+\/1—x(2)) )
Fr (z) = i?{— 2(5 + 12<p— z>>(1 — x)z0 — 3n(2? — 22) 4+ 0" (=32 + 4x —x%)},

x2—$%{3 (1—az)+2% 1—:1,’(2):|,

Frp(z) —5%1 x?—xg{gg’(—zxmﬂ/l—xg) +4§(5—2)<4x—4+\/1—x%>],

Fap(z) = é [5 (222 —x — 23) + 4<p — Z) (42 — 3z — 22) + 20" (1 — x):cg] :

(4.14)
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are written in terms of the Michel parameters p,n,6,&,n", &, €, o/, ', which are bilinear
combinations of the g7, couplings 9], [10], [95], [97], [104]. In the SM, p = § = 3/4,
n=n =ao = =0and £ =& =¢ = 1. We can obtain the total decay rate integrating
over all energy and angular configurations, leading to

A

G?,m3 ,
/ o
Doy = =2 flmd /m3) (1+ 7). (4.15)
where
. my g(m? /mj)
Gy=G, |1 ran—t2 £~ *° 4.16
o 17 \/ + 4n y (m?, m2)’ ( )

in which f(z) =1—8z+8x3— 2% —122%log(x), g(x) = 1492 — 92% — 23 + 62(1 + z) log(x)
and the SM radiative correction 5%,0 has been included [105], [106], [107].

The normalization G, corresponds to the Fermi coupling G, as determined from p
decay. Unlike the other Michel parameters, the dependence of Eq.(4.15) on 7 is retained,
although it is suppressed by a factor of (m, /my). Consequently, this contribution is
negligible in decays such as = — e"v,v. or 7~ — e v, but it can have measurable
effects in 7= — p~ 1,1, potentially distorting the partial decay width, see e.g.[108]. This
difference enables a determination of n by comparing the branching ratios of the two 7

leptonic decays.

If e/ universality is assumed!!, the leptonic decay ratio B, /B, implies:
n = 0.016 = 0.013. (4.17)

A non-zero value of 1 would indicate the presence of at least two different couplings
with opposite chiralities for the charged leptons. Assuming the V-A coupling g}, to be
dominant (as supported by data), then the term %Re[g‘L/ng}‘%] is the only one linear in
non-standard couplings in the whole spectrum, thus the measurement of n is of particular
interest for the determination of new couplings, specially the scalar coupling g5, which
frequently appears in many extensions of the standard model. This coupling is unique in
that it involves only left-handed neutrinos and right-handed antineutrinos, as shown in

Eq. (4.4).

11 Assuming lepton universality leads to a more restrictive value for 7.
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Table 4.1: Michel parameters and their most accurate determinations.

W — e vl T —e VUil | T — |4 Vs,
p | 0.74979 4+ 0.00026 | 0.747 & 0.010 | 0.763 £ 0.020
n | 0.057 +0.034 — 0.094 + 0.073
3 1.000910 0005 0.994 + 0.040 | 1.030 + 0.059
&0 0.751110052 0.734 4+ 0.028 | 0.778 £ 0.037
¢ 1.00 + 0.04 — 0.2240.94
¢ 0.65 + 0.36 — —

The experimental status on the 7-decay Michel parameters [109], [110], [111], [112], [113],
[114], [115] together with the more accurate values measured in p decay [116], [117], [118],
[119] are shown in table 4.1. The parameter & has been measured for the first time in 2023
at Belle [120], while ¢" has never been measured directly. This has be done measuring
the 77 and &k parameters'? in the radiative leptonic 7-decay [121], since the distribution
of the photons emitted by the daughter lepton is sensitive to the lepton polarization
[122]. Nevertheless the experimental precision does not provide a significant impact on
the knowledge about the couplings, yet. Michel parameters for the five-lepton muon and

tau decays were derived in ref. [123| and are being studied at Belle(-II) [124].

4.1.3.2 Massive neutrino case

The differential decay probability taking into account finite Dirac (¢ = 0) or Majorana

(€ = 1) neutrino masses is given by!?

drdcosf Z 4_7r3w G V % = g

(4.18)

2Where ¢ = —€ — 4k +8¢6/3 and € = 16p/3 — 47 — 3.
13The e parameter appears explicitly in the definition of the functions given in appendix D.
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and the components of 7351 are, respectively,

=Psind - (Fr,(z) + F}, (z) + Ffi (z)) / N,
= Psind - (Fr, () + Fp, (@) + Fpy(z)) / N,
Py = (= (Fip(x) + Fip(@) + Fip(a)) + Peost - (Fap(w) + Fap(a) + Fip(x))) / N,
(4.19)

with N the normalization factor N = (Fys(z) + Fjg(z) + F{s(z)) — Pcosf(Fas(x) +
Fjig(z) + Fjs(x)).

As it is shown, in the massive case, we have generalized the previous result with the inclusion
of new primed and biprimed functions which will depend linearly and quadratically on
neutrino masses, respectively. The explicit form of all the new functions and parameters

are given in appendix D.

Finally, integrating over all energy and angular configurations we obtained:

m U)
VAV ;3 / Ve ? — 1 FIS )+ Frg(x) + Ffl/s(x))dx (4.20)

GQ’mZ 2 2 o
Doy = D flm? fm) (1+ 05c) (4.21)
.k
where
my 9(m?%/m7)  _m, f(m2 /m3)

ef<2ﬁw>_%ﬂlmﬂ”fmﬂ/z>

f”(m?, /mz>
f(mg fm3)

+ (K})kj

Gy EGM{( )ik +4(0)jk me’g( /me)]

Zf( 2/m4)

m;my

—4 +3(HT)—%

(CH) i

2
my

(4.22)
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with the functions defined as:

f(z) =1— 8z — 122% log(x) + 82° — a*,

-1
f(x)=—1+46x— 223 + 322 (4 arctanh (le ) — 1) 7

r+1

f"(z) =1—3x 4 32* — 2°,
(4.23)
g(x) =1+ 9z — 927 — 2° + 62(1 + x) log(x),

-1
g'(a:) =2—622+ 2343z (4 arctanh (x > + 1) ,
xz+1

g"(x) =1 — 2% + 2z log(w).

As we can see, the ([);, parameter defines the normalization of the G, coupling, while
the other parameters entering as suppressed corrections. In addition, there are both linear
and quadratic neutrino mass terms, each exhibiting the same behavior as in the massless
case: one parameter remains unsuppressed, while the other is suppressed by the factor
my /my that is usually named as low-energy parameter. This suppression can become
more relevant in tau decays. Nevertheless, the neutrino mass suppression makes these

contributions to the Gy coupling almost negligible.

Now, we shall focus on the suppression due only to the masses and mixings, considering
just one extra heavy neutrino for simplicity. Of course there will be other suppression
factors such as the specific phase-space structure dependence and the explicit form of the
new parameters, but this will not be the main contribution, so we are not taking them

into account in this analysis, we will study them later.

e If the production of heavy neutrinos is kinematically forbidden, then only the light
neutrinos will be produced as final states resulting in a very strong suppression. Considering
the light neutrino masses to be of order O(eV) and the decaying particle mass of order
O(10%V), then the new contributions with neutrino mass dependence will be suppressed
by a factor of ~ 107 for the linear mass terms and ~ 107! for the quadratic one. Both

of them out of the scope of near-future experiments.

e Moreover, the absence of heavy neutrinos affects the unitarity of the mixing matrix,
leading to small deviations from unity when the squared mixing matrix elements are

summed over all kinematically accessible neutrino states.



32 4.1 Michel Parameters: Lorentz Structure of the Charged Current

e In contrast, if the heavy neutrinos are kinematically accessible, then the suppression of
the terms with explicit neutrino mass dependence will change, depending on the heavy

neutrino mass and its mixing with the active and sterile sectors.

Considering the experimental constraints on an invisible heavy neutrino v4, obtained from
different experimental sources and some reasonable phenomenological assumptions (v4
decays and its lifetime), see e.g. [125], [126] 14, we can estimate the suppression of the
neutrino mass-dependent terms compared with those without this dependence (standard

Michel distribution).

We note that one or two heavy neutrinos may appear in the final state, and each
corresponding term is suppressed by specific mixing matrix elements, depending on the
precise structure of the coupling constants [f”,];x. Therefore, for this rough estimation we
will consider both cases (one and two final heavy neutrinos) and the mixing suppression
as |Up|? for one final heavy neutrino and |Ugy|*|Uy,|* for two heavy final-state neutrinos.
With these considerations, the suppression of the neutrino mass—dependent terms can be

summarized in 4.2.

The mean life of the muon and tau has been measured to a precision of order 1076 and
1073 respectively [9]. In order to make new precision tests, the most recent and future
experiments are working hard to increase this sensitivity. From table 4.2, sadly, almost
all of the new contributions are really suppressed and out of reach at the near future
experiments, but a few of them are just around the current precision limit and could be

measurable in current and forthcoming experiments.

Specifically, in the case of one final heavy neutrino with a mass around 10? — 10 MeV?'?,
the linear term suppression could be low enough to make sizeable distortions in the
differential decay rate, specially in tau decays, where the Majorana or Dirac neutrino

nature can be tested, as well as the underlying Lorentz structure and possible new physics.

Finally, since the maximum measurable effect of a neutrino mass in the decay rate would
be of order 1072 for 7-decay and 107 for u-decay, as shown in table 4.2, it is important for

the precision electroweak tests to consider all radiative corrections and their sub-leading

14Tn this table we focus on the mass intervals that can be most effectively probed in the Michel decays.
See, e. g., Ref. [127] for bounds on sub-eV scale sterile neutrinos and its connection to anomalies in
short-baseline neutrino oscillation experiments.

1"We note that, in this mass range, the limit on |Up|? has recently been slightly improved in ref. [128].
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Neutrino Mass (MeV) Mleng Llnear‘ Term Quadrat'lc Terrgl
Suppression | Suppression (m,,) | Suppression (m:)
Light (2) 1x10°° = 107 10°1
Hfjv_“ye(;) 0.001 - 0.45 1073 1079 — 1077 10718 — 1016
10 - 55 108 1010 10719
135 - 350 106 1077 1016
Heavy (1) 10 - 30 10~ 10 1071
(€= p)
70 - 300 1075 107" —=107° 1071 — 1071
175 - 300 108 1079 1018
Hf;V_YT()l) 100 — 1.2 x 108 | 10°7— 1073 1078 — 1073 10718 — 1012
1x10%—-60x10*| 107° —1073 1075 - 1073 10714 — 10712
Heavy (2) —12 —14 -16
(4 = eNN) 10 - 30 10 10 10
175 - 300 10714 —1071 1071 — 10712 10716 — 10713
Heavy (2) -13 -9 —14 -10 —14 -10
(= eNN) 135 - 350 10 10 10 10 10 10
Heavy (2) —12 -8 -13 -9 —14 -10
(= uNN) 100 - 300 10 10 10 10 10 10
175 - 350 1071 — 1071t 10716 — 1012 10716 — 10712

Table 4.2: Estimation of neutrino mass dependent terms suppression.
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Radiative Corrections and | Numerical Effect (u-decay) | Numerical Effect (7-decay)
Finite Mass Effects

Electroweak (3/5)(mz, [My) ~ 1.0 x 107° | (3/5)(m2/My,) ~ 2.9 x 107*
QED O(a) ~ 1073 O(a) ~ 1073
Hadronic O(a?/m?) ~107° O(a?/m?) ~107°

Table 4.3: Main numerical effects of radiative corrections.

effects. These effects take into account radiative QED corrections, higher-order electroweak
corrections and the non-local structure of the W propagator, all of these within the SM
framework, where the corrections to the total decay rate are well-known at this precision

level [105], [106], [107].

These corrections can also be analyzed at the level of differential decay rate, specifically
the most recent corrections induced by the W-boson propagator to the differential rates
of the leptonic decay of a polarized muon and tau lepton and the numerical effect of
these corrections are discussed in [129] and analyzed in appendix E for the specific Michel
distribution, where we also introduce the result for this correction taking into account a

final charged-lepton polarization (for a recent related proposal see [130]).

It is important to emphasize that we can safely employ these radiative corrections,
calculated in the SM limit |f};| = 1, in order to measure with high precision the Michel
parameters, since, to a high degree of accuracy, the current experimental information is
consistent with a V' — A structure, so possible deviations are expected to be very small
and can therefore be treated at the tree level, making the SM radiative corrections the
main higher-order contributions. The interested reader is addressed to ref. [131] for a

helpful discussion.

We also summarize the main numerical contributions, including hadronic corrections, in
table 4.3, where the subleading contributions of these corrections are of order O(107 —

10~7), which are out of experimental reach in the foreseeable future.

From table 4.3 it is evident that the three main radiative corrections must be taken into
account in the muon decay analysis, since the smallest of them is of the same magnitude

as the present experimental relative uncertainty of the muon decay rate.
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In principle for tau decays, due to the current precision achieved, the QED and electroweak
corrections are the most important. The hadronic corrections are not needed, since they

would imply a correction up to 1-10% to something that has not yet been measured.

With these results, the presence of a heavy Dirac or Majorana neutrino could make
measurable distortions in the differential decay rate, specially in the case of a 7-decay with
one heavy final-state neutrino with a mass around 10? — 10® MeV and in the = ~ 1 phase
space zone, i.e., where the final charged lepton reaches its maximum energy, emphasizing
again that we are neglecting terms with neutrino mass dependence in the phase space
integration, so actually the upper x limit will be less than one unit, even so, for greater x,

the neutrinos mass effects are slightly increased.

4.1.3.3 Dirac vs Majorana

As discussed previously, the only distinction between the Dirac and Majorana differential
decay rates is the interference term unique to Majorana neutrinos. This additional
contribution modifies all Dirac parameters and, depending on the underlying new physics,
could produce measurable distortions. Therefore, investigating this interference term
offers a potential method to determine the neutrino nature and to probe the presence of

new physics.

In our analysis we define this new contribution with the help of the flag parameter €, being
e = 0 for the Dirac case and ¢ = 1 for the Majorana one. Since the difference between
both cases is precisely this Majorana term, we show the full and explicit dependence on

the coupling constant of each parameter due to this Majorana contribution in table 4.4.

From table 4.4, it is evident that the difference between the Dirac and Majorana cases
depends in a non-trivial way on the coupling constants, particularly those associated with
new physics. This dependence can provide valuable insight into the underlying Lorentz

structure of a theory, as illustrated in the examples that follow.

First of all, if no new-physics is present, i.e., in the SM case (|f};| = 1), we obtained
the results displayed in table 4.5 for the Majorana term. This result shows explicitly the
Kaiser Theorem [132], that states: "For massless neutrinos in a world where all weak
currents are left-handed, there is no distinction between a two-component Dirac (i.e.,

Weyl) neutrino and a Majorana neutrino. Once the mass is non-zero, however, then no
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Term Coupling Dependence
No Neutrino Mass Dependence
" § 120 R iy + 1200 TRk + 8URD i — ) En)iy
! +8(fE)a( ) + (Lo B)|
Pk | 55| = FER)an(fER)iy + 4R (fLr)iy + 42w (F1)hy — 4(fTR) ik (fLR)i; + (L > R)
()M —(fRr)ir(Frr)iy + g(foR)jk(fLTR);% +5(f2r)in(FLr)ky + 30 LR) i (fLr)k
ik §(ffR)jk(fLR)l*¢j — (L& R)
(55)% % - (flgR)jk(fl‘%/R)kg ( LT )Jk(ng)Zj - (fLSR)jk(ng)Zj + i(ng)jk(ng)Zj - (L A R)
(77)% 5 (fLR)Jk(fRL)kJ + 24(f[R )jk(fRL)kg (fLL)jk(fzgR)Zj + 4(fXL)jk(f1‘%/R)Zj +(L < R)
(5')1.‘/[ (fLL)]k(fLL)k] %(fLR)Jk(fLR)k] %(fLTR)jk(ng)Zj + (f[‘//R)jk(f}J/R)Zj
i (fLR)Jk(fLR);;j - (L& R)
(€)M %(fER)jk<ng>Zj + %(ng>jk(ng)ltj + (ffL)jk(fXL)k] §(fRL)Jk(fRL)
" +3(frp)in(fre)i; + (L < R)
(77”)% 3 3(.f§R)J'k(fgL)Zj + 18(f1r)in(fre)i; — i(fLSL)]'k(ng)Zj — (fEn)in(frr)i; + (L < R)
(%)% 3R i (f2R)rs + 6(flr)k) — (L < R)
(%)% —3(Frn)i(Frr)e — s in(fRr)iy
Linear Neutrino Mass Dependence
(kE)M =202k (FLr)j — %(fEL)kj(ffR);k + 3(f§L)kj(ng);k + 2(fgL)jk(ng)l*cj
Lok _(fLSL)jk(fXR)Zj + (L« R)
(kE)M —2(frr)ri(fLR)5k — %(fzgR)kj(ffR);k + 3(ng)kj(ng);k + Q(fl‘%/R)jk(ffR)Zj
ok —(fRr)ik(fir)k; £ (L > R)
(AE)! _2(fXL)kj(fXR);k + %(ffL)kj(ffR);k + (ffL)kj(fLTR);k + 4(fXL)jk(fLTR);;j
L/k (fLL)Jk(fLR)k] + (L < R)
(AE)M _Q(ng)kj(f}jR)gk %(fRR)kJ(fLR)]k (ng)kj(ng);k + 4(fXR)jk(ng>Zj
R (fRR)]k(fLR)k] + (L < R)
Quadratic Neutrino Mass Dependence
(C,i)% (f11)i (fLL)kj (fEL)jk(fEL)Zj + (fgL)jk(f%L)Zj +6(fr)ik(fr)i; T (L < R)
(C i)% l(f L)Jk(fLL)k] (fLL)jk(fXL)l*cj - <f§L>jk(fXL)Zj - 6(fl¥L)jk(f1€L)Zj + (L < R)
(JH)M i(fLR)k](fRL)]k %(ffR)kj(fgL);k + %(ng)kj(fgL);k + 5(fLTR)kj(f1€L);‘k
i +2(fXR)jk(f1‘%/L)ltj
()M 2(£2)(FRrdiy — 1(2R)in (FRn )iy + 3(FLR)ik (Fro )iy + 3(FLr)in (Fhe )i
* +2(f1p)in Ry + (L o R)

Table 4.4: Majorana term for the general coupling case.
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Term | Coupling Dependence Term Coupling Dependence
No Neutrino Mass Dependence Linear Neutrino Mass Dependence
(03 0 (5 0

(P)k 0 (K72) ji 0

O 0 E5 o

(£9) 1k 0 ()i 0

(n)ix 0 Quadratic Neutrino Mass Dependence
G 0 (CHY GAMGAH

Gl 0 () GANGA

() 0 T4 0

(DY 0 (Y 0

Gl 0

Table 4.5: SM Case |f);| = 1.

matter how small it is, a Dirac and a Majorana neutrino are different."

Indeed, from table 4.5, we see that in the SM case, there is no difference between a Dirac
and a Majorana neutrino for the terms with no neutrino mass dependence (also for the
linear neutrino mass dependence), but —even in the SM case— if neutrino masses are taken
into account, we find a substantial difference between the Dirac and Majorana cases,
specifically in the quadratic neutrino mass dependence. Unfortunately, these terms are

really suppressed, as shown in table 4.2.

Finally, we present a rapid implementation of our results within a well-studied, model-
dependent framework that incorporates finite neutrino mass effects. This framework is
based on the effective weak interaction Hamiltonian with (V £ A) currents [99], [103]. For
the presence of V' + A currents, keeping only the leading order terms, the Majorana terms
are shown in table 4.6. Then, as an example, if we focus now only on the component of
the transverse polarization perpendicular to the decay plane (Fr, and F{FQ) up to linear
neutrino mass effects, taking into account the Dirac (¢ = 0) and Majorana (¢ = 1) cases

and considering ry << 1 we can approximate the result to:

Fr(a) + P (o) =g | e 050 Py — 3 A2 T
(4.24)

— 3m; Im(fXL);k(flgL)Jk }
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Term | Coupling Dependence Term Coupling Dependence
No Neutrino Mass Dependence Linear Neutrino Mass Dependence
(I)% 0 (’f%)% —Q(fXL)kj(ng);k

(P)k 0 (k7)1 F2(f10)ki (Fro)jn

()i 0 L)k —2(f71 )1 (FLR)n

(£9) 7% 0 Arjik F2(f1p)ki (frL)

(n)% (frp)ik(frR)k; Quadratic Neutrino Mass Dependence
(5:,)% 0 (C/i)% (fgL)jk(fgL)Zj

(€ )i (C*)i (fro)i(frn)k;

(Wl)% _(fgﬁjk(f%}z)zg‘ (J+)% 0

(<) 0 (1)) 0

(%)% _%(f[YL)jk(ng)Zj

Table 4.6: Majorana term for V' £+ A currents.

Finally, if we define the quantity between curly brackets as T'(F), we have:

T(E) =e|my Im(fXL);k(ng)kj — 3m; Im(fXL);’k(f}%/L)kj — 3m; Im(fl‘,/L);‘k(fl}%/L)jk? (4.25)

which is a well-known result [103]°

From eq.(4.25) we can see that the only Dirac contribution (e = 0) is suppressed by a
factor of neutrino mass, while the first Majorana contribution does not have a neutrino
mass suppression. Thus, the Majorana term dominates over the Dirac term, so that the
Majorana properties of neutrinos can be observed in T'(E). Many other discussions and

properties of this model can be found in [99].

Therefore, our model-independent results can be used to derive model-dependent
expressions efficiently and with high theoretical precision, allowing for a comprehensive

discussion of the implications of the new physics within specific frameworks.

As a final motivation, we estimate the possible effects of the heavy neutrino sector using
a realistic example. We take the gy, coupling to be dominant and consider a non-zero
g% coupling, which is one of the most motivated new physics couplings since it would
couple the well-known left-handed neutrinos and it naturally appears in many beyond SM
theories, also it can be tested in more detail via the 1 parameter, as we just discussed.

Finally, in order to obtain a non-vanishing contribution from the linear neutrino mass

16Note that due to our Hamiltonian definition, our results are related by the exchange f},{L &~ fXR
with respect to those obtained in [103].
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terms, we add a g7 coupling.

As a realistic approach, for the standard Michel parameters we consider the experimental
mean values, while for the new parameters, that appear in the neutrino mass-dependent
terms, we work with the current coupling upper limits and assign the following numerical
values: g¥; = 0.96, g%r = and g7 =, which agree with the corresponding normalization

condition.

Using these values, we can obtain the specific neutrino mass term contribution for Dirac
and Majorana cases making the subtraction between the differential rate with neutrino
mass effects and the one without this contribution. This result is shown in figure 4.2,

where the y-axis corresponds to + (£ — 9L| o) with N = mw'G%, /(47).

] — Dirac

Majorana

0.2 0.4 0.6 0.8 1.0

X

Figure 4.2: Neutrino mass contribution to Dirac and Majorana distributions.

Then, for this realistic example we find that even considering the suppression of the
specific new physics couplings and phase space structures, this neutrino mass effect could
be as high as 10~* and lead to measurable distortions in the energy spectrum, as seen in
figure 4.2. Another interesting feature in this example is that the neutrino mass terms
influence the energy distribution differently depending on the neutrino type. For Dirac
neutrinos, these terms reduce the differential decay rate, whereas for Majorana neutrinos,

they have the opposite effect.

Therefore, potential distortions of the energy spectrum can provide insight not only into

the presence of a heavy neutrino sector but also into distinguishing the Dirac or Majorana
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nature of neutrinos. Further applications to model-dependent scenarios, as well as a

detailed discussion of the angular distribution results, are presented in [1].

4.2 Effective ve — ve Scattering Analysis

In Ref. [2], a complementary analysis on elastic neutrino-electron scattering within an EFT
framework is carried out. This again allows us to constrain the NP Wilson coefficients in a
model-independent manner and incorporate the effects of finite neutrino masses, extending

the results previously obtained in [133], in the presence of generic new interactions.

