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Abstract

This thesis has centered on applying Effective Field Theory (EFT) frameworks to study

neutrino phenomenology across various processes, as well as exploring the implications of

new physics (NP) for the muon g-2 anomaly. In addition, we have computed high-precision

calculations of hadronic light-by-light (HLbL) contributions to the muon g-2 within the

Standard Model (SM). The ultimate goal of this work is to identify alternative processes

and potential measurements that could complement or extend existing efforts, such as

neutrinoless double beta decay, in the search for NP and the answer of some intriguing

problems as the nature of neutrinos. In the following, I will provide a general overview of

the works [1], [2], [3], [4], [5] and discuss the direction of future research.

Keywords – Effective field theories, Michel parameters, neutrino interactions and nature,

muon g-2.
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Resumen

Esta tesis se ha centrado en aplicar formalismos de teorías cuánticas de campo efectivas

(EFT, por sus siglas en inglés) para estudiar fenomenología de neutrinos mediante diversos

procesos, así como en explorar las implicaciones de nueva física (NP, íd.) de la anomalía

en el g-2 del muón. Además, hemos calculado contribuciones de alta precisión a la

dispersión luz por luz hadrónica (HLbL, íd.) al g-2 del muón dentro del Modelo Estándar

(SM, íd.). El fin último de este trabajo es identificar procesos alternativos y medidas

potenciales que puedan complementar o extender los esfuerzos actuales, como las enfocadas

al descubrimiento de desintegraciones doble beta sin neutrinos, en busqueda de NP, y

la respuesta a alguno de los problemas abiertos intrigantes, como la naturaleza de los

neutrinos. En lo sucesivo, proporcionaré una introducción general a los trabajos producto

de esta tesis [1], [2], [3], [4], [5] y discutiré posibles direcciones de investigaciones futuras.

Palabras clave – Teorías efectivas, parámetros de Michel, naturaleza e interacciones de

neutrinos, g-2 del muón.
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Chapter 1

Introduction

One of the biggest and more challenging dreams of humans as a species is to understand

the laws of nature. Since we were little children, curiosity has been an inherent quality we

possess. Questions about everything we see and experience arise spontaneously: Why is

the sky blue? Why is the grass green? Or even, why are we not yet able to formulate a

complete quantum theory of gravity? (For the more curious).

Thanks to the giant efforts of the scientific community, we have been able to answer some

of these questions, but the task is far from complete. From a more fundamental point of

view, the Standard Model of Elementary Particles (SM) [6], [7], [8] is the most successful

theory describing nature by studying the fundamental particles and their interactions.

It has been tested many times, with ever-increasing precision, and remains consistent

with experimental data [9]. Nevertheless, the SM does not explain everything, such as

gravity interaction, neutrino masses or dark matter, mainly because this phenomena is

not encoded in its prescription. All of these motivate the search for new physics (NP)

that is beyond the SM.

One of the main experimental strategies in the search for a fundamental description of

nature which goes beyond the SM is to perform high precision measurements where an

observed discrepancy with the SM would reveal the signature of NP. For this purpose,

muon and tau leptons are specially important, where many precision measurements can

be made, see e.g. [10], [11], [12].

Investigations involving muon decays not only determine the overall coupling strength

but also reveal the Lorentz structure characterizing weak interactions. Additionally,

they impose extremely stringent constraints on processes that violate charged lepton

flavor (LFV). Furthermore, measurements of the anomalous magnetic moment of the

muon provide exceptional sensitivity to potential deviations from the Standard Model

and to the predictions of various beyond-the-Standard-Model scenarios. Overall, the

remarkable precision and sensitivity achieved in muon-based experiments make this lepton
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an outstanding probe for testing the Standard Model with high accuracy.

In contrast, experiments involving the tau lepton lack the same level of precision as those

performed with muons. Nevertheless, the tau possesses distinctive properties that make

it equally relevant in the search for new physics. In recent years, thorough analyses of

higher-order electroweak corrections and QCD effects have elevated tau physics to the

realm of precision testing. The purely leptonic and semileptonic nature of tau decays

offers an excellent framework for probing the structure of weak currents and verifying

the universality of their couplings to gauge bosons. Additionally, since the tau is the

only lepton massive enough to decay into hadrons, its semileptonic decay modes serve

as an exceptional means to investigate strong interaction phenomena under remarkably

clean experimental conditions [10]. Finally, since one naively expects the fermions to be

sensitive to the possible NP proportionally to their masses, the large tau mass allows one

to investigate NP contributions, through a broad range of kinematically-allowed decay

modes, complementing the high-precision searches performed in muon decay.

In this thesis we are specially interested in exploring two main topics: neutrino interactions

and the anomalous magnetic moment of the muon, throughout precision tests analysis

within the effective field theory (EFT) approach.

Regarding the first topic, a central open question in contemporary particle physics is

whether neutrinos are Dirac or Majorana fermions. Resolving this issue is essential not

only for understanding the origin of neutrino masses but also for determining which

physical processes are permitted or forbidden. Various experimental approaches have been

proposed to investigate the fundamental nature of neutrinos, among which the search for

neutrinoless double beta decay (0νββ) stands out as the most promising [13], [14], [15].

There are alternative possibilities, such as lepton number violating processes [16], [17], [18],

[19], [20], [21], [22] or lepton flavor changing decays [23], most of them motivated by the

propagation of massive heavy neutral leptons. Moreover, many searches for the neutrino’s

nature are also conducted within the framework of cosmology, including cosmic neutrino

capture via tritium [24], the evaporation of primordial black holes [25], the cosmological

effective number of neutrino species [26], [27], and more [28], [29], [30], [31].

It is however extremely challenging to distinguish experimentally between Dirac and

Majorana neutrinos, since any observable difference between both neutrinos nature is
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always suppressed by some power of mν/E in theories with V − A interactions such as

the SM. As stated by the “practical Dirac-Majorana confusion theorem” (DMCT) [32],

valid when the unobservable neutrinos momenta get fully integrated out.

Then, two main alternatives, which are studied in detailed in this thesis applying an EFT

analysis to a broad of muon and tau processes, are possible:

-If neutrinos possess interactions beyond those predicted by the Standard Model, high-

precision measurements could provide valuable insights into both their intrinsic nature

and potential new physics contributions.

-Given that neutrino momenta cannot be directly measured experimentally, find a method

to infer them. Such an approach should preserve the distinctions between Dirac and

Majorana neutrinos independently of the exact neutrino mass, provided that the neutrinos

are not strictly massless.

Now, for the second topic, the muon’s anomalous magnetic moment has garnered

considerable interest within particle physics, primarily because of the long-standing

tension between its experimentally measured value and the predictions provided by the

Standard Model. The latest measurements by the Muon g-2 collaboration at Fermilab

[33], [34], when combined with earlier results from the Brookhaven E821 experiment [35],

indicate a deviation of 5.1σ from the SM prediction [36]

∆aµ = aexp
µ − aSM

µ = 249(48)× 10−11. (1.1)

Moreover, theoretical predictions themselves exhibit some tension, particularly in the

determination of the Hadronic Vacuum Polarization (HVP), which can be estimated

through various approaches. One commonly used method relies on e+e− data-driven

analyses, leading to the previously noted 5.1σ discrepancy. In contrast, estimates based on

τ data-driven approaches [37], [38], [39] or lattice QCD calculations [40] significantly reduce

the tension between theoretical and experimental values to 2.0σ and 1.5σ, respectively. The

latest CMD-3 measurement of σ(e+e− → π+π−) [41], [42] also points in this direction 1.

1This trend has been confirmed by publications appeared after those contained in this thesis. The
final measurement from FNAL reduced the experimental error to 15× 10−11. Slightly before that, the
second White Paper by the Muon g-2 Theory Initiative (to which the author belongs) updated the SM
prediction [43], in such a way that now it is compatible with the world average within less than a standard
deviation, ∆aµ = aexp

µ − aSM
µ = 39(64)× 10−11.
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As the uncertainty in aexp
µ is expected to decrease further in the future,it becomes

increasingly important to improve the theoretical calculations in order to clarify whether

the observed discrepancy signals new physics. Consequently, efforts are ongoing to refine

the various contributions, with particular emphasis on the hadronic components—the

Hadronic Vacuum Polarization (HVP) and hadronic light-by-light (HLbL) terms—which

constitute the dominant sources of uncertainty. The precision of QED and Electroweak

determinations are two and one order of magnitude more accurate than the hadronic ones,

respectively. The HVP data-driven computation is directly related to the experimental

input from σ(e+e− → hadrons) data. HLbL in contrast, requires a decomposition in all

possible intermediate states.

To this end, we present two main contributions. First, we perform a high-precision

calculation of the HLbL scattering contribution within the SM, focusing specifically on

the proton-box diagram. This constitutes the first reported baryonic contribution to

aHLbL
µ . Second, we investigate potential new physics (NP) effects in aµ by analyzing

high-energy lepton pair annihilation cross sections within the more general Higgs EFT

(HEFT) framework.

The thesis is structured as follows: in Ch. 2 and Ch. 3, we briefly introduce the main

concepts about the SM formulation and the EFT framework. Ch. 4 addresses neutrino

interactions. The analysis of NP effects, through the inclusion of the most general Lorentz

structure within the EFT approach for the processes ℓ→ ℓ′ν̄ℓ′νℓ and νe→ νe is presented

in detailed in Sub Ch. 4.1 and Sub Ch. 4.2, respectively. In Sub Ch. 4.3, we discuss

the alternative method of inferring neutrino momenta in order to distinguish the specific

nature of neutrinos within the SM, focusing on the ℓ→ ℓ′ν̄ℓ′νℓγ decay. The second main

topic, concerning the muon g − 2, is covered in Ch. 5, where the NP contributions within

the HEFT framework are analyzed in Sub Ch. 5.1, and the precision calculation of the

HLbL proton-box contribution is presented in Sub Ch. 5.2. Finally, a brief comment on

the current works in progress are made in Ch. 6, and our conclusions are summarized in

Ch. 7. Several appendices complement the main material of the thesis.
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Chapter 2

Standard Model

The SM is the most successful theory we have ever had to describe nature, where gauge

invariance plays an indispensable role to determine the dynamical forces among the

fundamental constituents of matter. Nevertheless, it is far away from the so-called Theory

of everything and precision tests are needed for the search of the possible NP that is

beyond. In this chapter, we briefly discusse the particle content, structure and symmetries

of the SM.

2.1 Introduction to the SM

The SM is a renormalizable quantum field theory (QFT) that is used to describe

fundamental particles and their interactions. Specifically, it is a gauge theory, based on

the symmetry group SU(3)C ⊗ SU(2)L ⊗ U(1)Y , that describes the interactions via the

exchange of the corresponding spin-1 gauge fields. Its Lagrangian also possesses Poincaré

and CPT invariance, together with some additional symmetries, not postulated at the

outset of its construction, collectivity denoted as accidental symmetries, such as baryon

number, lepton number, custodial symmetry, etc.

The gauge group describes strong, weak and electromagnetic interactions with eight

massless gluons, three massive bosons (W± and Z) and a massless photon as the

corresponding gauge boson mediators, respectively. The remaining fermionic matter

content will be discussed in more detail in the next section.

Within the framework of quantum field theory, all gauge bosons, as well as fermionic

and scalar fields included in the Standard Model, are defined at every point in spacetime.

The Standard Model Lagrangian density, LSM , governs the dynamics of these fields,

incorporating their kinetic terms and mutual interactions through appropriate coupling

terms. When the most general Lagrangian is constructed assuming massless neutrinos,

the resulting dynamics depends on 19 parameters, whose numerical values are determined
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through experimental measurements. The compact form of the SM Lagrangian is concise

enough to fit on a coffee mug -a popular item for science outreach-. However, its full

explicit expression, as detailed in [44], is significantly more complex and rarely used in

conference presentations to inspire young scientists to pursue research in particle physics.

Within this elegant theoretical framework, we are able to describe the known experimental

facts in particle physics with high precision, constituting the SM one of the most

successful achievements in modern physics. A detailed treatment of the formal aspects of

this construction lies beyond the scope of this brief introduction, but comprehensive

explanations can be found in numerous research articles and textbooks, which are

specifically designed to provide a clear and technically sound introduction to the Standard

Model at both undergraduate and graduate levels, see e.g. [45], [46], [47].

2.1.1 Particle Content

In the current view, all matter is made out of three kinds of elementary particles: leptons,

quarks and mediators (gauge bosons), as seen in Fig.2.1. The fermionic matter content

Figure 2.1: SM particle content.

(leptons and quarks), is organized in a three-fold family structure, each quark appearing

in three different colours 2:νe u

e− d′

 ,

νµ c

µ− s′

 ,

ντ t

τ− b′

 , (2.1)

2The prime below identifies the quark weak/flavor/gauge eigenstate. One could proceed similarly for
neutrinos whenever their masses are non-negligible, see 4.
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where the notation, following [48] , is

νℓ qu

ℓ− qd

 ≡
νℓ

ℓ−


L

,

qu

qd


L

, ℓ−R, quR , qdR, (2.2)

together with the corresponding antiparticles. The left-handed fields, denoted by a

subindex L, are SU(2)L doublets, while their right-handed partners, denoted by a subindex

R, transform as SU(2)L singlets. The three fermionic families appear to have identical

properties (gauge interactions); they differ only by their mass and their flavour quantum

number.

As already discussed, every interaction has its mediators; the photon for the electromagnetic

force, two W ’s and a Z for the weak force and eight gluons for the strong force. Finally, to

explain why some particles have mass, the so-called Higgs mechanism [49] was proposed [50],

[51], [52], [53], which requires the existence of a spinless particle.

Specifically, the gauge symmetry is broken by the vacuum, which triggers the spontaneous

symmetry breaking (SSB) of the electroweak group to the electromagnetic subgroup:

SU(3)C ⊗ SU(2)L ⊗ U(1)Y
SSB−−→ SU(3)C ⊗ U(1)QED. (2.3)

Thus, the SSB mechanism generates the masses of the weak gauge bosons, and gives rise

to the appearance of a physical scalar particle in the model, the so-called Higgs boson.

This particle was was discovered in 2012 by the ATLAS and CMS experiments at the

Large Hadron Collider (LHC) at CERN [54], [55].

Including their corresponding antiparticles and accounting for the three color charges of

each quark, the Standard Model encompasses 12 leptons, 36 quarks, 12 gauge bosons, and

a single Higgs boson, for a total of 61 fundamental particles (see Fig.2.2). Despite this

large number, these particles are highly interconnected. For instance, the eight gluons

differ only in their color combinations, and the second and third generations of fermions

replicate the properties of the first generation.
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Figure 2.2: Full particle content of the SM.

2.2 Beyond SM

The SM provides a very elegant theoretical framework, which is able to describe the

known experimental facts in particle physics with high precision, but it does not explain

everything. There are some physical phenomena that motivate the research of new physics

that is beyond the SM.

Here we list some of the most important unsolved problems in fundamental physics that

lie beyond the SM formulation:

• How to unify all forces, including gravity, in a consistent theory?

• Why do its 19 parameters have the values that we measure?

• Why are there three generations of particles?

• Why is there (much) more matter than antimatter in the universe?

• Does dark matter even consist of new particles? Where does it fit into the SM?

• Are neutrinos Dirac or Majorana fermions? What is the mechanism by which they

acquire mass?

The pursuit of a fundamental theory that extends beyond the Standard Model is guided by

two complementary experimental strategies. The first involves constructing increasingly

powerful colliders, such as the Large Hadron Collider (LHC) at CERN, capable of probing

matter at unprecedented energy scales. The second strategy relies on conducting high-
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precision measurements, where any observed deviation from Standard Model predictions

could provide a clear signal of new physics [11].

In this thesis, we implement the second strategy across various processes, where theoretical

analysis of these deviations can be performed using effective field theories (EFTs), which

are one of the best tools to test NP, in my opinion. Since EFTs, under certain general

assumptions, provide a model-independent framework for studying NP contributions.
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Chapter 3

Effective Theories

Effective field theories represent a crucial framework for providing a simplified yet

comprehensive description of physical phenomena at specific energy scales. While the basic

concept of an effective theory is relatively intuitive, constructing them in a mathematically

consistent manner within an interacting quantum field theory is far from straightforward.

In this chapter, we summarize the basic principles of effective theories (EFT’s), as well as

some examples, specially useful in this thesis: the Fermi theory of weak interactions, the

Standard Model EFT (SMEFT) and the Higgs EFT (HEFT).

3.1 Introduction to EFT

The idea behind effective field theories (EFT) is that you can compute observables without

knowing the precise fundamental theory. This allows you to calculate an experimentally

measurable quantity with some finite uncertainty. That is the reason why you are able to

calculate the hydrogen atom energy levels without using the fact that the proton is made

up of quarks, the existence of weak interactions or any detailed input from QED or QCD;

just taking into account an electron of mass me interacting via a Coulomb potential with

a proton treated as an infinitely heavy point particle with charge +1.

To study a given physical system more effectively, it is important to isolate its most

relevant components, achieving a reliable approximation without needing to account for

every detail. This approach allows the analysis of low-energy dynamics in problems where

energy scales are widely separated, while remaining largely independent of the specific

details of high-energy interactions.

Therefore, EFTs provide a suitable framework for describing low-energy phenomena, where

“low” is defined relative to a particular energy scale, Λ. The approximation for a given

problem can be systematically refined by incorporating corrections arising from the higher

energy scales that were initially neglected, treating them as small perturbations. In EFTs
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this implies taking explicitly into account the relevant degrees of freedom, i.e. those states

with m << Λ, while the heavier ones with M >> Λ are integrated out from the action.[56]

Numerous successful examples of EFTs exist in physics, including Fermi’s theory of

weak interactions, Heavy Quark Effective Theory (HQET), Non-Relativistic Quantum

Chromodynamics (NRQCD), Chiral Perturbation Theory (χPT), Soft-Collinear Effective

Theory (SCET), as well as SMEFT and HEFT, among others. [57].

3.2 EFT Lagrangians

The EFT effective Lagrangian is of the following form:3

L =
∑
i

ciOi, (3.1)

where Oi are operators constructed with the light fields, and ci its couplings.

While we mentioned that high-energy dynamics can be neglected when studying low-energy

processes, the effects of these heavy or high-energy degrees of freedom are in fact encoded

in the couplings ci, as will be discussed in more detail later.

The Lagrangian density needs to have dimension 4, for the action to be dimensionless.

Then, if the dimension of the operators Oi are di, then the coefficients dimension are fixed

as:

[Oi] = di −→ ci ∼
1

Λdi−4
, (3.2)

with Λ some characteristic short-distance scale of the system.

The EFT Lagrangian can be seen as an expansion of a more fundamental theory with a

small expansion parameter δ, known as the power counting parameter. The calculations

are then done in an expansion to some order n in δ, being the error of order δn+1.

Typically, the expansion parameter is the ratio of a low-energy scale E (the energy at

which the observables will be calculated) such as the external momentum p or particle

mass m, and the short-distance scale Λ, δ = m/Λ.

It is crucial to note that an effective field theory provides reliable predictions only when

3From now on we will use natural units.
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E < Λ; for energies E > Λ, higher-order terms dominate over lower-order ones, rendering

the calculations invalid. Another important point is that the behavior of each operator is

dictated by its dimensionality. Actually, we can distinguish three types of operators [56]:

• Relevant (di < 4)

• Marginal (di = 4)

• Irrelevant (di > 4)

In the low-energy regime (E ≪ Λ), the Relevant operators are amplified by factors of

(Λ/E)4−di , becoming increasingly significant at lower energies, whereas the Irrelevant

operators are suppressed by (E/Λ)di−4 and contribute more weakly—though this does not

imply they are negligible. Finally, the Marginal operators lead to dimensionless coefficients

and maintain comparable importance across all energy scales, although quantum effects

can alter their scaling behavior on either side of the energy spectrum.

The EFT Lagrangian is then given by an infinite series of terms of increasing operator

dimension, treated as an expansion in powers of (E/Λ),

L = Ld≤4 + L5(E/Λ) + L6(E/Λ)2 + ... (3.3)

Finally, although effective field theories are generally non-renormalizable, this does not

pose a significant problem. It has been shown [56], [57] that, by applying standard

renormalization schemes along with dimensional analysis, an EFT effectively behaves like

a renormalizable theory when calculations are performed up to a fixed order in 1/Λ. This

is because only a finite number of terms in the effective Lagrangian L are allowed at a

given order in 1/Λ. Higher-order terms can be safely ignored, as they cannot be enhanced

by positive powers of Λ to match the contributions of lower-order terms.

In other words, a non-renormalizable theory is just as good as a renormalizable theory

for computations, provided one is satisfied with a finite accuracy. The success of

QED in describing low-energy electron–positron scattering is not primarily due to its

renormalizability, but rather because the Z boson mass, MZ , is very large, causing the

leading non-renormalizable contributions to be suppressed by factors of (E/MZ)
2.

Summarizing these ideas, we can get the following set of general principles for EFT [56]:
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1. Dynamics at low energies (large distances) does not depend on details of dynamics

at high energies (short distances).

2. If there are large energy gaps, put to zero (infinity) the light (heavy) scales, i.e.

0←− m << E << Λ −→∞

Corrections induced by these scales can be incorporated as perturbations.

3. The EFT describes the low–energy physics, to a given accuracy ϵ, in terms of a

finite set of parameters:

ϵ ≤ (E/Λ)(di−4)

4. The EFT has the same infra-red, but different ultra-violet, behavior than the

underlying fundamental theory.

5. The remnants of the high–energy dynamics are in the symmetries of the EFT and

in the low–energy couplings.

In the following, we are going to review some examples of EFT’s, that will be apply in

the works done in this thesis.

3.2.1 Fermi Theory of Weak Interactions

Historically, Fermi developed his theory to describe beta decay, before the Standard Model

(SM) existed. He based his intuition from electrodynamics, which is based on a vector

current. Today, we understand that Fermi’s original vector interaction is replaced by

the V − A structure, which accurately accounts for experimental observations, including

parity violation [58], [59].

Here, we shall discuss how to obtain the Fermi theory as the low-energy limit of the

renormalizable SU(2) × U(1) electroweak theory at tree level. In the SM, weak decays

proceed at lowest order through the exchange of a W± boson between two fermionic

left–handed currents (except for the heavy quark top which decays into a real W ). In

the Standard Model (assuming massless neutrinos), the charged current Lagrangian that
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governs this process is expressed as:

L = − g

2
√
2
W †

µ

{∑
l

ν̄lγ
µ(1− γ5)l +

∑
ij

ūiγ
µ(1− γ5)Vijdj

}
+ h.c (3.4)

Where g/
√
2 is the W coupling constant, ui are the up-type quarks, dj are down-type

quarks and Vij is the CKM mixing matrix, l is a lepton and νl the corresponding neutrino.

Focusing on the leptonic sector, the derivation of the quark sector will be almost identical.

The tree-level amplitude for the leptonic l −→ l
′
+ ν̄l′ + νl decay from (3.4) is:

M =

(−ig
2
√
2

)2

[ū4γ
µ(1− γ5)v2]

( −igµν
p2 −M2

W

)
[ū3γ

ν(1− γ5)u1], (3.5)

where we use the ’t Hooft-Feynman gaugethe for the W boson propagator, the momentum

transferred by the W is p, and u1,v2,u3 and u4 are the spinors corresponding to l,ν̄l′ ,νl

and l
′ respectively.

The amplitude given by (3.5) produces a non-local four-fermion interaction, due to the

factor p2 −M2
W in the denominator. Now, if the momentum transfer p is small compared

with MW , i.e, p << MW , the non-local interaction can be approximated by a local one,

using the Taylor series expansion as follows

1

p2 −M2
W

= − 1

M2
W

(
1 +

p2

M2
W

+
p4

M4
W

+ ...

)
(3.6)

To lowest order, the amplitude is

M =

(
i

M2
W

)(
ig

2
√
2

)2

[ū4γ
µ(1− γ5)v2][ū3γµ(1− γ5)u1] +O

(
1

M4
W

)
, (3.7)

which is the same amplitude as that produced by the local Lagrangian

L = − g2

8M2
W

[l̄′γµ(1− γ5)νl′ ][ν̄lγ
ν(1− γ5)l] +O

(
1

M4
W

)
. (3.8)

Equation (3.8) is the lowest order Lagrangian for leptonic lepton decays (and related

processes) in the EFT (p << MW ). For historical reasons, it is written in terms of the
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so-called Fermi coupling constant GF :

L = −GF√
2
[l̄′γµ(1− γ5)νl′ ][ν̄lγ

ν(1− γ5)l] +O
(

1

M4
W

)
, (3.9)

where the relation between GF and the W coupling g is

GF√
2
=

g2

8M2
W

. (3.10)

These results can be generalized to the quark sector 4, so weak decays can then be

described through an effective local four-fermion interaction

L = −GF√
2
JµJ µ†, (3.11)

where

J µ =
∑
l

ν̄lγ
µ(1− γ5)l +

∑
ij

ūiγ
µ(1− γ5)Vijdj. (3.12)

Equation (3.11) corresponds to what is known as Fermi’s theory of weak interactions.

This theory is only valid in the regime where p << MW ; which describes to a really

good accuracy the weak decays, where p is of the order of the decaying particle mass

such as mb,mc and ml; since mb,mc,ml << MW . The theory involves dimension-6

operators, leading to couplings with mass dimension -2. Consequently, the Irrelevant

(d > 4) property of the operators explains why such interactions are weak at low energies

(E << MW ).

Equation (3.10) is technically called a matching condition; and shows explicitly the

relation between the effective coupling constant and the underlying electroweak theory

parameters (g,MW ). The Fermi Lagrangian, as any other EFT, has the usual expansion

form, with the expansion parameter δ = p/MW . The higher-order corrections O (1/M4
W )

can be neglected, provided we are satisfied with an accuracy not better than (p2/M2
W ).

As a review; at low energies (p << MW ), there is not enough energy to produce a physical

W boson. Therefore, the vector-boson propagator shrinks to a point and can be well

approximated through a local four-fermion interaction (Fig. 3.1), i.e, for weak decays

4Quark masses cannot be generally neglected, which gives rise to the mass eigenstate basis. Its
misalignment with the weak basis gives rise to the Vij CKM factor [60], [61]. In the lepton sector, for
massive neutrinos, an analogous mixing appears, parametrized in terms of the PMNS matrix [62], [63].
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the electroweak theory can be replaced by the Fermi effective theory up to corrections of

order O (1/M4
W ).

Figure 3.1: Left: Non-local weak interaction by the exchange of a W boson. Right:Local
weak interaction described by Fermi’s theory.

Fermi theory of weak interactions includes the effect of W exchange via dimension-six

four-fermion operators and the higher-energy parameters are hidden in the effective

coupling GF . Notice that the EFT Lagrangian (3.11) has the same chiral symmetry as

the fundamental theory, coupling just left-handed particles (right-handed antiparticles)

via the V-A Lorentz structure.

At first glance, this may appear straightforward, since the EFT was explicitly derived as

a low-energy limit of the fundamental electroweak theory. However, in many cases the

underlying high-energy theory is unknown. In such situations, the EFT is constructed

by considering the most general framework consistent with the relevant symmetries and

the known light particles. Still, the characteristics of the unknown high-energy theory

manifest themselves through non-trivial symmetry structures within the EFT.

3.2.2 The SM EFT

In this section, based on [64], [65], [66], [67], [68], a brief introduction of the basic concepts

relevant to the construction of the Standard Model Effective Field Theory (SMEFT) are

reviewed in a qualitative manner.

For the fundamental point of view of particle physics, we know the low-energy limit of

the theory, which is the SM, while we do not know its UV completion. The goal is to find

a general description, in terms of higher-dimensional operators, of the effects generated by

integrating out heavy degrees of freedom that are a priori unknown, as already discussed in
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this chapter. The symmetries we assume are Lorentz invariance, the SM gauge symmetry,

and possible additional global symmetries, such as baryon and lepton number. With the

known symmetries, it becomes a pure group theory exercise –although a non-trivial one–

to construct all the allowed operators.

More formal, the SMEFT is a consistent EFT generalization of the SM constructed out of

a series of SUc(3)× SUL(2)× UY(1) invariant higher-dimensional operators, built out of

SM fields. The idea of the SMEFT is that extensions to the SM are assumed to involve

massive particles heavier than the measured vev, which sets the scale (up to coupling

suppression) of the SM states. In addition, it is assumed that any non-perturbative

matching effects are characterized by a scale parametrically separated from the EW scale

and the observed Higgs-like boson is embedded in the SU(2)L Higgs doublet.

The SMEFT follows from these assumptions and is defined as

LSMEFT = LSM + L(5) + L(6) + L(7) + ..., L(d) =

nd∑
i=1

C
(d)
i

Λd−4
Q

(d)
i for d > 4. (3.13)

The operators Q
(d)
i are suppressed by d− 4 powers of the cutoff scale Λ, and the C

(d)
i are

the Wilson coefficients. The number of non-redundant operators in L(5), L(6), L(7) and

L(8) is known [64], [65], [66], [69], [70], [71], [72].

The dimension-five piece L(5) consists of a single term, the so-called Weinberg operator [64],

the only one consistent with the dimensional requirements, gauge and Lorentz invariance.

After electroweak symmetry breaking, the Weinberg operator introduces a Majorana

mass for the left-handed neutrinos νL that violates total lepton number by two units, as

explained in appendix B, that could naturally justify the smallness of neutrino masses.

The operators of L(6) –and higher– are built analogously, with the same symmetry

considerations. A giant effort to obtain a complete SMEFT operator set up to a higher

dimension has been done and continuously checked by the scientific community, since a

lot of lists contain many redundant operators that need to be eliminated to provide a

minimal basis. This goal is achieved with general arguments on how different effective

operators can be related and how an independent set can be obtained, see [67], [68] for

technical details.
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There are many viable choices of basis that can be used to write the complete set of SMEFT

operators at certain dimension. The Warsaw basis is the most commonly used for the

d = 6 SMEFT, although other bases can be advantageous when considering specific sets

of observables. A commonly adopted set of dimension-six operators in phenomenological

analyses is the so-called strongly-interacting light Higgs (SILH) and the HISZ “basis” 5.

The Green functions’ basis is another common set of SMEFT operators, etc. An extensive

discussion about the basis choice in the SMEFT can be found in [73].

As a summary, the SMEFT is an enormously powerful consistent field theory useful to

characterize the low-energy limit of physics beyond the SM. Even if a full model extension

of the SM becomes experimentally supported in the future, the SMEFT can still be a

useful and appropriate tool to use to interface with large swaths of experimental data below

the characteristic scale(s) Λ of a new physics sector. Considering the current global data

set of particle physics, adopting the IR assumptions that define the SMEFT seems to be

a very reasonable compromise between utility and generality of the theoretical framework

assumed to accommodate the certain fact that the SM is an incomplete description of

reality but an extremely successful one in particle physics.

3.2.3 The Higgs EFT

A naive overview of the aspects about the Higgs EFT is given in this section. This is a

relevant EFT that is explicitly applied in one of the main works of this thesis [4].

Although the SMEFT framework considers the Higgs as an elementary SU(2) doublet,

there exist scenarios in which the Higgs does not strictly reside in this representation.

Such possibilities, including Composite Higgs models, remain consistent with current

experimental constraints [74], [75], [76], [77], [78]. This makes intriguing to identify

observables that can distinguish between these different possibilities.

For SMEFT, one singlet scalar h–coming from the scalar complex SU(2)L doublet field

H–6, corresponding to the physical Higgs boson, ensures the exact unitarity at all energies

of scattering amplitudes with external πI fields. Nevertheless, this requirement can be

relaxed and the EFT can remain self-consistent for lower energies scattering events where

5However, although called basis, they do not represent a complete set at dimension six.
6We refer to this embedding as the linear realization of the electroweak symmetry breaking mechanism.
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the EFT is well-defined. We recall that an EFT does not have to exactly preserve unitarity.

It only has to be unitary up to the cut off scale where the Taylor expansion used in its

construction breaks down.

The scenarios where the Higgs does not belong to an SU(2)L doublet are described by

the so-called Higgs EFT (HEFT) [79], [80], [81], [82], [83], [84], [85], [86], [87], [88], based

on the Callan-Coleman-Wess-Zumino (CCWZ) formalism and offers a parameterization

of the scalar sector with minimal infrared assumptions. In this approach, the physical

Higgs h is treated as a singlet under the Standard Model gauge group, separate from the

three electroweak Goldstone bosons, which in SMEFT are collectively represented by the

Higgs doublet. As a result, the number of independent operators at any given order in

the expansion is substantially larger than in SMEFT. Furthermore, within HEFT, the

dependence on the h field is typically captured by generic functions, Fi(h), which serve as

the fundamental building blocks for constructing effective operators.

The differences between the SMEFT and HEFT approaches can lead to distinct

phenomenological outcomes in processes involving the Higgs sector. A large number

of interesting discussions, such as those in Refs. [89], [90], have identified signatures

that may help distinguish between these two frameworks. Some of these include studies

of Dark Matter [91] and the scattering of the longitudinal components of gauge bosons

[92], [93]. At the present moment, all observations are compatible with the SM, and the

SMEFT extension, but the evidence in favor of this option is still not compelling. For a

comprehensive review of both formalisms, we recommend Refs.[68], [94].

In analogy with the formalism employed in chiral perturbation theory (χPT ) for the

pions of QCD 7, we construct the HEFT with a non-linear realization of the electroweak

symmetry breaking mechanism, where the three Goldstone bosons πI are embedded into

a dimensionless unitary matrix

U = exp
(
iτ IπI/v

)
, U 7→ LUR† , (3.14)

where τ denotes the three-vector of Pauli matrices and U transforms as a bi-doublet under

global SUL(2)× SUR(2) transformations.

7In fact, the HEFT used to be called electroweak chiral Lagrangians because of that.
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It is convenient to define objects that transform in the adjoint of SU(2)L, to be employed

as building blocks of a SU(3)c × SU(2)L ×U(1)Y invariant Lagrangian. It is possible to

construct a scalar and a vector as follows:

T = Uτ 3U †, T 7→ LTL†,

Vµ = (DµU)U †, Vµ 7→ LVµL
† ,

(3.15)

where the covariant derivative of the U field is

DµU = ∂µU +
ig2
2
W I

µτ
IU − ig1

2
BµUτ 3 . (3.16)

Note that the field T is invariant under hypercharge transformations, but not under the

global SU(2)R group, so it can be treated as a custodial symmetry-breaking spurion.

The physical Higgs scalar is introduced as a gauge singlet h. This choice ensures the most

general approach to the physics of this state and makes the HEFT a versatile tool, which

includes the SU(2)L doublet case as a particular limit. Specifically, the SM Higgs doublet

H can be written as a fixed combination of the fields h and U according to:

(
H̃ H

)
=

v + h√
2

U . (3.17)

Being a singlet, the h field has completely arbitrary couplings, that are customarily

encoded in generic functions [83], [84]

Fi(h) = 1 + 2ai
h

v
+ bi

h2

v2
+ . . . (3.18)

that constitute another building block for the HEFT Lagrangian. Note that here the

polynomial structure should be interpreted as the result of a Taylor expansion in (h/v),

which may include an infinite number of terms.

The HEFT Lagrangian is then composed of the gauge and fermion fields of the SM and

the scalar fields U , h previously defined. It can be written as

LHEFT = L0 +∆L+ . . . , (3.19)

where L0 contains the leading order terms and ∆L includes first order deviations. Unlike
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the SMEFT, it is not possible to classify the HEFT invariants based on just the canonical

dimension. This is due to the fact that the HEFT is a fusion of χPT (in the scalar sector)

with the SMEFT (in the fermions and gauge sector). Because these two theories follow

different counting rules, the structure of the joint expansion is complex. A rigorous and

self-contained method to determine the expected suppression of a given HEFT invariant

represents a non-trivial and subtle task that has been intensely debated in the literature.

The explicit form of the leading and first order deviations Lagrangian can be found in

[67], together with discussion of technical points that are out of the scope of this brief

introduction.
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Chapter 4

Neutrinos Nature and New Interactions

4.1 Michel Parameters: Lorentz Structure of the

Charged Current

Based on Ref.[1], we explored the impact of NP on leptonic tau and muon decays

(ℓ− → ℓ
′−
νℓ′νℓ), within an EFT framework. This analysis allowed us to define general

parameters that can be directly extracted from experimental data to constrain NP Wilson

coefficients in a model-independent manner. We also incorporated the effects of finite

neutrino masses, particularly relevant when considering a possible heavy neutrino sector.

Specifically, for tau neutrinos, the current mixing limits with a heavy mode could generate

significant distortions in the corresponding energy and angular distributions, as we shall

see, motivating their experimental search.

All the basic information about Majorana fermions, including their Feynman rules, together

with neutrinos masses and mixings models are given in appendices A and B.

4.1.1 Effective Decay Rate for Dirac Neutrinos

Let us consider the leptonic decays ℓ− −→ ℓ
′−
ν̄ℓ′νℓ, where the lepton pair (ℓ,ℓ′) may be

(µ,e), (τ ,e) or (τ ,µ). The most general, local, derivative-free, lepton-number conserving,

four-lepton interaction Hamiltonian, consistent with locality and Lorentz invariance is

[10], [95], [96]8

H = 4
Gℓℓ′√

2

∑
n,ϵ,ω

gnϵω

[
ℓ̄
′

ϵΓ
n(νℓ′ )σ

]
[(ν̄ℓ)λΓnℓω] . (4.1)

The subindices ϵ, ω, σ, λ label the chiralities (L,R) –for left- and right-handed, respectively–

of the corresponding fermions, and n = S, V, T the type of interaction: scalar (ΓS = I),

vector (ΓV = γµ) and tensor (ΓT = σµν/
√
2). Since tensor interactions can contribute only

for opposite chiralities of the charged leptons, this leads to the existence of 10 complex

8The relation between different set of Hamiltonians used in the literature are derived in appendix C
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coupling constants, related to 4 scalar, 4 vector and 2 tensor interactions.

After removing an unphysical global phase, 19 real parameters remain to be determined

experimentally. In addition, the global factor Gℓℓ′ , obtained from the total decay rate,

defines the normalization of the coupling constants as follows:[97]

1 =
1

4
(|gSRR|2 + |gSRL|2 + |gSLR|2 + |gSLL|2) + 3(|gTLR|2 + |gTRL|2)

+ (|gVRR|2 + |gVRL|2 + |gVLR|2 + |gVLL|2).
(4.2)

Thus, |gSϵω| ≤ 2,|gVϵω| ≤ 1 and |gTϵω| ≤ 1/
√
3. The Standard Model predicts |gVLL| = 1 and

all others couplings vanishing. In the search for new physics it is important to calculate

the final charged-lepton distribution using the Hamiltonian (4.1).

Within the general framework, the charged weak current interaction is expressed in the mass

eigenstate basis of the charged leptons ℓ and neutrinos Nj, following the diagonalization

of their respective mass matrices. When working in a basis where the charged lepton

sector is already diagonal, the flavor neutrino fields (νL,R) are treated as superpositions of

the neutrino mass eigenstates (Nj) with masses mj, namely:

νlL =
∑
j

UljNjL, νlR =
∑
j

VljNjR, (4.3)

where j = {1, 2, ..., n} with n the number of mass-eigenstate neutrinos.

As shown by Langacker and London [98], explicit lepton-number nonconservation still

leads to a matrix element equivalent to the one derived from eq.(4.1). In the mass basis,

the effective Hamiltonian for the ℓ− −→ ℓ
′−
N jNk process is written as:

H = 4
Gℓℓ′√

2

∑
j,k

{
gSLL

[
ℓ̄
′

LVℓ′jNjR

] [
NkRV

∗
ℓkℓL

]
+ gVLL

[
ℓ̄
′

Lγ
µUℓ′jNjL

] [
NkLU

∗
ℓkγµℓL

]
+ gSRR

[
ℓ̄
′

RUℓ′jNjL

] [
NkLU

∗
ℓkℓR

]
+ gVRR

[
ℓ̄
′

Rγ
µVℓ′jNjR

] [
NkRV

∗
ℓkγµℓR

]
+ gSLR

[
ℓ̄
′

LVℓ′jNjR

] [
NkLU

∗
ℓkℓR

]
+ gVLR

[
ℓ̄
′

Lγ
µUℓ′jNjL

] [
NkRV

∗
ℓkγµℓR

]
+ gTLR

[
ℓ̄
′

L

σµν

√
2
Vℓ′jNjR

] [
NkLU

∗
ℓk

σµν√
2
ℓR

]
+ gSRL

[
ℓ̄
′

RUℓ′jNjL

] [
NkRV

∗
ℓkℓL

]
+ gVRL

[
ℓ̄
′

Rγ
µVℓ′jNjR

] [
NkLU

∗
ℓkγµℓL

]
+ gTRL

[
ℓ̄
′

R

σµν

√
2
Uℓ′jNjL

] [
NkRV

∗
ℓk

σµν√
2
ℓL

]}
.

(4.4)
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It is important to note that N denotes an antineutrino in the case of Dirac neutrinos,

whereas in the Majorana scenario, it is identified with the neutrino itself, satisfying

N = N c = CN
T . Consequently, for Dirac neutrinos—unlike the Majorana case—only a

single first-order Feynman diagram contributes to the process.

The differential decay rate for the process ℓ− −→ ℓ
′−
N jNk is

dΓ =
∑
j,k

dΓjk. (4.5)

Explicitly:

dΓ =
∑
j,k

(2π)4δ4(p1 − p2 − p3 − p4)

2mℓ

d3p2d
3p3d

3p4
(2π)32E2(2π)32E3(2π)32E4

|Mjk|2, (4.6)

where we are taking into account all the possible neutrino final states, ni the mass basis,

and the sum extends over all energetically allowed neutrino pairs, assuming that the

neutrinos are not detected.