4.2.1 General neutrino-electron scattering interaction

Let us consider the most general Lorentz-invariant interaction between neutrinos and

charged lepton pairs at dimension six [133] "

G _ _

co2E ¥ ar“y[z T°(C, + Dyin®)i|, (4.26)
V2 a=S,P,V,A,T

where I'*, with a = S, P,V, A, T'; commonly known as scalar, pseudo-scalar, vector, axial-

vector, and tensor interactions, respectively, are the different Dirac matrices that can be

combined independently,

I = {[7”5’7/1’7#7570;11/ = [’Y“/YV]} : (4.27)

DO | =

There are two options for contracting the terms in the tensor case, g,/ Gor oot and
5Wu/,,/a“”0“'”l. We only make use of the first one since, in accordance with [135], the

latter can be turned into the former up to a redefinition of Cp and Dy.

Hermiticity of eq. (4.26) enables us to define

D,, a=S5,PT, (4.28)

D,
D,=iD,, a=V,A,

thus, each coupling constant C, and D, is a real number. Additionally, by imposing the

17Ref. [134] discusses its ultraviolet completion, from the effective field theory perspective.
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v = Cpl

Majorana condition v; = v; ', where C' is the charge conjugation matrix, some

coefficients must vanish (Cy = Dy = Cr = Dy = 0). This feature is what allows us to

distinguish between Dirac and Majorana neutrinos in the general case.

As an example, the SM scenario is just a specific case of (4.26). Indeed, the Lagrangian

that describes the neutral current interaction (NC) in the SM is: '8

Grol AT
Ly =52 [w"(gé - 9275)11] [lv"(gv - 9A75)l], (4.29)
S U |
P S S S 4.30
W=91=5 =5t a= g (4.30)
By comparing eqs. (4.26) and (4.29), we get
( (
CM =2g0gy, DM = —297d4, CPM =0, DM =0,
CIM =29494, DI = 2949y, O = 49494, DI = —4g49y,
Dirac ¢ ¢$M — o, DM — 0, Majorana ¢ ¢$M — g, DSM — 0, (4.31)
CRM =0, DM =0, CPM =0, Dt =0,
CSM =, DSM =, oM =0, DEM = .
\

We emphasize that for Majorana neutrinos Cy = Dy = Cr = D7 = 0 and, for the specific

SM case, the remaining ones double their values compared to the Dirac case.

4.2.2 Cross Section for Massless Neutrinos

As done in ref. [133], the result for the cross section of elastic scattering of neutrinos

(antineutrinos) with massive charged leptons at energies where the local interaction

18The charged current (CC) interaction may also contribute if the neutrino and the charged lepton
have the same flavor. To include the charged current contribution one simply replaces gi, — ¢!, + 1 and
gy — g4 + 1 after a Fierz transformation.
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approximation holds, neglecting neutrino masses, is

do a2 | T T\?>  MT]

2 = A+2B(1- = 1-—) +D 4.32
dT(V+e) o + ( EV>+C( Ey) + iR (4.32)
do GaM | T T\® _MT]

S te) = oB(1-—)+A(1-=) +D-— 4.
0= o (i D) ea (- IY M) gy

where F, is the incident neutrino energy, T' and M are the recoil energy and mass of the

charged lepton, respectively, and

1 1
A=2(Ca=Da+Cv = Dv)* + 2(Cp+ C5 + Dp + Dy +8C7 + 8Dp)

+ %(OPCT — CsCy + DpDy — DgDry), (4.34)
- %(C% +C2 4 DE 4 D% — 8C2 — 8D2), (4.35)
C %(CA +Dy—Cy —Dy)? + é(cl% + C% + Dy + D% + 8C7 + 8D3)
- %(CPOT — CsCr + DpDy — DgDy), (4.36)
D =(Cy — Dy)?* — (Cy — D4)* — 4(C% + D2) 4+ C% 4 D3. (4.37)

It is important to note that all these calculations assume that incoming neutrinos and
antineutrinos are left-handed and right-handed, respectively. Interestingly, the two
distributions are related through the exchange A <+ C' and that none of the parameters
mix the (axial)-vector type interactions with any other. Detailed explanations on this

topic can be found in ref. [133].

In this case, the SM values for the parameters A, B, C, D, for NC contributions, are as

follows
(A, B,c, D)™ = ((1 —252)%,0,4510 1 — (1 45@)2) , (4.38)

which lead to a cross section that has the same value for Dirac and Majorana neutrinos,
as anticipated. Then, other interactions are needed in order to distinguish the Dirac and

Majorana cases in this process.
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4.2.3 Cross Section for Massive Neutrinos

We now generalize the previous results by incorporating finite neutrino masses and all their
potential effects on the differential cross section, thereby extending the analysis further. If
we consider finite neutrino masses, the current neutrino (v, for the weak isospin doublets
electrically neutral component and v}, for singlets) is assumed to be the superposition of

the mass-eigenstate neutrinos (N;) with the mass m;, that is,
vi =Y UyNjL, vig=Y_ ViiNjg, (4.39)
J J

where j = {1,2,...,n}, with n the number of mass-eigenstate neutrinos, as stated in the

last section.

The U matrix refers to the mixing of the active left-handed sector with massive neutrinos,
while V' parameterizes the mixing of the sterile right-handed neutrinos. They are not

directly related, except for the condition that unitarity or a specific model can implement.

For a comprehensive discussion of left- and right-handed mixing, we refer the reader to
Appendix A of Ref. [99], where the topic is explained in full detail and aligns with our
notation. For a complementary perspective, the lepton mixing formalism is also reviewed
in Appendix A of Ref. [136], which uses slightly different notation but presents the material
with great clarity.

Thus, in the laboratory frame, the explicit cross section of elastic neutrino (antineutrino)

scattering on charged leptons is

G?M E2 T T\?2
o=y B L (1 D) e (- 1)

v

MT (mi. -mg,) T m,
: A+2B 1—— ) +F-L
1E2 T T 2ME, (A+28)+ C( E) g, ]

+D
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G?M E2 T T\
2 v - -
Z Ual™ = z {C+2B (1 = ) +A (1 Ey)

v

MT (mi—m%) T m,
D ; s [(J B+ A(1-—) -G f]
TP T s, (C+2B) + ( E) E,
m2T m T m2 +m?
_plus "f[F 1——} DY v 441
ME: B, +G< E) TR (¢ (441)

where m,, (m,,) is the mass of the initial (final) neutrino and we only added two new
parameters F' and G, that were not contributing in the massless neutrino case. These,
together with the A, B, C, D parameters already appearing in eqs. (4.32) and (4.33), are

given, in the massive neutrino case, by

A =|Uy E(OA —Dy+Cy — DV)Q} + Vi ? [ (C%+C%+ D3
+ D%+ 8C2 + 8D%) +%(CPCT — CsCrp + DpDyp — DSDT)] : (4.42)
— Vi ]2 [é(cl% +C% + D} + D% —8C7F — 8D%)} , (4.43)
€ =[Uisl? | §(Ca+ Da = Cu = Do | + Vil [g(Ch+ CB + 13
+ D% +8C7 +8D37) — %(CPCT — CsCr + DpDrp — DSDT)} : (4.44)

D =|Uy|* [(Ca = Dv)? = (Cv — Da)?] + |Viy|* [-4(CF + D7)

1242 (4.45)
F =Re [UyVjj] {[(Cs +6Co)(Cv — Da) + (Cp —6Cr)(Ca— Dy)],  (446)
G =Re [Uyy V)] }L[(CS 60 (Cy — Dg) — (Cp + 6Cr)(Ca — D). (4.47)

The reason we have an overall factor of |Uy|? in the differential cross section is because
of the assumption that the incoming neutrinos or antineutrinos are left-handed or right-
handed, respectively ; while the final neutrino could be produced in any chirality state,
depending on the specific physics involved. We emphasize that this result applies to both
relativistic and non-relativistic neutrino scattering, as will be discussed in more detail

later.

Thus, all of these parameters can, in principle, be extracted from scattering data and used

19See, conversely, ref.[137].
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to probe both the existence of a potential heavy neutrino sector and the fundamental
nature of neutrinos, as will be discussed in the following sections. It is also remarkable
that this generalization of the cross section introduces only two more parameters, F' and
G, which mix the vector and axial currents with the scalar, pseudoscalar and tensor ones;
that is a new feature compared with the previous result [133]. In the following sections,

each aspect of these earlier findings will be clarified and examined in detail.

Finally, it is useful to remark some of the symmetry properties that the cross sections
have. The cross sections for neutrinos and antineutrinos scattering are related by the
exchanges A <> C, I' <+ G, m,, <> —m,, and m,, <> —m,,,, which could be used while
analyzing model-dependent scenarios. Also, in the light neutrino case, if we sum over
all the possible mass-eigenstate neutrinos (using the unitarity condition) and neglect the
explicit neutrino mass terms, we recover the results already obtained in ref. [133], just as

a trivial check of our expressions.

One of the main goals of this computation is to incorporate the effects of neutrino
masses, particularly to study their potential contributions in scenarios where new heavy
sterile neutrinos have non-negligible mixing with the light, active states. The differential
cross section given in Eqs. (4.40, 4.41) is general under the assumptions discussed and,
in principle, accounts for the contributions of all neutrino mass eigenstates that are
kinematically accessible. These contributions exhibit distinct dependencies on the neutrino
masses, such as:

m, m2  m:T

E,” E? ME?

(4.48)

These structures are precisely what suppress the neutrino mass—dependent contributions
relative to the terms that do not depend on neutrino masses. Nevertheless, for precision
measurements, this suppression could be low enough to play a role in the energy spectrum,

specifically under the assumption of a heavy neutrino sector, as we shall discuss.

At this stage, we just want to motivate the presence of these new terms that appear in
the differential decay rate due to accounting for finite neutrino masses. For this purpose
we will begin with a naive, but still realistic, approximation. Since we are considering
that the incident neutrinos (antineutrinos) are left (right)-handed, we will now assume
that they are predominantly contributed by the light mass eigenstates, meaning that we
‘2

will not have a suppression due to the global |Uy;|* mixing factor and E; — m? ~ EZ.
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Then, in order to have a sizable contribution of these new structures, we need to analyze
the case of a heavy final state neutrino, where the suppression will come from its mixing

factor |Ugs|*%.

In summary, we will now focus on a contribution with a light m,, and a heavy m,, with
a suppressed mixing |Uys|?. In order to estimate the value of the structures shown in
eq. (4.48), we used the current experimental limits given in refs. [138], [139], [140]. We
can then consider different scenarios, depending on the incident neutrino energy and the
mass of the final-state neutrino. The suppression of the neutrino mass—dependent factors
is analyzed in Table 4.7, where we highlight the most relevant contributions according
to our estimation assumptions. We emphasize that this represents a specific illustrative

case intended to motivate the inclusion of these terms. As we can see, the suppression for

Neutrino my, Linear term suppression | Quadratic term suppression

2
flavor | (Mev) | Ul Ueal?m,, /E, U2, | E?
E, E, E, E,
500 MeV 2500 MeV | 500 MeV 2500 MeV
I=e¢ 150-375 | 1078 107° 10-19-107° 10-19-107° 101
[138] 375-440 | 107° | 1071 10710 10710 10~
10 1073 107 10°°¢ 1077 1078
l=p 20 1074 10°6 1077 1077 107
[139] 50 107° 106 1077 1077 107°
100 10-¢ 1077 1078 1078 107°
100-200 | 1073 1074 1074 1071 107°
=71 | 300-400 | 1074 10~ 107° 1074 1076-107°
[140] 500-800 | 107° 10-° 1076 107° 1076
900-1100 | 107° 107° 107¢ 107° 1076

Table 4.7: Estimated suppression associated with neutrino mass-dependent terms.

electron neutrinos is really high because its mixing is tightly constrained 2!. The same
happens with the muon neutrinos, which are not as restricted as the electron ones, but
still too suppressed for the current experimental capabilities. Nevertheless, the limits on
|U.4| are the weakest, motivating the possibility that |Ur4| > |Ues|, |U,4| and thus getting
suppression effects of the order 10™* — 10~ which could produce measurable distortions in

the energy spectrum, with the disadvantage that events with tau neutrinos are the rarest.

209Tn the case of new physics, the mixing may be not suppressed, but the net suppression will be then
encoded in the coupling. For this rough estimation we are not discussing all these possibilities.

21Even in this case, the contributions associated to the gauge boson longitudinal polarizations can be
neglected.



4.2  Effective ve — ve Scattering Analysis 47

In this estimation, the linear neutrino mass terms with the presence of a heavy neutrino
with a mass around 100 — 400 MeV will be important for an incident neutrino energy of
the order of 10?2 — 10% MeV. It is also necessary to emphasize that these terms are always
multiplied by the parameters F' and GG, which are identically zero in the SM case, so we
need the presence of new physics couplings in order to be sensitive to those contributions
and then an extra suppression factor must be taken into account while analyzing the

possible distortions of the spectrum.

For the quadratic neutrino mass terms we also found interesting results. Indeed, the
suppression for the considered energy range could be of order 10~* — 10~?, which is a new
feature compared to other analyses, see ergo [1]|, where the quadratic terms were really
suppressed. Also, these neutrino mass terms appear multiplying the D parameter??, which
in egs. (4.32, 4.33) (neglecting neutrino masses) is suppressed by the electron mass with
a factor MT/E?. Then, depending on the recoil energy and the heavy neutrino sector,
even the neutrino mass term could be of the same order as the one already obtained in

ref. [133] for the D parameter.

We note that, although our results are applicable to the non-relativistic regime, the energy
of the incident neutrino constrains the masses of heavy neutrinos that can be kinematically
accessed. Consequently, significant heavy-neutrino effects may not appear at low energies.
Nevertheless, the non-relativistic case without neutrino mass effects remains of interest,

as discussed in Ref. [133].

Finally, more precise conclusions could be drawn by considering model-dependent scenarios,
where the full suppression can be estimated based on the specific values of the new physics
couplings. However, for our purposes, this rough estimation provides a clear indication of

the potential signals of a heavy neutrino sector in this type of process.

4.2.4 Dirac vs Majorana Discussion

Our second goal is to use the information on the A, ..., G parameters, including the
two new ones that appear while considering finite neutrino masses, and explore the

corresponding parameter space allowed by Dirac or Majorana neutrinos. This way, it

22They also appear in other parts of the spectrum, where the dependence is proportional to (m2, —m? f),
so cancellations may occur while considering all the possible mass eigenstates, then we are not stating
further conclusions about this.
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may be possible to distinguish between both neutrino natures depending on the values
extracted from the experiment, as examined in ref. [133| for the case with negligible

neutrino masses.

Parameter Dirac
A Uss|? [5(Ca— Da+ Cy — Dv)?] + [Viy? [§(CE + C5 + D3
+D% + 8C% 4 8D%) +1(CpCr — CsCr + DpDy — DgDr))
B —[VisP [5(C% + C§ + D} + D% — 8CF — 8D7)]
c Uss|? [5(Ca+ Da— Cy — Dv)*] + [Viy? [§(CE + C5 + D3
D% 4+8C% +8D3) — (CpCr — CsCr + DpDr — DgDr)]
[Ues? [(Ca — Dy)? — (Cy — Da)?|
+Vis [ [-4(CE + D7) + C% + D3
Re [Ugf‘/z}} %L[(CS + 6CT)(CV - DA> + (Cp - 6CT)(CA — Dv)]
Re [Ues V5] 31(Cs — 6Cr)(Cy — Da) — (Cp +6Cr)(Ca — Dy)]
Majorana
A [Ues|? [3(Ca — Da)?] + Vig? [§(CE + C% + D3, + D3]
B —|Vis|? [§(C3 + C% + D% + D]
C [Ues|? [3(Ca + Da)?] + |Vig|? [3(C} + C% + D} + D3]
D Us|? [C7 — D3]+ [Vig|* [CF + D3
F —Re [Ungg}] i[CSDA — CPCA]
G —Re [Ugf‘/éﬂ %[CsDA—FOPCA]

Table 4.8: Parameters for Dirac and Majorana cases. The parameters for the latter case
can be obtained from the former ones applying the properties explained in the paragraph
below eq. (4.28).

Applying the Majorana condition already discussed (Cy = Dy = Cr = Dy = 0), we can
obtain the explicit forms of the parameters for both Dirac and Majorana neutrinos in
the general interaction scenario, as presented in Table 5.2. This result facilitates a rapid

analysis of various model-dependent scenarios, as will be illustrated.

Let us start with the SM case (for NC contributions). Using eq.(4.30) and eq.(4.31) in
table 5.2, we can compute the values for all the parameters in the SM scenario, that are

shown in table 4.9.

Here it is straightforward to confirm that, if neutrino interactions are characterized by the
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Parameter | Dirac and Majorana
A [Ues*(1 = 253)?
B 0
C \Ups|*4s%,
D [ [UgP(—(—4s)?)
F 0
G 0

Table 4.9: Parameters for Dirac and Majorana cases in the SM, which are obtained
from table 5.2 using eq. (4.38).

SM, the cross section has the same value for Majorana and Dirac neutrinos, since all the
parameters are equal in both cases. This is a result that still holds if we consider the effects
of finite neutrino masses, which is an interesting feature, since in some other processes,
specifically where both neutrinos appear in the final state, the difference between Dirac
and Majorana cases is proportional to m?/FE? in the SM scenario due to the helicity

flipping interference.

Then, if only the SM interaction is involved in the ve — ve scattering, it is not possible, in
principle, to distinguish the specific nature of neutrinos, even if their masses are taken into
account. Nevertheless, as discussed in the last section, in the presence of a heavy sector, it
could still be possible to discriminate which one is at work. Also, we can emphasize that
in the SM case some parameters are identically zero; then, measuring a non-vanishing

value for these parameters will imply the presence of new physics beyond the SM.

Now, we can give some other examples including the presence of new physics couplings,
but for the Majorana condition in this process (Cy = Dy = Cp = Dy = 0) it is clear that
we need to introduce some of these vector or tensor couplings in order to get a testable

difference between Dirac and Majorana neutrinos.

Then, as a final example, we analyze the case of a Cr coupling beyond the SM case, which
is of great interest since the Cr coefficient must vanish for Majorana neutrinos, as we just

discussed. The results are shown in table 4.10.

As we can see, in this scenario, a new C7 coupling would generate parameters that will
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Parameter Dirac Majorana
A UesP(1 = 253)% + |[Viy [°CF |Ues*(1 — 2s5,)?
B |Ver2CF 0
C Uss[*4sy, + [Vig [P CF |Ugs[*4si,
D Ues? (1= (1= 4s3)%) = 4[ViyPCF | U (1 = (1 — 453,)%)
F 6Re [Urs V7] Cr 52, 0
G 3Re [Uys V5] Cr(1 —252) 0

Table 4.10: Parameters for Dirac and Majorana cases in the SM+C7 case.

differ for Dirac and Majorana neutrinos in all cases. Also, some of them must vanish
identically for the Majorana case, so a non-null measurement for the B, F' or G parameters
will imply that neutrinos are Dirac fermions, if this model-dependent theory (SM + Cr)

is the one describing nature.

We could continue exploring all possible new physics scenarios; however, as a final
estimation, we follow the analysis of Ref. [133], examining the parameter space for Dirac
and Majorana neutrinos in the general case, now adding the information of the new F

and G parameters.

As discussed in previous works (see e.g. [133] and references therein), the parameters
A, B, C are the most accurate measurable quantities and then the most important ones
for the current experiments, followed by the D parameter, which is suppressed by the
factor M/E,. In this general analysis we have two more measurable parameters (F,G)
that would be the most inaccurate among the six quantities because of the neutrino mass
suppression already estimated. Nevertheless and for completeness of this work, we study
the behavior of Dirac and Majorana neutrinos through the possible values of these new

parameters in a similar way as done in ref. [133].

In [133], for the relativistic case, the normalized parameters triad (A, B, C') was studied
randomly generating arbitrary values of (Cy, D,) with a = S, P,V, A and T, except that
for Majorana neutrinos Cy = Dy = Cr = Dy = 0 were set, and then the corresponding
(A, B, C) values were plotted and discussed, to see the accessible parameter space for

Dirac and Majorana neutrinos. For the non-relativistic case, where the D parameter is
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relevant, the four different parameters were studied similarly, in this case showing several

2-dimensional projections due to the extra parameter taken into account.

In this general case we have now six parameters, so instead of showing several projections,
we prefer to analyze the parameter space for some parameter triads in such a way that the
subsequent discussions become clearer and generally encompass the distinction between
Dirac and Majorana neutrinos. Thus, we study the parameter space (X, Xs, X3), where
X; could be any of the A, ..., G parameters, in the same way as [133| randomly choosing

values of (C,, D,) in [—1,1].

We also remember, as discussed in previous works, that for any allowed value of
(X1, Xo, X3), (rXy,rXs,rX3) is also allowed for any positive r, since it just corresponds to
a rescaling of (C,, D,) by a factor of y/r. Then, for simplicity, we normalize (X;, X2, X3) to
show the allowed region, as usually done. Thus, figure 4.3 shows the values of 10° samples
generated by randomly choosing values of (C,, D,) in [—1, 1] for different parameter triads

(Xh X27 X3)

The difference between the Dirac (blue points) and Majorana (orange points) regions is
evident in many of them, while other triads are not capable of distinguishing between
Dirac and Majorana neutrinos on their own, since their boundaries are the same for both
cases. In a similar way as the criterion proposed by Rosen, if (X7, X5, X3) were measured
in the region outside the orange space, then neutrinos would be Dirac particles, but if
(X1, Xo, X3) were measured where blue and orange points overlap, then both Dirac and

Majorana nature would be possible.

Indeed, we estimate the common region of Dirac and Majorana points for each plot, giving
an approximate percentage of the overlapping areas (with estimated relative uncertainty of
~ 2.5%). We accomplished this by assigning a surface to each case (Dirac and Majorana)
and computing their area to determine the extent of overlap. For example, this implies
that if the overlapping percentage is 100%, we cannot distinguish between Dirac and
Majorana nature, as both cases share the same parameter space boundaries. This is
just a first estimation, where the corresponding reported percentages may exhibit slight
variations depending on the numerical analysis, but it is still a helpful feature for further
discussions about distinguishing the corresponding neutrino nature within a specific set of

parameters.
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Majorana Majorana Majorana

~ 42% ~ 24% ~ 44%

Dirac Dirac Dirac

G

Majorana Majorana Majorana
Lajorand . 399, ajorand . 93% ———~31%
Dirac Dirac

A A
F G
Maj?rana ~ 45% Majf)rana ~ 100% M ~ 100%
Dirac Dirac Dirac

Figure 4.3: Allowed values of different normalized triads of parameters (X, Xs, X3)
assuming Dirac (blue points) or Majorana (orange points) neutrinos. These plots were
obtained with a random generation of N points inside the unit spheres as explained in
the main text.

The first triad (A, B,C') reproduces the result obtained in [133], where the complete
discussions can be found, being the most promising way to differentiate the neutrino
nature in this process. Additionally, we show eight more possible triads, which help us to

illustrate some important aspects.
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First, we have two possibilities: Either the Dirac and Majorana boundaries for the
corresponding triads are different, and then we clearly have a distinction between blue and
orange points; which holds for the (A, B,C), (A, B, F), (F,B,G), (A,G,C), (A, B, D)
and (D, B, F) triads. Or, conversely, the Dirac and Majorana boundaries are the same,
as in the (A, F,G), (D, F,G) and (A, D, Q) cases, where we are unable to distinguish the
specific neutrino nature (assuming that only the corresponding triad could be measured),

as the overlapping percentages suggest.

The corresponding boundaries depend explicitly on the parameters coupling dependence.
As an easy example [133| we have the B parameter, which has the following dependence

for the Dirac and Majorana cases:

B=—-(C} +C:+ D% + D) + C; + Di  (Dirac),

1
8

5 (4.49)
B = —g(C’IQD + C: + D% + D3%) (Majorana),

whence is evident that B < 0 for the Majorana case, while for the Dirac case it can
have either sign. This is precisely why we have a clear distinction between blue and
orange points in every triad in which B appears. This analysis can be applied to any
other parameter, the conclusion being less direct because of the corresponding explicit

dependence.

We see now that the addition of these two new parameters F' and G could give
complementary information about the neutrino nature as well as of the possible heavy
sector. Even if in some cases, such as the (A, F,G) or (D, F,G) triads, the accessible
parameters region is not helpful to distinguish the corresponding neutrino nature; there
are some others, such as the triad (A, B, F) , in which the difference could be evident,

giving more information than the case of negligible neutrino masses.