It is important to emphasize that, in the phase-space integration, we neglect terms

depending on the neutrino masses. This approximation is well justified, as it remains

consistent with the observed charged-lepton energy distribution. Such terms enter only

quadratically in the phase-space factor, through expressions of the form r2jk =
(mj+mk)

2

2mℓω
;

which are strongly suppressed—either due to the smallness of light-neutrino masses or

to the mixing suppression of heavy neutrinos. Moreover, these effects become relevant

only near the endpoint of the energy spectrum, where the experimental statistics are

limited. A detailed discussion of these corrections can be found in [99], [100]. In cases

where higher precision is required, one must include non-negligible neutrino mass effects

in the calculation. For this thesis, we are dealing with neutrino masses effects up to the

matrix element calculation. With this consideration, the explicit differential decay rate

for Dirac neutrinos is given in section 4.1.3.

4.1.2 Effective Decay Rate for Majorana Neutrinos

Unlike the Dirac case, the properties of Majorana neutrinos have strong consequences

in the amplitude. As it has been pointed out in well-known previous works, see the
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discussion just before note added of Ref.[101], for Majorana neutrinos the decay modes

ℓ− −→ ℓ
′−
N̄jNk and ℓ− −→ ℓ

′−
N̄kNj yield the same final states for j ̸= k as well as

for j = k, and hence the amplitudes must be added coherently. Then the possible first

order Feynman diagrams for the ℓ− −→ ℓ
′−
NjNk decay are shown in figure 4.1. The first

Figure 4.1: Feynman diagrams for the ℓ− −→ ℓ
′−
NjNk decay. The orientation chosen

for the fermion chains is defined by the blue arrows.

diagram leads to the same matrix element as the Dirac case, while the second diagram is

only possible in the Majorana neutrino case, where the orientation for each fermion chain

is already defined (blue arrows). 9

In this case, the differential decay rate for the process ℓ− −→ ℓ
′−
NjNk is

dΓ =
1

2

∑
j,k

dΓjk. (4.7)

Explicitly:

dΓ =
1

2

∑
j,k

(2π)4δ4(p1 − p2 − p3 − p4)

2mℓ

d3p2d
3p3d

3p4
(2π)32E2(2π)32E3(2π)32E4

|Mjk|2, (4.8)

where the 1/2 factor that appears in the Majorana case arises from two distinct reasons.

For the j = k case it is a statistical factor accounting for the presence of indistinguishable

fermions in the final state, while for the j ≠ k case it arrives because of double counting,

since the sum
∑

j,k is not restricted to j ≤ k. The same discussion can be found in section

9We select this orientation of the fermion chain in order to apply the spinor completeness relation
directly within the matrix element calculation. This choice does not affect any physical observables,
provided that the appropriate Feynman rules for Majorana fermions are consistently followed [102].
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11.2.2 of Ref.[103].

Then, after integrating over the neutrinos momenta, the decay rate will have the following

dependence on the amplitude:10

dΓ ∝ 1

2

∑
j,k

|M1
jk −M2

jk|2

=
1

2

∑
j,k

{
|M1

jk|2 + |M2
jk|2 − 2Re(M1

jkM2∗
jk)
}

=
∑
j,k

|M1
jk|2 −

∑
j,k

Re(M1
jkM2∗

jk).

(4.9)

Thus the fundamental difference between Dirac and Majorana cases is precisely the last

interference term, sometimes called the Majorana term [103].

Using this property, we can write the final differential decay rate for both cases in a single

expression, where the Dirac and Majorana nature is distinguishable by the Majorana term.

This was done with the implementation of a flag parameter ϵ = 0, 1.

4.1.3 Dirac vs Majorana Distributions

For efficiency, we present our final result using the PDG parametrization, which is

currently the most practical. Additionally, we isolate the Majorana contribution by

explicitly calculating the corresponding term, introducing a flag parameter ϵ = 0, 1.

Finally we rename dummy indices wherever possible in order to make our expressions

clearer and more convenient for general applications.

4.1.3.1 Massless neutrino case

Considering massless neutrinos, the differential decay probability to obtain a final charged

lepton with (reduced) energy between x = Eℓ′/ω and x+ dx, emitted in the direction ẑ

at an angle between θ and θ + dθ with respect to the initial lepton polarization vector P ,

and with its spin parallel to the arbitrary direction ζ̂, neglecting radiative corrections, is

10WhereM1
jk andM2

jk are related by the exchange j ↔ k once the neutrinos momenta are integrated
out.
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given by

dΓ

dxd cos θ
=

mℓ

4π3
ω4G2

ℓℓ′

√
x2 − x2

0 ×
(
F (x)− ξ

3
P
√
x2 − x2

0 cos θA(x)
)

×
[
1 + ζ̂ · P⃗ℓ′ (x, θ)

]
,

(4.10)

where w ≡ (m2
ℓ +m2

ℓ′
)/2mℓ, x0 ≡ mℓ′/ω and the polarization vector P⃗ℓ′ in eq.(4.10) is

P⃗ℓ′ = PT1 x̂+ PT2 ŷ + PL ẑ. (4.11)

Here x̂, ŷ and ẑ are unit vectors defined as:

ẑ is along the ℓ
′
momentum p⃗ℓ′ ,

ẑ × P⃗ℓ′

|ẑ × P⃗ℓ
′ |
=ŷ is transverse to p⃗ℓ′ and perpendicular to the decay plane,

ŷ × ẑ =x̂ is transverse to p⃗ℓ′ and in the decay plane,

(4.12)

and the components of P⃗ℓ′ are, respectively

PT1 = P sin θ · FT1(x) /
{
F (x)− ξ

3
P
√

x2 − x2
0 cos θA(x)

}
,

PT2 = P sin θ · FT2(x) /
{
F (x)− ξ

3
P
√

x2 − x2
0 cos θA(x)

}
,

PL =
−FIP (x) + P cos θ · FAP (x)

F (x)− ξ
3
P
√

x2 − x2
0 cos θA(x)

,

(4.13)

where

F (x) = x(1− x) +
2

9
ρ
(
4x2 − 3x− x2

0

)
+ ηx0(1− x),

A(x) = 1− x+
2

3
δ

(
4x− 4 +

√
1− x2

0

)
,

FT1(x) =
1

12

[
− 2

(
ξ
′′
+ 12

(
ρ− 3

4

))
(1− x)x0 − 3η(x2 − x2

0) + η
′′
(−3x2 + 4x− x2

0)

]
,

FT2(x) =
1

3

√
x2 − x2

0

[
3
α

′

A (1− x) + 2
β

′

A
√
1− x2

0

]
,

FIP (x) =
1

54

√
x2 − x2

0

[
9ξ

′
(
− 2x+ 2 +

√
1− x2

0

)
+ 4ξ

(
δ − 3

4

)(
4x− 4 +

√
1− x2

0

)]
,

FAP (x) =
1

6

[
ξ
′′
(2x2 − x− x2

0) + 4
(
ρ− 3

4

)
(4x2 − 3x− x2

0) + 2η
′′
(1− x)x0

]
,

(4.14)
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are written in terms of the Michel parameters ρ, η, δ, ξ, η
′′
, ξ

′
, ξ

′′
, α

′
, β

′ , which are bilinear

combinations of the gnϵω couplings [9], [10], [95], [97], [104]. In the SM, ρ = δ = 3/4,

η = η
′′
= α

′
= β

′
= 0 and ξ = ξ

′
= ξ

′′
= 1. We can obtain the total decay rate integrating

over all energy and angular configurations, leading to

Γℓ→ℓ′ =
Ĝ2

ℓℓ′
m5

ℓ

192π3
f(m2

ℓ′
/m2

ℓ)
(
1 + δℓℓ

′

RC

)
, (4.15)

where

Ĝℓℓ′ ≡ Gℓℓ′

√
1 + 4η

mℓ′

mℓ

g(m2
ℓ′
/m2

ℓ)

f(m2
ℓ′
/m2

ℓ)
, (4.16)

in which f(x) = 1−8x+8x3−x4−12x2 log(x), g(x) = 1+9x−9x2−x3+6x(1+x) log(x)

and the SM radiative correction δℓℓ
′

RC has been included [105], [106], [107].

The normalization Geµ corresponds to the Fermi coupling GF , as determined from µ

decay. Unlike the other Michel parameters, the dependence of Eq.(4.15) on η is retained,

although it is suppressed by a factor of (mℓ′/mℓ). Consequently, this contribution is

negligible in decays such as µ− → e−νµν̄e or τ− → e−ντ ν̄e but it can have measurable

effects in τ− → µ−ντ ν̄µ, potentially distorting the partial decay width, see e.g.[108]. This

difference enables a determination of η by comparing the branching ratios of the two τ

leptonic decays.

If e/µ universality is assumed11, the leptonic decay ratio Bµ/Be implies:

η = 0.016± 0.013. (4.17)

A non-zero value of η would indicate the presence of at least two different couplings

with opposite chiralities for the charged leptons. Assuming the V-A coupling gVLL to be

dominant (as supported by data), then the term 1
2
Re[gVLLg

S∗
RR] is the only one linear in

non-standard couplings in the whole spectrum, thus the measurement of η is of particular

interest for the determination of new couplings, specially the scalar coupling gSRR, which

frequently appears in many extensions of the standard model. This coupling is unique in

that it involves only left-handed neutrinos and right-handed antineutrinos, as shown in

Eq. (4.4).

11Assuming lepton universality leads to a more restrictive value for η.
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Table 4.1: Michel parameters and their most accurate determinations.

µ− → e−νµν̄e τ− → e−ντ ν̄e τ− → µ−ντ ν̄µ

ρ 0.74979 ± 0.00026 0.747 ± 0.010 0.763 ± 0.020

η 0.057 ± 0.034 — 0.094 ± 0.073

ξ 1.0009+0.0016
−0.0007 0.994 ± 0.040 1.030 ± 0.059

ξδ 0.7511+0.0012
−0.0006 0.734 ± 0.028 0.778 ± 0.037

ξ
′ 1.00 ± 0.04 — 0.22±0.94

ξ
′′ 0.65 ± 0.36 — —

The experimental status on the τ -decay Michel parameters [109], [110], [111], [112], [113],

[114], [115] together with the more accurate values measured in µ decay [116], [117], [118],

[119] are shown in table 4.1. The parameter ξ′ has been measured for the first time in 2023

at Belle [120], while ξ
′′ has never been measured directly. This has be done measuring

the η̄ and ξκ parameters12 in the radiative leptonic τ -decay [121], since the distribution

of the photons emitted by the daughter lepton is sensitive to the lepton polarization

[122]. Nevertheless the experimental precision does not provide a significant impact on

the knowledge about the couplings, yet. Michel parameters for the five-lepton muon and

tau decays were derived in ref. [123] and are being studied at Belle(-II) [124].

4.1.3.2 Massive neutrino case

The differential decay probability taking into account finite Dirac (ϵ = 0) or Majorana

(ϵ = 1) neutrino masses is given by13

dΓ

dxd cos θ
=
∑
j,k

mℓ

4π3
ω4G2

ℓℓ′

√
x2 − x2

0

×
(
(FIS(x) + F ′

IS(x) + F ′′
IS(x))− P cos θ

(
FAS(x) + F ′

AS(x) + F ′′
AS(x)

))
×
[
1 + ζ̂ · P⃗ℓ′ (x, θ)

]
,

(4.18)

12Where ξ
′
= −ξ − 4ξκ+ 8ξδ/3 and ξ

′′
= 16ρ/3− 4η̄ − 3.

13The ϵ parameter appears explicitly in the definition of the functions given in appendix D.
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and the components of P⃗ℓ′ are, respectively,

PT1 = P sin θ ·
(
FT1(x) + F ′

T1
(x) + F ′′

T1
(x)
)
/ N,

PT2 = P sin θ ·
(
FT2(x) + F ′

T2
(x) + F ′′

T2
(x)
)
/ N,

PL =
(
−
(
FIP (x) + F ′

IP (x) + F ′′
IP (x)

)
+ P cos θ ·

(
FAP (x) + F ′

AP (x) + F ′′
AP (x)

))
/ N ,

(4.19)

with N the normalization factor N =
(
FIS(x) + F ′

IS(x) + F ′′
IS(x)

)
− P cos θ

(
FAS(x) +

F ′
AS(x) + F ′′

AS(x)
)
.

As it is shown, in the massive case, we have generalized the previous result with the inclusion

of new primed and biprimed functions which will depend linearly and quadratically on

neutrino masses, respectively. The explicit form of all the new functions and parameters

are given in appendix D.

Finally, integrating over all energy and angular configurations we obtained:

Γℓ→ℓ′ =
∑
j,k

mℓw
4

π3
G2

ℓℓ′

∫ 1

x0

√
x2 − x2

0

(
FIS(x) + F ′

IS(x) + F ′′
IS(x)

)
dx (4.20)

Γℓ→ℓ′ =
∑
j,k

Ĝ2
ℓℓ′
m5

ℓ

192π3
f(m2

ℓ′
/m2

ℓ)
(
1 + δℓℓ

′

RC

)
, (4.21)

where

Ĝℓℓ′ ≡Gℓℓ′

{
(I)jk + 4(η)jk

mℓ′

mℓ

g(m2
ℓ′
/m2

ℓ)

f(m2
ℓ′
/m2

ℓ)
− 2

mj

mℓ

[
(κ+

L)jk
f ′(m2

ℓ′
/m2

ℓ)

f(m2
ℓ′
/m2

ℓ)
+ (κ+

R)kj
mℓ′

mℓ

g′(m2
ℓ′
/m2

ℓ)

f(m2
ℓ′
/m2

ℓ)

]

− 4
mjmk

m2
ℓ

[
(C+)jk

f ′′(m2
ℓ′
/m2

ℓ)

f(m2
ℓ′
/m2

ℓ)
+ 3(H+)jk

mℓ′

mℓ

g′′(m2
ℓ′
/m2

ℓ)

f(m2
ℓ′
/m2

ℓ)

]}1/2

,

(4.22)
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with the functions defined as:

f(x) = 1− 8x− 12x2 log(x) + 8x3 − x4,

f ′(x) = −1 + 6x− 2x3 + 3x2

(
4 arctanh

(
x− 1

x+ 1

)
− 1

)
,

f ′′(x) = 1− 3x+ 3x2 − x3,

g(x) = 1 + 9x− 9x2 − x3 + 6x(1 + x) log(x),

g′(x) = 2− 6x2 + x3 + 3x

(
4 arctanh

(
x− 1

x+ 1

)
+ 1

)
,

g′′(x) = 1− x2 + 2x log(x).

(4.23)

As we can see, the (I)jk parameter defines the normalization of the Gℓℓ′ coupling, while

the other parameters entering as suppressed corrections. In addition, there are both linear

and quadratic neutrino mass terms, each exhibiting the same behavior as in the massless

case: one parameter remains unsuppressed, while the other is suppressed by the factor

mℓ′/mℓ that is usually named as low-energy parameter. This suppression can become

more relevant in tau decays. Nevertheless, the neutrino mass suppression makes these

contributions to the Gℓℓ′ coupling almost negligible.

Now, we shall focus on the suppression due only to the masses and mixings, considering

just one extra heavy neutrino for simplicity. Of course there will be other suppression

factors such as the specific phase-space structure dependence and the explicit form of the

new parameters, but this will not be the main contribution, so we are not taking them

into account in this analysis, we will study them later.

• If the production of heavy neutrinos is kinematically forbidden, then only the light

neutrinos will be produced as final states resulting in a very strong suppression. Considering

the light neutrino masses to be of order O(eV) and the decaying particle mass of order

O(109eV), then the new contributions with neutrino mass dependence will be suppressed

by a factor of ∼ 10−9 for the linear mass terms and ∼ 10−18 for the quadratic one. Both

of them out of the scope of near-future experiments.

• Moreover, the absence of heavy neutrinos affects the unitarity of the mixing matrix,

leading to small deviations from unity when the squared mixing matrix elements are

summed over all kinematically accessible neutrino states.
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• In contrast, if the heavy neutrinos are kinematically accessible, then the suppression of

the terms with explicit neutrino mass dependence will change, depending on the heavy

neutrino mass and its mixing with the active and sterile sectors.

Considering the experimental constraints on an invisible heavy neutrino ν4, obtained from

different experimental sources and some reasonable phenomenological assumptions (ν4

decays and its lifetime), see e.g. [125], [126] 14, we can estimate the suppression of the

neutrino mass-dependent terms compared with those without this dependence (standard

Michel distribution).

We note that one or two heavy neutrinos may appear in the final state, and each

corresponding term is suppressed by specific mixing matrix elements, depending on the

precise structure of the coupling constants [fn
lm]jk. Therefore, for this rough estimation we

will consider both cases (one and two final heavy neutrinos) and the mixing suppression

as |Uℓ4|2 for one final heavy neutrino and |Uℓ4|2|Uℓ′4|2 for two heavy final-state neutrinos.

With these considerations, the suppression of the neutrino mass–dependent terms can be

summarized in 4.2.

The mean life of the muon and tau has been measured to a precision of order 10−6 and

10−3 respectively [9]. In order to make new precision tests, the most recent and future

experiments are working hard to increase this sensitivity. From table 4.2, sadly, almost

all of the new contributions are really suppressed and out of reach at the near future

experiments, but a few of them are just around the current precision limit and could be

measurable in current and forthcoming experiments.

Specifically, in the case of one final heavy neutrino with a mass around 102 − 103 MeV15,

the linear term suppression could be low enough to make sizeable distortions in the

differential decay rate, specially in tau decays, where the Majorana or Dirac neutrino

nature can be tested, as well as the underlying Lorentz structure and possible new physics.

Finally, since the maximum measurable effect of a neutrino mass in the decay rate would

be of order 10−3 for τ -decay and 10−6 for µ-decay, as shown in table 4.2, it is important for

the precision electroweak tests to consider all radiative corrections and their sub-leading

14In this table we focus on the mass intervals that can be most effectively probed in the Michel decays.
See, e. g., Ref. [127] for bounds on sub-eV scale sterile neutrinos and its connection to anomalies in
short-baseline neutrino oscillation experiments.

15We note that, in this mass range, the limit on |Uℓ4|2 has recently been slightly improved in ref. [128].
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Neutrino Mass (MeV) Mixing
Suppression

Linear Term
Suppression (mν)

Quadratic Term
Suppression (m2

ν)
Light (2) 1× 10−6 — 10−9 10−18

Heavy (1)
(ℓ = e) 0.001 - 0.45 10−3 10−9 − 10−7 10−18 − 10−16

10 - 55 10−8 10−10 10−19

135 - 350 10−6 10−7 10−16

Heavy (1)
(ℓ = µ) 10 - 30 10−4 10−6 10−15

70 - 300 10−5 10−7 − 10−6 10−16 − 10−15

175 - 300 10−8 10−9 10−18

Heavy (1)
(ℓ = τ) 100− 1.2× 103 10−7 − 10−3 10−8 − 10−3 10−18 − 10−12

1× 103 − 60× 103 10−5 − 10−3 10−5 − 10−3 10−14 − 10−12

Heavy (2)
(µ→ eNN) 10 - 30 10−12 10−14 10−16

175 - 300 10−14 − 10−11 10−15 − 10−12 10−16 − 10−13

Heavy (2)
(τ → eNN) 135 - 350 10−13 − 10−9 10−14 − 10−10 10−14 − 10−10

Heavy (2)
(τ → µNN) 100 - 300 10−12 − 10−8 10−13 − 10−9 10−14 − 10−10

175 - 350 10−15 − 10−11 10−16 − 10−12 10−16 − 10−12

Table 4.2: Estimation of neutrino mass dependent terms suppression.
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Radiative Corrections and Numerical Effect (µ-decay) Numerical Effect (τ -decay)
Finite Mass Effects

Electroweak (3/5)(m2
µ/M

2
W ) ∼ 1.0× 10−6 (3/5)(m2

τ/M
2
W ) ∼ 2.9× 10−4

QED O(α) ∼ 10−3 O(α) ∼ 10−3

Hadronic O(α2/π2) ∼ 10−5 O(α2/π2) ∼ 10−5

Table 4.3: Main numerical effects of radiative corrections.

effects. These effects take into account radiative QED corrections, higher-order electroweak

corrections and the non-local structure of the W propagator, all of these within the SM

framework, where the corrections to the total decay rate are well-known at this precision

level [105], [106], [107].

These corrections can also be analyzed at the level of differential decay rate, specifically

the most recent corrections induced by the W -boson propagator to the differential rates

of the leptonic decay of a polarized muon and tau lepton and the numerical effect of

these corrections are discussed in [129] and analyzed in appendix E for the specific Michel

distribution, where we also introduce the result for this correction taking into account a

final charged-lepton polarization (for a recent related proposal see [130]).

It is important to emphasize that we can safely employ these radiative corrections,

calculated in the SM limit |fV
LL| = 1, in order to measure with high precision the Michel

parameters, since, to a high degree of accuracy, the current experimental information is

consistent with a V − A structure, so possible deviations are expected to be very small

and can therefore be treated at the tree level, making the SM radiative corrections the

main higher-order contributions. The interested reader is addressed to ref. [131] for a

helpful discussion.

We also summarize the main numerical contributions, including hadronic corrections, in

table 4.3, where the subleading contributions of these corrections are of order O(10−11 −
10−7), which are out of experimental reach in the foreseeable future.

From table 4.3 it is evident that the three main radiative corrections must be taken into

account in the muon decay analysis, since the smallest of them is of the same magnitude

as the present experimental relative uncertainty of the muon decay rate.
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In principle for tau decays, due to the current precision achieved, the QED and electroweak

corrections are the most important. The hadronic corrections are not needed, since they

would imply a correction up to 1-10% to something that has not yet been measured.

With these results, the presence of a heavy Dirac or Majorana neutrino could make

measurable distortions in the differential decay rate, specially in the case of a τ -decay with

one heavy final-state neutrino with a mass around 102 − 103 MeV and in the x ≈ 1 phase

space zone, i.e., where the final charged lepton reaches its maximum energy, emphasizing

again that we are neglecting terms with neutrino mass dependence in the phase space

integration, so actually the upper x limit will be less than one unit, even so, for greater x,

the neutrinos mass effects are slightly increased.

4.1.3.3 Dirac vs Majorana

As discussed previously, the only distinction between the Dirac and Majorana differential

decay rates is the interference term unique to Majorana neutrinos. This additional

contribution modifies all Dirac parameters and, depending on the underlying new physics,

could produce measurable distortions. Therefore, investigating this interference term

offers a potential method to determine the neutrino nature and to probe the presence of

new physics.

In our analysis we define this new contribution with the help of the flag parameter ϵ, being

ϵ = 0 for the Dirac case and ϵ = 1 for the Majorana one. Since the difference between

both cases is precisely this Majorana term, we show the full and explicit dependence on

the coupling constant of each parameter due to this Majorana contribution in table 4.4.

From table 4.4, it is evident that the difference between the Dirac and Majorana cases

depends in a non-trivial way on the coupling constants, particularly those associated with

new physics. This dependence can provide valuable insight into the underlying Lorentz

structure of a theory, as illustrated in the examples that follow.

First of all, if no new-physics is present, i.e., in the SM case (|fV
LL| = 1), we obtained

the results displayed in table 4.5 for the Majorana term. This result shows explicitly the

Kaiser Theorem [132], that states: "For massless neutrinos in a world where all weak

currents are left-handed, there is no distinction between a two-component Dirac (i.e.,

Weyl) neutrino and a Majorana neutrino. Once the mass is non-zero, however, then no
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Term Coupling Dependence

No Neutrino Mass Dependence
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LR)jk(f
T
LR)

∗
kj + (fV

LR)jk(f
V
LR)

∗
kj

−1
8
(fS

LR)jk(f
S
LR)

∗
kj − (L↔ R)

(ξ
′′
)Mjk

1
2
(fS

LR)jk(f
T
LR)

∗
kj +

17
2
(fT

LR)jk(f
T
LR)

∗
kj + (fS

LL)jk(f
V
LL)

∗
kj +

5
8
(fS

RL)jk(f
S
RL)

∗
kj

+3(fV
RL)jk(f

V
RL)

∗
kj + (L↔ R)

(η
′′
)Mjk

1
2

[
3(fS

LR)jk(f
V
RL)

∗
kj + 18(fT

LR)jk(f
V
RL)

∗
kj − 1

4
(fS

LL)jk(f
S
RR)

∗
kj − (fV

LL)jk(f
V
RR)

∗
kj + (L↔ R)

]
(α

′

A )Mjk
1
2
(fV

RL)
∗
jk((f

S
LR)kj + 6(fT

LR)kj)− (L↔ R)

(β
′

A )Mjk −1
2
(fV

LL)jk(f
V
RR)

∗
kj − 1

8
(fS

LL)jk(f
S
RR)

∗
kj

Linear Neutrino Mass Dependence

(κ±
L)

M
jk

−2(fV
LL)kj(f

V
LR)

∗
jk − 1

2
(fS

LL)kj(f
S
LR)

∗
jk + 3(fS

LL)kj(f
T
LR)

∗
jk + 2(fV

LL)jk(f
S
LR)

∗
kj

−(fS
LL)jk(f

V
LR)

∗
kj ± (L↔ R)

(κ±
R)

M
jk

−2(fV
RR)kj(f

V
LR)

∗
jk − 1

2
(fS

RR)kj(f
S
LR)

∗
jk + 3(fS

RR)kj(f
T
LR)

∗
jk + 2(fV

RR)jk(f
S
LR)

∗
kj

−(fS
RR)jk(f

V
LR)

∗
kj ± (L↔ R)

(λ±
L)

M
jk

−2(fV
LL)kj(f

V
LR)

∗
jk +

1
2
(fS

LL)kj(f
S
LR)

∗
jk + (fS

LL)kj(f
T
LR)

∗
jk + 4(fV

LL)jk(f
T
LR)

∗
kj

−(fS
LL)jk(f

V
LR)

∗
kj ± (L↔ R)

(λ±
R)

M
jk

−2(fV
RR)kj(f

V
LR)

∗
jk +

1
2
(fS

RR)kj(f
S
LR)

∗
jk + (fS

RR)kj(f
T
LR)

∗
jk + 4(fV

RR)jk(f
T
LR)

∗
kj

−(fS
RR)jk(f

V
LR)

∗
kj ± (L↔ R)

Quadratic Neutrino Mass Dependence

(C±)Mjk (fV
LL)jk(f

V
LL)

∗
kj +

1
4
(fS

LL)jk(f
S
LL)

∗
kj + (fS

RL)jk(f
V
RL)

∗
kj + 6(fV

RL)jk(f
T
RL)

∗
kj ± (L↔ R)

(C
′±)Mjk

1
4
(fS

LL)jk(f
S
LL)

∗
kj + (fV

LL)jk(f
V
LL)

∗
kj − (fS

RL)jk(f
V
RL)

∗
kj − 6(fV

RL)jk(f
T
RL)

∗
kj ± (L↔ R)

(J+)Mjk

1
4
(fS

LR)kj(f
S
RL)

∗
jk +

1
2
(fS

LR)kj(f
T
RL)

∗
jk +

1
2
(fT

LR)kj(f
S
RL)

∗
jk + 5(fT

LR)kj(f
T
RL)

∗
jk

+2(fV
LR)jk(f

V
RL)

∗
kj

(H+)Mjk
2(fV

LL)jk(f
S
RR)

∗
kj − 1

4
(fS

LR)jk(f
S
RL)

∗
kj + 3(fT

LR)jk(f
S
RL)

∗
kj + 3(fT

LR)jk(f
T
RL)

∗
kj

+2(fV
LR)jk(f

V
RL)

∗
kj + (L↔ R)

Table 4.4: Majorana term for the general coupling case.
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Term Coupling Dependence Term Coupling Dependence

No Neutrino Mass Dependence Linear Neutrino Mass Dependence

(I)Mjk 0 (κ±
L)

M
jk 0

(ρ)Mjk 0 (κ±
R)

M
jk 0

(ξ)Mjk 0 (λ±
L)

M
jk 0

(ξδ)Mjk 0 (λ±
R)

M
jk 0

(η)Mjk 0 Quadratic Neutrino Mass Dependence
(ξ

′
)Mjk 0 (C±)Mjk (fV

LL)jk(f
V
LL)

∗
kj

(ξ
′′
)Mjk 0 (C

′±)Mjk (fV
LL)jk(f

V
LL)

∗
kj

(η
′′
)Mjk 0 (J+)Mjk 0

(α
′

A )Mjk 0 (H+)Mjk 0

(β
′

A )Mjk 0

Table 4.5: SM Case |fV
LL| = 1.

matter how small it is, a Dirac and a Majorana neutrino are different."

Indeed, from table 4.5, we see that in the SM case, there is no difference between a Dirac

and a Majorana neutrino for the terms with no neutrino mass dependence (also for the

linear neutrino mass dependence), but –even in the SM case– if neutrino masses are taken

into account, we find a substantial difference between the Dirac and Majorana cases,

specifically in the quadratic neutrino mass dependence. Unfortunately, these terms are

really suppressed, as shown in table 4.2.

Finally, we present a rapid implementation of our results within a well-studied, model-

dependent framework that incorporates finite neutrino mass effects. This framework is

based on the effective weak interaction Hamiltonian with (V ±A) currents [99], [103]. For

the presence of V ±A currents, keeping only the leading order terms, the Majorana terms

are shown in table 4.6. Then, as an example, if we focus now only on the component of

the transverse polarization perpendicular to the decay plane (FT2 and F
′
T2

) up to linear

neutrino mass effects, taking into account the Dirac (ϵ = 0) and Majorana (ϵ = 1) cases

and considering x0 << 1 we can approximate the result to:

FT2(x) + F ′
T2
(x) =

x

3mℓ

{
ϵ
[
mℓ Im(fV

LL)
∗
jk(f

V
RR)kj − 3mj Im(fV

LL)
∗
jk(f

V
RL)kj

]
− 3mj Im(fV

LL)
∗
jk(f

V
RL)jk

}
.

(4.24)
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Term Coupling Dependence Term Coupling Dependence

No Neutrino Mass Dependence Linear Neutrino Mass Dependence

(I)Mjk 0 (κ±
L)

M
jk −2(fV

LL)kj(f
V
LR)

∗
jk

(ρ)Mjk 0 (κ±
R)

M
jk ∓2(fV

LL)kj(f
V
RL)

∗
jk

(ξ)Mjk 0 (λ±
L)

M
jk −2(fV

LL)kj(f
V
LR)

∗
jk

(ξδ)Mjk 0 (λ±
R)

M
jk ∓2(fV

LL)kj(f
V
RL)

∗
jk

(η)Mjk (fV
LL)jk(f

V
RR)

∗
kj Quadratic Neutrino Mass Dependence

(ξ
′
)Mjk 0 (C±)Mjk (fV

LL)jk(f
V
LL)

∗
kj

(ξ
′′
)Mjk 0 (C

′±)Mjk (fV
LL)jk(f

V
LL)

∗
kj

(η
′′
)Mjk −(fV

LL)jk(f
V
RR)

∗
kj (J+)Mjk 0

(α
′

A )Mjk 0 (H+)Mjk 0

(β
′

A )Mjk −1
2
(fV

LL)jk(f
V
RR)

∗
kj

Table 4.6: Majorana term for V ± A currents.

Finally, if we define the quantity between curly brackets as T (E), we have:

T (E) =ϵ
[
mℓ Im(fV

LL)
∗
jk(f

V
RR)kj − 3mj Im(fV

LL)
∗
jk(f

V
RL)kj

]
− 3mj Im(fV

LL)
∗
jk(f

V
RL)jk, (4.25)

which is a well-known result [103]16

From eq.(4.25) we can see that the only Dirac contribution (ϵ = 0) is suppressed by a

factor of neutrino mass, while the first Majorana contribution does not have a neutrino

mass suppression. Thus, the Majorana term dominates over the Dirac term, so that the

Majorana properties of neutrinos can be observed in T (E). Many other discussions and

properties of this model can be found in [99].

Therefore, our model-independent results can be used to derive model-dependent

expressions efficiently and with high theoretical precision, allowing for a comprehensive

discussion of the implications of the new physics within specific frameworks.

As a final motivation, we estimate the possible effects of the heavy neutrino sector using

a realistic example. We take the gVLL coupling to be dominant and consider a non-zero

gSRR coupling, which is one of the most motivated new physics couplings since it would

couple the well-known left-handed neutrinos and it naturally appears in many beyond SM

theories, also it can be tested in more detail via the η parameter, as we just discussed.

Finally, in order to obtain a non-vanishing contribution from the linear neutrino mass
16Note that due to our Hamiltonian definition, our results are related by the exchange fV

RL ↔ fV
LR

with respect to those obtained in [103].
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terms, we add a gSLR coupling.

As a realistic approach, for the standard Michel parameters we consider the experimental

mean values, while for the new parameters, that appear in the neutrino mass-dependent

terms, we work with the current coupling upper limits and assign the following numerical

values: gVLL = 0.96, gSRR = and gSLR =, which agree with the corresponding normalization

condition.

Using these values, we can obtain the specific neutrino mass term contribution for Dirac

and Majorana cases making the subtraction between the differential rate with neutrino

mass effects and the one without this contribution. This result is shown in figure 4.2,

where the y-axis corresponds to 1
N

(
dΓ
dx
− dΓ

dx
|mν=0

)
with N = mω4G2

ℓℓ′/(4π).

0.2 0.4 0.6 0.8 1.0

-4

-2

0

2

4

x

Dirac

Majorana

x10-4

Figure 4.2: Neutrino mass contribution to Dirac and Majorana distributions.

Then, for this realistic example we find that even considering the suppression of the

specific new physics couplings and phase space structures, this neutrino mass effect could

be as high as 10−4 and lead to measurable distortions in the energy spectrum, as seen in

figure 4.2. Another interesting feature in this example is that the neutrino mass terms

influence the energy distribution differently depending on the neutrino type. For Dirac

neutrinos, these terms reduce the differential decay rate, whereas for Majorana neutrinos,

they have the opposite effect.

Therefore, potential distortions of the energy spectrum can provide insight not only into

the presence of a heavy neutrino sector but also into distinguishing the Dirac or Majorana
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nature of neutrinos. Further applications to model-dependent scenarios, as well as a

detailed discussion of the angular distribution results, are presented in [1].

4.2 Effective νe→ νe Scattering Analysis

In Ref. [2], a complementary analysis on elastic neutrino-electron scattering within an EFT

framework is carried out. This again allows us to constrain the NP Wilson coefficients in a

model-independent manner and incorporate the effects of finite neutrino masses, extending

the results previously obtained in [133], in the presence of generic new interactions.

4.2.1 General neutrino-electron scattering interaction

Let us consider the most general Lorentz-invariant interaction between neutrinos and

charged lepton pairs at dimension six [133] 17:

L ⊃ GF√
2

∑
a=S,P,V,A,T

ν̄Γaν
[
l̄ Γa(Ca + D̄aiγ

5)l
]
, (4.26)

where Γa, with a = S, P, V,A, T ; commonly known as scalar, pseudo-scalar, vector, axial-

vector, and tensor interactions, respectively, are the different Dirac matrices that can be

combined independently,

Γa =

{
I, iγ5, γµ, γµγ5, σµν ≡ i

2
[γµ, γν ]

}
. (4.27)

There are two options for contracting the terms in the tensor case, gµµ′gνν′σ
µνσµ′ν′ and

εµνµ′ν′σ
µνσµ′ν′ . We only make use of the first one since, in accordance with [135], the

latter can be turned into the former up to a redefinition of CT and DT .

Hermiticity of eq. (4.26) enables us to define

Da ≡ D̄a, a = S, P, T, (4.28)

Da ≡ iD̄a, a = V,A,

thus, each coupling constant Ca and Da is a real number. Additionally, by imposing the

17Ref. [134] discusses its ultraviolet completion, from the effective field theory perspective.
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Majorana condition νj = νc
j = Cν̄T

j , where C is the charge conjugation matrix, some

coefficients must vanish (CV = DV = CT = DT = 0). This feature is what allows us to

distinguish between Dirac and Majorana neutrinos in the general case.

As an example, the SM scenario is just a specific case of (4.26). Indeed, the Lagrangian

that describes the neutral current interaction (NC) in the SM is: 18

LNC =
GF√
2
2
[
ν̄γµ(gνV − gνAγ

5)ν
][
l̄γµ(glV − glAγ

5)l
]
, (4.29)

gνV = gνA =
1

2
, glV = −1

2
+ 2s2w, glA = −1

2
. (4.30)

By comparing eqs. (4.26) and (4.29), we get

Dirac



CSM
V = 2gνV g

l
V , DSM

V = −2gνV glA,

CSM
A = 2gνAg

l
A, DSM

A = −2gνAglV ,

CSM
S = 0, DSM

S = 0,

CSM
P = 0, DSM

P = 0,

CSM
T = 0, DSM

T = 0,

Majorana



CSM
V = 0, DSM

V = 0,

CSM
A = 4gνAg

l
A, DSM

A = −4gνAglV ,

CSM
S = 0, DSM

S = 0,

CSM
P = 0, DSM

P = 0,

CSM
T = 0, DSM

T = 0.

(4.31)

We emphasize that for Majorana neutrinos CV = DV = CT = DT = 0 and, for the specific

SM case, the remaining ones double their values compared to the Dirac case.

4.2.2 Cross Section for Massless Neutrinos

As done in ref. [133], the result for the cross section of elastic scattering of neutrinos

(antineutrinos) with massive charged leptons at energies where the local interaction

18The charged current (CC) interaction may also contribute if the neutrino and the charged lepton
have the same flavor. To include the charged current contribution one simply replaces glV → glV + 1 and
glA → glA + 1 after a Fierz transformation.
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approximation holds, neglecting neutrino masses, is

dσ

dT
(ν + e) =

G2
FM

2π

[
A+ 2B

(
1− T

Eν

)
+ C

(
1− T

Eν

)2

+D
MT

4E2
ν

]
, (4.32)

dσ

dT
(ν̄ + e) =

G2
FM

2π

[
C + 2B

(
1− T

Eν

)
+ A

(
1− T

Eν

)2

+D
MT

4E2
ν

]
, (4.33)

where Eν is the incident neutrino energy, T and M are the recoil energy and mass of the

charged lepton, respectively, and

A ≡1

4
(CA −DA + CV −DV )

2 +
1

8
(C2

P + C2
S +D2

P +D2
S + 8C2

T + 8D2
T )

+
1

2
(CPCT − CSCT +DPDT −DSDT ), (4.34)

B ≡− 1

8
(C2

P + C2
S +D2

P +D2
S − 8C2

T − 8D2
T ), (4.35)

C ≡1

4
(CA +DA − CV −DV )

2 +
1

8
(C2

P + C2
S +D2

P +D2
S + 8C2

T + 8D2
T )

− 1

2
(CPCT − CSCT +DPDT −DSDT ), (4.36)

D ≡(CA −DV )
2 − (CV −DA)

2 − 4(C2
T +D2

T ) + C2
S +D2

P . (4.37)

It is important to note that all these calculations assume that incoming neutrinos and

antineutrinos are left-handed and right-handed, respectively. Interestingly, the two

distributions are related through the exchange A↔ C and that none of the parameters

mix the (axial)-vector type interactions with any other. Detailed explanations on this

topic can be found in ref. [133].

In this case, the SM values for the parameters A,B,C,D, for NC contributions, are as

follows

(
A,B,C,D

)SM
=
(
(1− 2s2w)

2, 0, 4s4w, 1− (1− 4s2w)
2
)
, (4.38)

which lead to a cross section that has the same value for Dirac and Majorana neutrinos,

as anticipated. Then, other interactions are needed in order to distinguish the Dirac and

Majorana cases in this process.
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4.2.3 Cross Section for Massive Neutrinos

We now generalize the previous results by incorporating finite neutrino masses and all their

potential effects on the differential cross section, thereby extending the analysis further. If

we consider finite neutrino masses, the current neutrino (νL for the weak isospin doublets

electrically neutral component and ν ′
R for singlets) is assumed to be the superposition of

the mass-eigenstate neutrinos (Nj) with the mass mj, that is,

νℓL =
∑
j

UℓjNjL, ν ′
ℓR =

∑
j

VℓjNjR, (4.39)

where j = {1, 2, ..., n}, with n the number of mass-eigenstate neutrinos, as stated in the

last section.

The U matrix refers to the mixing of the active left-handed sector with massive neutrinos,

while V parameterizes the mixing of the sterile right-handed neutrinos. They are not

directly related, except for the condition that unitarity or a specific model can implement.

For a comprehensive discussion of left- and right-handed mixing, we refer the reader to

Appendix A of Ref. [99], where the topic is explained in full detail and aligns with our

notation. For a complementary perspective, the lepton mixing formalism is also reviewed

in Appendix A of Ref. [136], which uses slightly different notation but presents the material

with great clarity.