For a final remark, as mentioned and justified in ref. [133], the triad (A, B, C) remains
the most important, because these parameters do not have an extra suppression in the
effective cross section and their extraction from experimental data is much cleaner and
more precise, giving the strongest constraints. Nevertheless, the analysis of F' and G is
also included here for completeness and to illustrate the impact of neutrino nature on

each parameter.
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Altogether, this underscores the importance of searching for new neutrino interactions
and the potential existence of a heavy neutrino sector, a topic of considerable interest

that continues to drive exciting research in the field.

4.3 Dirac-Majorana Distinction in Four-Body Decays

Based on Ref.[3], we explored the possibility of distinguishing the neutrino nature within
the SM in four-body decays, that could generate a non-suppressed observable, as recently
suggested in the literature [141]. During our analysis, we identified a loophole in the
derivation of the proposed method. Once corrected, this led to a highly suppressed
result, consistent with previous discussions. We focused our effort on this issue and
provided a detailed explanation using an alternative process to illustrate the impossibility

of distinguishing the neutrino nature in this case.

It is crucial that the distinction between Dirac and Majorana neutrinos can be determined
independently of their masses, provided their momenta are not integrated out. Since
neutrino momenta are not directly accessible experimentally, a method is required to
infer them, allowing the determination of neutrino-related variables without the need for
explicit observation—a task that remains extremely challenging with current technology.
Kim, Murthy and Sahoo claimed [141] that we can deduce the neutrinos momenta working
in the back-to-back (b2b from now on) kinematic configuration of a four-body decay with
two final-state neutrinos, where the difference between Dirac and Majorana cases does
survive irrespectively of the neutrino mass values, as long as neutrinos are not strictly

massless. We suggest to take a look of their work [141] for a complete discussion.

Therefore, this could be a really exciting and important strategy to distinguish the specific
neutrino nature. Motivated by this approach (hereafter referred to as the “KMS method”),
we analyze radiative leptonic decays (¢~ — ¢ ~vp7y) as an independent approach in
order to distinguish the Dirac or Majorana nature of neutrinos. We emphasize that the
quoted KMS method of analysis considers processes with v final states with same-flavour
neutrinos, in order to apply the quantum statistical properties of Majorana neutrinos.
Nevertheless, the Majorana nature of neutrinos could be implemented even with v final
states with different flavours, working in the mass basis, where the quantum statistical

properties could be applied to distinguish between Dirac and Majorana nature, as we
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shall discuss, see e.g. [1], [99], [101] ?3. This observation enables the study of many
other processes as alternative strategies—without hadronic transitions—featuring larger
branching ratios, such as the radiative leptonic decays of leptons, which we focus on here

while neglecting possible non-standard interactions.

The main idea is to study the potential effects of Majorana neutrinos in the radiative
leptonic decays of u and 7 leptons, under the assumption that their kinematic variables can
be inferred—i.e., avoiding integration over their momenta. In such cases, we demonstrate
that the distinction between Dirac and Majorana neutrinos remains at the level of the
differential decay rate and explicitly depends on the neutrino kinematics. Then, given the
b2b configuration analysis, we will show that the D-M difference vanishes upon integration

over the neutrinos variables and discuss the origin of the discrepancy with the KMS result.

4.3.1 Radiative Leptonic Decay

Since my << My, we can safely integrate out the W boson, allowing the use of a Fermi-
type theory of weak interactions to describe charged lepton decays. The leading Feynman

diagrams contributing to the radiative leptonic /-decay are shown in figure 5.9.

’)/(pr) Vf(pQ)

ve(p2) (ps)
= (p1) ﬁ
" > > (" (ps) = (p) 4 (%)ﬁ ('~ (p4)
(@) > " |
7p(p3) vp(ps3)

Figure 4.4: Lowest order Feynman diagrams for radiative leptonic lepton-decay.

In the mass basis, using the same mixing notation, the ¢~ — ¢'~ v,y decay consists of

the subsets of all the n? separate decays of neutrino mass eigenstates allowed by phase

230bviously, physics conclusions cannot depend on basis choice, although a particular one can be most
convenient in a given analysis.
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space, i.e., the incoherent sum of the separate modes /=~ — E’*NjN;ﬁ [142]:

dD(6™ = (" vppy) =Y dD((7 — (7N Nyy) . (4.50)

j7k

Again, note that N represents an antineutrino for the Dirac neutrino case, but should be

identified with N for the Majorana neutrino case (N=N C:C’NT).

In the Dirac case, the corresponding amplitude for the process £~ — ¢’ _NjN 7Y is given
by:24
MP = M) + M) = M(p2,ps), (4.51)

where (see figure 5.9 for momenta convention)

eG’T; (@™ (1 = 7%)vs] gy, (1 —+°) <

* eGF - v % ﬁ +my _
M = UrsUp—5 e, (H) V(1 =~°)vs [agy*(1 = ~%)ua] -

M) = Up;Uy,

efu
2 2 |7 G,
o —mg

gt
) (4.52)

Neglecting all final lepton masses, as a good approximation, the unpolarized squared

amplitude is:

64e2G%
(p4 : p5) (pl *Ps

|MP? = |Up;Up | E {(pl ) [(pz “pa+p2-ps)(p1-ps)® —mi(p2 - pa)(pa - ps)
+ (p1 - pa)(p1 - p5)(2(p2 - pa) + P2 - ps) — (p1 - ps)(Pa - ps)(p1 - P2 + P2 -m)] + (p2 - pa)
[(ps - pa)(pr - ps)? +mi(ps - ps)(pa - ps) + (p1 - ps) (D3 - ps) (Pa - ps — 1 'p4)] }

(4.53)

Finally, motivated by the KMS method, we need to work in the initial charged-lepton rest

frame, specifically in the b2b kinematic configuration shown in figure 4.5, where the scalar

24Where, when computing the decay rate, we must sum incoherently over the probabilities of all the
allowed {j, k} channels.
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products, neglecting the final lepton masses, are given by :

my 2
pi-ps=2E;, p2-ps =2<7 —Ezf> ;

my
pP1-D2 =p1-p3=meby (7 — Ew) ;

P1-Pa=Dp1-ps = mylly, (4.54)

my

P3-pa=Dp2-ps = Ew (7 - Eg/) (1+ cosb),

m
p3-Ps =p2-ps= Ey <7€ - Eg/) (1 —cos®).

Thus, in this kinematical configuration, the process is described in terms of only two

€'~ (pa)

v(ps)

Figure 4.5: b2b kinematic configuration in the initial charged-lepton rest frame.
variables, the final charged-lepton energy?, E, = Ey, and the angle between the neutrino
and final charged-lepton directions, 6oy = 6.

With these considerations, the final Dirac amplitude is given by:

8€2G%—v (mg - QEZ/)Q
ngg/

— 0
IMD | = |Up; Uy | (8E,?, sin* 5+ (1+ cose)mg) : (4.55)

The subindex ‘«»’ denotes the b2b configuration. The 1/FEy-dependence reflects the

infrarred behaviour of the amplitude in the soft-photon limit.

#The energies are related by: Ey = Ep and E, = Ep = 3t — Epr.

26 : . mye
The corresponding energy range is 0 < Ey < 5.
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vips)  Nklp2) vpy)  Nilps)
- W . ﬁﬁ
R — () Gl — I (py)
(@) ~(q)
Nilp3) Ni(p2)
(a) (b)
Nkﬁ(pQ) ”Y(p;,) N](pg) ’}/(plg))
6‘(1912 /{/@ﬁ '~ (ps) bl 12 ﬂﬁﬁ 0= (py)
N;(ps) Ni(pa)
(c) (d)

Figure 4.6: Lowest order Feynman diagrams for radiative leptonic lepton-decay in the
Majorana neutrino case.

In contrast to the Dirac case, the intrinsic properties of Majorana neutrinos lead to
notable modifications in the amplitude, as discussed earlier. Remember that for Majorana
neutrinos the decay modes ¢~ — ¢"N;Nyy and £~ — ('~ NyN;v yield the same final
states for k # j as well as for k = j (since N; = N;), and hence their amplitudes must be
added coherently. This is a result that can be obtained rigorously in the QFT formalism.

The possible first order Feynman diagrams for the (= — ¢~ N; N~y decay are shown in

figure 4.6, leading to the total amplitude:

MM = Mk (pa, ps) — Mii(ps, ps) , (4.56)

where the relative sign between M (ps, p3) and M (ps, p2) stems from the application of

Wick’s theorem in presence of Majorana fermions (see, e.g. Ref. [102]).

It can be shown that, after summing over polarizations, Re (M (pa, p3)M*(ps,p2))
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m?2 = 0 due to the smallness of neutrino masses®". Thus
[MM? = [Mii(p2, ps)[* + [Mij (ps, p2) . (4.57)

The computation, neglecting the final lepton masses, leads to the following squared

amplitude for the 20 kinematic configuration:
2 _ 8e*GH(my — 2Ep)? |2 o a4 2
IMM|? = \Up iU |” | 8E7 sin 3 +my (1 + cos0)

ngg/
7
—|—|Ug/kUg}|2 <8E§, cos? (5) +m3(1 — cos 9))} :

(4.58)

Thus, the Majorana nature of neutrinos would generate a different behavior of the

amplitude compared with the Dirac neutrinos case, eq. (4.55).

4.3.2 Energy and Angular Distributions (Dirac vs Majorana)

Inspired by the KMS method, we present an independent derivation and calculate the
energy and angular distributions of the v — v and ¢’ — v systems in the b2b configuration,

respectively.

When we restrict ourselves to the b2b scenario— which corresponds to a specific kinematic
configuration of the general case, as previously discussed — we adopt the following
notation for the corresponding decay rate, according to eq. (F.6) (see Appendix F for all
the details):

- 2B, Z IMBM (4.59)
dE,dE;d cos ©,pdcosbpdd |, (4T 6mg € ’ ’
drp-M 2F?
4.60
dEypdE.,dcos ©pydcos0,dp |, (47 Gmg € Z ‘M ( )

where ¢ = 1(2) for Dirac (Majorana) neutrinos, showing that it is just the standard
differential decay rate evaluated in the specific b2b kinematics®®, and the amplitudes

involved were already quoted.

Using the |M£/ M|2 previously computed, we obtain the following neutrinos differential

2TWe are considering only the contribution of the three active light neutrino mass eigenstates.
28Where E,y = Eg/, EV = Ep and @l,p = @glﬂ/ =T.
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decay rate:
dPD 4O£G2 (mg — 2Egl)4 0
i =—F 8EZ sin - + (1 0)m3
wlb2b = 4B, dE,d cos ©,,d cos Opdd |y, (47)5m2Ep < psin 5 + (L+cosf)my |,
arm 4aG%(my — 2Ep)4
ATl |, = =—F E; (3 260) + mj
W‘b% dE,dEzd cos ©,pd cos Opdo |,y (47r)5m?Eg, ( (3 + cos 20) + mg) ’

(4.61)

where we already used the unitarity relations for the mixing matrix elements considering
just the three active light neutrino mass eigenstates. We can also consider the presence of
a massive sector by keeping the summation explicit, where new sterile neutrinos could
either be produced if kinematically allowed or affect the unitarity relation if forbidden
by kinematics. Nevertheless, as discussed in Ref. [1], the possible effects are suppressed
by the specific heavy-light mixing and cannot exceed the order of 10~%; therefore, they

should only be taken into account when such a level of precision is required.

Then the difference between Dirac and Majorana cases in the b2b scenario is:

4aG2%(my — 2Ep )3
(47T)5m%Eg/

dT2 Jpop — dTM |40, = (my + 2Ey) cosb. (4.62)
The difference is evident; however, the angle 6 is not experimentally accessible. Therefore,
we must integrate over it to obtain the final charged-lepton energy distributions for the
Dirac and Majorana cases. To perform this integration over the inaccessible angle, it is
sufficient to express 6, which appears on the right-hand side of the above equations, in

terms of the phase-space variables 0, and ¢, i.e., 0 = 00y, ®).

Since @ is the angle between p, and py, it is easy to get, as shown in eq.(G.9) that:

cos = py - po = sin by sin @, cos ¢ — cos O, cos Opr. (4.63)

Now, since these neutrinos differential decay rate do not depend explicitly on 6,, we have
the freedom to fix it to ease further computations ?° . Then, for example, we can choose
the system in such a way that 6, = 0 and thus we get cosf = — cos 6y, which does not
have a dependence on the ¢ angle, showing explicitly the azimuthal symmetry of this

specific selection. Using this dependence, where 0 < 0y < 7 and 0 < ¢ < 27 so that all

29The following discussion can be directly applied to eq.(4.60) for 6.
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possible angular configurations between ¢ and v are accounted for, we have from eq.(4.62):

2w 1
/ / (dT'L) |sop — AT |b2) d cos Opd

T4 2 —2E/

(4.64)

Doing this, it is straightforward that the difference between Dirac and Majorana cases
vanishes once the angular integration is made. We emphasize that this difference will

vanish in any other selected frame, doing the angular integration properly, as derived in

eq.(G.9).

Specifically, for subsequent discussions, if we work in the system where the neutrinos define
the x-axis (0, = 7/2), as done in the KMS method, in such a way that cos @ = cos ¢ sin 0y,

the difference between Dirac and Majorana cases after the angular integration is:

2 1
/ / (dTL) |2y — AT |b2s) dOpdp

e —2F,
/ / i b} (mg + 2Ey) cos ¢ sin® 0pdfyde = 0.

4’/T 5m Eg/

(4.65)

Once again, the difference between the Dirac and Majorana cases vanishes, consistent
with the previous calculation, as the physics cannot depend on the choice of reference
frame. We note that the main discrepancy with the KMS method arises from their setting
¢ = 0. This example illustrates that fixing ¢ = 0 would yield results that depend on the
chosen frame, which is physically inconsistent. For this reason, along with several other
arguments (see, e.g., Ref. [143]), we conclude that ¢ is not constrained by any kinematic

condition and must be integrated over its full range, as will be discussed in detail later.

Actually, we can do the same computation for the ¢/ —~ decay rate (since, even if in the b2b
configuration we can relate F, and FE,, the neutrinos and electron-photon distributions
are not the same in this kinematic scenario, as shown in eqgs.(4.59) and (4.60)) and
compute the specific energy distribution for the ¢ — v and v — U pairs, integrating over
the inaccessible angle 6, finding that indeed both distributions are different but the Dirac

and Majorana cases are, unfortunately, indistinguishable in each case.

This point is particularly important because the explanation for the impossibility of

distinguishing the neutrino nature differs for each distribution. For the ¢~y spectrum,
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it follows directly from the Dirac-Majorana confusion theorem (DMCT), as we have
already integrated over all neutrino variables and neglected neutrino mass contributions.
In contrast, for the v- spectrum, one might initially expect a difference between Dirac
and Majorana distributions, since information about the neutrino energies is retained.
This would be true if the neutrinos energies were not equal, so the change F, <+ E; could
lead to a difference while computing the Majorana neutrino case. Regrettably, in the b2b
case, they are exactly the same (FE, = E;), so we can not distinguish between Dirac and
Majorana nature from this energy variable alone. This statement is precisely the reason
why the difference between Dirac and Majorana distributions can not be independent of

the angular variable 6.

Then, carefully using our standard notation and considering the correct angular dependence
while doing the integration, yields all results consistent with the DMCT and the above
discussions, so once the inaccessible neutrino angle is integrated out from the ¢ — v
and v — v differential decay rates, we can not distinguish between Dirac and Majorana

distributions in either of them.

4.3.3 Consistency Tests

We now elaborate on our results, focusing on the primary reason for the absence of a
difference between Dirac and Majorana neutrinos. This outcome, which may appear
counterintuitive given the motivation provided by the KMS method, warrants a careful

and detailed analysis.

We emphasize that the specific process under study is not the same as the one used in
[141], and the Majorana nature affects in a distinct manner the two of them. Nevertheless,
this will only influence the dynamics and not the kinematics. So, from now on, we will be
focusing on the kinematic analysis, which must be the same considering all our previous

assumptions.

It is straightforward to see that the difference between Dirac and Majorana cases in our
approach vanishes after integrating, due to the specific angular dependence, and it can
be proved that this is true in any selected system (fixing the value of 6,), as it must be.
Particularly, working in the same system as in the KMS method, we traced back the main

difference of this feature with the KMS approach and found that it primarily arises from
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the ¢ variable treatment. Therefore, we want to delve further into this topic, and specify
the reasons why this variable should not be fixed in the 62b configuration. Additionally,

we will outline the results that would be obtained if we do so in our specific process.

The KMS method suggests that ¢ = 0 is a condition fixed by the b2b kinematics. As we
mentioned, the b2b scenario is obtained by applying the condition py = —p3, or equivalently
ps = —ps. These restrictions affect three of the five phase-space kinematic independent
variables as follows: F, = E; and ©,; = w. Consequently, the remaining two angular
variables must run over all their possible configurations, meaning that we must not set
¢ to any specific value. In other words, the condition ps = —p3 can be achieved for any
value of ¢, and not just for ¢ = 0. Nevertheless, beyond these qualitative arguments,
we did the quantitative derivation of this assertion in Appendix G, where it is shown

explicitly that ¢ is not fixed at all by the b2b restriction.

Finally, the last argument given in the KMS approach is that in the b2b configuration the
v and ¢ systems define a plane (since they are two independent vectors) and thus ¢ = 0.
We also clarify this statement in Appendix G, where we fully agree with the v and ¢'v
systems defining a plane, but show that such a plane is independent of the ¢ value, being
¢ = 0 just an allowed specific configuration. These can be seen directly from the plane

equation and applied to any selected system. Then ¢ remains an independent variable.

Also, as discussed in previous sections, the physics must not depend on the selected
reference frame. We already showed that —at least in two different systems (6, = 0 and
0, = m/2)— the difference between Dirac and Majorana distributions vanishes while doing
the angular integration properly (not fixing ¢ = 0), which extends to any other frame.
While assuming the condition ¢ = 0, we obtain that this difference will be non-vanishing
in the system defined by 6, = m/2, whereas it will remain zero in the system where 6, = 0,
which is clearly a physical contradiction, and again another argument against fixing ¢ in

the b2b kinematic configuration.

This is really important to clarify, since by imposing the condition ¢ = 0 as a kinematic
constraint, it would be possible in principle to distinguish between the Dirac and Majorana

nature of neutrinos measuring the final energy distribution of the b2b configuration.
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Specifically, the Dirac-Majorana difference in this process will be of the form:

20&G%—v (mg - 2Eg/)5
(47?)5m3 Egl

/(dffy|b2b — dF%|b2b) dCOS 49(/ = N [mg + QEK/] s (466)

which is not suppressed by neutrino masses. It could thus be a really promising result,
motivating its search in current and future experiments, being an attractive alternative

process to the one studied in [141], due to its larger branching ratio (BR) .

Finally, focusing on this last statement, we would also like to clarify the estimation process
of the BR as done in the KMS method, which could lead to confusion for the b2b case. This
is done in detailed in Appendix H, where we find a BR for the 02b case of the following
order:

BR(L = 7)o = (T)y, /T = 1.68 x 1071,

(4.67)
BR({ = )z = ([),y, /T, = 1.34 x 10719,

being too suppressed, as expected for such a specific kinematic configuration.

In conclusion, once the appropriate treatment of the phase-space in the b2b configuration is
clarified, our approach remains consistent with all the tests carried out, and allows a clearer
interpretation of the results, leading to the fact that there is no difference produced by the
Dirac or Majorana nature of neutrinos in ¢ — ¢'v7y, independently of the neutrino mass,
once the inaccessible neutrino variables are integrated out. This turns out to be crucial,
since its inaccurate interpretation could lead to very attractive results, even observable in
current and near future experiments. Recalling our comments above eq. (4.57) and below
eq. (4.61), any difference between these two cases will be heavily suppressed by squared
sterile neutrino masses and mixings, likely preventing their soon observation. We remark

that we were neglecting possible neutrino non-standard interactions.

30Unfortunately, if we consider the full angular dependence (without setting ¢ = 0) as we just discussed,
the difference between the Dirac and Majorana cases vanishes once the angular integration is performed,
consistently with all the results previously obtained.
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Chapter 5

Muon g-2

5.1 HEFT g-2 analysis

Based on [144], motivated by the EFT and precision physics approach, we also investigated
the famous muon g — 2 anomaly, see Appendix I. While an eventual significant discrepancy
between SM prediction and measurements could be explained by various NP models, testing
these contributions is extremely challenging, due to the significant hadronic uncertainties
within the SM. A recent work [144] proposed a model-independent approach to test NP
contributions to the muon g — 2, bypassing low-energy hadronic uncertainties. The idea
involves a simple but interesting connection between low-energy g — 2 Feynman diagrams
and high-energy scattering processes through the Higgs vev expansion in the Lagrangian.
This analysis motivates the measurement of the scattering process (utu~ — H v/Z) to
relate the corresponding Wilson coefficients to the specific NP contribution to a, in a

future muon collider.

Since the previous discussed work, that was done within the SMEFT formalism (see
section 3.2.2), involves a Higgs sector, we were particularly interested in the potential
modifications that a more general analysis could induce on this process. We focused
on using Higgs Effective Field Theory (HEFT) (see section 3.2.3), an EFT that treats
the Higgs and Goldstone bosons separately, leading to a non-linear realization of the
electroweak symmetry. This approach is more general than SMEFT, while remaining
consistent with experimental data and reducing to SMEFT as a limiting case. By
reproducing the analysis within the HEFT formalism, we obtained interesting results [3].
We find that, within the current HEFT analysis, there are plausible scenarios where the
HEFT approach could lead to a higher sensitivity for testing the NP contributions to the
muon g-2. However, a more precise knowledge of the new HEFT parameters is needed to

reach definite conclusions, which motivates the search for complementary measurements.
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5.1.1 SMEFT approach

Before presenting the HEFT computation, it is useful to highlight the main ideas and
properties discussed in Ref. [144], which serve as motivation for our analysis. We strongly
encourage the reader to consult their work for full and detailed explanations of the

summary presented here.

As commented in Ref. [144], the observed muon discrepancy can be accommodated by

NP effects that arise from the dimension-6 dipole operators3!

¢ ¢
L= C/;eQB (Cro" er) HB,, + C;igv (CrLo* eR) TIHWJV + h.c, (5.1)

where —in the unitary gauge- the Higgs doublet H reduces to its neutral component,
which is (v + h)/v/2, with v = 246 GeV. This brings the sensitivity to the muon g-2 to
NP scales of order A < 100 TeV (in the strongly-coupled regime, characteristic of HEFT).
However, directly detecting new particles at such high scales is far beyond our current
capabilities. Even if those particles were discovered, it would be nearly impossible to

unambiguously link them to Aa, on a short time scale.

The central idea is that a high-energy muon collider provides a fully model-independent
way to probe NP in the muon g-2. This is because the same dipole operator that generates
the primary contribution to Aa,, also inevitably induces an NP contribution to a muon
scattering process, whose cross-section measurement is equivalent to determining Aa,

within the effective field theory framework.

In SMEFT, the relevant effective Lagrangian contributing to the muon g-2 up to one-loop
order and after SSB, is

CLov C'Y v -
__ ey v eZ v
L= A2 EELO‘M eRFW + _A2 —\/§£LO'M GRZW, + h.c. s (52)

where Cf, and C{, are Wilson coefficients, and A is the NP scale.

31We focus here only on the operators where the Higgs boson participates. £ is the lepton weak doublet
and e the corresponding singlet, both for the three SM families. B, is the U(1) field-strength tensor and
Wiy the corresponding one for SU(2), with I = 1,2,3 and 27/ = ¢ the Pauli matrices.
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Computing the Feynman diagrams that contribute to the g-2, one obtains

Ay ~ Amyv < ; 3_acos29W — sin®fy, A ) 7

¢
p— - 1 _
V2eA2 \ 9 21 sinfycosby  Z s

where 0y is the weak mixing angle.

But —as mentioned before— also high-energy scattering processes are generated, due to the
Higgs field plus vacuum expectation value expansion after electroweak symmetry breaking,
as can be seen explicitly in Fig.5.1. Then, from measuring the scattering events, we would

be able to test the g-2 anomaly indirectly.

r

Figure 5.1: Upper row: Feynman diagrams contributing to (g-2), in SMEFT, according
to eq. (5.2). Lower row: Feynman diagrams of the corresponding ¢*¢~ — h + ~/Z
scattering processes.