Thus, in the laboratory frame, the explicit cross section of elastic neutrino (antineutrino)

scattering on charged leptons is

dσ

dT
(ν + e) =

∑
i,f

|Uℓi|2
G2

FM

2π

E2
ν

E2
ν −m2

νi

{
A+ 2B

(
1− T

Eν

)
+ C

(
1− T

Eν

)2

+D
MT

4E2
ν

+
(m2

νi
−m2

νf
)

2MEν

[
(A+ 2B) + C

(
1− T

Eν

)
+ F

mνf

Eν

]
−B

m2
νi
T

ME2
ν

+
mνf

Eν

[
G+ F

(
1− T

Eν

)]
+D

m2
νi
+m2

νf

8E2
ν

}
, (4.40)
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dσ

dT
(ν̄ + e) =

∑
i,f

|Uℓi|2
G2

FM

2π

E2
ν

E2
ν −m2

νi

{
C + 2B

(
1− T

Eν

)
+ A

(
1− T

Eν

)2

+D
MT

4E2
ν

+
(m2

νi
−m2

νf
)

2MEν

[
(C + 2B) + A

(
1− T

Eν

)
−G

mνf

Eν

]
−B

m2
νi
T

ME2
ν

−mνf

Eν

[
F +G

(
1− T

Eν

)]
+D

m2
νi
+m2

νf

8E2
ν

}
, (4.41)

where mνi (mνf ) is the mass of the initial (final) neutrino and we only added two new

parameters F and G, that were not contributing in the massless neutrino case. These,

together with the A, B, C, D parameters already appearing in eqs. (4.32) and (4.33), are

given, in the massive neutrino case, by

A ≡|Uℓf |2
[
1

4
(CA −DA + CV −DV )

2

]
+ |Vℓf |2

[
1

8
(C2

P + C2
S +D2

P

+D2
S + 8C2

T + 8D2
T ) +

1

2
(CPCT − CSCT +DPDT −DSDT )

]
, (4.42)

B ≡− |Vℓf |2
[
1

8
(C2

P + C2
S +D2

P +D2
S − 8C2

T − 8D2
T )

]
, (4.43)

C ≡|Uℓf |2
[
1

4
(CA +DA − CV −DV )

2

]
+ |Vℓf |2

[
1

8
(C2

P + C2
S +D2

P

+D2
S +8C2

T + 8D2
T )−

1

2
(CPCT − CSCT +DPDT −DSDT )

]
, (4.44)

D ≡|Uℓf |2
[
(CA −DV )

2 − (CV −DA)
2
]
+ |Vℓf |2

[
−4(C2

T +D2
T )

+C2
S +D2

P

]
, (4.45)

F ≡Re
[
UℓfV

∗
ℓf

] 1
4
[(CS + 6CT )(CV −DA) + (CP − 6CT )(CA −DV )], (4.46)

G ≡Re
[
UℓfV

∗
ℓf

] 1
4
[(CS − 6CT )(CV −DA)− (CP + 6CT )(CA −DV )]. (4.47)

The reason we have an overall factor of |Uℓi|2 in the differential cross section is because

of the assumption that the incoming neutrinos or antineutrinos are left-handed or right-

handed, respectively 19; while the final neutrino could be produced in any chirality state,

depending on the specific physics involved. We emphasize that this result applies to both

relativistic and non-relativistic neutrino scattering, as will be discussed in more detail

later.

Thus, all of these parameters can, in principle, be extracted from scattering data and used

19See, conversely, ref.[137].
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to probe both the existence of a potential heavy neutrino sector and the fundamental

nature of neutrinos, as will be discussed in the following sections. It is also remarkable

that this generalization of the cross section introduces only two more parameters, F and

G, which mix the vector and axial currents with the scalar, pseudoscalar and tensor ones;

that is a new feature compared with the previous result [133]. In the following sections,

each aspect of these earlier findings will be clarified and examined in detail.

Finally, it is useful to remark some of the symmetry properties that the cross sections

have. The cross sections for neutrinos and antineutrinos scattering are related by the

exchanges A ↔ C, F ↔ G, mνi ↔ −mνi and mνf ↔ −mνf , which could be used while

analyzing model-dependent scenarios. Also, in the light neutrino case, if we sum over

all the possible mass-eigenstate neutrinos (using the unitarity condition) and neglect the

explicit neutrino mass terms, we recover the results already obtained in ref. [133], just as

a trivial check of our expressions.

One of the main goals of this computation is to incorporate the effects of neutrino

masses, particularly to study their potential contributions in scenarios where new heavy

sterile neutrinos have non-negligible mixing with the light, active states. The differential

cross section given in Eqs. (4.40, 4.41) is general under the assumptions discussed and,

in principle, accounts for the contributions of all neutrino mass eigenstates that are

kinematically accessible. These contributions exhibit distinct dependencies on the neutrino

masses, such as:
mν

Eν

,
m2

ν

E2
ν

,
m2

νT

ME2
ν

. (4.48)

These structures are precisely what suppress the neutrino mass–dependent contributions

relative to the terms that do not depend on neutrino masses. Nevertheless, for precision

measurements, this suppression could be low enough to play a role in the energy spectrum,

specifically under the assumption of a heavy neutrino sector, as we shall discuss.

At this stage, we just want to motivate the presence of these new terms that appear in

the differential decay rate due to accounting for finite neutrino masses. For this purpose

we will begin with a naive, but still realistic, approximation. Since we are considering

that the incident neutrinos (antineutrinos) are left (right)-handed, we will now assume

that they are predominantly contributed by the light mass eigenstates, meaning that we

will not have a suppression due to the global |Uℓi|2 mixing factor and E2
ν −m2

νi
≈ E2

ν .
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Then, in order to have a sizable contribution of these new structures, we need to analyze

the case of a heavy final state neutrino, where the suppression will come from its mixing

factor |Uℓf |220.

In summary, we will now focus on a contribution with a light mνi and a heavy mνf with

a suppressed mixing |Uℓf |2. In order to estimate the value of the structures shown in

eq. (4.48), we used the current experimental limits given in refs. [138], [139], [140]. We

can then consider different scenarios, depending on the incident neutrino energy and the

mass of the final-state neutrino. The suppression of the neutrino mass–dependent factors

is analyzed in Table 4.7, where we highlight the most relevant contributions according

to our estimation assumptions. We emphasize that this represents a specific illustrative

case intended to motivate the inclusion of these terms. As we can see, the suppression for

Neutrino
flavor

mνf

(MeV) |Uℓ4|2 Linear term suppression
|Uℓ4|2mνf/Eν

Quadratic term suppression
|Uℓ4|2m2

νf
/E2

ν

Eν

500 MeV
Eν

2500 MeV
Eν

500 MeV
Eν

2500 MeV
l = e
[138]

150-375
375-440

10−8

10−9

10−9

10−10

10−10-10−9

10−10

10−10-10−9

10−10

10−10

10−11

l = µ
[139]

10
20
50
100

10−3

10−4

10−5

10−6

10−5

10−6

10−6

10−7

10−6

10−7

10−7

10−8

10−7

10−7

10−7

10−8

10−8

10−9

10−9

10−9

l = τ
[140]

100-200
300-400
500-800
900-1100

10−3

10−4

10−5

10−5

10−4

10−4

10−5

10−5

10−4

10−5

10−6

10−6

10−4

10−4

10−5

10−5

10−5

10−6-10−5

10−6

10−6

Table 4.7: Estimated suppression associated with neutrino mass-dependent terms.

electron neutrinos is really high because its mixing is tightly constrained 21. The same

happens with the muon neutrinos, which are not as restricted as the electron ones, but

still too suppressed for the current experimental capabilities. Nevertheless, the limits on

|Uτ4| are the weakest, motivating the possibility that |Uτ4| ≫ |Ue5|, |Uµ4| and thus getting

suppression effects of the order 10−4− 10−5 which could produce measurable distortions in

the energy spectrum, with the disadvantage that events with tau neutrinos are the rarest.

20In the case of new physics, the mixing may be not suppressed, but the net suppression will be then
encoded in the coupling. For this rough estimation we are not discussing all these possibilities.

21Even in this case, the contributions associated to the gauge boson longitudinal polarizations can be
neglected.
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In this estimation, the linear neutrino mass terms with the presence of a heavy neutrino

with a mass around 100− 400 MeV will be important for an incident neutrino energy of

the order of 102 − 103 MeV. It is also necessary to emphasize that these terms are always

multiplied by the parameters F and G, which are identically zero in the SM case, so we

need the presence of new physics couplings in order to be sensitive to those contributions

and then an extra suppression factor must be taken into account while analyzing the

possible distortions of the spectrum.

For the quadratic neutrino mass terms we also found interesting results. Indeed, the

suppression for the considered energy range could be of order 10−4 − 10−5, which is a new

feature compared to other analyses, see ergo [1], where the quadratic terms were really

suppressed. Also, these neutrino mass terms appear multiplying the D parameter22, which

in eqs. (4.32, 4.33) (neglecting neutrino masses) is suppressed by the electron mass with

a factor MT/E2
ν . Then, depending on the recoil energy and the heavy neutrino sector,

even the neutrino mass term could be of the same order as the one already obtained in

ref. [133] for the D parameter.

We note that, although our results are applicable to the non-relativistic regime, the energy

of the incident neutrino constrains the masses of heavy neutrinos that can be kinematically

accessed. Consequently, significant heavy-neutrino effects may not appear at low energies.

Nevertheless, the non-relativistic case without neutrino mass effects remains of interest,

as discussed in Ref. [133].

Finally, more precise conclusions could be drawn by considering model-dependent scenarios,

where the full suppression can be estimated based on the specific values of the new physics

couplings. However, for our purposes, this rough estimation provides a clear indication of

the potential signals of a heavy neutrino sector in this type of process.

4.2.4 Dirac vs Majorana Discussion

Our second goal is to use the information on the A, . . . , G parameters, including the

two new ones that appear while considering finite neutrino masses, and explore the

corresponding parameter space allowed by Dirac or Majorana neutrinos. This way, it

22They also appear in other parts of the spectrum, where the dependence is proportional to (m2
νi−m2

νf ),
so cancellations may occur while considering all the possible mass eigenstates, then we are not stating
further conclusions about this.
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may be possible to distinguish between both neutrino natures depending on the values

extracted from the experiment, as examined in ref. [133] for the case with negligible

neutrino masses.

Parameter Dirac

A
|Uℓf |2

[
1
4
(CA −DA + CV −DV )

2
]
+ |Vℓf |2

[
1
8
(C2

P + C2
S +D2

P

+D2
S + 8C2

T + 8D2
T ) +

1
2
(CPCT − CSCT +DPDT −DSDT )

]
B −|Vℓf |2

[
1
8
(C2

P + C2
S +D2

P +D2
S − 8C2

T − 8D2
T )
]

C
|Uℓf |2

[
1
4
(CA +DA − CV −DV )

2
]
+ |Vℓf |2

[
1
8
(C2

P + C2
S +D2

P

+D2
S +8C2

T + 8D2
T )− 1

2
(CPCT − CSCT +DPDT −DSDT )

]
D

|Uℓf |2 [(CA −DV )
2 − (CV −DA)

2]
+|Vℓf |2 [−4(C2

T +D2
T ) + C2

S +D2
P ]

F Re
[
UℓfV

∗
ℓf

]
1
4
[(CS + 6CT )(CV −DA) + (CP − 6CT )(CA −DV )]

G Re
[
UℓfV

∗
ℓf

]
1
4
[(CS − 6CT )(CV −DA)− (CP + 6CT )(CA −DV )]

Majorana

A |Uℓf |2
[
1
4
(CA −DA)

2
]
+ |Vℓf |2

[
1
8
(C2

P + C2
S +D2

P +D2
S)
]

B −|Vℓf |2
[
1
8
(C2

P + C2
S +D2

P +D2
S

]
C |Uℓf |2

[
1
4
(CA +DA)

2
]
+ |Vℓf |2

[
1
8
(C2

P + C2
S +D2

P +D2
S

]
D |Uℓf |2 [C2

A −D2
A] + |Vℓf |2 [C2

S +D2
P ]

F −Re
[
UℓfV

∗
ℓf

]
1
4
[CSDA − CPCA]

G −Re
[
UℓfV

∗
ℓf

]
1
4
[CSDA + CPCA]

Table 4.8: Parameters for Dirac and Majorana cases. The parameters for the latter case
can be obtained from the former ones applying the properties explained in the paragraph
below eq. (4.28).

Applying the Majorana condition already discussed (CV = DV = CT = DT = 0), we can

obtain the explicit forms of the parameters for both Dirac and Majorana neutrinos in

the general interaction scenario, as presented in Table 5.2. This result facilitates a rapid

analysis of various model-dependent scenarios, as will be illustrated.

Let us start with the SM case (for NC contributions). Using eq.(4.30) and eq.(4.31) in

table 5.2, we can compute the values for all the parameters in the SM scenario, that are

shown in table 4.9.

Here it is straightforward to confirm that, if neutrino interactions are characterized by the
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Parameter Dirac and Majorana

A |Uℓf |2(1− 2s2w)
2

B 0

C |Uℓf |24s4w
D |Uℓf |2 (1− (1− 4s2w)

2)

F 0

G 0

Table 4.9: Parameters for Dirac and Majorana cases in the SM, which are obtained
from table 5.2 using eq. (4.38).

SM, the cross section has the same value for Majorana and Dirac neutrinos, since all the

parameters are equal in both cases. This is a result that still holds if we consider the effects

of finite neutrino masses, which is an interesting feature, since in some other processes,

specifically where both neutrinos appear in the final state, the difference between Dirac

and Majorana cases is proportional to m2
ν/E

2 in the SM scenario due to the helicity

flipping interference.

Then, if only the SM interaction is involved in the νe→ νe scattering, it is not possible, in

principle, to distinguish the specific nature of neutrinos, even if their masses are taken into

account. Nevertheless, as discussed in the last section, in the presence of a heavy sector, it

could still be possible to discriminate which one is at work. Also, we can emphasize that

in the SM case some parameters are identically zero; then, measuring a non-vanishing

value for these parameters will imply the presence of new physics beyond the SM.

Now, we can give some other examples including the presence of new physics couplings,

but for the Majorana condition in this process (CV = DV = CT = DT = 0) it is clear that

we need to introduce some of these vector or tensor couplings in order to get a testable

difference between Dirac and Majorana neutrinos.

Then, as a final example, we analyze the case of a CT coupling beyond the SM case, which

is of great interest since the CT coefficient must vanish for Majorana neutrinos, as we just

discussed. The results are shown in table 4.10.

As we can see, in this scenario, a new CT coupling would generate parameters that will
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Parameter Dirac Majorana

A |Uℓf |2(1− 2s2w)
2 + |Vℓf |2C2

T |Uℓf |2(1− 2s2w)
2

B |Vℓf |2C2
T 0

C |Uℓf |24s4w + |Vℓf |2C2
T |Uℓf |24s4w

D |Uℓf |2 (1− (1− 4s2w)
2)− 4|Vℓf |2C2

T |Uℓf |2 (1− (1− 4s2w)
2)

F 6Re
[
UℓfV

∗
ℓf

]
CT s2w 0

G 3Re
[
UℓfV

∗
ℓf

]
CT (1− 2s2w) 0

Table 4.10: Parameters for Dirac and Majorana cases in the SM+CT case.

differ for Dirac and Majorana neutrinos in all cases. Also, some of them must vanish

identically for the Majorana case, so a non-null measurement for the B, F or G parameters

will imply that neutrinos are Dirac fermions, if this model-dependent theory (SM + CT )

is the one describing nature.

We could continue exploring all possible new physics scenarios; however, as a final

estimation, we follow the analysis of Ref. [133], examining the parameter space for Dirac

and Majorana neutrinos in the general case, now adding the information of the new F

and G parameters.

As discussed in previous works (see e.g. [133] and references therein), the parameters

A,B,C are the most accurate measurable quantities and then the most important ones

for the current experiments, followed by the D parameter, which is suppressed by the

factor M/Eν . In this general analysis we have two more measurable parameters (F,G)

that would be the most inaccurate among the six quantities because of the neutrino mass

suppression already estimated. Nevertheless and for completeness of this work, we study

the behavior of Dirac and Majorana neutrinos through the possible values of these new

parameters in a similar way as done in ref. [133].

In [133], for the relativistic case, the normalized parameters triad (A,B,C) was studied

randomly generating arbitrary values of (Ca, Da) with a = S, P, V,A and T , except that

for Majorana neutrinos CV = DV = CT = DT = 0 were set, and then the corresponding

(A,B,C) values were plotted and discussed, to see the accessible parameter space for

Dirac and Majorana neutrinos. For the non-relativistic case, where the D parameter is
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relevant, the four different parameters were studied similarly, in this case showing several

2-dimensional projections due to the extra parameter taken into account.

In this general case we have now six parameters, so instead of showing several projections,

we prefer to analyze the parameter space for some parameter triads in such a way that the

subsequent discussions become clearer and generally encompass the distinction between

Dirac and Majorana neutrinos. Thus, we study the parameter space (X1, X2, X3), where

Xi could be any of the A, . . . , G parameters, in the same way as [133] randomly choosing

values of (Ca, Da) in [−1, 1].

We also remember, as discussed in previous works, that for any allowed value of

(X1, X2, X3), (rX1, rX2, rX3) is also allowed for any positive r, since it just corresponds to

a rescaling of (Ca, Da) by a factor of
√
r. Then, for simplicity, we normalize (X1, X2, X3) to

show the allowed region, as usually done. Thus, figure 4.3 shows the values of 105 samples

generated by randomly choosing values of (Ca, Da) in [−1, 1] for different parameter triads

(X1, X2, X3).

The difference between the Dirac (blue points) and Majorana (orange points) regions is

evident in many of them, while other triads are not capable of distinguishing between

Dirac and Majorana neutrinos on their own, since their boundaries are the same for both

cases. In a similar way as the criterion proposed by Rosen, if (X1, X2, X3) were measured

in the region outside the orange space, then neutrinos would be Dirac particles, but if

(X1, X2, X3) were measured where blue and orange points overlap, then both Dirac and

Majorana nature would be possible.

Indeed, we estimate the common region of Dirac and Majorana points for each plot, giving

an approximate percentage of the overlapping areas (with estimated relative uncertainty of

∼ 2.5%). We accomplished this by assigning a surface to each case (Dirac and Majorana)

and computing their area to determine the extent of overlap. For example, this implies

that if the overlapping percentage is 100%, we cannot distinguish between Dirac and

Majorana nature, as both cases share the same parameter space boundaries. This is

just a first estimation, where the corresponding reported percentages may exhibit slight

variations depending on the numerical analysis, but it is still a helpful feature for further

discussions about distinguishing the corresponding neutrino nature within a specific set of

parameters.
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45%Majorana
Dirac

≈ 100%Majorana
Dirac

≈ 100%Majorana
Dirac

≈

39%Majorana
Dirac

≈ 93%Majorana
Dirac

≈ 31%Majorana
Dirac

≈

42%Majorana
Dirac

≈ 24%Majorana
Dirac

≈ 44%Majorana
Dirac

≈

Figure 4.3: Allowed values of different normalized triads of parameters (X1, X2, X3)
assuming Dirac (blue points) or Majorana (orange points) neutrinos. These plots were
obtained with a random generation of N points inside the unit spheres as explained in
the main text.

The first triad (A,B,C) reproduces the result obtained in [133], where the complete

discussions can be found, being the most promising way to differentiate the neutrino

nature in this process. Additionally, we show eight more possible triads, which help us to

illustrate some important aspects.
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First, we have two possibilities: Either the Dirac and Majorana boundaries for the

corresponding triads are different, and then we clearly have a distinction between blue and

orange points; which holds for the (A,B,C), (A,B, F ), (F,B,G), (A,G,C), (A,B,D)

and (D,B, F ) triads. Or, conversely, the Dirac and Majorana boundaries are the same,

as in the (A,F,G), (D,F,G) and (A,D,G) cases, where we are unable to distinguish the

specific neutrino nature (assuming that only the corresponding triad could be measured),

as the overlapping percentages suggest.

The corresponding boundaries depend explicitly on the parameters coupling dependence.

As an easy example [133] we have the B parameter, which has the following dependence

for the Dirac and Majorana cases:

B = −1

8
(C2

P + C2
S +D2

P +D2
S) + C2

T +D2
T (Dirac),

B = −1

8
(C2

P + C2
S +D2

P +D2
S) (Majorana),

(4.49)

whence is evident that B ≤ 0 for the Majorana case, while for the Dirac case it can

have either sign. This is precisely why we have a clear distinction between blue and

orange points in every triad in which B appears. This analysis can be applied to any

other parameter, the conclusion being less direct because of the corresponding explicit

dependence.

We see now that the addition of these two new parameters F and G could give

complementary information about the neutrino nature as well as of the possible heavy

sector. Even if in some cases, such as the (A,F,G) or (D,F,G) triads, the accessible

parameters region is not helpful to distinguish the corresponding neutrino nature; there

are some others, such as the triad (A,B, F ) , in which the difference could be evident,

giving more information than the case of negligible neutrino masses.

For a final remark, as mentioned and justified in ref. [133], the triad (A,B,C) remains

the most important, because these parameters do not have an extra suppression in the

effective cross section and their extraction from experimental data is much cleaner and

more precise, giving the strongest constraints. Nevertheless, the analysis of F and G is

also included here for completeness and to illustrate the impact of neutrino nature on

each parameter.
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Altogether, this underscores the importance of searching for new neutrino interactions

and the potential existence of a heavy neutrino sector, a topic of considerable interest

that continues to drive exciting research in the field.

4.3 Dirac-Majorana Distinction in Four-Body Decays

Based on Ref.[3], we explored the possibility of distinguishing the neutrino nature within

the SM in four-body decays, that could generate a non-suppressed observable, as recently

suggested in the literature [141]. During our analysis, we identified a loophole in the

derivation of the proposed method. Once corrected, this led to a highly suppressed

result, consistent with previous discussions. We focused our effort on this issue and

provided a detailed explanation using an alternative process to illustrate the impossibility

of distinguishing the neutrino nature in this case.

It is crucial that the distinction between Dirac and Majorana neutrinos can be determined

independently of their masses, provided their momenta are not integrated out. Since

neutrino momenta are not directly accessible experimentally, a method is required to

infer them, allowing the determination of neutrino-related variables without the need for

explicit observation—a task that remains extremely challenging with current technology.

Kim, Murthy and Sahoo claimed [141] that we can deduce the neutrinos momenta working

in the back-to-back (b2b from now on) kinematic configuration of a four-body decay with

two final-state neutrinos, where the difference between Dirac and Majorana cases does

survive irrespectively of the neutrino mass values, as long as neutrinos are not strictly

massless. We suggest to take a look of their work [141] for a complete discussion.

Therefore, this could be a really exciting and important strategy to distinguish the specific

neutrino nature. Motivated by this approach (hereafter referred to as the “KMS method”),

we analyze radiative leptonic decays (ℓ− → ℓ′−νℓν̄ℓ′γ) as an independent approach in

order to distinguish the Dirac or Majorana nature of neutrinos. We emphasize that the

quoted KMS method of analysis considers processes with νν̄ final states with same-flavour

neutrinos, in order to apply the quantum statistical properties of Majorana neutrinos.

Nevertheless, the Majorana nature of neutrinos could be implemented even with νν̄ final

states with different flavours, working in the mass basis, where the quantum statistical

properties could be applied to distinguish between Dirac and Majorana nature, as we



4.3 Dirac-Majorana Distinction in Four-Body Decays 55

shall discuss, see e.g. [1], [99], [101] 23. This observation enables the study of many

other processes as alternative strategies—without hadronic transitions—featuring larger

branching ratios, such as the radiative leptonic decays of leptons, which we focus on here

while neglecting possible non-standard interactions.

The main idea is to study the potential effects of Majorana neutrinos in the radiative

leptonic decays of µ and τ leptons, under the assumption that their kinematic variables can

be inferred—i.e., avoiding integration over their momenta. In such cases, we demonstrate

that the distinction between Dirac and Majorana neutrinos remains at the level of the

differential decay rate and explicitly depends on the neutrino kinematics. Then, given the

b2b configuration analysis, we will show that the D-M difference vanishes upon integration

over the neutrinos variables and discuss the origin of the discrepancy with the KMS result.

4.3.1 Radiative Leptonic Decay

Since mℓ << MW , we can safely integrate out the W boson, allowing the use of a Fermi-

type theory of weak interactions to describe charged lepton decays. The leading Feynman

diagrams contributing to the radiative leptonic ℓ-decay are shown in figure 5.9.

γ(p5)
νℓ(p2)

ν̄ℓ′(p3)

ℓ′−(p4)
ℓ−(p1)

ℓ−(q1)

γ(p5)
νℓ(p2)

ν̄ℓ′(p3)

ℓ′−(p4)
ℓ−(p1) ℓ′−(q4)

(a) (b)

Figure 4.4: Lowest order Feynman diagrams for radiative leptonic lepton-decay.

In the mass basis, using the same mixing notation, the ℓ− → ℓ′−νℓν̄ℓ′γ decay consists of

the subsets of all the n2 separate decays of neutrino mass eigenstates allowed by phase

23Obviously, physics conclusions cannot depend on basis choice, although a particular one can be most
convenient in a given analysis.



56 4.3 Dirac-Majorana Distinction in Four-Body Decays

space, i.e., the incoherent sum of the separate modes ℓ− → ℓ′−N jNkγ [142]:

dΓ(ℓ− → ℓ′−νℓν̄ℓ′γ) =
∑
j,k

dΓ(ℓ− → ℓ′−N jNkγ) . (4.50)

Again, note that N represents an antineutrino for the Dirac neutrino case, but should be

identified with N for the Majorana neutrino case (N=N c=CN
T ).

In the Dirac case, the corresponding amplitude for the process ℓ− → ℓ′−N jNkγ is given

by:24

MD =M(a) +M(b) ≡M(p2, p3), (4.51)

where (see figure 5.9 for momenta convention)

M(a) = Uℓ′jU
∗
ℓk

eGF√
2

[
ū4γ

µ(1− γ5)v3
]
ū2γµ(1− γ5)

(
/q1 +m1

q21 −m2
1

)
γνϵ∗νu1,

M(b) = Uℓ′jU
∗
ℓk

eGF√
2
ū4γ

νϵ∗ν

(
/q4 +m4

q24 −m2
4

)
γµ(1− γ5)v3

[
ū2γ

µ(1− γ5)u1

]
.

(4.52)

Neglecting all final lepton masses, as a good approximation, the unpolarized squared

amplitude is:

|MD|2 = |Uℓ′jU
∗
ℓk|2

64e2G2
F

(p4 · p5)(p1 · p5)2
{
(p1 · p3)

[
(p2 · p4 + p2 · p5)(p1 · p5)2 −m2

1(p2 · p4)(p4 · p5)

+ (p1 · p4)(p1 · p5)(2(p2 · p4) + p2 · p5)− (p1 · p5)(p4 · p5)(p1 · p2 + p2 · p4)
]
+ (p2 · p4)[

(p3 · p4)(p1 · p5)2 +m2
1(p3 · p5)(p4 · p5) + (p1 · p5)(p3 · p5)(p4 · p5 − p1 · p4)

]}
.

(4.53)

Finally, motivated by the KMS method, we need to work in the initial charged-lepton rest

frame, specifically in the b2b kinematic configuration shown in figure 4.5, where the scalar

24Where, when computing the decay rate, we must sum incoherently over the probabilities of all the
allowed {j, k} channels.
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products, neglecting the final lepton masses, are given by 25:

p4 · p5 = 2E2
ℓ′ , p2 · p3 = 2

(mℓ

2
− Eℓ′

)2
,

p1 · p2 = p1 · p3 = mℓEℓ′

(mℓ

2
− Eℓ′

)
,

p1 · p4 = p1 · p5 = mℓEℓ′ ,

p3 · p4 = p2 · p5 = Eℓ′

(mℓ

2
− Eℓ′

)
(1 + cos θ),

p3 · p5 = p2 · p4 = Eℓ′

(mℓ

2
− Eℓ′

)
(1− cos θ).

(4.54)

Thus, in this kinematical configuration, the process is described in terms of only two

Figure 4.5: b2b kinematic configuration in the initial charged-lepton rest frame.

variables, the final charged-lepton energy26, E4 ≡ Eℓ′ , and the angle between the neutrino

and final charged-lepton directions, θ24 = θ.

With these considerations, the final Dirac amplitude is given by:

|MD
↔|2 = |Uℓ′jU

∗
ℓk|2

8e2G2
F (mℓ − 2Eℓ′)

2

mℓEℓ′

(
8E2

ℓ′ sin
4 θ

2
+ (1 + cos θ)m2

ℓ

)
. (4.55)

The subindex ‘↔’ denotes the b2b configuration. The 1/Eℓ′-dependence reflects the

infrarred behaviour of the amplitude in the soft-photon limit.

25The energies are related by: Eγ = Eℓ′ and Eν = Eν̄ = mℓ

2 − Eℓ′ .
26The corresponding energy range is 0 ≤ Eℓ′ ≤ mℓ

2 .
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γ(p5)
Nk(p2)

Nj(p3)

ℓ′−(p4)
ℓ−(p1)

ℓ−(q1)

γ(p5)
Nj(p3)

Nk(p2)

ℓ′−(p4)
ℓ−(p1)

ℓ−(q1)

(a) (b)

γ(p5)
Nk(p2)

Nj(p3)

ℓ′−(p4)
ℓ−(p1) ℓ′−(q4)

γ(p5)
Nj(p3)

Nk(p4)

ℓ′−(p4)
ℓ−(p1) ℓ′−(q4)

(c) (d)

Figure 4.6: Lowest order Feynman diagrams for radiative leptonic lepton-decay in the
Majorana neutrino case.

In contrast to the Dirac case, the intrinsic properties of Majorana neutrinos lead to

notable modifications in the amplitude, as discussed earlier. Remember that for Majorana

neutrinos the decay modes ℓ− → ℓ′−N jNkγ and ℓ− → ℓ′−NkNjγ yield the same final

states for k ̸= j as well as for k = j (since N i = Ni), and hence their amplitudes must be

added coherently. This is a result that can be obtained rigorously in the QFT formalism.

The possible first order Feynman diagrams for the ℓ− → ℓ′−NjNkγ decay are shown in

figure 4.6, leading to the total amplitude:

MM =Mjk(p2, p3)−Mkj(p3, p2) , (4.56)

where the relative sign betweenM(p2, p3) andM(p3, p2) stems from the application of

Wick’s theorem in presence of Majorana fermions (see, e.g. Ref. [102]).

It can be shown that, after summing over polarizations, Re (M(p2, p3)M∗(p3, p2)) ∝
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m2
ν ≈ 0 due to the smallness of neutrino masses27. Thus

|MM |2 = |Mjk(p2, p3)|2 + |Mkj(p3, p2)|2. (4.57)

The computation, neglecting the final lepton masses, leads to the following squared

amplitude for the b2b kinematic configuration:

|MM
↔ |2 =

8e2G2
F (mℓ − 2Eℓ′)

2

mℓEℓ′

{
|Uℓ′jU

∗
ℓk|2
(
8E2

ℓ′ sin
4

(
θ

2

)
+m2

ℓ(1 + cos θ)

)
+|Uℓ′kU

∗
ℓj|2
(
8E2

ℓ′ cos
4

(
θ

2

)
+m2

ℓ(1− cos θ)

)}
.

(4.58)

Thus, the Majorana nature of neutrinos would generate a different behavior of the

amplitude compared with the Dirac neutrinos case, eq. (4.55).

4.3.2 Energy and Angular Distributions (Dirac vs Majorana)

Inspired by the KMS method, we present an independent derivation and calculate the

energy and angular distributions of the ν − ν̄ and ℓ′ − γ systems in the b2b configuration,

respectively.

When we restrict ourselves to the b2b scenario— which corresponds to a specific kinematic

configuration of the general case, as previously discussed — we adopt the following

notation for the corresponding decay rate, according to eq. (F.6) (see Appendix F for all

the details):

dΓD,M

dEνdEν̄d cosΘνν̄d cos θℓ′dϕ

∣∣∣∣
b2b

=
2E2

ν

(4π)6mℓ

1

ϵ

∑
j,k

|MD,M
↔ |2, (4.59)

dΓD,M

dEℓ′dEγd cosΘℓ′γd cos θνdϕ

∣∣∣∣
b2b

=
2E2

ℓ′

(4π)6mℓ

1

ϵ

∑
j,k

|MD,M
↔ |2, (4.60)

where ϵ = 1(2) for Dirac (Majorana) neutrinos, showing that it is just the standard

differential decay rate evaluated in the specific b2b kinematics28, and the amplitudes

involved were already quoted.

Using the |MD/M
↔ |2 previously computed, we obtain the following neutrinos differential

27We are considering only the contribution of the three active light neutrino mass eigenstates.
28Where Eγ = Eℓ′ , Eν = Eν̄ and Θνν̄ = Θℓ′γ = π.
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decay rate:

dΓD
νν

∣∣
b2b
≡ dΓD

dEνdEν̄d cosΘνν̄d cos θℓ′dϕ

∣∣∣∣
b2b

=
4αG2

F (mℓ − 2Eℓ′)
4

(4π)5m2
ℓEℓ′

(
8E2

ℓ′ sin
4 θ

2
+ (1 + cos θ)m2

ℓ

)
,

dΓM
νν

∣∣
b2b
≡ dΓM

dEνdEν̄d cosΘνν̄d cos θℓ′dϕ

∣∣∣∣
b2b

=
4αG2

F (mℓ − 2Eℓ′)
4

(4π)5m2
ℓEℓ′

(
E2

ℓ′(3 + cos 2θ) +m2
ℓ

)
,

(4.61)

where we already used the unitarity relations for the mixing matrix elements considering

just the three active light neutrino mass eigenstates. We can also consider the presence of

a massive sector by keeping the summation explicit, where new sterile neutrinos could

either be produced if kinematically allowed or affect the unitarity relation if forbidden

by kinematics. Nevertheless, as discussed in Ref. [1], the possible effects are suppressed

by the specific heavy–light mixing and cannot exceed the order of 10−4; therefore, they

should only be taken into account when such a level of precision is required.

Then the difference between Dirac and Majorana cases in the b2b scenario is:

dΓD
νν |b2b − dΓM

νν |b2b =
4αG2

F (mℓ − 2Eℓ′)
5

(4π)5m2
ℓEℓ′

(mℓ + 2Eℓ′) cos θ. (4.62)

The difference is evident; however, the angle θ is not experimentally accessible. Therefore,

we must integrate over it to obtain the final charged-lepton energy distributions for the

Dirac and Majorana cases. To perform this integration over the inaccessible angle, it is

sufficient to express θ, which appears on the right-hand side of the above equations, in

terms of the phase-space variables θℓ′ and ϕ, i.e., θ = θ(θℓ′ , ϕ).

Since θ is the angle between p⃗ν and p⃗ℓ′ , it is easy to get, as shown in eq.(G.9) that:

cos θ ≡ p̂4 · p̂2 = sin θℓ′ sin θν cosϕ− cos θν cos θℓ′ . (4.63)

Now, since these neutrinos differential decay rate do not depend explicitly on θν , we have

the freedom to fix it to ease further computations 29 . Then, for example, we can choose

the system in such a way that θν = 0 and thus we get cos θ = − cos θℓ′ , which does not

have a dependence on the ϕ angle, showing explicitly the azimuthal symmetry of this

specific selection. Using this dependence, where 0 ≤ θℓ′ ≤ π and 0 ≤ ϕ ≤ 2π so that all

29The following discussion can be directly applied to eq.(4.60) for θℓ′ .
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possible angular configurations between ℓ′ and ν are accounted for, we have from eq.(4.62):

∫ 2π

0

∫ 1

−1

(
dΓD

νν |b2b − dΓM
νν |b2b

)
d cos θℓ′dϕ

=

∫ 2π

0

∫ π

0

−4αG2
F (mℓ − 2Eℓ′)

5

(4π)5m2
ℓEℓ′

(mℓ + 2Eℓ′) cos θℓ′ sin θℓ′dθℓ′dϕ = 0.

(4.64)

Doing this, it is straightforward that the difference between Dirac and Majorana cases

vanishes once the angular integration is made. We emphasize that this difference will

vanish in any other selected frame, doing the angular integration properly, as derived in

eq.(G.9).

Specifically, for subsequent discussions, if we work in the system where the neutrinos define

the x-axis (θν = π/2), as done in the KMS method, in such a way that cos θ = cosϕ sin θℓ′ ,

the difference between Dirac and Majorana cases after the angular integration is:

∫ 2π

0

∫ 1

−1

(
dΓD

νν |b2b − dΓM
νν |b2b

)
dθℓ′dϕ

=

∫ 2π

0

∫ π

0

4αG2
F (mℓ − 2Eℓ′)

5

(4π)5m2
ℓEℓ′

(mℓ + 2Eℓ′) cosϕ sin
2 θℓ′dθℓ′dϕ = 0.

(4.65)

Once again, the difference between the Dirac and Majorana cases vanishes, consistent

with the previous calculation, as the physics cannot depend on the choice of reference

frame. We note that the main discrepancy with the KMS method arises from their setting

ϕ = 0. This example illustrates that fixing ϕ = 0 would yield results that depend on the

chosen frame, which is physically inconsistent. For this reason, along with several other

arguments (see, e.g., Ref. [143]), we conclude that ϕ is not constrained by any kinematic

condition and must be integrated over its full range, as will be discussed in detail later.

Actually, we can do the same computation for the ℓ′−γ decay rate (since, even if in the b2b

configuration we can relate Eℓ′ and Eν , the neutrinos and electron-photon distributions

are not the same in this kinematic scenario, as shown in eqs.(4.59) and (4.60)) and

compute the specific energy distribution for the ℓ′ − γ and ν − ν̄ pairs, integrating over

the inaccessible angle θ, finding that indeed both distributions are different but the Dirac

and Majorana cases are, unfortunately, indistinguishable in each case.

This point is particularly important because the explanation for the impossibility of

distinguishing the neutrino nature differs for each distribution. For the ℓ′-γ spectrum,
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it follows directly from the Dirac–Majorana confusion theorem (DMCT), as we have

already integrated over all neutrino variables and neglected neutrino mass contributions.

In contrast, for the ν-ν̄ spectrum, one might initially expect a difference between Dirac

and Majorana distributions, since information about the neutrino energies is retained.

This would be true if the neutrinos energies were not equal, so the change Eν ↔ Eν̄ could

lead to a difference while computing the Majorana neutrino case. Regrettably, in the b2b

case, they are exactly the same (Eν = Eν̄), so we can not distinguish between Dirac and

Majorana nature from this energy variable alone. This statement is precisely the reason

why the difference between Dirac and Majorana distributions can not be independent of

the angular variable θ.

Then, carefully using our standard notation and considering the correct angular dependence

while doing the integration, yields all results consistent with the DMCT and the above

discussions, so once the inaccessible neutrino angle is integrated out from the ℓ′ − γ

and ν − ν̄ differential decay rates, we can not distinguish between Dirac and Majorana

distributions in either of them.

4.3.3 Consistency Tests

We now elaborate on our results, focusing on the primary reason for the absence of a

difference between Dirac and Majorana neutrinos. This outcome, which may appear

counterintuitive given the motivation provided by the KMS method, warrants a careful

and detailed analysis.

We emphasize that the specific process under study is not the same as the one used in

[141], and the Majorana nature affects in a distinct manner the two of them. Nevertheless,

this will only influence the dynamics and not the kinematics. So, from now on, we will be

focusing on the kinematic analysis, which must be the same considering all our previous

assumptions.

It is straightforward to see that the difference between Dirac and Majorana cases in our

approach vanishes after integrating, due to the specific angular dependence, and it can

be proved that this is true in any selected system (fixing the value of θν), as it must be.

Particularly, working in the same system as in the KMS method, we traced back the main

difference of this feature with the KMS approach and found that it primarily arises from
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the ϕ variable treatment. Therefore, we want to delve further into this topic, and specify

the reasons why this variable should not be fixed in the b2b configuration. Additionally,

we will outline the results that would be obtained if we do so in our specific process.

The KMS method suggests that ϕ = 0 is a condition fixed by the b2b kinematics. As we

mentioned, the b2b scenario is obtained by applying the condition p⃗2 = −p⃗3, or equivalently

p⃗4 = −p⃗5. These restrictions affect three of the five phase-space kinematic independent

variables as follows: Eν = Eν̄ and Θνν̄ = π. Consequently, the remaining two angular

variables must run over all their possible configurations, meaning that we must not set

ϕ to any specific value. In other words, the condition p⃗2 = −p⃗3 can be achieved for any

value of ϕ, and not just for ϕ = 0. Nevertheless, beyond these qualitative arguments,

we did the quantitative derivation of this assertion in Appendix G, where it is shown

explicitly that ϕ is not fixed at all by the b2b restriction.

Finally, the last argument given in the KMS approach is that in the b2b configuration the

νν̄ and ℓ′γ systems define a plane (since they are two independent vectors) and thus ϕ = 0.

We also clarify this statement in Appendix G, where we fully agree with the νν̄ and ℓ′γ

systems defining a plane, but show that such a plane is independent of the ϕ value, being

ϕ = 0 just an allowed specific configuration. These can be seen directly from the plane

equation and applied to any selected system. Then ϕ remains an independent variable.

Also, as discussed in previous sections, the physics must not depend on the selected

reference frame. We already showed that –at least in two different systems (θν = 0 and

θν = π/2)– the difference between Dirac and Majorana distributions vanishes while doing

the angular integration properly (not fixing ϕ = 0), which extends to any other frame.

While assuming the condition ϕ = 0, we obtain that this difference will be non-vanishing

in the system defined by θν = π/2, whereas it will remain zero in the system where θν = 0,

which is clearly a physical contradiction, and again another argument against fixing ϕ in

the b2b kinematic configuration.

This is really important to clarify, since by imposing the condition ϕ = 0 as a kinematic

constraint, it would be possible in principle to distinguish between the Dirac and Majorana

nature of neutrinos measuring the final energy distribution of the b2b configuration.
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Specifically, the Dirac-Majorana difference in this process will be of the form:

∫
(dΓD

νν |b2b − dΓM
νν |b2b) d cos θℓ′ =

2αG2
F

(4π)5m2
ℓ

(mℓ − 2Eℓ′)
5

Eℓ′
π [mℓ + 2Eℓ′ ] , (4.66)

which is not suppressed by neutrino masses. It could thus be a really promising result,

motivating its search in current and future experiments, being an attractive alternative

process to the one studied in [141], due to its larger branching ratio (BR) 30.

Finally, focusing on this last statement, we would also like to clarify the estimation process

of the BR as done in the KMS method, which could lead to confusion for the b2b case. This

is done in detailed in Appendix H, where we find a BR for the b2b case of the following

order:

BR(ℓ = τ)b2b = (Γ)b2b /Γτ ≈ 1.68× 10−10,

BR(ℓ = µ)b2b = (Γ)b2b /Γµ ≈ 1.34× 10−10,
(4.67)

being too suppressed, as expected for such a specific kinematic configuration.