The key point is that both the ¢g-2 contribution and the scattering process (whether
mediated by the photon or the Z boson) arise from the same effective operator, sharing
a common Wilson coefficient—the only free parameter in the analysis. This direct
correspondence allows one to unambiguously connect the two processes and extract

low-energy information through high-energy measurements.

Finally, since the SMEFT Lagrangian, and thus the specific scattering processes, depend
explicitly on the Higgs field, it is interesting to wonder if anything would be modified if
the analysis is carried out using a HEFT approach. This HEFT analysis is more general
(see e.g. refs. [145], [146] analyzing possible imprints of HEFT in multi-Higgs processes).
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For instance, new dimension-6 contributions appear, that would be really suppressed in
the SMEFT case (see ref. [147| for the power counting in HEFT) and the unambiguous
relation between long- and short-distance processes could be lost —due to the addition of

unknown free parameters—.

5.1.2 HEFT approach

The explicit computation and main conclusions within the HEFT formalism are derived
in this section, discussing the specific HEFT Lagrangian together with the pu™pu~ — hy

and ptp~ — hZ cross sections.

5.1.2.1 HEFT Lagrangian

Following Ref. [148], the HEFT operators with a single fermion current and up to two

derivatives are contained in the following Lagrangian 32

8 28 36
1 4
ALop =Y nEN2+ Y+ (0 +inQ) N2+ 3 T (n + i) NP
j=1 =9 J=29
2 11 1 14 47_[_ (54)
DN+ Y0 5 () N Y == (0 i) A+ he,
j=1 J=3

j=12

where an, nﬁ, ﬁJQ and ﬁﬁ are real coefficients smaller than unity 33, and the explicit form
of all the operators can be found in Ref. [148|, along with enlightening explanations.
In eq. (5.4) the terms with two derivatives are suppressed by the NP scale A, and the

CP-even and -odd contributions have untilded and tilded coefficients, respectively.

Specifically, for the processes under study (u*p~ — h+~/Z and h — ptu= +~v/Z), it is
possible to prove that the only contributing operators are (L, is the SM lepton doublet

32Higher-order HEFT Lagrangians are derived in Refs. [149], [150] and the EFT renormalization is
studied in Refs. [151], [152], [153], [154].
33We note the explicit 47 factors in the last of term of each line in eq. (5.4), particularly in Nfz_’m.
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and a right-handed neutrino does not appear in Ly ):

Ny (k) = iLpy, U {V* T} ULRF,

NYh) = L {V,, T} ULRrO"F,

Ny (h) = Lyo*” {V,,, T} ULR9,F,

Ny (h) = ig'Lo* U Lg By, F,

N&(h) = igLyo™ W, ULRF, (5.5)

with (below L, R are SU(2), g transformations and f, the scale associated to the pseudo-
Goldstone electroweak bosons, V,, and 7' transform in the adjoint of SU(2); and the latter

breaks custodial symmetry, so it is tightly constrained)

U = expe™@/f= U(x) — LU(z)RT,
V,= (D)UY, T=UcgsU",
D,U(z) = 0,U(z) +igW,(x)U(z) — = Bu(2)U(x)os,

ho R
Filh) =14 20+ big + . (5.6)

The SM is reproduced if ag = 1, by = 1 in the leading order term (v?/4)Tr[(D,U)"(D*U)]
Fo(h), the Higgs potential is V(h) = v* [% (%)3 + % (%)4], and all other coefficients in
operators with energy dimension larger than four vanish. A possible generalized function
(with in principle unconstrained coefficients) in the Higgs potential does not play any role

in this work.

The measured values of the ay and by coefficients agree with SM predictions within
uncertainties, but the current experimental accuracy of these measurements is only at the
level of ~ 10%. The unitarity condition for the HEFT amplitudes imposes a NP scale
A depending on the specific deviations from SM expectations. A significant departure
implies a lower A, potentially around the TeV range. Conversely, for minor deviations,
A could be considerably higher, approaching arbitrarily large values in the limit where
the SM is recovered. This relationship has been thoroughly explored from a geometric
perspective, as elaborated in Ref. [87|. For further details, we refer the reader to Ref. [155],

which discusses various processes and UV complete models, illustrating the operational
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mechanics of HEFT and its implications for determining the NP scale.

Certain processes, such as multi-boson radiation in the TeV range, may affect the sensitivity
of the parameters, particularly in scenarios with a low cutoff scale that enhances these
contributions. However, as noted in Ref. [155], these effects can also lead to a suppression
relative to the naively expected (E/(4mv))? factor, depending on the specific UV complete
model. Given the large cutoff scale adopted in our analysis, this effect is not included in

the main result of our calculation.

Then, if we use expressions (5.6) in (5.5), we obtain the following operators in the unitary

gauge:

Ny (h) = —g.Lpy"Z, LpFs,
Ni(h) = ig.L1Z,Lg0"Fu,
Ni(h) = ig.Lpo" Z,Lrd,Fy, (5.7)

with g, = e/(sin Oy cos Oy ) and where only the Z, part of the operator contributes [83].
The remaining N, and N5 operators are analogous to those also appearing in the SMEFT
dimension-six Lagrangian case, eq. (5.1) (with a Higgs doublet instead of the F function,
which can be different for every operator, as we emphasized with a subindex). Among
these operators, only Ny is not suppressed by 1/A in eq. (5.4), enhancing relatively its

contributions at low energies.

Indeed, each HEFT operator can be generated within the SMEFT framework up to a
certain dimension, as discussed above. For completeness, Table 5.1 presents the set of

SMEFT operators that account for the additional HEFT terms. It is also remarkable

HEFT SMEFT (D=Dimension)
Nf Q.. [66] (D=6)
N QI 156] (D-8)
N§ Q56| (D=8)
NfQ QeW[66] (D:6>
Nl% QeB[66] (D:6)

Table 5.1: Correspondence between the HEFT operators analyzed in this work and the
operators coming from SMEFT.
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that none of these new HEFT operators (Ny, Nf and N{) contribute to the anomalous
magnetic moment of the muon directly, so only their contributions to the processes

™ — hZ and h — ptp~ Z will be taken into account.

Then, the corresponding HEFT Lagrangian for this work is given by

R

1 1 4 4
L = C4NY + TOINT + TORNG + K”cg/vg n K”cw (5.8)

where the last two operators, N and Nf result from the linear combination of the N,
and N{; operators rendering gauge bosons in the mass eigenstate basis, and have the

following form

N5 (k) = Lyo" LrZ,,Fz, (5.9)
NZ(h) = Ly,o™ LgF,,F, . (5.10)

5.1.2.2  uTp~ — hy cross section

Here we compare the results obtained in the SMEFT and HEFT approaches, driven only
by the ./\/:f operator in eq. (5.10), since all others contribute exclusively to the Z scattering

process, as we will derive in the following section.

The differential and total cross section for the u™u~ — h~y process, assuming that
V8 > my,, where /s is the collider center-of-mass energy, are given by (6 is the photon

scattering angle)

dop™™  2maZ|CH|2s sin®f

hy _
dcos 6 v2A2 ’
T TR (511

where one recovers the SMEFT expression by taking a, = 1 and rescaling the HEFT

Wilson coeflicient:

v CH
CH = At S
T8m/2A

with C£ the coefficient in the SMEFT Lagrangian in eq. (5.2).

(5.12)

It should be noted that including a, in the HEFT expression introduces an additional
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degree of freedom, which—without further constraints—breaks the direct and unambiguous
link between low- and high-energy processes. In contrast, in the SMEFT framework, where
a, = 1 (since the Higgs is an SU(2); doublet), the straightforward relation discussed

earlier is preserved.

In order to compare the SMEFT and HEFT approaches, we follow the method used in
Ref. [144], where the authors considered a cut-and-count experiment in the bb final state
(h — bb), which has the highest signal yield (with branching ratios B(h — bb) = 0.58
and B(Z — bb = 0.15)). The significance of the signal is defined as Ng/v/Ns + Np, with
Ng(Ng) the number of signal (background) events. Thus, requiring at least one jet to be
tagged as a b, and assuming a plausible b-tagging efficiency, ¢, = 80%, one gets the 95%
C.L. reach on the muon anomalous magnetic moment Aa,,, as a function of the collider
center-of-mass energy, /s, from the process utu~ — h7y. See Ref. [144] for all the details
in the SMEFT derivation of this result.

We stress here that the SM irreducible u™p~ — hy background can be neglected for
Vs > 1 TeV, being the Z~ events the main source of contamination, where the Z boson
is incorrectly reconstructed as a Higgs, as commented in Ref. [144]. For this specific
channel we take the central region cut |cos 6| < 0.6, where the significance of the signal is
maximized, leading to the following signal and background total decay rates at /s = 30
TeV:

Aay,
3 x 1079

v

2
ot & 0.40 ab < ) a? oy ~ 80.5ab, (5.13)

where ab denotes attobarns.

After rescaling the Wilson coefficient, the only difference between the two approaches
arises from the a, parameter appearing in the HEFT F-function expansion. Following
the discussion and limits presented in Ref. [145], the examples below analyze cases with

% < a; <5, as a first reasonable approximation.

In fig. 5.2, we show the 95% C.L. reach from p*p~ — hy on Aq, as a function of the
collider energy, assuming that only /\ff contributes to Aa,. The point where the curves
and the dashed line intersect shows the specific energy needed to test the presumed NP
under the assumption that it generates a contribution of 2.49 x 107 to Aa,,. In the same

way, the region below the dashed line is interesting under the assumption that this NP
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generates only a partial contribution to the current Aa,, which would be equivalent to
lowering the dashed line (in case the revised a, turns out to be smaller than in ref. [36]).
The black line reproduces the SMEFT result, corresponding to a, = 1, and we also show

the curves generated when a, = 0.2,0.5,2 and 5.

1075
1076 g

10_7§

1078

[ Current Aa,

95% CL limit on Aa,,

10-9;

10-107 P S T
Vs[TeV]

Figure 5.2: 95% C.L. reach on the muon anomalous magnetic moment Aa, for operator
N,f contribution with different a., values. In this and later figures, the black curve shows
the SMEFT result, corresponding to a, = 1. The dashed line shown as ‘Current Aa,’
displays the 2020 White Paper prediction [36], updated after this work by [43].

Note that for values of a, > 1, the sensitivity to test the g,-2 anomaly improves with
respect to that in SMEFT. For instance, if we take a, = 5, the 95% C.L. on Aq, is
reached at a center-of-mass energy of ~ 14 TeV. In SMEFT, a /s ~ 30 TeV is needed
to test the ¢g-2 anomaly with the desired accuracy. This behavior was already expected,

since increasing a, means a higher number of signal events.

We want to emphasize that for the SMEFT case, under the assumption that the NP
generates a contribution of 2.49 x 107 to the Aa,,, the required muon collider energy
is completely fixed in order to generate the desired signal events expected from the
unambiguous relation between the low- and high-energy processes. That is why only one
SMEFT curve is present in Fig. 5.2. In other words, if the NP contribution to Aa, is
assumed to really exist, a fixed number of scattering events, generated by the same NP,
can be tested at a muon collider with a specific center-of-mass energy, without requiring

additional assumptions.
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In the HEFT analysis, the above discussion is no longer true, since having an extra
degree of freedom, a-, modifies the relation between the different processes. Then, it
could happen that even if the same NP contribution to Aa, is considered, we may not
see enough high-energy scattering events (|a,| < 1) or we could get a higher event rate
at smaller collider energies (|a,| > 1), as shown in Fig. 5.2. Consequently, the HEFT

conclusion will depend on the specific a, value.

On the other hand, from a phenomenological perspective, a., is expected to be close to the
SM prediction, a, ~ 1. Regardless of that, this analysis highlights the need for independent
measurements to constrain the value of a,. This would ensure an unambiguous relationship
between low- and high-energy processes, even within the HEFT framework, allowing for a

definitive conclusion.

5.1.2.3 putp~ — hZ cross section

Using the HEFT Lagrangian, the differential cross sections for the process u*u~ — hZ
at /s > my, are (we first give the contributions from squaring the amplitude for each

operator and then the only relevant interference):

) 2 2
. ssin“f Gl s
e Operator N : CQW. e Operator N} : A2 26mmy
|Cy|? 5% cos20 |C|? ssin*0
e Operator N : A2 256mn2 e Operator N : R (5.14)
Re (C3C7) s cos?d
Interf NG - ) '
e Interference Nj' — N} A2 397

This leads to

doyeer  C3ssin®f L8 |Cz|? sin?0 N |Cy|%s N |Col?scos?d  Re (CiCyz) cos? 6
dcos®  512rm% A2 327 2567Tm?, 2567Tm?, 321 ’

2
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where, for simplicity, we have redefined the coefficients as follows
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Note that the cross section in eq. (5.15) has the expected energy dimensions after the
substitution of the coefficients in eq. (5.16). Furthermore, as shown explicitly in eq. (5.15)
for the new HEFT operators, due to the specific energy dependence (where my, < /s < A)
and its numerical coefficient, the N5 operator will have the largest contribution, followed

by N, and Ny respectively, as will be discussed in detail later.

The interference between operators Nj-N%, Ni-Ng and N3-N] are all proportional to the
lepton mass and are therefore negligible in the energy range of interest (1/s > my,), while
the interferences between operators Nf-N5 and N/-Nj are identically zero. Also, the
result obtained from the operator N alone has the same functional form as that obtained
in the SMEFT case [144], both related by a rescaling of the Wilson coefficient, C; = 3‘%
(where C?, is the coefficient in the SMEFT Lagrangian in eq. (5.2)).

We would like to stress that the calculation for the cross sections presented in this
paper includes diagrams at tree level only, i.e., at leading-order (LO). For a more precise
estimation of our results, one should include next-to-leading order (NLO) corrections.
To address this issue, we refer to Ref. [157|, which provides a complete analysis of
NLO electroweak (EW) corrections and initial-state radiation (ISR) effects in multiple
massive boson production processes in a future muon collider. Specifically, for the process
wp~ — HZ, they concluded that the overall effect is a decrease in the cross section of
~ 20% (with respect to the LO result) at /s ~ 16 TeV, and an even larger decrease at
higher energies. It is also important to note that these results were obtained in a fully
inclusive analysis. Therefore, although the general effect should apply approximately to
our exclusive calculation, utu~ — HZ — (bb)(bb), a difference in the magnitude of such
effect could be expected. The previous discussion is meant to stand out the importance of

the NLO corrections for the precise computation of a cross section at high energies.

However, such a detailed estimation is beyond the scope of the present study. We
emphasize that our main objective—demonstrating that the HEFT framework is more
suitable than SMEFT for exploring new physics related to the muon ¢-2 at a muon collider
[144]—remains valid. As noted earlier, the current experimental precision capable of
confirming how the three Goldstone bosons and the massive Higgs scalar are embedded in
the SM is only at the level of ~ 10%. Nevertheless, even at leading order, the results of
this analysis already highlight potential differences in the 95% C.L. reach on the muon
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anomalous magnetic moment Aa,, depending on the chosen effective approach.

Now we can give a rough estimate of the new HEFT contributions compared with the
SMEFT one. Following the same cut-and-count experimental method outlined previously,
together with hadronic decays of the Z (B(Z — had) = 0.699), one gets the 95% C.L. reach
on the muon anomalous magnetic moment Aa,,, as a function of the collider center-of-mass

energy, /s, from the process u*pu~ — hZ.

Since our main goal is to study the impact of the new HEFT contributions to the possible
reach on the muon anomalous magnetic moment, Aa,, we must be careful when defining
the signal and background events. As done in Ref. [144], the significance of the signal
is defined as Ng/+/Nr, where Nr is the total number of events generated including the
possible background Ny = Ng + Np. In this case, the signal events will be due to all
operators that generate y*u~ — hZ but also contribute to Aa,, where we can directly
relate the Wilson coefficient entering the scattering process with the Aa,, value. All other
contributions, including the SM and new HEFT operators, that generate u™p~ — hZ but

do not contribute directly to Aa,, will be considered as background for the sought signal.

Then, as already discussed, the N, N and N¢ operators, which do not contribute to
Aa,,, must be considered as part of the “background” events in order to study the reach
from ptp~ — hZ on Aa, as a function of the collider energy at a 95% C.L. This is a new
challenge compared to the u*pu~ — hy case, as HEFT background contributions depend
on unknown a; parameters and Wilson coefficients and therefore the subtraction of these

backgrounds would require knowledge of such parameters.

Finally, we assumed that only N contributes to Aa, ** and considered the SM irreducible

background to be:

(5.17)

10 TeV ) *
0%{1%122ab< ° ) .

\/g
The bound on Aq,, (at a 95% C.L. reach), that could be extracted from the high-energy

measurement, in terms of all the HEFT Wilson coefficients, after fixing my, v, gz and

34This might correspond to an unnatural scenario but is nevertheless meaningful, as explained in
Ref. [144].
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A =~ 100 TeV, is roughly given by:

10-8 1.1 12 /3.4
Aa, ~ {16a91m((}g‘) + 3.4 {—2 + 21ag(Im(C§))* + — <—2 + 3.7 x 10°a2|CY?
ay S S \s
1/214/2
+ s{1.1 x 10%a}|C} ] + 37a§ycg|2}) } : (5.18)

where the energy units of each term can be traced following the s (TeV?) powers.

From a preliminary inspection of eq. (5.18), we can anticipate several properties of the
new HEFT terms. For instance, the numerical coefficient suggests that the N2 operator
could produce the largest contribution in the energy range of interest, as anticipated from
eq. (5.15). Additionally, the explicit global dependence on az implies that sensitivity to a
small Aayu can be achieved more rapidly at a given /s when ay is larger, as expected.

These properties will be discussed in detail in the following sections.

This can be done systematically considering the new HEFT contributions one-by-one.
As a first result, we work only with the N}, operator, which is the same appearing in
the SMEFT case. This scenario is analogous to the comparison between SMEFT and
HEFT approaches using the ./\/',f operator, where after the Wilson coefficient rescaling
(©2 = %
that appears in the HEFT F-function expansion. To study its possible effects, we plot

), the only difference between both frameworks is now due to the “a;” parameter

the 95% C.L. reach on Aq, in Fig. 5.3, considering different “a;” values, being az =1
identical to the SMEFT case, shown as the black curve. As we can see, in an optimistic
scenario, we find that a value of Aa, = 2.49 x 1077 can be tested at 95% C.L. at a 4-7
TeV collider due to the presence of the extra “a;” parameter in the HEFT case, instead
of the 10 TeV required for the SMEFT analysis. However, as discussed in the last section,
this cannot be used as a model-independent probe of the muon ¢-2 in this context without

additional information about a.

Now we can study the effects of the new M}', N} and N} operators one by one, together
with the A contribution, in order to compare it with the SMEFT case. For this purpose,
we focus on a new single HEFT contribution at a time, setting the other Wilson coefficients
to zero. After that, we plot the 95% C.L. reach on Aa, considering reasonable values of

the corresponding “a;” parameter and C! Wilson coefficient.
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Figure 5.3: 95% C.L. reach on the muon anomalous magnetic moment Aa, for operator
N} contribution with different a; values. The black curve shows the SMEFT result,
corresponding to ay = 1.

Motivated by the Wilson coefficient rescaling (C% = %), an O(1) SMEFT Wilson
coefficient will imply an O(10™* — 107°) HEFT coefficient 3 and it would be naturally
expected that the other HEFT couplings will be even more suppressed since their
counterparts in SMEFT appear as higher dimension operators. Then, even if it is
true that the HEFT coefficients are not restricted to have these values, for a first and
reasonable approach we shall study the HEFT operators effects considering their Wilson
coefficients varying in the range 107° < C < 107". This assumption, again, is necessary

due to the additional degrees of freedom, and precise information about C! would be

crucial for a definite conclusion.

In all the following examples we try to show some limiting cases, for illustrative purposes,
where in the left figure we fix the Wilson coefficient and plot the effects of the a; and
az parameters considering their minimum and maximum values. In the right figure the
procedure is essentially analogous, fixing a; = 1 in order to see the interplay between the
Wilson coefficient and ay for their extreme values. In this way, almost all possible cases

will be contained in the intermediate region delimited by the outer curves of each graph.

For the N3' operator we get Fig. 5.4, being the black curve the SMEFT case. Strictly
speaking, one could consider the operator NV}’ as part of the SMEFT approach, up to

35This agrees with the current C§ upper-limit [158].
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Figure 5.4: 95% C.L. reach on the muon anomalous magnetic moment Aa,, with the N
operator contribution. The black curve shows the SMEFT result.

dimension 6 (as shown in table 5.1). However, incorporating its contribution into the
black line in Fig. 5.4 —for all reasonable values of the Wilson coefficient C5—, does not
alter the intersection point between the SMEFT curve (black line) and the current Aa,
value (dashed blue curve). Therefore, for clarity and simplicity, only a single SMEFT
line (that does not include N3') is presented in this case, without affecting the overall

conclusions.

We find that —even though the N} operator would distort the SMEFT case in almost
all scenarios— only a couple of them would be useful to test Aa, = 2.49 x 107 at a
smaller collider energy than that required within the SMEFT approach. Specifically, for a
maximum value of az, the collider energy needed could be about 4 TeV, approximately.
We also see that smaller C?) and a, values could help to increase the Aq,, sensitivity for a

given ay > 1 value.

This result can be easily understood, since a larger ay value together with smaller C%
and as contributions will generate more signal events while decreasing the background
ones, respectively, achieving the desired sensitivity at a lower energy scale. If a; < 1, the
signal events are reduced, and if C4 or ay get larger, the background increases; in both
cases losing sensitivity to Aa,, as shown in the plots. Again, the previous discussion holds
only if all new HEFT degrees of freedom are well-known, allowing for an unambiguous
characterization of HEFT background and signal events. We keep going with the next

HEFT operator, N}', whose contribution is shown in Fig. 5.5, again for both cases already
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explained.
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(b) C} Wilson coefficient effect for a fixed a4 value.

Figure 5.5: 95% C.L. reach on the muon anomalous magnetic moment Agq,, for the
operator N} contribution. The black curve shows the SMEFT result.

The results are basically the same. As we can see, the scenarios with larger ay; values

could explore Aa, = 2.49 x 1072 at a 4 TeV collider energy, while other combinations

with az < 1 and larger (C¥, a4) values would lose sensitivity to Aa, at reduced energies.

It is also interesting that there are small differences between the N and N} contributions,

as can be seen directly from the plots, but they do not alter the conclusions of this work.

Finally, the same analysis for the last Mj' operator contribution is displayed in Fig. 5.6,

leading to identical conclusions as above. For a last discussion, we plot a set of different
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Figure 5.6: 95% C.L. reach on the muon anomalous magnetic moment Aa, for operator
N¢ contribution. The black curve shows the SMEFT result.
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general cases, considering many C! and a; values in order to analyze the modification due

to the entire HEFT contribution, shown in Fig. 5.7.
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Figure 5.7: 95% C.L. reach on the muon anomalous magnetic moment Ag, for all
dimension-6 HEFT operators contributions for different sets of C¥* Wilson coefficients and
a; values.

Here, it is interesting to note the different behaviors that the HEFT case could induce
depending on all the coupling values. Some of them would require a higher center of mass
energy to test the g,-2 anomaly at 95% C.L. However, there are possible scenarios where
the collider energy required is smaller, as shown in Fig. 5.7, that could test the muon

anomalous magnetic moment at ~ 4 — 7 TeV collider energy.

Another interesting remark is that, in some cases, one specific configuration of Wilson
coefficients and a; values could lead to a higher sensitivity to Aa, in a given energy region
but could be worse in other energy range. This is explicitly shown in Fig. 5.7, by the green
and orange curves on the left-hand side, or by the green and black ones on the right-hand
side. All this shows the different possible behaviors in the general case, agreeing with all

the conclusions previously given.

We stress that the results shown in Fig. 5.7 have reasonable values for the C* Wilson
coefficients and a; parameters. However, experimental data allowing us to constrain them
are required, in order to develop a more precise analysis. Specifically, for the case of
hZ production- where several new operators can contribute within the HEFT approach

without affecting the g,-2.