In conclusion, once the appropriate treatment of the phase-space in the b2b configuration is

clarified, our approach remains consistent with all the tests carried out, and allows a clearer

interpretation of the results, leading to the fact that there is no difference produced by the

Dirac or Majorana nature of neutrinos in ℓ→ ℓ′νν̄γ, independently of the neutrino mass,

once the inaccessible neutrino variables are integrated out. This turns out to be crucial,

since its inaccurate interpretation could lead to very attractive results, even observable in

current and near future experiments. Recalling our comments above eq. (4.57) and below

eq. (4.61), any difference between these two cases will be heavily suppressed by squared

sterile neutrino masses and mixings, likely preventing their soon observation. We remark

that we were neglecting possible neutrino non-standard interactions.

30Unfortunately, if we consider the full angular dependence (without setting ϕ = 0) as we just discussed,
the difference between the Dirac and Majorana cases vanishes once the angular integration is performed,
consistently with all the results previously obtained.
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Chapter 5

Muon g-2

5.1 HEFT g-2 analysis

Based on [144], motivated by the EFT and precision physics approach, we also investigated

the famous muon g−2 anomaly, see Appendix I. While an eventual significant discrepancy

between SM prediction and measurements could be explained by various NP models, testing

these contributions is extremely challenging, due to the significant hadronic uncertainties

within the SM. A recent work [144] proposed a model-independent approach to test NP

contributions to the muon g − 2, bypassing low-energy hadronic uncertainties. The idea

involves a simple but interesting connection between low-energy g − 2 Feynman diagrams

and high-energy scattering processes through the Higgs vev expansion in the Lagrangian.

This analysis motivates the measurement of the scattering process (µ+µ− → H γ/Z) to

relate the corresponding Wilson coefficients to the specific NP contribution to aµ in a

future muon collider.

Since the previous discussed work, that was done within the SMEFT formalism (see

section 3.2.2), involves a Higgs sector, we were particularly interested in the potential

modifications that a more general analysis could induce on this process. We focused

on using Higgs Effective Field Theory (HEFT) (see section 3.2.3), an EFT that treats

the Higgs and Goldstone bosons separately, leading to a non-linear realization of the

electroweak symmetry. This approach is more general than SMEFT, while remaining

consistent with experimental data and reducing to SMEFT as a limiting case. By

reproducing the analysis within the HEFT formalism, we obtained interesting results [3].

We find that, within the current HEFT analysis, there are plausible scenarios where the

HEFT approach could lead to a higher sensitivity for testing the NP contributions to the

muon g-2. However, a more precise knowledge of the new HEFT parameters is needed to

reach definite conclusions, which motivates the search for complementary measurements.
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5.1.1 SMEFT approach

Before presenting the HEFT computation, it is useful to highlight the main ideas and

properties discussed in Ref. [144], which serve as motivation for our analysis. We strongly

encourage the reader to consult their work for full and detailed explanations of the

summary presented here.

As commented in Ref. [144], the observed muon discrepancy can be accommodated by

NP effects that arise from the dimension-6 dipole operators31

L =
Cℓ

eB

Λ2

(
ℓ̄Lσ

µνeR
)
HBµν +

Cℓ
eW

Λ2

(
ℓ̄Lσ

µνeR
)
τ IHW I

µν + h.c., (5.1)

where –in the unitary gauge– the Higgs doublet H reduces to its neutral component,

which is (v + h)/
√
2, with v = 246 GeV. This brings the sensitivity to the muon g-2 to

NP scales of order Λ ≲ 100 TeV (in the strongly-coupled regime, characteristic of HEFT).

However, directly detecting new particles at such high scales is far beyond our current

capabilities. Even if those particles were discovered, it would be nearly impossible to

unambiguously link them to ∆aµ on a short time scale.

The central idea is that a high-energy muon collider provides a fully model-independent

way to probe NP in the muon g-2. This is because the same dipole operator that generates

the primary contribution to ∆aµ also inevitably induces an NP contribution to a muon

scattering process, whose cross-section measurement is equivalent to determining ∆aµ

within the effective field theory framework.

In SMEFT, the relevant effective Lagrangian contributing to the muon g-2 up to one-loop

order and after SSB, is

L =
Cℓ

eγ

Λ2

v√
2
ℓ̄Lσ

µνeRFµν +
Cℓ

eZ

Λ2

v√
2
ℓ̄Lσ

µνeRZµν + h.c. , (5.2)

where Cℓ
eγ and Cℓ

eZ are Wilson coefficients, and Λ is the NP scale.

31We focus here only on the operators where the Higgs boson participates. ℓ is the lepton weak doublet
and e the corresponding singlet, both for the three SM families. Bµν is the U(1) field-strength tensor and
W I

µν the corresponding one for SU(2), with I = 1, 2, 3 and 2τ I = σI the Pauli matrices.
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Computing the Feynman diagrams that contribute to the g-2, one obtains

∆aℓ ≃
4mℓv√
2eΛ2

(
Cℓ

eγ −
3α

2π

cos2θW − sin2θW
sinθW cosθW

Cℓ
eZ log

Λ

mZ

)
, (5.3)

where θW is the weak mixing angle.

But –as mentioned before– also high-energy scattering processes are generated, due to the

Higgs field plus vacuum expectation value expansion after electroweak symmetry breaking,

as can be seen explicitly in Fig.5.1. Then, from measuring the scattering events, we would

be able to test the g-2 anomaly indirectly.

γ

ℓL

ℓ̄R

Cℓ
γ

v

γ

ℓL

ℓ̄R

Cℓ
γ

h

Z

ℓL

ℓ̄R

Cℓ
eZ

h

v

γ

ℓL

ℓ̄R

Cℓ
eZ

Z

Figure 5.1: Upper row: Feynman diagrams contributing to (g-2)ℓ in SMEFT, according
to eq. (5.2). Lower row: Feynman diagrams of the corresponding ℓ+ℓ− → h + γ/Z
scattering processes.

The key point is that both the g-2 contribution and the scattering process (whether

mediated by the photon or the Z boson) arise from the same effective operator, sharing

a common Wilson coefficient—the only free parameter in the analysis. This direct

correspondence allows one to unambiguously connect the two processes and extract

low-energy information through high-energy measurements.

Finally, since the SMEFT Lagrangian, and thus the specific scattering processes, depend

explicitly on the Higgs field, it is interesting to wonder if anything would be modified if

the analysis is carried out using a HEFT approach. This HEFT analysis is more general

(see e.g. refs. [145], [146] analyzing possible imprints of HEFT in multi-Higgs processes).
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For instance, new dimension-6 contributions appear, that would be really suppressed in

the SMEFT case (see ref. [147] for the power counting in HEFT) and the unambiguous

relation between long- and short-distance processes could be lost —due to the addition of

unknown free parameters—.

5.1.2 HEFT approach

The explicit computation and main conclusions within the HEFT formalism are derived

in this section, discussing the specific HEFT Lagrangian together with the µ+µ− → hγ

and µ+µ− → hZ cross sections.

5.1.2.1 HEFT Lagrangian

Following Ref. [148], the HEFT operators with a single fermion current and up to two

derivatives are contained in the following Lagrangian 32:

∆L2F =
8∑

j=1

nQ
j NQ

j +
28∑
j=9

1

Λ

(
nQ
j + iñQ

j

)
NQ

j +
36∑

j=29

4π

Λ

(
nQ
j + iñQ

j

)
NQ

j

+
2∑

j=1

nℓ
jN ℓ

j +
11∑
j=3

1

Λ

(
nℓ
j + iñℓ

j

)
N ℓ

j +
14∑

j=12

4π

Λ

(
nℓ
j + iñℓ

j

)
N ℓ

j + h.c.,

(5.4)

where nQ
j , nℓ

j, ñ
Q
j and ñℓ

j are real coefficients smaller than unity 33, and the explicit form

of all the operators can be found in Ref. [148], along with enlightening explanations.

In eq. (5.4) the terms with two derivatives are suppressed by the NP scale Λ, and the

CP-even and -odd contributions have untilded and tilded coefficients, respectively.

Specifically, for the processes under study (µ+µ− → h+ γ/Z and h→ µ+µ− + γ/Z), it is

possible to prove that the only contributing operators are (LL is the SM lepton doublet

32Higher-order HEFT Lagrangians are derived in Refs. [149], [150] and the EFT renormalization is
studied in Refs. [151], [152], [153], [154].

33We note the explicit 4π factors in the last of term of each line in eq. (5.4), particularly in N ℓ
12,13.
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and a right-handed neutrino does not appear in LR ):

N ℓ
2 (h) ≡ iL̄RγµU

† {V µ, T}ULRF ,

N ℓ
4 (h) ≡ L̄L {Vµ, T}ULR∂

µF ,

N ℓ
9 (h) ≡ L̄Lσ

µν {Vµ, T}ULR∂νF ,

N ℓ
12(h) ≡ ig′L̄Lσ

µνULRBµνF ,

N ℓ
13(h) ≡ igL̄Lσ

µνWµνULRF , (5.5)

with (below L,R are SU(2)L,R transformations and fπ the scale associated to the pseudo-

Goldstone electroweak bosons, Vµ and T transform in the adjoint of SU(2)L and the latter

breaks custodial symmetry, so it is tightly constrained)

U = expiσaπa(x)/fπ , U(x)→ LU(x)R†,

Vµ ≡ (DµU)U †, T ≡ Uσ3U
†,

DµU(x) ≡ ∂µU(x) + igWµ(x)U(x)− ig′

2
Bµ(x)U(x)σ3 ,

Fi(h) = 1 + 2ai
h

v
+ bi

h2

v2
+ ... (5.6)

The SM is reproduced if a0 = 1, b0 = 1 in the leading order term (v2/4)Tr[(DµU)†(DµU)]

F0(h), the Higgs potential is V (h) = v4
[
m2

h

2v2

(
h
v

)3
+

m2
h

8v2

(
h
v

)4], and all other coefficients in

operators with energy dimension larger than four vanish. A possible generalized function

(with in principle unconstrained coefficients) in the Higgs potential does not play any role

in this work.

The measured values of the a0 and b0 coefficients agree with SM predictions within

uncertainties, but the current experimental accuracy of these measurements is only at the

level of ∼ 10%. The unitarity condition for the HEFT amplitudes imposes a NP scale

Λ depending on the specific deviations from SM expectations. A significant departure

implies a lower Λ, potentially around the TeV range. Conversely, for minor deviations,

Λ could be considerably higher, approaching arbitrarily large values in the limit where

the SM is recovered. This relationship has been thoroughly explored from a geometric

perspective, as elaborated in Ref. [87]. For further details, we refer the reader to Ref. [155],

which discusses various processes and UV complete models, illustrating the operational
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mechanics of HEFT and its implications for determining the NP scale.

Certain processes, such as multi-boson radiation in the TeV range, may affect the sensitivity

of the parameters, particularly in scenarios with a low cutoff scale that enhances these

contributions. However, as noted in Ref. [155], these effects can also lead to a suppression

relative to the naively expected (E/(4πv))2 factor, depending on the specific UV complete

model. Given the large cutoff scale adopted in our analysis, this effect is not included in

the main result of our calculation.

Then, if we use expressions (5.6) in (5.5), we obtain the following operators in the unitary

gauge:

N ℓ
2 (h) ≡ −gzL̄Rγ

µZµLRF2,

N ℓ
4 (h) ≡ igzL̄LZµLR∂

µF4,

N ℓ
9 (h) ≡ igzL̄Lσ

µνZµLR∂νF9, (5.7)

with gz = e/(sin θW cos θW ) and where only the Zµ part of the operator contributes [83].

The remaining N ℓ
12 and N ℓ

13 operators are analogous to those also appearing in the SMEFT

dimension-six Lagrangian case, eq. (5.1) (with a Higgs doublet instead of the F function,

which can be different for every operator, as we emphasized with a subindex). Among

these operators, only N ℓ
2 is not suppressed by 1/Λ in eq. (5.4), enhancing relatively its

contributions at low energies.

Indeed, each HEFT operator can be generated within the SMEFT framework up to a

certain dimension, as discussed above. For completeness, Table 5.1 presents the set of

SMEFT operators that account for the additional HEFT terms. It is also remarkable

HEFT SMEFT (D=Dimension)

N ℓ
2 Qφe [66] (D=6)

N ℓ
4 Q

(1),(2),(5)

leH3D2 [156] (D=8)

N ℓ
9 Q

(3),(4),(6)

leH3D2 [156] (D=8)

N ℓ
12 QeW [66] (D=6)

N ℓ
13 QeB[66] (D=6)

Table 5.1: Correspondence between the HEFT operators analyzed in this work and the
operators coming from SMEFT.
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that none of these new HEFT operators (N ℓ
2 , N ℓ

4 and N ℓ
9 ) contribute to the anomalous

magnetic moment of the muon directly, so only their contributions to the processes

µ+µ− → hZ and h→ µ+µ−Z will be taken into account.

Then, the corresponding HEFT Lagrangian for this work is given by

L = Cℓ
2N ℓ

2 +
1

Λ
Cℓ

4N ℓ
4 +

1

Λ
Cℓ

9N ℓ
9 +

4π

Λ
Cℓ

ZN ℓ
Z +

4π

Λ
Cℓ

γN ℓ
γ , (5.8)

where the last two operators, N ℓ
Z and N ℓ

γ result from the linear combination of the N ℓ
12

and N ℓ
13 operators rendering gauge bosons in the mass eigenstate basis, and have the

following form

N ℓ
Z(h) ≡ L̄Lσ

µνLRZµνFZ , (5.9)

N ℓ
γ(h) ≡ L̄Lσ

µνLRFµνFγ . (5.10)

5.1.2.2 µ+µ− → hγ cross section

Here we compare the results obtained in the SMEFT and HEFT approaches, driven only

by the N ℓ
γ operator in eq. (5.10), since all others contribute exclusively to the Z scattering

process, as we will derive in the following section.

The differential and total cross section for the µ+µ− → hγ process, assuming that
√
s≫ mh, where

√
s is the collider center-of-mass energy, are given by (θ is the photon

scattering angle)

dσHEFT
hγ

d cos θ
=

2πa2γ|Cµ
γ |2s sin2θ

v2Λ2
,

σHEFT
hγ =

8πa2γ|Cµ
γ |2s

3v2Λ2
, (5.11)

where one recovers the SMEFT expression by taking aγ = 1 and rescaling the HEFT

Wilson coefficient:

Cµ
γ =

v Cµ
eγ

8π
√
2Λ

, (5.12)

with Cµ
eγ the coefficient in the SMEFT Lagrangian in eq. (5.2).

It should be noted that including aγ in the HEFT expression introduces an additional
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degree of freedom, which—without further constraints—breaks the direct and unambiguous

link between low- and high-energy processes. In contrast, in the SMEFT framework, where

aγ = 1 (since the Higgs is an SU(2)L doublet), the straightforward relation discussed

earlier is preserved.

In order to compare the SMEFT and HEFT approaches, we follow the method used in

Ref. [144], where the authors considered a cut-and-count experiment in the bb̄ final state

(h → bb̄), which has the highest signal yield (with branching ratios B(h → bb̄) = 0.58

and B(Z → bb̄ = 0.15)). The significance of the signal is defined as NS/
√
NS +NB, with

NS(NB) the number of signal (background) events. Thus, requiring at least one jet to be

tagged as a b, and assuming a plausible b-tagging efficiency, ϵb = 80%, one gets the 95%

C.L. reach on the muon anomalous magnetic moment ∆aµ, as a function of the collider

center-of-mass energy,
√
s, from the process µ+µ− → hγ. See Ref. [144] for all the details

in the SMEFT derivation of this result.

We stress here that the SM irreducible µ+µ− → hγ background can be neglected for
√
s > 1 TeV, being the Zγ events the main source of contamination, where the Z boson

is incorrectly reconstructed as a Higgs, as commented in Ref. [144]. For this specific

channel we take the central region cut | cos θ| ≤ 0.6, where the significance of the signal is

maximized, leading to the following signal and background total decay rates at
√
s = 30

TeV:

σcut
hγ ≈ 0.40 ab

(
∆aµ

3× 10−9

)2

a2γ, σcut
Zγ ≈ 80.5 ab, (5.13)

where ab denotes attobarns.

After rescaling the Wilson coefficient, the only difference between the two approaches

arises from the aγ parameter appearing in the HEFT F-function expansion. Following

the discussion and limits presented in Ref. [145], the examples below analyze cases with
1
5
< ai ≤ 5, as a first reasonable approximation.

In fig. 5.2, we show the 95% C.L. reach from µ+µ− → hγ on ∆aµ as a function of the

collider energy, assuming that only N ℓ
γ contributes to ∆aµ. The point where the curves

and the dashed line intersect shows the specific energy needed to test the presumed NP

under the assumption that it generates a contribution of 2.49× 10−9 to ∆aµ. In the same

way, the region below the dashed line is interesting under the assumption that this NP
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generates only a partial contribution to the current ∆aµ, which would be equivalent to

lowering the dashed line (in case the revised aµ turns out to be smaller than in ref. [36]).

The black line reproduces the SMEFT result, corresponding to aγ = 1, and we also show

the curves generated when aγ = 0.2, 0.5, 2 and 5.
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Figure 5.2: 95% C.L. reach on the muon anomalous magnetic moment ∆aµ for operator
N ℓ

γ contribution with different aγ values. In this and later figures, the black curve shows
the SMEFT result, corresponding to aγ = 1. The dashed line shown as ‘Current ∆aµ’
displays the 2020 White Paper prediction [36], updated after this work by [43].

Note that for values of aγ > 1, the sensitivity to test the gµ-2 anomaly improves with

respect to that in SMEFT. For instance, if we take aγ = 5, the 95% C.L. on ∆aµ is

reached at a center-of-mass energy of ∼ 14 TeV. In SMEFT, a
√
s ∼ 30 TeV is needed

to test the g-2 anomaly with the desired accuracy. This behavior was already expected,

since increasing aγ means a higher number of signal events.

We want to emphasize that for the SMEFT case, under the assumption that the NP

generates a contribution of 2.49 × 10−9 to the ∆aµ, the required muon collider energy

is completely fixed in order to generate the desired signal events expected from the

unambiguous relation between the low- and high-energy processes. That is why only one

SMEFT curve is present in Fig. 5.2. In other words, if the NP contribution to ∆aµ is

assumed to really exist, a fixed number of scattering events, generated by the same NP,

can be tested at a muon collider with a specific center-of-mass energy, without requiring

additional assumptions.
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In the HEFT analysis, the above discussion is no longer true, since having an extra

degree of freedom, aγ, modifies the relation between the different processes. Then, it

could happen that even if the same NP contribution to ∆aµ is considered, we may not

see enough high-energy scattering events (|aγ| < 1) or we could get a higher event rate

at smaller collider energies (|aγ| > 1), as shown in Fig. 5.2. Consequently, the HEFT

conclusion will depend on the specific aγ value.

On the other hand, from a phenomenological perspective, aγ is expected to be close to the

SM prediction, aγ ≈ 1. Regardless of that, this analysis highlights the need for independent

measurements to constrain the value of aγ . This would ensure an unambiguous relationship

between low- and high-energy processes, even within the HEFT framework, allowing for a

definitive conclusion.

5.1.2.3 µ+µ− → hZ cross section

Using the HEFT Lagrangian, the differential cross sections for the process µ+µ− → hZ

at
√
s ≫ mh are (we first give the contributions from squaring the amplitude for each

operator and then the only relevant interference):

• Operator N µ
2 : C2

2

s sin2θ

512πm2
Z

. • Operator N µ
4 :
|C4|2
Λ2

s2

256πm2
Z

.

• Operator N µ
9 :
|C9|2
Λ2

s2 cos2θ

256πm2
Z

. • Operator N µ
Z :
|CZ |2
Λ2

s sin2θ

32π
.

• Interference N µ
9 −N µ

Z : −Re (C∗
9CZ)

Λ2

s cos2θ

32π
.

(5.14)

This leads to

dσHEFT

d cos θ
=

C2
2s sin

2θ

512πm2
Z

+
s

Λ2

[ |CZ |2 sin2θ

32π
+
|C4|2s
256πm2

Z

+
|C9|2s cos2θ
256πm2

Z

− Re (C∗
9CZ) cos

2 θ

32π

]
,

σHEFT =
C2

2s

384πm2
Z

+
s

24πΛ2

[
|CZ |2 +

3|C4|2s
16m2

Z

+
|C9|2s
16m2

Z

− Re (C∗
9CZ)

2

]
,

(5.15)

where, for simplicity, we have redefined the coefficients as follows

CZ →
2(4π)aZ

v
Cµ

Z , C9 →
2ia9
v

Cµ
9 gz, C2 →

−2a2
v

Cµ
2 gz, C4 →

2ia4
v

Cµ
4 gz. (5.16)
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Note that the cross section in eq. (5.15) has the expected energy dimensions after the

substitution of the coefficients in eq. (5.16). Furthermore, as shown explicitly in eq. (5.15)

for the new HEFT operators, due to the specific energy dependence (where mh ≪
√
s≪ Λ)

and its numerical coefficient, the N2 operator will have the largest contribution, followed

by N4 and N9 respectively, as will be discussed in detail later.