Also, as a complementary computation, in appendix J, we analyze the related Higgs rare
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decays as an alternative tool to study new physics effects from the HEFT approach, and

discuss the corresponding results.

In summary, the HEFT framework provides a more general approach than SMEFT for
probing new physics in the Higgs sector and can give rise to distinct phenomenological
scenarios. For example, the previously mentioned discrepancy between the theoretical and
experimental values of the muon g-2, which could in principle be tested via u*u~ — h+v/Z
in SMEFT in a model-independent way, cannot serve as a model-independent probe in

the HEFT context due to the presence of additional degrees of freedom.

This is due to the singlet nature of the Higgs in the HEFT, where all interactions involving
the physical Higgs boson have independent couplings a; that cannot be directly related
to quantities without the Higgs. Therefore, without precise information about the new
degrees of freedom, observing a deviation at high energies would not necessarily confirm a

NP contribution to Aa,, and the absence of a deviation would not definitively rule it out.

All these discussions are specifically important for the u*u~ — hZ process, where the NP
HEFT background contributions could not be subtracted without further knowledge of the
unknown parameters. Therefore, complementary measurements are crucial to determine
the values of the relevant couplings. This motivates further theoretical and experimental

analyses.

Finally, a more realistic study would require a more sophisticated definition of inclusive
signals and backgrounds, motivating future work that includes a dedicated discussion of
both LO and NLO corrections, particularly in light of potential data from a future muon

collider.

5.2 HLDbL Proton-Box

Based on [36], motivated by the need for high-precision a,, calculations, we computed a
hadronic contribution to the muon magnetic moment 3¢. We calculated the proton-box
HLbL contribution to a,, the first reported baryonic contribution of this type [5]. This
contribution was suggested to be relatively large in some models, such as the Heavy Mass

Expansion (HME) approach (O(1071?)). By applying a robust formalism derived in the

36This observable, and the main aspects of its computation in the SM are briefly reviewed in appendix
L.
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literature, we computed the corresponding HLbL. Master integral for the proton-box case,
employing various sets and parametrizations for the required form factors. The analysis
was conducted considering both data-driven and lattice form factor results, leading to a
suppressed result by two orders of magnitude (a2 = 1.82(7) x 107"*) compared to the
initial HME expectation and smaller than the forthcoming uncertainty on a,. The origin
of this high suppression was investigated in detail and attributed to the damping of the

form factors in the regions where the integral kernel peaks.

5.2.1 HLDbL Master Formula

A comprehensive review of the HLbL contributions to the muon g-2 anomaly has been
presented in Refs. [159], [160], [161]. In these works, the authors derived a master integral

that allows the use of unitarity relations to consider individual intermediate states and

HLbL

evaluate their contributions to a,

using physical observables, such as on-shell form
factors. These form factors can be obtained from phenomenological models, lattice
calculations, or parametrizations of experimental data. This framework provides a general
description of the electromagnetic tensor involved in the two-loop diagram shown in

Fig. 5.8, leading to:

5 3 . oo 1 12 3
aleLbL — 3;7.;2/0 dQl/O dQQ /_1 dTV 1-— 7'2 Q? Qg;E(QhQ%T)Hi(QIaQQ?T)a
(5.19)

where Q? = —¢? is the squared four-momentum of the photons in the space-like region and
7 is defined by the relation Q3 = Q% + Q3 + 2Q1 Q7. Moreover, T; are the 12 independent
integral kernels (explicitly shown in Appendix B of Ref.[160]) and II; corresponds to
scalar functions that encode all the information of the specific HLbL intermediate-state
contribution. Both can be obtained after a decomposition of the light-by-light tensor,
following the recipe introduced by Bardeen-Tung-Tarrach (BTT) [162], [163]. 37 Indeed,
analytical expressions for II; have been computed for different contributions, such as the

pseudo-scalar poles, pseudo-scalar and fermion box-diagrams, etc. [159], [160], [161].

37This procedure ensures that the expressions are free of kinematic zeros and singularities, see [159],
[160] for details.
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Figure 5.8: General light-by-light contribution to the muon g-2 anomaly.

The aim of this work is to first evaluate the proton-box contribution (Fig.5.9) to a;**". For

this purpose, we consider the following general nucleon-photon matrix element, consistent

with Lorentz and gauge invariance, as well as P and CP conservation:

(P (P (@)lp" (P1)) = a(P2) T (q)u(Pr) (5.20)
= u(Ps) (Fl(qQ)’y“ +1 ?(—Aq/[;a“”qy> u(Py), (5.21)

where F} 5 are the proton Dirac and Pauli form factors, respectively, and ¢ = P» — P;.

I 7
q1 q1

14

42

Figure 5.9: Feynman diagrams for light-by-light scattering induced by a proton-box loop
(plus the corresponding diagrams with exchanged fermion fluxes inside the loop).

In this analysis, the dominant term in eq. (5.2.1) is the one proportional to Fj(g?). This
arises from the additional ¢,/M, factor in the tensor vertex, which causes the tensor
coupling to be significantly suppressed in the low-momentum transfer regime (below 1

GeV). Consequently, it is a valid approximation to consider only the vector coupling.3®

38This simplification is commonly applied in other processes, such as electron-proton scattering in
the same momentum transfer region. Similarly, in the proton-loop contribution to HVP, incorporating
a non-zero Fy modifies the central value by only 0.02%, which remains much smaller than the current
uncertainty, consistent with the results reported in Ref. [164].
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Conversely, at high photon virtualities (or even above 1 GeV), the F5(¢?) behavior becomes
the suppression factor. In fact, in this case, also the Fj(¢*) and kernel functions are
highly damped, making the contributions of this ¢? region negligible. Indeed, due to
the asymptotic constrains of the form factors F; and Fy from p-QCD[165], which should
behave as ~ Q~*, Q~5, respectively (satisfied by construction in both parametrizations
employed in this work, as we discuss later), the regime of high-transferred momentum is
free of divergences and we do not expect to have any significant error coming from this

approximation 3.

Therefore, as a reasonable first approximation, we will consider only the vector coupling

in eq. (5.2.1) as input for the scattering amplitude calculation shown in Fig. 5.9. Under

HLbL

this approximation, the scalar functions required in the a,,

master integral take the

following form:
B 1 1 1—x

where —for completeness— we write the analytical expressions for the functions I; required
for our analysis, cf. eq. (5.19), where the II; scalar functions enter. These had been

obtained in Ref.[161] for a quark box-loop in terms of two Feynman parameters, 0 < z < 1

39Tn this sense, we have: T*(q)|q—00 = Y A ¢~ +i B §,(2¢° M), with g, = ¢, /q a normalized
four-vector and A and B being constants.
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and 0 <y <1 —x. We confirm the results in [160] 1°

C16z(l—z—y) 16xy(l —22)(1 —2y)

I , 5.3
! A2, A132A39 (523)
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where A, = mQ—a:yqu—x(l—x—y)qf-—y(l—x—y)q,% and A;; = mQ—a:(l—x)qf—y(l—y)q?.
The rest of scalar functions, entering the master formula, can be obtained from g;

permutations, as follows:

Il =Cys[Ily], TIy = Cos[ll3], Il = C12[Crs[IIs]],
1:[7 =Cos [1:[5], 1:[8 = 613[1:[9]; 1:[11 = _623[1:[12]7 (5'29)

where the crossing operators C;; exchange momenta and Lorentz indices of the photons ¢

and j.

The only difference between the expression above and that reported in [161] for the
quark-box loop is the inclusion of the vector form factors Fi(Q?) and the absence of the

global quark factor NCQ;1 in the Feynman parameter integrals of eq. (5.22).

A preliminary analysis reveals that the full integral kernel v/1 — 72 Q% Q3T;11;, ** without
accounting for any form factor, primarily contributes to the overall integral at low
momentum transfers (below 1 GeV), as illustrated by the density plot in Fig. 5.10

for three different 7 values. Furthermore, the vector proton form factors term alone

40Tn ref. [161] the I; functions multiply the I1; functions. The relation between both bases is given in

199959,

tilded basis. B
4IThe explicit dependence of T; and II; on @1, Q2 and 7 has been omitted and the Einstein sum
notation is understood.
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Fi(Q3)F1(Q3)F1(Q3), * acquires its maximum value within the same momenta region,
as shown by the contour curves in the figure. Finally, due to the mismatch between the
kernels and the maximum values of the form factors, a significant reduction in the HME
approximation is expected. We will discuss this effect in more detail in the following

sections.

7= —0.95 7= —-0.70 7=0.10

0.2 05 08 1.1 14 0.2 05 08 1.1
0Q1[GeV]

Figure 5.10: Integral kernel (density plot) versus form factors dependence (contour plot)
at relevant different virtualities for the off-shell photons, as described in the text.

5.2.2 Proton Form Factors

HLbL

To obtain an accurate estimate of the leading contribution of the proton-box to a, ",

we
numerically compute the master integral in eq. (5.19) using two different descriptions of
the form factors. The first approach is data-driven [166], while the second relies on lattice
QCD calculations [167]. In both cases, fitted parametrizations of the proton electric (Gg)

and magnetic (G)y) form factors are used, which are related to the Dirac and Pauli form

factors through:

Gp(Q*) = F1(Q%) — 46\2;2 Fy(Q%), (5.30)
Gu(Q%) = Fi(Q*) + F>(Q%). (5.31)

42Evaluated using the dependence on Q? as a z-expansion (setup 1).
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5.2.2.1 Setup 1: Data-Driven Form Factors

First, we make use of the electric and magnetic form factors obtained in Ref.[166] after
fitting the experimental data to a z-expansion parametrization of order 12 [168], where
sum-rule constraints were applied on each form factor to warrant the asymptotic scaling
Geu ~ Q% and the correct normalization at null photon virtuality. ** Both systematic
and statistical uncertainties were taken into account in the computation of these form
factors, which we implemented in our analysis. Consequently, the proton form factors can

be expressed as:

a\P) (02 12 ‘
@y, DLL) 5 qman, (5.32)
:up i=0
where a; are fitting parameters shown in table 5.2, and z is defined as follows:
_V tcut+Q2 - Vtcut _tO
z = , (5.33)
tcut + Q2 + Vv tcut - tO
with tg = —0.7 GeV?, tey = 4m2 and the form factors normalization fixed by the

proton’s electric charge non-renormalization and magnetic moment in Bohr magneton

units, G%(0) = 1 and G%,(0) = p, = 2.793, in turn.

B M
ay | 0.239163298067 | 0.264142994136
a | —1.109858574410 | —1.095306122120
ax | 1.444380813060 1.218553781780
ax | 0.479569465603 0.661136493537
ay | —2.286894741870 | —1.405678925030
ay | 1.126632984980 | —1.356418438880
ay | 1.250619843540 1.447029155340
afx | —3.631020471590 | 4.235669735900
ay | 4.082217023790 | —5.334045653410
ax | 0.504097346499 | —2.916300520960
as, | —5.085120460510 | 8.707403067570
ail | 3.967742543950 | —5.706999943750
as, | —0.981529071103 | 1.280814375890

Table 5.2: z-expansion proton form factor fitted parameters, taken from Ref.[166].

430ther parametrizations, as the ones reported in Refs.[169], [170], have been considered for the a/{’fbox
numerical evaluation, being consistent with the one used in this work within less than 1o.
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5.2.2.2 Setup 2: Lattice QCD Form Factors

A second approach, which is also worth to consider, is a lattice QCD motivated computation
of afjbo". In [167], the Lattice data for the form factors can be parametrized using a

simple dipole approximation: 4
GUEMHQ?) = G (0) /(1 + Q*/A), (5.34)

where A —which has energy squared dimension— is related to the electric and magnetic radii
by A = 12/<T%E7M}> and the normalization is Gg(0) = 1 and G/(0) = p,. It is important
to remark that this parametrization automatically fulfills the QCD-ruled asymptotic
behavior for large values of @?. The numerical values required in eq.(5.34) are shown in
table 5.3, where the normalization at null photon virtuality is automatically fulfilled for
the electric form factor by setting G%(0) — 1. As discussed in [167], the electric r.m.s.
radius is underestimated due to the slower decay of the electric form factor. Additionally,
the proton’s magnetic moment is underestimated, which may result from a combination
of residual finite-volume effects and multi-hadron contributions.

V(i) [fn] v/ (riy) |fm)] o
0.742 £+ 0.013 £ 0.023 | 0.710 £ 0.026 % 0.086 | 2.43 % 0.09 = 0.04

Table 5.3: Numerical values of eq.(5.34) according to Ref.[167]. The uncertainties stand
for the statistic and systematic errors, respectively.

As we show in Fig.5.11, the z-expansion reported in [166] is in good agreement with
the data set of Gy (Q?) and Gg(Q?) from [170] extracted from the world’s data on
elastic electron-proton scattering and calculations of two-photon exchange effects. We
also compared the former fit and the one obtained from Lattice QCD results with a
Ny = 2+ 1+ 1 ensemble, reported in Ref.[167|. Finally, due to the small deviations
between the two data sets, in the Q? < 1 GeV? region, it seems interesting to analyze

both frameworks separately during the numerical evaluation of eq.(5.19).

44 A z-expansion was performed as well, but no significant difference was found with respect to the
simple dipole approximation.
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Figure 5.11: Gg and Gy (F; and F5,) proton form factors. In black we show the
experimental points taken from Ref.[166], meanwhile, red dots correspond to the Lattice
QCD results of Ref.[167].

5.2.3 Proton-Box Contribution

HLbL

., contribution via the master integral, we implemented

In order to obtain the explicit a

a numerical evaluation, using the VEGAS algorithm [171], [172].

As an initial consistency check of our integration method, we successfully reproduced all
previously well-established results, including the 7-pole, m-box, and c-loop contributions.
In particular, we verified that using the quark-loop scalar functions without any form
factors yields the same result as the HME approximation for the proton case, obtaining a

central value of 9.4 x 107!, in agreement with the HME estimate of 9.7 x 107!

Once the corresponding vector form factor F;(Q?) is included in the analysis, we get the

following results for the different setups described above: 4

alb"* = 1.82(7) x 107" (Setup 1), (5.35)
ab™"™ = 2.38(16) x 107" (Setup 2), (5.36)

45Using a different parametrization [169] of the same data, as the setup 1, a result of
ab~P*=1.79(5)x10~'2 was found, consistent with the results using [166].
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where both the systematic and statistic uncertainties were considered in order to estimate

the error for each setup.

As previously discussed, the numerical suppression observed in the final result, compared
to the HME approximation, can be directly attributed to the interplay between the kernel
and the form factors, as illustrated in Fig. 5.10. In this context, we highlight their behavior

as a function of 7 in three distinct regions:
e Close to £1, the v/1 — 72 factor suppresses the values of the integral kernel.

e As 7 increases, (93 does as well, and the 7T} decrease [160], causing the kernel to start
diluting after its maximum value is reached, and to be almost negligible for positive

values of 7.

e The maximum values of the integration kernel appear in 7 € [—0.85, —0.65], as
shown in the supplementary material of the paper [5]. For this value of 7, the
relevant region of the kernel and the effect of the form factors in the numerical

evaluation of eq. (5.19) can be analyzed.

Indeed, the region where the integral kernel reaches its maximum contribution lies between
the values of 0.1 and 0.01 of the form factors term, F(Q3%)F;(Q3%)F1(Q3) for all values of
7. 46 Since the HME treats the proton as a point-like particle, the integrand in eq. (5.19) is
expected to be one to two orders of magnitude smaller compared to the structureless case.
This mismatch between the peak positions of the kernels and the form factors provides a

clear and consistent explanation for the observed numerical integration results.

In the case of setup 1, both errors were computed for F7(Q?) for each value of Q? as
discussed in [166], and these AFT(Q?) were used for the error propagation of eq. (5.19)
considering the structure of eq. (5.22) in terms of the form factors. For the setup 2,
a numerical computation of the Jacobian matrix of eq. (5.19) within this setup was
performed, and it was combined to obtain both the statistical and the systematic error by

assuming a maximal correlation of the magnetic form factor parameters.*”

Even though there is an underestimation of p, using a lattice QCD form factor, the

slower decay of G%, compared with the data-driven one compensates for this, and it results

46Despite Fig. 5.10 results are presented for just three 7 values. A .mp4 file showing the same behavior
for all the T-range is added as supplementary material of [5].
47The uncertainty associated with the numerical integration method is subleading, of order O(1071%).
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in a higher F?(Q?) for the lattice QCD result, as explained in Ref.[167| and visible in

p—box

n is larger than the one of the first

Fig. 5.11. Consequently, the setup 2 result for a
setup. Therefore, in this work, we will adopt the data-driven ag_bo" approximation as our

central value, awaiting more precise lattice results anticipated in the near future.

As a summary, since the hadronic light-by-light scattering is expected to soon dominate
the theory uncertainty in a,, a detailed analysis of its various contributions has become
an important task. Specifically, the proton-box contribution to the HLbL piece of a,
—computed as a good approximation in this work for the first time— yields an estimate of
ag_box = 1.82(7) x 1072, two orders of magnitude smaller than the forthcoming uncertainty

on the a, measurement.

Finally, as previously discussed, achieving a more precise result would require a complete
description of the scalar functions, including the contribution from the tensor vertex.
Incorporating the Fy(Q?) form factor—which is expected to be subdominant compared to
the vector term weighted by Fi(Q?)—would improve the analysis and enable its extension
to other baryons with well-characterized form factors, such as the neutron, for which the

F contribution vanishes.
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Chapter 6

Work in progress

In this chapter, we provide a brief summary of two ongoing projects, which we anticipate
will lead to published articles in the near future. Both of them are again an application of

EFTs in the search of possible new physics in specific processes.

The first one consists in a detailed study of a 7 decay into a charged lepton and two
invisible particles 7 — fac. Experimentally, these invisible particles—denoted as a—are
typically assumed to be standard model neutrinos. The corresponding energy and angular
distributions, known as the Michel spectrum, were previously analyzed in Ch.4.1. However,
it remains an intriguing possibility that the invisible particles could be of a different
nature, such as spinless fields potentially connected to dark matter or other new physics
scenarios (generally, & may not be its own antiparticle, which needs to be accounted for).
This motivates a thorough investigation into how such alternative interpretations could
alter the observable energy and angular distributions, offering a novel probe of physics

beyond the Standard Model.

In this context, we are currently computing the relevant observables for the decay process
7 — faay, under the assumption that the invisible particles o are spinless and undetectable.
The goal is to compare these results with the standard Michel distribution and analyze
potential deviations or distinctive signatures that could arise. Such a comparison may
provide a means to experimentally distinguish between the standard neutrino case and

alternative scenarios involving new physics.

The second project involves an effective field theory analysis of the exclusive decays
7~ — VP~ v, decays, where V and P denote a narrow vector *® and a pseudoscalar meson,
respectively. In these processes, the presence of NP could lead to non-trivial modifications
of the energy and angular distributions of the final-state particles. In principle, precise

measurements of these observables can be used to constrain the corresponding NP couplings

48For the p meson one would need to analyze the corresponding 77 decay products, with invariant
mass around M, (accounting for its width), instead.
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in a model-independent framework.

To this end, we are analyzing these observables, complementing the study with additional
tools such as Dalitz plot distributions and global fits. Through this comprehensive
approach, our ultimate objective is to derive updated constraints on the NP couplings

that appear in the effective Hamiltonian, using currently available experimental data.

These two projects constitute our current research focus, and we are actively working

toward their completion and eventual publication.
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Chapter 7

Summary and Conclusions

The existence of several physical phenomena that remain unexplained within the Standard
Model (SM) continues to motivate the search for new physics (NP). Among these, leptonic
decay processes offer a particularly clean and precise testing ground for probing the
internal consistency of the SM and for uncovering possible signatures of NP. Likewise, the
anomalous magnetic moment of the muon (muon g — 2) remains a compelling case for

further investigation through precision tests.

In this thesis, we have employed effective field theory (EFT) frameworks to study neutrino
phenomenology and to explore the implications of NP for the muon g — 2 anomaly. A key
focus has been the precise computation of hadronic light-by-light (HLbL) contributions to
the muon g — 2 within the SM. Additionally, we have identified alternative processes and
potential measurements that could complement or enhance ongoing efforts in the search

for NP and help elucidate fundamental questions, including the nature of neutrinos.

We have investigated the processes {~ — ¢ Dyvy, and ve — ve, constructing their
matrix elements using the most general four-lepton effective interaction Hamiltonian. This
allowed us to derive detailed energy and angular distributions of the final charged leptons,
incorporating polarization effects and the distinctions arising from Dirac versus Majorana
neutrino masses. Our analysis generalizes previous results and enables their application
in model-dependent contexts, providing a framework to potentially distinguish between

Dirac and Majorana neutrino scenarios.

To estimate the impact of neutrino mass—dependent contributions, we used stringent
experimental constraints on invisible heavy neutrinos. Our results indicate that, in most
scenarios, these contributions are several orders of magnitude below the sensitivity of
current and near-future experiments. Nevertheless, there exist allowed regions in parameter
space where some heavy mass ranges together with a non-negligible heavy-light mixing
contributions could approach current experimental sensitivity. For instance, in the case

of 7 decays with a single heavy final-state neutrino in the 100 — 1000 MeV range, the
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linear suppression factor could be of order 10~* | potentially within reach of upcoming
experiments. A similar conclusion holds for tau neutrino scattering processes at neutrino

energies of 100 — 1000 MeV and a heavy neutrino mass of order 100 — 400 MeV.

We also studied the radiative decay process ¢~ — ('~ vy, where a back-to-back
(b2b) kinematic configuration might evade constraints imposed by the DMCT. This
initially suggested promising differences between the Dirac and Majorana cases, not
suppressed by tiny neutrino masses. However, a thorough analysis revealed that, once
the undetectable neutrino angle is integrated out, the energy and angular distributions
become indistinguishable between the Dirac and Majorana cases. We provided a detailed
discussion of the angular analysis and clarified why earlier interpretations may have been

misleading, potentially yielding incorrect expectations about observable differences.

These results reinforce the importance of ongoing searches for new neutrino interactions
and the exploration of possible heavy sectors, both of which remain at the forefront of

research in this dynamic field.

Regarding the muon g — 2, we first analyzed the contributions from NP within the Higgs
Effective Field Theory (HEFT) formalism. Unlike SMEFT, HEFT provides a more general
framework for exploring NP in the Higgs sector and can give rise to qualitatively distinct
phenomenological signatures. Notably, the observed deviation in the muon g — 2 —while
potentially testable in processes such as p*p~ — h v/Z within SMEFT— cannot serve as
a model-independent probe in the HEFT framework. This limitation arises because the
Higgs in HEFT is treated as a singlet, with all interactions involving the physical Higgs
characterized by independent couplings a;, which cannot be directly related to observables
that do not involve the Higgs. Consequently, deviations observed at high energies would
not unambiguously confirm a NP contribution to Aa,, nor would their absence definitively

rule it out.

Finally, we presented an estimation of the proton-box contribution to the HLbL. component
of a,. Employing various parameterizations of the proton form factors and applying the
master formula with appropriate scalar functions, our data-driven approach yields a
consistent result:

ab™P = 1.82(7) x 107", (7.1)
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We discussed the implications of different modeling approaches and emphasized the need
for further refinement. In particular, a more precise determination would require a
complete description of the scalar functions, including the tensor vertex contributions.
Incorporating the F5(Q?) form factor —which, though subdominant compared to the
vector term scaled by F;(Q?), might still be important in some cases— will improve the
accuracy of the analysis. This methodology could also be extended to other baryons with
well-characterized form factors, such as the neutron, where the F;(Q?) term vanishes

trivially.

In summary, the results presented in this thesis contribute to a deeper understanding of
neutrino properties and muon g — 2 phenomenology, highlighting both the promise and

the limitations of current theoretical tools in the ongoing search for physics beyond the

Standard Model.
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Appendices

Appendix A

Massive Neutrinos

A1 Neutrinos in the SM

In the SM neutrinos come in three flavours, corresponding to the associated charged

lepton. They belong to SU(2) doublets

and alike (eg, jtr, Tr). There are no SU(2) neutrino singlets.

In the Standard Model, neutrinos are left-handed, and antineutrinos are right-handed.
These are the only chiralities that participate in weak interactions, as explicitly shown by
the interaction Lagrangians below. Neutrinos interact solely through the weak force via

the charged current (CC):

W= — 1, +7,
(A.2)
W+ — I + v,

with the interaction Lagrangian
£ =~ _ [N 57, (1 — 45)laW" + hec. A3
int 2\/5 ; fy#( 75) ( )
And via the neutral current (NC):

Z° — vy + Vg, (A.4)
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with the interaction Lagrangian

~ 4cos O

E%tc = 9 (Zvoﬁu(l - 75)VQZ“ + h.C.) ) (A.5)

where o = e, u, 7.

In the SM, fermion masses appear in the Lagrangian as Dirac mass terms of the form

mWUW¥. Thus, decomposing into its chiral states (U = ¥, + WUg):

‘CmD = mD@\D = mD(EL +ER)(\DL + \I’R)
o o - B (A.6)
= mD(\IfL\IfL + \PL\I’R + \DR\I/L + \I/R\IIR),

and using the properties of the chiral projectors: V;p = PrrV, @L,R = @PR,L and

Pr, rPr 1, = 0 we obtain, for the Dirac mass term
Em[) = mD(@L\DR—i—@R\PL), (A?)

coupling the L and R chiral states of a particle. But since SM neutrinos have only a
L-chiral state, i.e., there is no R-chiral states for neutrinos (Ng), this mass term is not

possible, so neutrinos cannot have a Dirac mass in the SM.

The only option left, is to try to make a mass term from vy, alone. This kind of term,

known as Majorana mass term, is of the form:

1
Liny = QmM(VgVL +ELVI?)7 (A.8)

where v“ is the charge conjugate field, defined as ¢ = C77.

This type of term violates all lepton numbers by two units. However, as we shall see
in Appendix B, neutrinos can be Majorana fermions, so such a term is not forbidden.
Nonetheless, this mass term is not invariant under weak isospin, and therefore it cannot

appear in the Standard Model Lagrangian in its current form (see the next section).

In conclusion, the fact that no right-handed neutrinos Ng appear in the SM and that
the EVL term is forbidden by weak isospin, make the neutrinos massless within the SM.

Nowadays, we know that neutrinos do have mass [173], so we need to introduced neutrino
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masses beyond the SM.

A2 Massive Neutrinos

In order to account for neutrino masses, the SM framework needs to be extended. There
are many extensions of the SM that try to explain the experimental results of neutrino
masses, these new models usually incorporate right-handed neutrino fields and extend
even more the particle content with the existence of a new Higgs triplet or other lepton

SU(2) singlets, etc.

Every model comes with a characteristic energy scale for the new physics, and in principle,
some of these scenarios could produce observable deviations from the Standard Model

predictions in current experiments, thanks to the high precision that has been achieved.

A minimal extension is the so-called vSM [174], which adds right-handed components for
the three neutrinos families. The neutrino masses appear as a Dirac mass term in the
Lagrangian via Yukawa couplings with the Higgs doublet, just like for all other fermions.
Nevertheless, the v.SM requires extremely tiny Yukawa couplings (Y, =~ 107!3) in order to
explain the observed neutrino masses. As a consequence of the mass mechanism, there is
a mixing between the mass eigenstates and the flavour eigenstates, analogous to the quark
sector. This mixing is described by the well-known Pontecorvo-Maki-Nakagawa-Sakata

(PMNS) matrix [175], [176].

In the vSM the effects of Majorana neutrinos are suppressed by a factor of (m, /E)?, being
E the energy scale of the process and m, the corresponding neutrino mass (m, ~ eV’).
Thus, in this model, any experimental observation of these effects is out of scope, even
with the accuracy achieved by the recent experiments. Other models include a heavy
neutrino sector () with Majorana masses, where the processes can also be mediated by
those heavy neutrinos, but the heavy-light mixing implies then a suppression of order of

(E/my)?.

In the simplest scenarios, the heavy neutrino mass can be as large as my ~ 104 GeV
so (E/my)? is really small. Even so, there are scenarios, usually known as low-scale
seesaw models, that allow for arbitrary masses in the heavy neutrino sector and then

unsuppressed heavy-light mixings, where precise measurements of the possible new physics
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could be made, see e.g., [99], [177], [178], [179], [180], [181].

In the following sections, we will briefly describe two neutrino mass models: the type-I
seesaw model, where the tiny neutrino masses arise from a very large Majorana mass
of the right-handed singlet, and a low-scale variant known as the inverse seesaw model,

which features an unsuppressed heavy-light neutrino mixing.

A3 Type I Seesaw Model

Based on [182], once the right-handed neutrino field (Ng) is included, no SM symmetry
forbids the Majorana mass term to appear. Thus, if, in addition to the Dirac mass term,

the right-handed singlets have Majorana masses, the full mass Lagrangian becomes:

»CD—i-M :ﬁLmDNR+§ ngNR—f-h.C. (Ag)

Where v, and Ny are, respectively, the weak eigenstates of the left-handed and right-
handed neutrinos. Explicitly, we write v} = (Ver,vur, v-r) and N} = (Neg, Nur, Nyg).
Actually, the leptonic content in the theory can include n right-handed SM singlets (n>2
for at least two massive neutrinos), but here we choose only three, that correspond to the
right-handed parts of the weak eigenstates, just to show the general idea of the type I

seesaw mechanism.

Now, using the identity 7,mpNp = (Ng)®mE(v)¢, the mass term (A.9) can be written

as:

£D+M = % [(VL)mD(NR) + (NR)Cmg(VL)C + (NR)CmR(NR) -+ h.C. (AlO)
| [ — (ve)®
Lpim == (v r)C¢ ) M , A.
=5 () WaP) . (A11)

where M is a symmetric 6x6 matrix defined by

0
M = e (A.12)

mb mg

In principle, the M matrix can be diagonalized by an orthogonal transformation to
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determine the neutrino masses. However, we employ the 6 x 6 unitary matrix ¢ to ensure

that all mass eigenvalues are positive [174]:

0 ., 0
uMU = ut B F7E

mb mg 0 mpy

Il
>

, (A.13)

M =unpu’. (A.14)

Here, D is a diagonal matrix whose elements represent the masses of the Majorana-type

neutrinos and the mass eigenvalues are of the order
m, & ——, MmN~ Mg, (A.15)

where mpgr >> mp and mp is of the order of the mass of a charged lepton or quark.

Therefore, substituting (A.14) in (A.11) we obtain:

(@ (NR)C) UDU~ v —

N

£D+M =

with the mass eigenstates v™ and N™.

In this scenario, the small masses of the left-handed Majorana neutrinos (¢™) are naturally
explained by the seesaw mechanism, assuming that the right-handed Majorana neutrinos
(N™) have very large masses. For instance, if the neutrino Dirac mass is mp ~ 10 GeV
and the heavy partner mass is my ~ 10'* GeV, the resulting light neutrino mass m,, falls

in the meV range, consistent with current experimental observations.

Furthermore, the weak eigenstates of neutrinos are expressed as superpositions of the

mass eigenstates Majorana neutrinos as follows:

(A.17)
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The unitary matrix can be parameterized as

U. |
U _ 3x3 3x3 7 (A.18)
X3><3 )/3><3
then 5 ;
Var = > Ui + Y Vam (N7, (A.19)
m=1 m=4
3 6
Nor =Y X + > Vi N (A.20)
m=1 m=4

Parametrically, UUT and YT Y ~ O(1), VVT and XT X~ O(m,,/my).
From the neutrinos mixing (A.19) and (A.20) we see that our familiar left-handed neutrinos
are mostly the light Majorana neutrinos, with small masses m,, ~ m?2 /my and the right-

handed neutrinos are mostly the heavy Majorana neutrinos with large masses my.

In conclusion, in this model the sterile right-handed Majorana neutrinos must have
extremely large masses for the light neutrino masses m, to lie in the meV range. Under
these conditions, the heavy-light mixing is negligible, leading to a strong suppression of
Majorana effects. Moreover, the N™ Majorana neutrinos are too heavy to be produced
on-shell. Therefore, within this framework, any deviations from the Standard Model due
to Majorana neutrinos in leptonic decays or other processes are expected to be far beyond

the reach of foreseeable experiments.

A4 Inverse Seesaw Model

As we discussed in the type I seesaw model, in order to have small neutrino masses the
typical scale of the extra particles (such as right-handed neutrinos) is in general very
high, potentially very close to the gauge coupling unification (GUT) scale, thus implying
that direct experimental tests of the seesaw hypothesis might be impossible. In contrast,
low-scale seesaw mechanisms, in which sterile fermions are added to the SM particle
content with masses around the electroweak scale or even lower, are very attractive from
a phenomenological point of view, since the new states can be produced in colliders or

low-energy experiments, and their contributions to physical processes can be sizeable.

In this section, we briefly summarize the main properties of the inverse seesaw model
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(ISS), based on [178], [183], which is a low-scale seesaw mechanism. The ISS requires the

addition of right-handed neutrinos (Ng) and extra sterile fermions (S).
(v, NY S) with L = (+1,—1,+1), (A.21)

where N and S are SU(2) singlets.

With this lepton content, it is possible to build the general mass Lagrangian, as we did for
the type I seesaw model case, and obtain the M matrix, analogue to (A.12), defined by

L, = 1n:LFC'MnL +h.c., (A.22)

my 5
where ny, = (vr, (Ng)¢, S)T and

0 mp 0
M=1mE 0 M]|. (A.23)
0 MT pu

Once M is diagonalized, the light mass-eigenstate neutrinos (¥™) acquire the mass
eigenvalues

m, = mp(M") uM " mk. (A.24)

The distinctive feature of the ISS is the presence of an additional dimensionful parameter,
1, which allows the smallness of the active neutrino masses to be achieved even for a low
seesaw scale. This, in turn, permits sizeable mixings between the active and additional

sterile states. These characteristics stand in clear contrast to the canonical type I seesaw.

It happens that standard neutrinos with mass at sub-eV scale are obtained for mp at
electroweak scale, M at TeV scale and p at keV scale. Thus, m, can be very light even
if M is far below GUT scale. In this case all the heavy neutrinos may develop masses
around TeV scale and their mixing with the standard neutrinos is modulated by the ratio

mp/M, not as supressed as the one obtained from the type I seesaw model.

In conclusion, this low-scale seesaw mechanism results in non-negligible mixings and
moderately heavy neutrino masses—much lower than in the type I seesaw—so that their

potential contributions to physical processes could be measurable in current and future
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experiments.
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Appendix B

Majorana Fermions

B1 Majorana Fermions

For a Dirac fermion we already have an invariant that is quadratic in the fermion fields,
the well-known operator WU, that is identified as the mass term for such fermion field .
Actually, there can be other kinds of quadratic invariants involving fermion fields.
Especially we can ask whether we can make any invariant of the form ¥ ,A,,V,, where
a,b are spinor indexes and A is a constant matrix. The spinor indexes are contracted in
order to obtain a Lorentz invariant and thus, this new term can be written as U7 AU in

matrix notation.

Under Lorentz transformations, a fermion field transforms as follows:
U(z) — V' (2') = exp (&wvaﬂy) U(z), (B.1)

where
)
Oy = 5 [/Y,ua,yl/] ) (B'2)

and w"’s are the parameters of the transformation. Thus, in order for U7 AW to be

Lorentz invariant, it needs to satisfy:
UL (A (2) = O (2) AU (). (B.3)
Using (B.1) in the left-hand side of (B.3) we have

UT(2NAY (2') = U (z) exp (—%w“”TJW) A exp (—%w’”auy) U(x), (B.4)
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or, examining the first-order terms in the transformation parameters w*”

W (VA (2') = U7 (z) (1 - i.wagy) A (1 - %w”“aw> W(z) -
= 07 (z) (A - iw’w(UZLA + AJW)> U(z).

Equation (B.5), together with (B.3), shows that invariance will be achieved if the matrix

A satisfies the condition

UZVA + Aoy, =0, (B.6)
ie., if
ofy = —Ao,, A7 (B.7)

Finally, it is well known that, under charge conjugation C, a fermion field transforms as

U(x) — VU(z) = % CU*(x), (B.8)

such that the Lorentz transformation properties of ¥¢(z) and W¥(x) are identical.

This implies, from (B.1), that

/ / i
VE) = WO ) =20 C exp (o, ) W' (B.9)
needs to be equal to
U'e(z') = exp (—iw’”aw) U(x)® = exp (—iw““aw) Y CV*(x). (B.10)

Then, comparing these two equations to first order, we obtain the relation
7000—;1/ = _UuV7007 (Bll)

or
ot = —C %070 = —C’laLVC, (B.12)

nZ

where we have used 7y = 1 and crjw = Y0 w"Y0- Thus, taking the hermitian conjugate
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and using the unitary nature of the C' matrix that ensures CT = C~!, we obtain

ol =—-C"o,C. (B.13)

nv

Comparing (B.13) with (B.7), we find that we can choose
A=C (B.14)

Thus, ¥TC~1¥ is a Lorentz invariant quadratic in the fermion field. This kind of invariant
was not considered before in the SM formulation, because it can annihilate two units of
charge and would therefore defy any charge conservation. Here, we refer to charge as
any internal quantum number carried by the corresponding fermion state, such as electric

charge or lepton number.

It is immediately clear that for electrically charged fermions, such an invariant cannot be
used due to electric charge conservation. In contrast, neutrinos are electrically neutral and
carry only lepton number. Although this new invariant would violate lepton number, it is
important to note that lepton number is merely an accidental symmetry of the Standard
Model and can be broken if additional fields are introduced. Therefore, it is worthwhile

to consider the possibility of such a term in the neutrino sector.

Now that we have constructed two kinds of mass terms UW¥ and 7O~V the equality of
both requires

V¥ = yrC 1y, (B.15)

where we have introduced a phase ¢ in order for UZC~1¥ to be hermitian.

Thus
U = ptet (B.16)
and taking the transpose
vt = e (e, (B.17)
VWU = —CN — Oy U = -V — 5, CU* = U, (B.18)

where we have used the identities CT = —C and Cv} = —7,C.
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So
U (z) = 3CV*(2) = U (x). (B.19)

A fermion field that satisfies eq. (B.19) is called a Majorana field. From the definition of
the conjugate field, this implies that a Majorana fermion is its own antiparticle. Imposing
the Majorana condition on the plane-wave expansion of a Dirac field, we find that it takes

the form:

e . . ,
Y= Z / \/ﬁ;@l@p (ds(p)us(p)e™* 4 e"df (p)vs(p)e™™) . (B.20)

Thus the plane wave expansion (B.20) is the explicit form of a Majorana field and can

annihilate as well as create a Majorana particle.

In this case, the u- and v-spinors satisfy the relations
vs = Y Cuy, us = YCvj. (B.21)

This formalism, as evident from the Majorana condition (B.19), would lead to expressions
involving the C' matrix, which make it representation-dependent, as we shall see in the Z

decay example at the end of this appendix.

B2 Feynman Rules for Majorana Fermions

To work with C-independent expressions, we adopt a more convenient approach. We
summarize the Feynman rules for Majorana fermions as presented in [102|. These rules
avoid explicit use of the charge-conjugation matrix, enabling representation-independent

calculations.

We consider a typical coupling term £; = ¥I'x where each x can be a Dirac or a Majorana
fermion and I" denotes a generic fermionic interaction including Dirac matrices, coupling

i

‘v and boson fields:

constants h
XUX = hipeXaLixs e, (B.22)

where the field ® summarizes scalar and vector fields and I'; = 1, ¢vs, v, 75, Vs Tpun-
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Finally, the charge conjugated I" is given by I' = CT7C~" and
I, = CrfC =nly, (B.23)

with

1 for Iy = 1,975, %7

-1 for I'; = v, 0
In the case of a pure Majorana fermion vertex we obtained T' = I".

Let @ be a scalar or vector field and A\, ¥ Majorana and Dirac fermions, respectively.
Due to the Goldstone equivalence theorem, these rules also define how the fermion chain

interacts with the massive gauge boson.

In our Feynman diagrams, fermions are denoted by solid lines. For Dirac fermions (W),
each line carries an arrow which indicates the fermion number flow. Majorana fermions

(M) lines do not carry arrows. The Dirac propagator is denoted by S(p).
The Feynman rules are as follows:
e Draw all possible Feynman diagrams for the process.

e Fix an arbitrary orientation (fermion flow) for each fermion chain. This is shown as

blue arrows.

e Start at an external leg (for closed loops at some arbitrary propagator) and write
down the Dirac matrices proceeding oppositely to the chosen orientation (blue

arrows) through the chain.

e For each internal propagator, external line and vertex insert the appropriate analytic
expression as given in Figs. B2.1, B2.2 and B2.3 corresponding to the chosen fermion

flow.
e Multiply by a factor (-1) for every closed loop.

e Multiply by the permutation parity of the spinors in the obtained analytical

expression with respect to some reference order.

e As far as the determination of the combinatorial factor is concerned, Majorana

fermions behave exactly like real scalar or vector fields.
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. - u(p, s)

o ups)

S ® “+«——e ——— @ ﬁ(p, 3)

Figure B2.1: Feynman rules for external fermion lines with orientation (blue arrows).
The momentum p flows from left to right.
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Figure B2.2: Feynman rules for fermionic vertices with orientation (blue arrows).

« > e iS(p)

[ e | ?‘,S(—p)
Y

-« iS(p)
— >

Figure B2.3: Feynman rules for fermion propagators with orientation (blue arrows).
The momentum p flows from left to right.

Finally, it is important to note that the analytical expressions are independent of the
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chosen orientation (fermion flow), as shown explicitly in [102].

B3 Example: Z Decay into two Majorana Neutrinos

Let us discuss first the decay of a general boson into two Majorana fermions with momenta
p1 and py of the form ¢ — A(p1) + A(p2). We assume the interaction Lagrangian contains
the bilinear WEFV, where F is some numerical matrix. We conclude from the explicit form

of the Majorana field operator (B.20), that the amplitude will be
M = e [a(p1) Fo(ps) — (p1) Fu(pz)] Mo, (B.25)

where M, is a factor that comes from the field operator of the initial boson state.

The amplitude (B.25) shows explicitly the Majorana nature of the final states; since both,
¥ and VU, can create a Majorana particle, it is possible that A(p;) comes from the action
of the W field operator, and A(p;) from W; but it can also be the other way around. So we
have two contributions in (B.25) because of these two possibilities. If we were dealing

with Dirac particles, only one of these two terms would be in the amplitude.

Now, using (B.21) in (B.25) we obtain

M = [a(pi) Fo(pa) — u” (1) O F30C” (p2) | Mo

= e " [a(py) Fu(pa) — u" (p1)C™' FyoCo* (p2)] Mo,

(B.26)

where we have used all the properties of the C' matrix described before.

Finally, since each term is ultimately a number, we can write the second one as the
transpose of the matrix expression. Thus, the amplitude (B.25) can be expressed as
follows

M = €_ia ﬂ(]h) [F + CFTC_I} U(pg)Mo. (B27)

We note the explicit matrix C' in (B.27), which makes it representation-dependent, as we

discussed before.

For the Lorentz bilinears, we have [46]

F HH%‘UW‘W%"VE)
CFTC?l H 1 ‘ Y ‘ —Ouv ‘ Y5 ‘ 75
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If ¢ corresponds to the Z boson, then F' = +*(a — by°) and Mg = €,(k), where €,(k)

denotes the polarization vector for the Z boson.

Thus, the amplitude (B.27) for the Z decay into Majorana fermions is written as
M= e u(p) [y"(a = 0y") + C ((a = b7°)T O v(pa)eu(k).  (B.28)

But
C (Y"(a—by°)'ot = aC’v“TC_l —bC (v et (B.29)

and, as we just discussed,

C/yuT C =

(B.30)
Cy"y") O =",
Considering these properties, the amplitude (B.28) is reduced to
M =7 upy) [7*(a = by°) + 7" (—a = by°)] v(pa)eu (k). (B.31)
M = e A(pi )" (=207 v (p2) e (k). (B.32)

Then, the polar vector term does not contribute to the Feynman amplitude and the axial

vector term gets a contribution twice bigger.

Actually, for the standard Z decay into Dirac fermions, it is well-known that [46]
Mz =a(p1)7"(a — by°)v(pa)eu(k), (B.33)
that leads to the following total decay rate
[y, = —=(a®+b?), (B.34)

where the fermion masses have been neglected.

As we can see, the amplitude for the Majorana case (B.32) is exactly the same, up to a
non-physical global phase, as the one for the Dirac case (B.33), just by the change a — 0

and b — 2b. So the total decay rate to Majorana fermions can be obtained directly from
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(B.34), taking into account the above considerations and multiplying it by a factor (1/2!)
due to the indistinguishable property of the Majorana final-state particles.

Thus, for the Z decay into Majorana fermions, the total decay rate is given by

1 M,

Lz = 5@(_2@27 (B.35)
M

[y, = 6—;1)2. (B.36)

Finally, if we consider the final fermion states as neutrinos, we know, from the SM, that
its couplings to the Z boson is purely left-chiral, i.e., a = b, so the total decay rate for the

Z boson into two Dirac neutrinos (B.34) reduces to

r, — Mz (B.37)

P 67

Comparing (B.36) with (B.37) it is immediate that

Ty, =Tz, (B.38)

As we have just shown, the Dirac or Majorana nature of the neutrino does not affect the
decay rate of the Z boson. In principle, for non-zero neutrino masses, there would be
corrections that depend on whether the neutrino is Dirac or Majorana. However, these
corrections are practically negligible, as they are proportional to the factorm,, /M, which

is really tiny.

It is important to note that this result is consequence of the pure left-chiral coupling
(V — A) of the neutrino. Maybe, if there were any other type of coupling or new physics
involved in the process, the Majorana effect would lead to a measurable difference in
the total decay rate. We therefore have to look for other kind of signatures in order
to distinguish between the Dirac or Majorana nature of neutrinos. A way to do that,
especially important for this thesis, is the search for Majorana neutrino effects in lepton
decays, due to new non-standard couplings and the existence of new high-energy physics

that may be detectable in near future experiments, see e.g. [99], [181].

Finally, let us compute the amplitude for the Z decay process using the Feynman rules for

Majorana fermions described above, in order to verify the consistency of both approaches.
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The possible tree level Feynman diagrams for this process are shown in Fig.B3.1, where

we have two distinct contributions due to the Majorana nature of the final particles.

Alp1) A(pa)
<
A(p2) Apy)
(a) (b)

Figure B3.1: Possible Feynman diagrams for the ¢ — A(p1) + A(p2) process with a fix
orientation (blue arrows).

Now, to construct the amplitude, we just insert the appropriate analytic expression as

given in Figs. B2.1, B2.2 and B2.3 corresponding to the chosen fermion flow. Thus,

iM' = iu(p1)Tv(ps) — w(p2)To(pr), (B.39)

where the minus sign is due to the permutation parity of the spinors and the reference

order of the external fermions has been chosen as (p1; p2).

If we choose the other possible orientation, as shown in Fig. B3.2 , we will have

iM" = —it(p2)Tv(p1) + 1 (p1)To(ps). (B.40)
Alpr) (pa)
s ( iT <<
A(pz) Alp1)
(a) (b)

Figure B3.2: Possible Feynman diagrams for the ¢ — A(p1) + A(p2) process with a fix
orientation (blue arrows).

So, as we can see immediately, M’ = M”. Thus, as we discussed before, the amplitude is

independent of the chosen orientation of the fermion chain.
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Taking M’ with T" defined as (B.22), we have

M’ =a(p) T pev(p2) — U(pa) T pev (1), (B.41)

where for the Z decay h$T"¢. = v*(a — by°)e,(k), which in terms of the notation used at
the beginning of this subsection, hil"¢. = FM,. This leads to the following amplitude

M’ = [u(p1) Fo(p2) — a(pz) Fv(p1)] M. (B.42)
Then,

M =

| —

u(p1)Fo(pz) — UT(]?2)CT%T)%FVOCU*(191)] My
(1) Fu(pa) — o7 (p2) O~ FyoCu (p1)] Mo
(p1)Fo(p2) — UT(M)CTVSFFT(C_I)TU(M)} M

(1) Fo(p2) + u(p1) CFTC~ o(p2)] Mo,

=k

(B.43)

=

=

where in the third line we used the fact that each term is ultimately a number, so we can
write it as the transpose of the matrix expression, and we have also used all the properties
of the C' matrix described before.
Finally,

M =a(p) [F+ CF"C™'] v(p2) M. (B.44)

Comparing (B.44) with (B.27), we see that both amplitudes are the same, up to a non-
physical global phase. So either of them would lead to the same observables; ensuring the

consistency of both methods.
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Appendix C

Fierz Transformations

A Fierz transformation is an operation that rearranges the order of fermion fields in a
four-fermion interaction Lagrangian. Two Hamiltonians related by a Fierz transformation
are physically equivalent. This is particularly useful, as choosing a specific form of the

Hamiltonian can simplify calculations and make the physical interpretation more intuitive.

In this appendix, we summarize the specific Fierz transformations among the most
commonly used Hamiltonians in lepton decays. Our primary goal is to show the Fierz
transformation relating the Hamiltonian used in [101] to the one employed in this thesis,
thereby demonstrating the consistency of both approaches. For further details on Fierz

identities and their derivations, we refer the reader to [45], [46].

C1l Lepton Decay Hamiltonians

Leptonic decays can be described using the most general four-fermion contact interaction
Hamiltonian. This contact interaction permits the use of equivalent Hamiltonians that

differ only in how the fermion fields are grouped.

As discussed in [184], the older literature preferred a charge retention form (CRF) with
parity-odd and parity-even terms in which the charged-leptons, as the usually detected
particles, were grouped together. The CRF Hamiltonian takes the following form:

Z { Y f4 [ i(?griﬁ) + D;(73Fi75f2>} + h-C-}7 (C.1)

with i = S, P, A, V,T and the Lorentz bilinears are defined as:*’

with the identification f; =1, fo = vy, fs = v and f; = [.

49Note, in particular, the factor i in the definition of T'p.
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This had the advantage that limits to some coupling constants could be obtained from the
then existing results, but is not adapted to represent a charged boson exchange. For this
purpose, one uses a charge changing form (CCF), where the charged leptons are grouped
with their neutrinos ®° and which is adapted to charged boson exchange and results in
absolute values of differences of coupling constants. This CCF Hamiltonian takes the

form:

Z { fils f2 [ z‘(73rif4) + C;(73Fi75f4)] + h-C-} (C.3)

However, both these forms are complicated by the fact that a fully parity-violating
interaction, such as e.g. the V-A interaction, is represented by four coupling constants C',

, Cyy , Oy and €'y (instead of two, because an interference is needed to violate parity).

Finally, there is the helicity projection form (HPF) Hamiltonian, which is the most used
nowadays, where the canonical V-A interaction is particularly simple because then gy, =1
while all other coupling constants vanish ®' and the contributions from new physics are

immediately identified. Its explicit form, used in this thesis, is:

G\’/%
+ g |1 =] [0+ 970 + gl [T+ 90 | [0 497

+ gin [T+ )] [+ 270 + gl [T (0 = ¥ | [0+ 47

H = {gLL [7(1 + 75)%'] [17[(1 - 75)5] +911 [77“(1 — 75)%/} [Dm(l - 75)5]

Nz

+ gt z il +v5)w] A g [T =20 [ =7

+ 9hL :77”(1 + 75)%/] [ﬂm(l - 75)4 + 9k {70—;;(1 - 75)%/1 [ﬂza—\%(l - vs)l} }
(C.4)

Thus, we can obtain the specific Fierz transformation that relates each pair of Hamiltonians.

50For this reason also called flavor retention form.
51Gince the vector and axial vector strengths are the same, we can factor it out this way, recalling that
parity violation requires an interference between two different contributions (like CP violation).
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The Fierz transformation that relates the CRF and CCF Hamiltonians is [185]:

Dy 1 1 —4 4 -6\ [Cs D 1 1 4 -4 —6
Dp 1 -1 —4 4 6 Cp Dy 1 -1 4 —4 6
1 , 1
DV:Z—1—1220 Cv | DV21—1112207
Dy 1 1 2 2 0 Ca D, -1 -1 2 2 0
Dr -1 1 0 0 2 Cr Do -1 1 0 0 2
(C.5)
In the same way, the Fierz transformation that relates the CCF and HPF Hamiltonians is
[184]:
Cs Cy
= (971 + 92r) £ (928 + 922 = — (971 — 9nr) * (97 — 951),
Cp CP,
OV C’V/
= (QER + Q‘L/L) + (QKL + QXR)» = (QER - g‘L/L) + (QEL - g‘L/R)ﬂ
CA CAI
Cr
= 2(92}% + ggL)' (C.6)
Cr'

Thus, the final relation between the CRF and HPF is given by:

Ds -1 1 -4 4 -6\ (g7 +9Rr+9ir+9m
Dp 1 1 —1 —4 4 6 | |97 +9hr—9ir— 9or
Dy | = 2t -t 2 20 9kr+ 910+ 9kr T IR (C.7)
Dy r 1 2 2 0 9rr 9L — 9hr — Iir
Dy 11 0 0 2 2(91r + k)
Dy -1 1 4 -4 -6 —92r + 9nr + 9ir — 921
D, 1 1 =14 —4 6 || —97,+9hr—9ir+9he
Dy | = 1 1 1 2 2 0 9hr — 9L — 9k + 91r |- (C.8)
D, -1 -1 2 2 0 9kr — 911 + 9kr — IR
D, 1 1.0 0 2 2(9Lr — 9h1)

Finally, it is important to note that the CRF Hamiltonian used in [101] differs from (C.1)
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in the definition of I'p. In Shrock’s paper I'p = ~°, this change will induce a minus sign

in the definition of the constants C'p and C’}; previously introduced. Thus, the Fierz

transformation between the Shrocks’s Hamiltonian (using his couplings conventions) and

the Hamiltonian used in this thesis is:

9s
gp
9y
9ga

g

After some work of simplification, the specific relations between constants are:

gs
gr
gv
gA
gr

A

|

-1

1

-4 4 -6
4 —4 —6
2 2 0
2 2 0
0o 0 2
-4 —6

4 —6
2 0
2 0
0 2

QEL + QJ%R + QZqR + g]S%L
9ir + 9% — iR — 9%z
ke + 90L + 9rL + 9Lk
9kr + 9L — 9k — ILR

2<9{R + 912L)7

~971 + 9Rr + 9IR — 9RL
~9iL + 9hr — i+ 9nr
9kr — 911 — 9k + ILR
9kr — 9Lr + Rt — 9IR

2(g%p — ghp).

gs = —%QER - %gsz - QQXL - 29ZR - SQER - 39£La
gs = —%Q‘ER + 59— 205w + 291k — 39Lp + 35
gp = _%QER — =9 + 2981 + 2918 — 39Lr — 39k
gp = _%QER + %Q}%L + 295, — 291k — 390k + 39R1,
9v = 9rr+ 901 — %QEL - %g}%R,
9v = 9kr — 901 — %QEL + %923,

1

1
ga = ggR + g‘L/L + _ggL + —915%37

2
1

2
1

’ % % S S
9a = 9rr — 911 T 3911 — 59RR>

ar = —3

’

9r =

1

2
1

—590R+

2

s
9drr —

L g T T
5 IRL +9.r t 9rL>

2

2

2

gI%L + 91 — 9L

(C.10)

(C.11)
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Appendix D

Generalized Michel Functions

D1 Generalized Michel Functions

sponding functions are defin

The corre

— o — —~ — —~

=l s~

1
N
NOo
& -
_
o -
— \Ww/ B 1
8 o \2.0/
+ | 2$0 1)
~ = _ _
8 o \?.IO/
= =T g
Y _
™ | <H —~
—~ =
_ o
e + !
s _ — =
= ~ -~ 8
~— o 8 _|_7 N
= T = -
S . ~No
T k% = 2|5 4 7=
¥ I o oo ER
N = | /l_nl\ | /%\ ~NO
—~
2$0 = \2I0/) + \20) o =
| S SN~— | <2 ~
= — — = N+
Py I3 2$0 /C <
+ 2 S X | = Lﬂ.u
+ <t + — IW - = =
= + —_~ N— ) ) m
e == =
— 7 = 2 Tfww
W N = muc ~ — —
= _ .k = =
I R = No Qx D
~NOo nM + & —~< + +
| 2 | o N ~—
N /\UU Q 8 Rc < 2
8 /Mr\,\ R _ minéfv .mjin/‘mﬂb
Tz Te m_m m_m m_m1m4m S
0TI o I T Y e _
I ! __ __ I ! _7 I
~ < S~ S < N
3 8 ¥ S8 L3 R S8 S8



D1 Generalized Michel Functions 145

1m:m )
FI"P(:E):—§ ;121@ (1—|— 1—x3> Re(C7)jp/ 2% — 3,

14

” 1m;m /
Fip(r) = 525 £ (1 +4/1 - x%) Re (x(C’ i — 2xo(J+)jk) ,
{4

(D.1)

where the parameters are bilinear combinations of the coupling constants g;. , given by

1
(D = U RR) + 1Fre)inl* + 1Rl + 125w ?) + 30 LRk + 1(Fre)inl®) + (| (Frr)snl?
+ ()il + ()il + 1) ml?) + é Re | 12(fLp)ie(FLR)k; + 12(/Lr)i (FLr)ks

+ 8Kk (Pt — FER)an(FER)ly + 8UEDa( Ly + (L & R))

(s = 0+ B + o Ui — 2 Tal? + (R L) + e Re [ = (fEli
(FERiy + AUERa )ty + AUE Lk — AU LRty + (L B)],

(€)ix = 30 Ldsel? + 7o 2Rk + 6CTsel?) + 1l + 1T = o1 — 2 )
(R L)+ eRe |~ (Tl + o (s + 3 (s iy + 3L
(Pl + 2 UERe iy — (L & B)],

(€)= Sl + 1) — sk — 2Tl = (R e L) €5 Re [~ (Fia
Pk + LUk — sy + 3SRy — (2 & R,

) = 5 Rel(FEL )k T a5 )i+ (s (R0 + 6L )i0) + (Tl (2
(] + R[4 FH)is + 24T R + R i)l + 40
(il + (L B)|,

()0 = —i(|(f}§R)jk|2 + 4 (frr)anl? = 1(FLr)iwl” = ARl = 121(fLR)l*) — (R < L)
FeRe (Ui + 2S5 iy + (L)
i — (Lo R,

8

(€= 7 (R + A = Ea)inl? + 120l + 201 S + 16 Re(( )
(FF30)) + (R & L)+ eRe [ S5y + 5 Gl iy + () ()i
2R R + 3Rk + (o B,

")k = 5 Re (B LR A3 + 6(FL)30) — FLin(Fa)i) + (R & L)+ 5 Re [3(8(Fhui

1
+ 18/ LR (ks — FUEDFiniy — L fhdiy + (Lo R))],
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(%), = 5™ (UFst Ui 6UR30) = (R 21+l (S8 (e + O F)e)
—(L+ R,
() = (ot ) — (e 0+ el [ = S0Pkl ~ USR]

(50 = s Uty — 20 Lty — R — N () — 60Tl
£ (R L)+ e = 20l — 50wk i + 3w (T + 207
(FEhs = Ui )iy £ (L R)|,

O )ik =~ )in )+ (N5 + 20T + 20 hs Tty — 208w ()
£ (R 1)+ e = 2l + 5w + s (T + 48
LRy — Ay = (L B)],

(€)= UE Ui+ TR+ 6 = (R & ) e[ (ks + (5
(ks + (APt + 6Lk R0k + (L & R),

(€)= UEnUE Y — il )on + 6(FE)se) & (R & L) e[ () (20
+ (D — (i Pty — 6k an(FRoiy £ (L & B)).

(I )je = (FEr)in(FRL) 5 + (FLR)ie(Fan)ik + 2(fLr)ie (FrL) ik + A(FLr)n (fRL) 5k + € E(fffz)kj
(Vi + 5 SR (i + 5 TR (R + 5T (R + 20 e (T

(H )i = (fLn)in(FRr)jk + 40U 10)in(FrR) ke + (FER)ie(FRr )ik + 12(fLR) ik (fRL)

AT )i+ 2D — SRR + 30T TRk + 30

(f}gL)Zj + Q(fl‘,/R)jk(flgL)Zj + (L < R)|,
(D.2)

together with the normalization 1 = (1), = 16, where we defined the constants (f",);x as:

(ffL)yk: = QELVe’jVZ;w (ng)jk = g]%RUe’jng’
(fXL ik = gLLUé ]Uékv (fXR)jk = QKRW]-W};,
(ffR)]k = gLRVz’jUzka (fRL)Jk = gRLUz ]Veka (D.3)
(fXR)Jk = Q‘L/RUe’sz}km (fRL)Jk = RLVe jUZka
(fL L R)jk = QIT,RVe’jUZw (fRL)]k? = gRLUé jVZl;a
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The blue square brackets above are enclosing the Majorana contributions, which vanish

for null flag parameter, € = 0.
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Appendix E

W-Boson Propagator Corrections

E1l W-boson propagator corrections to the Michel

parameters

As previously discussed, the most recent corrections from the W-boson propagator to
the total and differential decay rates of polarized muons and tau leptons, as well as their
numerical impact, have been calculated in [129] and [186]. Here, we adopt these results
and compare them to the standard Michel distribution to extract the IW-boson propagator

corrections for each specific Michel parameter.

The energy-angle distribution of the final charged lepton in the decays of a polarized p~

or 7~ at rest is [129]:

’r GLMP xf
drdcosf 19273 1+ Sy (M, m)

{Sx — 22 +r*(3x — 4) + f(z) + 1y [22°

— 2 —=2r*(1+ 2 — 2"+ 1) —cos xB2z — 1 — 3r° + g(x) (E.1)

+ry 2l — 27“2)] + O(r{fv)}.

The functions f(z) and g(x) are the QED radiative corrections given, up to O(«), by
107]:

2 1-—
gf(x) = (6—4x)R(x)+(6—6x) In z+ 3I;E [(5+17x—34m2)(w—|—1n r)—22r+342° |, (E.2)
—27 11—z 9
—g(x) =(2 —42)R(z) + (2 — 6x) Inz — 2 [(1 + 2+ 342%)(w+Inx) + 3
i 41— 2 ' (E:3)
—Tr—322" + ——In(1 —az)],
T
where
—a" 1 1— 1
R(x) = 2; %—§7T2—2+w [g—i—an . $} —1nx(21nx—1)—|—<3 Inz—1-— E) In(1-—2),

(E4)
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and w = In(M/m).

The terms proportional to 7%, are induced by the 1W-boson propagator, where ryy = M /My
Also g = % = /1 —4r2/22 where r = m/M.

Focusing only on the leading W-boson propagator contributions, we obtain:

d’T G2 M° T
- 3u — 207 + 18, [207 — %] — cosf w20 — 1 + 1y 2] §.
drdcos 1923 1+3/5(M/Mw)2{x 2® + 1y [20° — 2] — cosO x 22 — 1+ 1}, 27

(E.5)

So that the Michel parameter, defined in terms of the energy spectrum (neglecting the x

dependence):

drl_ﬂ/ G;/MS 4 5
- 1- FVAC —2 1— Ay —
dxd cos @ 19273 24 6z(1 —2) + 3p( xr 337) Ex cosl e 5 T
(E.

6)
is given by:
v L3 B (ALY -
P> Peff =375 My ) :
where G?, = G%/(1 + dw(my, my)) and the remaining parameters have no further
modification.

Finally, to the best of our knowledge, the W-boson corrections for decays with a polarized
final-state charged lepton have not been computed previously. Here, we present their

expressions at first order in ry,, neglecting the xy dependence.

The final-lepton polarization contribution of the differential decay rate is then:

AUy G2,
drdcosf 6473

1
+ 6 {(2352 —x)+ r%vx?’} cos 0 cos qb}.

x{ — [éx(—Qm +3) + r%véx(zx - 1:2)} cos ¢ -

So that the Michel parameters, defined in terms of the energy spectrum (neglecting the
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xo dependence):

dFl_ﬂ/ . GZQZ/ME)
drdcosf 6473

x{—Fjpcos¢+ Fapcosbcos o}

G M°® 1 . 3
= x{—5—4x [95 <3—2x>+45<5—1><4x—3>} cosg (E)
byl - o+t - Dt - a0 costeosol.

are given by:

of =& =1+ (Mﬂw)Q
(- ve(o-2) =0+ ()

and the remaining have no modification.

(E.10)

However, it is interesting to emphasize that even if the p, £ and £) parameters appear
in both, the initial and final lepton polarization contribution, they are modified in an
independent way in each of those contributions. Then, we can not simple redefine each
Michel parameter with an effective and global modification, since we need to specify where

they appear in the differential decay rate.

To minimize the number of parameters in our expressions, we opt not to introduce
new effective parameters. Instead, we account separately for the W-boson propagator

corrections and the QED contributions [129] to the differential decay rate.
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Appendix F

Four-body Phase Space Notation

F1 4-body Phase Space

In order to avoid confusion, we define our differential rate notation for the process
U(p1) — v(p2)v(ps)l (ps)y(ps). Upon defining the following five independent variables of
the system, in the typical frame used in a four-body decay process (as can be seen in

Fig. 4 of ref.[141]), we have:

e 5,5 = (p2+p3)? and sy, = (ps + ps)?, the invariant masses of the v — v and ¢/ — v

systems, respectively.

e 0, (0y), the polar angle between the three-momentum of 7 (¢'), in the center-of-
momentum frame of the v — v (¢ — «y) pair, and the flight direction of the v —

(¢ — 7) system in the rest frame of ¢.

e ¢, the azimuthal angle described between the two planes defined by the v — v and

¢’ — ~ systems, in the rest frame of £.

We can write the differential decay width as

dl’ X/g,,l; / —_
= : M|2, (E .1)
dsy,deg/,yd COSs 9,,d COS Hg/d(b (4’/‘1 )677151 /SvSe~

with

A 27 vy o A vy 2a 2 A(ser ) 2’7 0
X = \/ (mf S Se "/) ’ /81/ = (S m,, ml/) 7 6@’ = (S( i mf ) 7 (F2>
ng 481,17 484/7

where X is the magnitude of three-momentum of v — v or ¢/ — ~ system in the rest
frame of ¢, while 3, () refers to the magnitude of three-momentum of the v (¢') in the

center-of-momentum frame of the vv (¢'v) pair.

It is convenient to rewrite the differential width in terms of £, and E; in order to obtain
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the energy spectrum of the neutrinos. Thus, we can do the variables change:

4 vV 2vv
ds,pdse-dcos B, = —%\/(EE —m2)(E2 —m2)dE,dE;d cos O, (F.3)

where ©,; is the angle between the three-momenta of both neutrinos, in the rest frame of
¢. We can also obtain the energy spectrum for the final charged lepton and the photon

with the following change of variables:

4771g1 /S0~ E

ds,pdsgdcosOp = — X e .

(EZ —m2)dEpdE.dcos Oy, (F.4)

where Oy, is the angle between ¢’ and +, in the rest frame of ¢.

Finally, neglecting all the final-state masses, as a good approximation, we get for the

neutrinos differential decay distribution:

ar>M 2 EEEyl e~
= e D |2 F5
dEudEyd COSs @V,jd Ccos 9@/d¢ m€(47-[-)6 E’Y € Z ‘M | ) ( )

Jk

where € = 1(2) for Dirac (Majorana) neutrinos. Here Ey and E., must be written in terms
of F; and E,, according to the energy-momentum conservation law. Note also that we are
taking into account all the possible neutrino mass final states and the sum extends over
all energetically allowed neutrino pairs. The 1/2 factor that appears in the Majorana case
has two different origins. For the £ = j case, it is due to the presence of indistinguishable
fermions in the final state; while for k£ # j, it arises because of double counting, since the
sum Y is not restricted to j < k.

Jik
Meanwhile, for the differential decay distribution involving the charged lepton and photon

energies we obtain:

DM
& Y (F.6)
dEpdE,dcos©pydcosB,dp  my(4m)s  Ep € m

where £ and £, must be written in terms of Fy and E, according to the energy-
momentum conservation law. These, in principle, are two different spectra and will be so

in any specific kinematic configuration.
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Appendix G

Back-to-back kinematics

G1 Back-to-back configuration

It is convenient to describe our phase space variables in the rest frame of the decaying
particle to avoid any confusion. First, we are going to denote p; as the momentum of the
i—particle in the corresponding center of mass frame for the relevant particle pair (v —
or ¢’ — =) and p; the corresponding momentum in the rest frame of the decaying particle.
Now, following Fig.[4]| of ref.[141], both momenta, p; and p;, are related by a Lorentz
boost in the Z direction. We define our boost in the 2 direction for the 4-momentum p),

and pl, as follows:

X2 X
1+ 0 0 N
. 0 1 0 0
M= 0o 01 0 G
X / X2
NG 0 0 14 2=
For p), and p. we use the Lorentz transformation:
X2 X
W1+ o 0 0 N
” 0 10 0
A*, = . - . , (G.2)

X X2
/1
/Szl,y 0 0 + SZI’Y

where we use the definition of X, s,; and sy, from the previous appendix. In general, we

can write the corresponding 4-momentum in the rest frame of ¢ as follows:

N w R
0 1 0 0 B, sin @, cos ¢ B, sin @, cos ¢
p2 = =
0 0 1 0 B, sin 8, sin ¢ B, sin @, sin ¢
\/i% 0 0 1—1—% 5, cos b, %—1— 1+§5VCOSHV

(G.3)



154 G1 Back-to-back configuration

JiI+2 00 A Vo et — X j, cosd,
0 1 0 0 — 0, sin 6, cos ¢ — 0, sin 6, cos ¢
p3 = =
0 0 1 0 —fB, sin 6, sin ¢ —fB, sin b, sin ¢
fw 0 0 ,/1—1—% —B, cosb, %— 1—1—%5,,0056,,
(G.4)
X2 X N \/W X
1 + S0 0 0 N ZZ il 5 mﬁel COS 0[/
» 0 1 0 0 /Bg/ sin 95/ Bg/ sin QK’
4 pr— p—
0 0 1 0 0 0
X X2 X X2
v~ 0 0 /1+ e — By cos Op —5 —4/1+ %B@ cos Oy
(G.5)
Syr 2
1+ s);/j 0 0 - %/7 SQew \/ Se ;JFX 4 ii/ﬂ{ Ber cos Oy
» 0 1 0 0 —Bgl sin 49(/ —Bgl sin 9(/
5 = =
0 0 1 0 0 0
X X2 X X2
NG 0 o1 B cos O -3 +4,/14+ %ﬁg/ cos Oy
(G.6)
Finally, we can apply the b2b constraint p, = —p3 or equivalently, due to energy momentum
conservation, p, = —ps. In this kinematic scenario it is easy to show that X = 0, which

is consistent with the fact that, in the b2b configuration, the boosts in eqs.(G.1,G.2) are
exactly the identity matrix, i.e., the center of mass frame of the v — v and ¢’ — 7 systems
coincides with the decaying lepton rest frame. Then, in the b2b case the three-momentum

of the final states can be written as follows

B, sin 6, cos ¢ — 0, sin 6, cos ¢

2= [Bysinf,sing |, 3= | —pf,sinf,sing |, (G.7)
B, cos b, —f,cosb,
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5@’ sin 98’ —ﬁgl sin (9@/
)y = 0 ; D5 = 0 . (G.8)
— By cos Oy B cos Oy

Here, it is essential to emphasize that the above equations fulfill the b2b constraint
(P = —p3 and py = —ps) for all possible values of (0y,0,,¢) and not only when ¢ = 0.
Thus, we showed cleverly that ¢ = 0 is not a constraint imposed by the b2b kinematics, as

suggested in [141], and it needs to be integrated over its full range.

Another important result arises from the definition of the angle # appearing in the
amplitude, which corresponds to the angle between the neutrino and the charged lepton.
From this definition, one can straightforwardly express ¢ in terms of the angles 6, 6,
and ¢ for the b2b configuration. Using the expressions for the three-momenta in the 52b

case, we obtain:

cos = Py - py = sin by sin @, cos ¢ — cos b, cos Oy, (G.9)

that shows the specific dependence of 6 on 6,, 8, and ¢. Other relations resulting from

—

pa = —p3 and py = —ps5 (neglecting the mass of the final-state particles) are

Sy = 4E37 Spry = (mf - 2Eu)27
m

B@’ - 7é - Ew 51/ = EI/7 (G].O)
@1/17 =T, @g/,y =T,

taking E1 = E2 = EV.

Finally, since in this b2b configuration the p>(—p3) and py(—ps) are two independent
vectors, they can always span a plane, i.e. they can always form a basis of a two-dimensional
space. This argument is used in the KMS method to claim that ¢ = 0. For completeness,
we work on this subject below and demonstrate that, even it is certainly true that these

two vectors span a plane, this condition does not fix ¢ = 0, as we just showed before.
How can we describe that plane?

Since in the ¢ rest frame, these vectors start from the origin of the coordinate system

(0, Y0, 20) = (0,0,0), then the plane spanned by the vectors p, and pj is given by the
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well-known equation:

(xvya Z) = )‘ﬁ2+yﬁ4a (Gll)
where A and v are just the parameters of the plane-equation (—oo < A, v < +00).

The following computation can be performed in any chosen reference frame; however,
for this discussion we continue to work in the system where 6, = 7/2, as in the KMS
method. In this frame, the plane equation can be written in its general form, which, after

straightforward simplification, yields:

(cosBp sin )z — (cos Oy cos @)y + (sin by sin )z = 0. (G.12)

It is thus evident that the b2b condition is satisfied for each value of ¢ and the corresponding
plane spanned by the vectors py and py is given by eq.(G.12). This reaffirms that ¢ =0
is not a condition fixed by the b2b scenario, and instead ¢ remains as an independent

variable that must be integrated over its full range.

To illustrate this plane condition, we show in Fig. G1.1 various examples with different ¢

and 8,:

(a) (b) (c)
a2 = /2 D —

Figure G1.1: Planes defined from (p5,p,) in the b2b for different values of ¢, 6.

e Diagram (a): For ¢ = 0 we get y = 0, which means that the plane is precisely the z — z
plane, which is in agreement with the KMS method, but is not the only option allowed by

the kinematics.

e Diagram (b): For 8, = 7/2 we get z = 0, which means that the plane is precisely the

x — y one, a configuration completely allowed by the kinematics.
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One can similarly consider all other possible configurations, such as diagram (c), etc. All
of them are consistent with the b2b constraints and with the fact that the two independent
final-state vectors span a plane, confirming once again that ¢ = 0 is merely an allowed

configuration rather than a condition imposed by the b2b kinematics.
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Appendix H

Four-body branching ratio

H1 Branching ratio computation for the 520

configuration

First, we compute the branching ratio for this b62b kinematic scenario using a seemingly
straightforward approach, which—without the proper considerations—can lead to
erroneous conclusions. We will then discuss this issue in detail and explain the correct

procedure to estimate this observable.

For a first consistency test, the total BR(¢ — ¢'viy) for the general kinematic configuration
was computed, being in perfect agreement with those reported by [187], giving us a

corroboration that our procedure was correct.

Now, as a first attempt, one might be tempted to estimate the b2b BR by integrating
over all the energy and angular configurations of the differential decay rates evaluated in
this kinematic case. Essentially, for the case ¢ = 0, integrating over the remaining energy

dependence of egs. (77, ?7):

1
BPM} = & / (AT |ay) dE, dEpd cos Oy . (H.1)
¢
Doing this, and cutting off photons below an energy threshold of 10 MeV in the decaying-

lepton rest frame, given by the experimental resolution at Belle [121] (achievable at Belle-1T

[188]) °2, we obtain:

BP(t=71)=TP /T, ~43x 1074,
BM(=7)=TY/T, ~24x 1074,
BP(t=pu)=T2/)T,~1.9x%x107%

(H.3)
BY(t=p)=TM/T, ~11x107%

52This threshold was 7 MeV at the Crystal Box experiment, in the search for u — eyy [189].
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which, in principle, is a result that could motivate even more its search and reflect the
advantages of this specific process (¢ — ¢'vv7y), since we do not have to deal with hadronic
form factors and the computed BR is much larger than the ones estimated in [141] for B

decays (B, ~ 107'2) and related processes.

Nevertheless, the estimated BRs in eqs. (H.2, H.3) appear problematic. First, they differ
between the Dirac and Majorana cases—an artifact of having set ¢ = 0—which contradicts
the DMCT theorem, since the neutrino variables must be integrated over when calculating
the branching ratios. This issue can be easily resolved by considering the full range of

variation of ¢.

The main problem is very notorious: Since the total BR(¢ — ¢'viy) is of the order
O(1072), it is hard to believe that a specific kinematic configuration, such as the b2b, is
only two orders of magnitude more suppressed than the general case. Then, for a complete
discussion of this problem we will comment on the specific reason why this BR estimation
is wrong, and also do the right computation for this case, which can be applied for any
other specific kinematic configuration in which one (or more) of the continuous phase

space variables is(are) fixed to specific value(s).

The width of a N-body decay can be seen as the hypervolume of the phase space weighted
by the dynamic condition (squared amplitude) of the specific process. This hypervolume
is determined by the specific range of all the continuous phase space independent variables,
which is specified by the minimum and maximum values they could take according to
energy-momentum conservation. If one (or more) of these variables take(s) a fixed value
in an specific kinematic configuration, an integration over a zero-range variable has to be
done in order to compute the theoretical BR, leading to a vanishing contribution for this

specific case.

In other words, once a continuous phase-space variable is fixed, the phase-space
hypervolume is reduced to a phase-space hypersurface. Consequently, the theoretical
estimation of the BR for that specific configuration is effectively zero. This aligns with
the intuitive notion that the probability of observing a single, unique configuration among

infinitely many continuous possibilities is null.

This does not mean that the differential decay rate is zero in that case. Actually, we
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can compute without further problems any differential distribution as long as the fixed
variables are not integrated. Then, the main problem of the estimated BR is that we
integrated over the already evaluated differential decay rate, leading to a number that does
not have a probability interpretation, since for the correct theoretical BR computation,
we first need the differential decay rate for the general case and then to integrate over all
phase-space variables, which range will be fixed by the specific kinematic scenario and the

energy-momentum conservation.

In particular, our notation first introduced in egs.(4.59), was precisely motivated to avoid
this possible confusion. It provides evidence that, once the decay rate is already evaluated
in a specific kinematic scenario, we can not integrate over the kinematic variables fixed by
the 62b condition and interpret the result as a probability, specifically as the BR of the

b2b case, that could lead to a (much) larger value than the real one.

Finally, since the experimental resolution is finite, no variable can be strictly fixed in
practice. Therefore, it is well-defined to estimate a non-zero BR for the b2b configuration
by considering a small range of variation around the theoretically fixed variables,

corresponding to the experimental resolution.

Then, to estimate the real BR for the experimental 02b case, without fixing ¢ and using a
proper method for this estimation, we have to do the following: First we integrate over the
remaining neutrino’s variables (6, and ¢) in eq.(F.6), which are not fixed by any kinematic

condition, leading to a decay rate that depends only on the electron and photon energy,

dr’

together with the angle between them (m
N

>, in the general kinematic case.

Then, using this differential decay rate, we can apply the experimental energy and angular
resolution®® to integrate over the “pseudo” b2b case, i.e. an infinitesimal phase-space region
that will be indistinguishable from the theoretical b2b case by the experiment, as shown
in figure H1.1, where the energy of the final charged-lepton and the photon are equal, up
to the energy resolution (Ey — AE < E, < Ey + AE), and the angle between them is 7,

up to the angular resolution (7 — A8 < 6y, < ).

Since we are not evaluating the differential decay rate at a specific kinematic configuration,

we can safely interpret this result as an occurrence probability. Moreover, because

53We use AE=0.01E,, Af=10mrad and AE=0.04E,, A@=13mrad for the muon and tau experimental
resolution respectively, as reported by Mu2e [190] and Belle-II [188] experiments.
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O(mrad)

Y

Figure H1.1: Experimental 620 configuration in the initial charged-lepton rest frame.

the integration region includes the theoretical b2b configuration, the corresponding BR
obtained from the integration will necessarily be larger than that of the theoretical b2

case alone.

Doing this, cutting off photons below an energy threshold of 10 MeV in the decaying-lepton

rest frame, we estimate the following BR for the experimental 62b case as follows:

Bges (By+AE en dr
0),., =
( )b2b /min Eel*AE /ﬂ'Aa dEg/ dE,yd COS (—)Z”Y

Z/

dEg/dEn/d COs @g/n/7 (H4)

getting the results:

BR( = T)y = (I'),,, /Ty = 1.68 x 1071,
(€= T)o2o = ('), / (H5)
BR({ = )z = (T)yy /T ~ 1.34 x 10717,

As we can see, these branching ratios are many orders of magnitude smaller than those
obtained using the KMS method in (H.2) and (H.3). Furthermore, the calculated BR is
identical for Dirac and Majorana neutrinos, in agreement with the DMCT theorem, and

fully consistent with our previous discussions.
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Appendix 1

Muon g-2 in the SM

I1 Anomalous magnetic moment of the muon

The anomalous magnetic moment of the muon is a privileged precision measurement,
which sets stringent constraints on new physics. In early times, and together with the
Lamb shift, its electron analog was instrumental to build our understanding of quantum
field theories at the loop level. Almost 80 years later, it continues to be at the forefront in

the understanding of matter at the most fundamental level.

The anomalous magnetic moment of a charged lepton is defined as a;, = (g0 — 2)/2,
measuring a purely quantum effect, as the gyromagnetic factor, g, is exactly 2 according
to the Dirac equation. Notwithstanding, it gets corrected by quantum effects, being the
leading contribution given a photon loop, first calculated by Schwinger, giving the result
a; = a/(27) + O(a?), universal for all lepton flavors, which sets the size of the effect as

~ 1 x 1073, a result that has not yet been tested for tau leptons, due to their fast decays.

The situation is much better for electrons and muons. Although a. is measured more
precisely than a,, the sensitivity to new physics typically scales as that of the weak
contributions, afNP’Weak ~ m?/A?% as a function of the characteristic scale, A. Taking both
facts into account, although a, is measured with an amazing uncertainty of 12 x 107 [9],
the error on the world average for a,, 15 x 107! [33], [34], [35], [191], makes the muon
approximately 40 times more sensitive to NP effects than the electron. Theoretical
uncertainty on the SM prediction for a, is negligible, which is not the case —unfortunately—
for a,. As we will see, this weakens a bit the possible reach on NP of a,, (that is still ~ 20

times better than the electron), which calls for refined SM calculations in the coming

years.

The accuracy of the a, measurement is driven by the last result published by the FNAL
collaboration [191], yielding

a2 = 116592071.5(14.5) x 107!, (L1)
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which has reduced the uncertainty of the BNL result [35] by a factor ~ 4. A slight
improvement of this precision is expected from the results of the dedicated J-PARC

experiment [192] at the beginning of the next decade.

The principle of these measurements rests on an intense proton beam hitting a target and
producing numerous pions, which later on decay mostly to (highly-polarized) muons, that
are stored magnetically in a ring (the BNL one was recycled for the FNAL experiment).
Thanks to their relativistic nature, one can measure precisely the e (momentum and spin)
of their Michel decays. Since the muons are subject to an extremely uniform magnetic
field with cyclotron frequency w., the muons would describe circular orbits with spin
and momentum perfectly aligned, rotating at this frequency, if g were exactly 2. On the
contrary, the difference g — 2 is directly proportional to the anomalous precesion frequency
by which the spin rotates mildly faster than the momentum. Through a terribly precise
knowledge of the applied magnetic field (with numerous minute corrections to warrant
its homogeneity), a, is directly determined from this oscillation phase, fit to the decay

pattern of millions of muon decays every hundred ns.

In contrast, the theoretical accuracy of the SM prediction has decreased from 43 x 10~
the White Paper 1 (WP20) [36] to 62 x 107! in its second edition (WP25) [43]. Let us
briefly review how this happened.

Changes in the five-loop QED prediction were minor, with the uncertainty at the level
of 0.2 x 107, contributed quite evenly by the estimated six-loop result and by the
experiment used to set the value of a. This resulted in [193], [194], [195], [196], [197],
[198], [199]

a2 W = 116584718.8(2) x 1071 (1.2)

0.1 x 107! smaller than in WP20, that was the uncertainty quoted for this piece in 2020.

The electroweak contribution is computed to two loops. Its WP25 value [200], [201], [202],
[203],
a; VWP = 154.4(4) x 1071, (L.3)

has reduced the uncertainty by 60% with respect to the WP20 result, 153.6(1.0) x 107,
which is compatible with the current number. This reduction of the error is mostly thanks

to better control of hadronic EW uncertainties, with the remaining error basically shared
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by second-generation quark contributions in a(n anomalous) triangle connected to yyZ

bosons and by unknown three-loop corrections.

SM

At the current precision, the uncertainty of a;

comes completely from hadronic
contributions, which correspond to QCD corrections evaluated with at least a relevant
energy scale in the non-perturbative domain of the strong interactions. These correspond to
the hadronic vacuum polarization (HVP) and hadronic light-by-light (HLBL) contributions,
starting at orders O(a?, ), respectively. In a}/¥", the exchanged photon in the Schwinger
diagram is attached to a quark-antiquark loop. In aELBL the four photon legs are connected
to an intermediate quark loop, with three of them attached to muon lines and the other
one being the external (real) photon. For WP20, the error associated to the HVP basically
doubled the one for HLBL, 40 and 18 in 107! units. Recent developments have reduced

the latter to 10 units, while the HVP uncertainty quoted in the WP25 has increased to 61.

HLBL,LO

We will continue with a,

, see section 5.2, and then finally discuss aV"© and the

compatibility between the SM prediction ** and the measurements.

For WP20 lattice QCD results were not competitive with the data-driven determinations
of aj"Pl, with uncertainties of 35 and 19 x 10~'!, in turn. Lattice evaluations have
improved dramatically since then, reaching a present uncertainty of only 9.0 units [207],
[208], [209], [210], [211], commensurate with the phenomenological one, of 8.8 x 107! [159],
[160], [200], [212], [213], [214], [215], [216], [217], [218], [219], [220], [221], [222], [223], [224],
[225], [226], [227], [228], [229], [230], [231], [232]. However, they are in moderate tension
(1.50),

aleLBLLOJattice = 122.5(9.0) x 1071, (L.4)
aELBLLO,phenomenology — 1033(88) X 10—11’ (15)

which makes their combined error slightly larger than the individual ones [43],

ay PO WP = 112.6(9.6) x 107 (1.6)

On the data-driven side, progress has focused mainly in the understanding of how short-

?'To obtain aj™ one also needs to add the subleading pieces, which amount to ajV"N:O =

~99.6(1.3) [164], [204], alTVP-NNLO = 12 4(1) [205], and a}/*B%NLO = 2.6(6) [206], everything in 10~

units.
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distance QCD restrictions on the HLBL tensor apply, as well as in the related contributions
from higher-mass states [161], [200], [215], [216], |217], [218], [219], [220], |223], [224],
[225], [228], [229], [230], [232], [233], [234], [235], [236], [237], [238], [239], [240]. Further
improvements along these directions are expected to reduce the discrepancy among
the lattice, (I.4), and phenomenological predictions, (I.5), and thus the error of their

combination, eq. (I.6).

The WP20 result for a}¥" was based on the data-driven evaluations using o(efe™ —
hadrons), yielding

ay POV = 6931(40) x 107, (1.7)

which was however challenged by two results appearing by that time, the BMW lattice
QCD collaboration obtained [40]

a, VP EOPMWEO — 7072(55) x 107, (L8)

and the tau-based determination was [37]

ay VP FOMI = 7057(41) x 107" (1.9)

Both were not used to get the WP20 SM prediction. On the one hand, there was not
another lattice evaluation with similar precision to scrutinize systematic BMW errors. On

the other, tau data was considered not competitive with the ete™ measurements.

The picture changed drastically with the publication of the CMD-3 eTe™ — 77~ data [41],
42]. If taken as the only input for the leading 77 contribution to a;; ", CMD-3 would yield

aEVP LO,CMD3-23 _ 713

the old KLOE [241]-BaBar [242] tension to the level of discrepancy (particularly between

(4)x 1071 even larger than the predictions above. This exacerbated

KLOE and CMD-3), in which the different datasets could no longer be combined to obtain

+
qHVP.e

o " —based " Meanwhile, lattice QCD evaluations with comparable precision to the

BMW result were achieved by different groups, and showed a nice agreement, that allowed
their combination, to get [40], [243], [244], [245], [246], [247], [248], [249], [250], [251], [252],
[253], [254], |255], [256], [257], [258]

ap PEOWEE — 7132(61) x 1071 (1.10)
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A 7-based number, 7045(62) x 107!, based on refs. [39], [259], was quoted in WP25 (see
also ref. [260]), but not combined with the lattice determination *°. With eq. (I.10) as
input, the WP25 quotes

aM WP = 116592033(62) x 107" (1.11)

On the experimental side, successive results from the FNAL experiment [33], [34], [191]
have only become more precise, keeping fine compatibility among them. As a result,
the 5.10 discrepancy that was obtained from the WP20 number and the FNAL runs 1-3
measurements, is now reduced, using the WP25 SM prediction, (I.11), and the world
average for a5®, (I.1), to a very nice compatibility, Aa, = af® — aiM =39(64) x 10711,

setting stringent constraints on NP contributing to a,,.

55This may change in the future, depending on the assessment of the understanding of the required
isospin-breaking corrections. Also eTe~ data could be used again if their current inconsistency is
solved. Finally, the precise measurement of pe scattering at the MUonE experiment [261] will provide a
complementary (space-like) determination of aEVP’LO that can be useful to refine the SM prediction.
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Appendix J

Rare Higgs Decays

J1 Higgs decays h — utu~ ++/7

In this appendix we take advantage of the fact that, due to the large number of produced
Higgses®, it is possible to study some rare decays, such as h(p) — pu*(p1)u~ (p2)v/Z(ps),

which are produced by the same operators we previously analysed in 5.1.

Taking into account the HEFT and SM tree-level amplitude, the contribution to the
decay h — pu* ™y is exactly the same as the SMEFT case, since no other HEFT operator
contributes, upon the global a, parameter that could increase the total BR at most by

a factor five. Considering a, = 5, leads to a maximum value of BR(h — ptp=y)np &

4 x1079.

Meanwhile, for the decay h — putpu~Z, we can study the effect that the NP under
consideration could have, where all the HEFT operators contribute. In this case, the

differential decay rate contributions are (invariant masses are defined in eq. (J.11)):

e Leading term in the SM:

dr gZm%(8sin*fy — 4sin®Oy, + 1) ( - A . )
dmidmsy  256m3mv?(mi; +miy —mp)? mpymyz + 2myz — 2mz(mis + 1ma;)
e Operator N :
dr’ _ _O_% (mpm3y —my 4+ m7(m3s +mis) — 2misma,) (J.2)
dmizdms, A2 32m3m3 : :

e Operator NV}’ (this one does not bear a suppression factor oc 1/A, making it the largest

56 A total of @(10%) Higgs bosons for a v/30 TeV Muon Collider with 90 ab™! of integrated luminosity.
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purely new physics effect, although much smaller than the SM-AJ" interference):
dr C?

2.9 4 2/ 2 2 29
dmZ,dm?, = 256 mimy (mhmz +2my — 2my(mis + ma3) + m13m23> - (1.3)

e Operator N} :

dl’ _ C_Z (mi + m2Z - m%i’) - m%S) ((m%S + m53)2 - 4m}21m2Z) (J 4)
dm2sdm3, A2 512m3mim? ' '

e Operator V§' :

dl’ C? 1
dm?,dm3, :A_g 512m3m3m?% (4mim2z + mi( — dmiy — 43y (i +m3;)
+ (m33 — m%3)2) + my(mis + 6migmis + mas) — (M35 — mis)?
(s +my)) (1.5)

e Interference N, —SM (numerically suppressed, both by the muon mass and because
4sin®*0y ~ 1):

dl’ B R€<CZ) gzmy,
dm?,dms, A

(4sin’fy, — 1) < 4/ 9. 9 )
64mmj; v migm3y(mis + mis — mj) (i (i = 1)

- mij,m%g) +my (m%mgg) (mis + mis) — my(mis + 3migmis + mg:a))

+ 2mEmiymd, (2(mdy +mdy) - 3m%) )

(1.6)

e Interference N — N{}' (this is the only non-vanishing interference which is purely
beyond the SM °7, and thus suppressed):

dr __@@+@@(

2 (4?2 2 2
= my —mij; —m
dm?2,dms3, 12813 A%m;; nirz 13 2

) = m(mdy + my) + (m, — m3)?)

(J.7)

e Interference NV}’ —SM (there is no parametric suppression o< 1/A in this term, which

5"We do not consider purely beyond the SM interferences that are additionally suppressed by the
muon mass.
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is potentially the largest new physics effect):

dF - —CQngiHQQW
dmiydms; 64 miv(my; — mi; — m3;)

(J.8)

e Interference N} — SM (suppressed by the muon mass)

ar —gzm,, Im(Cy)
_ L 4 4, 2 2 2 2.2 2 2 2
dm2.dm2.,  256m3A2m3mZom2.m2 (mhmZ(ml?’ +miz) — mzmizmas(myz + maz)
13053 B Z VM 3M53

o+ {my (i + m3y) — m (m3, — mi,)? = mymd (mi, +mi)})

(J.9)

e Interference N}’ — SM (again suppressed, because of m, and 4 sin?fy ~ 1):

ar gzm,(4sin®0y, — 1)Re(Co)
dmisdm3, 256w Amivmism3,(mis + mis — m3

) X (mg(m% + mgg)

— mi(mdy + my) (m + 2mdy + m3y)) + mi{md(mdy — 6mimd, + mi,)

+ (mis 4+ m33) (m%3 + 4mism3s + m§3) } — 3mismig(mis + m3s)

(—2m2Z + mi,; + m§3)> ) (J.10)

We only took into account the leading order contributions, at most proportional to the
lepton mass or quadratic in the HEFT coeflicients. Also the substitution of the coefficients
in eq. (5.16) has to be done. The Mandelstam variables were defined as follows

mis = (pu- +pz)* = (pn — pur)’s 1)

mas = (P +p2)" = (on — =)™
Once integrated, considering A ~ 100 TeV, the estimated values of every contribution to
the BR(h — ptp~Z) are shown in table J1.1, where we first report the values without
fixing the HEFT coefficients and then show the numerical results from taking |C¥| = 10~*
and a; = 1, which is an optimistic approach where a large value of the Wilson coefficient

is selected.

As can be seen from table J1.1, all the NP contributions are highly suppressed and

(m,%mQZ + Qmé - QmQZ(mi& + mgi&) + m%zzm%z’)) .
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Operator BR(h — ptu~2) |CBZ"}|%(:h i)}lijl;il
SM (Leading term) 7.66 x 1071 7.66 x 107%
NI —SM —2.52 x 1073 C¥ay —2.52 %1077
NL—SM —5.95 x 1071 —5.95 x 10711
NT 5.29 x 1073|CF]2a2 5.20 x 1011
NE 9.02 x 1013 9.02x 10"
NF—SM —756 x 100 Im(CF)ag | —7.56 x 10713
NI—SM 6.93 x 10 9 Re(CM)aq 6.03x 10 1
N — NT 2.08 x 10~ Im(C¥)aq 2.08 x 107 ™
NT 1.22 x 108 CF]Pa2 1.22x 10716
N} 2.15 x 107 10|CY|?a3 2.15 x 1071

Table J1.1: Estimated BR(h — p*p~Z) contributions within the HEFT approach.

many orders of magnitude below the SM leading term °8

, even for the most optimistic
HEFT-coupling cases. Thus, the main conclusion given in [144| for the SMEFT case still
holds here, being that the current muon g-2 anomaly cannot be tested at a muon collider

through this decay process *°.

These results were somewhat expected, since the main advantage of the NP scattering
process is that it grows with energy and thus can become dominant over the SM cross-
section at a very high-energy collider, in contrast with the decay process, fixed at the

Higgs mass scale.

Then, the HEFT contribution in the h — p*pu~ + /7 channel is still too small to be
observed, being the scattering process the most promising scenario to test the g-2 NP
contribution in a model-independent way, highlighting the potential of a muon collider in

high-energy physics.

58All of them are consistent with our previous explanations on their particular suppressions.
®9The interference N}'—SM term could be accessible only if high statistics were achieved in a future
muon-collider and all relevant radiative corrections for the SM contribution to that order were known.
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