The interference between operators N ℓ
2 -N ℓ

Z , N ℓ
2 -N ℓ

9 and N ℓ
2 -N ℓ

4 are all proportional to the

lepton mass and are therefore negligible in the energy range of interest (
√
s≫ mh), while

the interferences between operators N ℓ
4 -N ℓ

Z and N ℓ
4 -N ℓ

9 are identically zero. Also, the

result obtained from the operator N ℓ
Z alone has the same functional form as that obtained

in the SMEFT case [144], both related by a rescaling of the Wilson coefficient, CZ =
Cµ

eZ√
2Λ

(where Cµ
eZ is the coefficient in the SMEFT Lagrangian in eq. (5.2)).

We would like to stress that the calculation for the cross sections presented in this

paper includes diagrams at tree level only, i.e., at leading-order (LO). For a more precise

estimation of our results, one should include next-to-leading order (NLO) corrections.

To address this issue, we refer to Ref. [157], which provides a complete analysis of

NLO electroweak (EW) corrections and initial-state radiation (ISR) effects in multiple

massive boson production processes in a future muon collider. Specifically, for the process

µ+µ− → HZ, they concluded that the overall effect is a decrease in the cross section of

∼ 20% (with respect to the LO result) at
√
s ∼ 16 TeV, and an even larger decrease at

higher energies. It is also important to note that these results were obtained in a fully

inclusive analysis. Therefore, although the general effect should apply approximately to

our exclusive calculation, µ+µ− → HZ → (b̄b)(b̄b), a difference in the magnitude of such

effect could be expected. The previous discussion is meant to stand out the importance of

the NLO corrections for the precise computation of a cross section at high energies.

However, such a detailed estimation is beyond the scope of the present study. We

emphasize that our main objective—demonstrating that the HEFT framework is more

suitable than SMEFT for exploring new physics related to the muon g-2 at a muon collider

[144]—remains valid. As noted earlier, the current experimental precision capable of

confirming how the three Goldstone bosons and the massive Higgs scalar are embedded in

the SM is only at the level of ∼ 10%. Nevertheless, even at leading order, the results of

this analysis already highlight potential differences in the 95% C.L. reach on the muon
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anomalous magnetic moment ∆aµ, depending on the chosen effective approach.

Now we can give a rough estimate of the new HEFT contributions compared with the

SMEFT one. Following the same cut-and-count experimental method outlined previously,

together with hadronic decays of the Z (B(Z → had) = 0.699), one gets the 95% C.L. reach

on the muon anomalous magnetic moment ∆aµ, as a function of the collider center-of-mass

energy,
√
s, from the process µ+µ− → hZ.

Since our main goal is to study the impact of the new HEFT contributions to the possible

reach on the muon anomalous magnetic moment, ∆aµ, we must be careful when defining

the signal and background events. As done in Ref. [144], the significance of the signal

is defined as NS/
√
NT , where NT is the total number of events generated including the

possible background NT = NS + NB. In this case, the signal events will be due to all

operators that generate µ+µ− → hZ but also contribute to ∆aµ, where we can directly

relate the Wilson coefficient entering the scattering process with the ∆aµ value. All other

contributions, including the SM and new HEFT operators, that generate µ+µ− → hZ but

do not contribute directly to ∆aµ, will be considered as background for the sought signal.

Then, as already discussed, the N ℓ
2 , N ℓ

4 and N ℓ
9 operators, which do not contribute to

∆aµ, must be considered as part of the “background” events in order to study the reach

from µ+µ− → hZ on ∆aµ as a function of the collider energy at a 95% C.L. This is a new

challenge compared to the µ+µ− → hγ case, as HEFT background contributions depend

on unknown ai parameters and Wilson coefficients and therefore the subtraction of these

backgrounds would require knowledge of such parameters.

Finally, we assumed that only N ℓ
Z contributes to ∆aµ

34 and considered the SM irreducible

background to be:

σSM
Zh ≈ 122 ab

(
10TeV√

s

)2

. (5.17)

The bound on ∆aµ (at a 95% C.L. reach), that could be extracted from the high-energy

measurement, in terms of all the HEFT Wilson coefficients, after fixing mZ , v, gZ and

34This might correspond to an unnatural scenario but is nevertheless meaningful, as explained in
Ref. [144].
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Λ ≈ 100 TeV, is roughly given by:

∆aµ ≈
10−8

aZ

{
16a9Im(Cµ

9 ) + 3.4

[
1.1

s2
+ 21a29(Im(Cµ

9 ))
2 +

12

s

(3.4
s2

+ 3.7× 105a22|Cµ
2 |2

+ s
{
1.1× 102a24|Cµ

4 |2 + 37a29|Cµ
9 |2
})1/2]1/2}

, (5.18)

where the energy units of each term can be traced following the s (TeV2) powers.

From a preliminary inspection of eq. (5.18), we can anticipate several properties of the

new HEFT terms. For instance, the numerical coefficient suggests that the N 2 operator

could produce the largest contribution in the energy range of interest, as anticipated from

eq. (5.15). Additionally, the explicit global dependence on aZ implies that sensitivity to a

small ∆aµ can be achieved more rapidly at a given
√
s when aZ is larger, as expected.

These properties will be discussed in detail in the following sections.

This can be done systematically considering the new HEFT contributions one-by-one.

As a first result, we work only with the N ℓ
Z operator, which is the same appearing in

the SMEFT case. This scenario is analogous to the comparison between SMEFT and

HEFT approaches using the N ℓ
γ operator, where after the Wilson coefficient rescaling

(CZ =
Cµ

eZ√
2Λ

), the only difference between both frameworks is now due to the “aZ” parameter

that appears in the HEFT F-function expansion. To study its possible effects, we plot

the 95% C.L. reach on ∆aµ in Fig. 5.3, considering different “aZ” values, being aZ = 1

identical to the SMEFT case, shown as the black curve. As we can see, in an optimistic

scenario, we find that a value of ∆aµ = 2.49× 10−9 can be tested at 95% C.L. at a 4-7

TeV collider due to the presence of the extra “aZ” parameter in the HEFT case, instead

of the 10 TeV required for the SMEFT analysis. However, as discussed in the last section,

this cannot be used as a model-independent probe of the muon g-2 in this context without

additional information about aZ .

Now we can study the effects of the new N µ
2 , N µ

4 and N µ
9 operators one by one, together

with the N µ
Z contribution, in order to compare it with the SMEFT case. For this purpose,

we focus on a new single HEFT contribution at a time, setting the other Wilson coefficients

to zero. After that, we plot the 95% C.L. reach on ∆aµ considering reasonable values of

the corresponding “ai” parameter and Cµ
i Wilson coefficient.
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Figure 5.3: 95% C.L. reach on the muon anomalous magnetic moment ∆aµ for operator
N ℓ

Z contribution with different aZ values. The black curve shows the SMEFT result,
corresponding to aZ = 1.

Motivated by the Wilson coefficient rescaling (Cµ
Z =

v Cµ
eZ

2(4π)
√
2Λ

), an O(1) SMEFT Wilson

coefficient will imply an O(10−4 − 10−5) HEFT coefficient 35 and it would be naturally

expected that the other HEFT couplings will be even more suppressed since their

counterparts in SMEFT appear as higher dimension operators. Then, even if it is

true that the HEFT coefficients are not restricted to have these values, for a first and

reasonable approach we shall study the HEFT operators effects considering their Wilson

coefficients varying in the range 10−5 < Cµ
i < 10−7. This assumption, again, is necessary

due to the additional degrees of freedom, and precise information about Cµ
i would be

crucial for a definite conclusion.

In all the following examples we try to show some limiting cases, for illustrative purposes,

where in the left figure we fix the Wilson coefficient and plot the effects of the ai and

aZ parameters considering their minimum and maximum values. In the right figure the

procedure is essentially analogous, fixing ai = 1 in order to see the interplay between the

Wilson coefficient and aZ for their extreme values. In this way, almost all possible cases

will be contained in the intermediate region delimited by the outer curves of each graph.

For the N µ
2 operator we get Fig. 5.4, being the black curve the SMEFT case. Strictly

speaking, one could consider the operator N µ
2 as part of the SMEFT approach, up to

35This agrees with the current Cµ
2 upper-limit [158].
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(a) a2 effect for a fixed Cµ
2 Wilson coefficient.
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(b) Cµ
2 Wilson coefficient effect for a fixed a2 value.

Figure 5.4: 95% C.L. reach on the muon anomalous magnetic moment ∆aµ with the N ℓ
2

operator contribution. The black curve shows the SMEFT result.

dimension 6 (as shown in table 5.1). However, incorporating its contribution into the

black line in Fig. 5.4 —for all reasonable values of the Wilson coefficient Cµ
2 —, does not

alter the intersection point between the SMEFT curve (black line) and the current ∆aµ

value (dashed blue curve). Therefore, for clarity and simplicity, only a single SMEFT

line (that does not include N µ
2 ) is presented in this case, without affecting the overall

conclusions.

We find that –even though the N µ
2 operator would distort the SMEFT case in almost

all scenarios– only a couple of them would be useful to test ∆aµ = 2.49 × 10−9 at a

smaller collider energy than that required within the SMEFT approach. Specifically, for a

maximum value of aZ , the collider energy needed could be about 4 TeV, approximately.

We also see that smaller Cµ
2 and a2 values could help to increase the ∆aµ sensitivity for a

given aZ > 1 value.

This result can be easily understood, since a larger aZ value together with smaller Cµ
2

and a2 contributions will generate more signal events while decreasing the background

ones, respectively, achieving the desired sensitivity at a lower energy scale. If aZ < 1, the

signal events are reduced, and if Cµ
2 or a2 get larger, the background increases; in both

cases losing sensitivity to ∆aµ, as shown in the plots. Again, the previous discussion holds

only if all new HEFT degrees of freedom are well-known, allowing for an unambiguous

characterization of HEFT background and signal events. We keep going with the next

HEFT operator, N µ
4 , whose contribution is shown in Fig. 5.5, again for both cases already
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explained.
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(a) a4 effect for a fixed Cµ
4 Wilson coefficient.
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(b) Cµ
4 Wilson coefficient effect for a fixed a4 value.

Figure 5.5: 95% C.L. reach on the muon anomalous magnetic moment ∆aµ for the
operator N ℓ

4 contribution. The black curve shows the SMEFT result.

The results are basically the same. As we can see, the scenarios with larger aZ values

could explore ∆aµ = 2.49 × 10−9 at a 4 TeV collider energy, while other combinations

with aZ < 1 and larger (Cµ
4 , a4) values would lose sensitivity to ∆aµ at reduced energies.

It is also interesting that there are small differences between the N ℓ
2 and N ℓ

4 contributions,

as can be seen directly from the plots, but they do not alter the conclusions of this work.

Finally, the same analysis for the last N µ
9 operator contribution is displayed in Fig. 5.6,

leading to identical conclusions as above. For a last discussion, we plot a set of different
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(a) a9 effect for a fixed Cµ
9 Wilson coefficient.
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(b) Cµ
9 Wilson coefficient effect for a fixed a9 value.

Figure 5.6: 95% C.L. reach on the muon anomalous magnetic moment ∆aµ for operator
N ℓ

9 contribution. The black curve shows the SMEFT result.
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general cases, considering many Cµ
i and ai values in order to analyze the modification due

to the entire HEFT contribution, shown in Fig. 5.7.
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Figure 5.7: 95% C.L. reach on the muon anomalous magnetic moment ∆aµ for all
dimension-6 HEFT operators contributions for different sets of Cµ

i Wilson coefficients and
ai values.

Here, it is interesting to note the different behaviors that the HEFT case could induce

depending on all the coupling values. Some of them would require a higher center of mass

energy to test the gµ-2 anomaly at 95% C.L. However, there are possible scenarios where

the collider energy required is smaller, as shown in Fig. 5.7, that could test the muon

anomalous magnetic moment at ∼ 4− 7 TeV collider energy.

Another interesting remark is that, in some cases, one specific configuration of Wilson

coefficients and ai values could lead to a higher sensitivity to ∆aµ in a given energy region

but could be worse in other energy range. This is explicitly shown in Fig. 5.7, by the green

and orange curves on the left-hand side, or by the green and black ones on the right-hand

side. All this shows the different possible behaviors in the general case, agreeing with all

the conclusions previously given.

We stress that the results shown in Fig. 5.7 have reasonable values for the Cµ
i Wilson

coefficients and ai parameters. However, experimental data allowing us to constrain them

are required, in order to develop a more precise analysis. Specifically, for the case of

hZ production- where several new operators can contribute within the HEFT approach

without affecting the gµ-2.

Also, as a complementary computation, in appendix J, we analyze the related Higgs rare
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decays as an alternative tool to study new physics effects from the HEFT approach, and

discuss the corresponding results.

In summary, the HEFT framework provides a more general approach than SMEFT for

probing new physics in the Higgs sector and can give rise to distinct phenomenological

scenarios. For example, the previously mentioned discrepancy between the theoretical and

experimental values of the muon g-2, which could in principle be tested via µ+µ− → h+γ/Z

in SMEFT in a model-independent way, cannot serve as a model-independent probe in

the HEFT context due to the presence of additional degrees of freedom.

This is due to the singlet nature of the Higgs in the HEFT, where all interactions involving

the physical Higgs boson have independent couplings ai that cannot be directly related

to quantities without the Higgs. Therefore, without precise information about the new

degrees of freedom, observing a deviation at high energies would not necessarily confirm a

NP contribution to ∆aµ, and the absence of a deviation would not definitively rule it out.

All these discussions are specifically important for the µ+µ− → hZ process, where the NP

HEFT background contributions could not be subtracted without further knowledge of the

unknown parameters. Therefore, complementary measurements are crucial to determine

the values of the relevant couplings. This motivates further theoretical and experimental

analyses.

Finally, a more realistic study would require a more sophisticated definition of inclusive

signals and backgrounds, motivating future work that includes a dedicated discussion of

both LO and NLO corrections, particularly in light of potential data from a future muon

collider.

5.2 HLbL Proton-Box

Based on [36], motivated by the need for high-precision aµ calculations, we computed a

hadronic contribution to the muon magnetic moment 36. We calculated the proton-box

HLbL contribution to aµ, the first reported baryonic contribution of this type [5]. This

contribution was suggested to be relatively large in some models, such as the Heavy Mass

Expansion (HME) approach (O(10−10)). By applying a robust formalism derived in the

36This observable, and the main aspects of its computation in the SM are briefly reviewed in appendix
I.
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literature, we computed the corresponding HLbL Master integral for the proton-box case,

employing various sets and parametrizations for the required form factors. The analysis

was conducted considering both data-driven and lattice form factor results, leading to a

suppressed result by two orders of magnitude (ap-box
µ = 1.82(7)× 10−12) compared to the

initial HME expectation and smaller than the forthcoming uncertainty on aµ. The origin

of this high suppression was investigated in detail and attributed to the damping of the

form factors in the regions where the integral kernel peaks.

5.2.1 HLbL Master Formula

A comprehensive review of the HLbL contributions to the muon g-2 anomaly has been

presented in Refs. [159], [160], [161]. In these works, the authors derived a master integral

that allows the use of unitarity relations to consider individual intermediate states and

evaluate their contributions to aHLbL
µ using physical observables, such as on-shell form

factors. These form factors can be obtained from phenomenological models, lattice

calculations, or parametrizations of experimental data. This framework provides a general

description of the electromagnetic tensor involved in the two-loop diagram shown in

Fig. 5.8, leading to:

aHLbL
µ =

2α3

3π2

∫ ∞

0

dQ1

∫ ∞

0

dQ2

∫ 1

−1

dτ
√
1− τ 2Q3

1Q
3
2

12∑
i=1

Ti(Q1, Q2, τ)Π̄i(Q1, Q2, τ),

(5.19)

where Q2
i = −q2i is the squared four-momentum of the photons in the space-like region and

τ is defined by the relation Q2
3 = Q2

1 +Q2
2 +2Q1Q2τ . Moreover, Ti are the 12 independent

integral kernels (explicitly shown in Appendix B of Ref.[160]) and Π̄i corresponds to

scalar functions that encode all the information of the specific HLbL intermediate-state

contribution. Both can be obtained after a decomposition of the light-by-light tensor,

following the recipe introduced by Bardeen-Tung-Tarrach (BTT) [162], [163]. 37 Indeed,

analytical expressions for Π̄i have been computed for different contributions, such as the

pseudo-scalar poles, pseudo-scalar and fermion box-diagrams, etc. [159], [160], [161].

37This procedure ensures that the expressions are free of kinematic zeros and singularities, see [159],
[160] for details.
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Figure 5.8: General light-by-light contribution to the muon g-2 anomaly.

The aim of this work is to first evaluate the proton-box contribution (Fig.5.9) to aHLbL
µ . For

this purpose, we consider the following general nucleon-photon matrix element, consistent

with Lorentz and gauge invariance, as well as P and CP conservation:

⟨p+(P2)|Jµ
e.m.(q)|p+(P1)⟩ = ū(P2) Γ

µ(q)u(P1) (5.20)

= ū(P2)

(
F1(q

2)γµ + i
F2(q

2)

2Mp

σµ νqν

)
u(P1), (5.21)

where F1,2 are the proton Dirac and Pauli form factors, respectively, and q = P2 − P1.

q
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Figure 5.9: Feynman diagrams for light-by-light scattering induced by a proton-box loop
(plus the corresponding diagrams with exchanged fermion fluxes inside the loop).

In this analysis, the dominant term in eq. (5.2.1) is the one proportional to F1(q
2). This

arises from the additional qν/Mp factor in the tensor vertex, which causes the tensor

coupling to be significantly suppressed in the low-momentum transfer regime (below 1

GeV). Consequently, it is a valid approximation to consider only the vector coupling.38

38This simplification is commonly applied in other processes, such as electron-proton scattering in
the same momentum transfer region. Similarly, in the proton-loop contribution to HVP, incorporating
a non-zero F2 modifies the central value by only 0.02%, which remains much smaller than the current
uncertainty, consistent with the results reported in Ref. [164].



5.2 HLbL Proton-Box 85

Conversely, at high photon virtualities (or even above 1 GeV), the F2(q
2) behavior becomes

the suppression factor. In fact, in this case, also the F1(q
2) and kernel functions are

highly damped, making the contributions of this q2 region negligible. Indeed, due to

the asymptotic constrains of the form factors F1 and F2 from p-QCD[165], which should

behave as ∼ Q−4, Q−6, respectively (satisfied by construction in both parametrizations

employed in this work, as we discuss later), the regime of high-transferred momentum is

free of divergences and we do not expect to have any significant error coming from this

approximation 39.

Therefore, as a reasonable first approximation, we will consider only the vector coupling

in eq. (5.2.1) as input for the scattering amplitude calculation shown in Fig. 5.9. Under

this approximation, the scalar functions required in the aHLbL
µ master integral take the

following form:

Π̄i = F1(Q
2
1)F1(Q

2
2)F1(Q

2
3)

1

16π2

∫ 1

0

dx

∫ 1−x

0

dy Ii(Q1, Q2, τ, x, y), (5.22)

where –for completeness– we write the analytical expressions for the functions Ii required

for our analysis, cf. eq. (5.19), where the Πi scalar functions enter. These had been

obtained in Ref.[161] for a quark box-loop in terms of two Feynman parameters, 0 ≤ x ≤ 1

39In this sense, we have: Γµ(q)|q→∞ = γµ A q−4 + i B σµν q̂ν(2 q
5 Mp)

−1, with q̂ν ≡ qν/q a normalized
four-vector and A and B being constants.
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and 0 ≤ y ≤ 1− x. We confirm the results in [160] 40

I1 =−
16x(1− x− y)

∆2
132

− 16xy(1− 2x)(1− 2y)

∆132∆32

, (5.23)

I3 =
32xy(1− 2x)(x+ y)(1− x− y)2(q21 − q22 + q23)

∆3
312

− 32(1− x)x(x+ y)(1− x− y)

∆2
312

− 32xy(1− 2x)(1− 2y)

∆312∆12

, (5.24)

I5 =−
64xy2(1− x− y)(1− 2x)(1− y)

∆3
132

, (5.25)

I9 =−
32x2y2(1− 2x)(1− 2y)

∆2
312∆12

, (5.26)

I10 =
64xy(1− x− y)((2x− 1)y2 + xy(2x− 3) + x(1− x) + y)

∆3
132

, (5.27)

I12 =−
16xy(1− x− y)(1− 2x)(1− 2y)(x− y)

∆312∆12

(
1

∆312

+
1

∆12

)
, (5.28)

where ∆ijk = m2−xyq2i−x(1−x−y)q2j−y(1−x−y)q2k and ∆ij = m2−x(1−x)q2i−y(1−y)q2j .
The rest of scalar functions, entering the master formula, can be obtained from qi

permutations, as follows:

Π̄2 = C23[Π̄1], Π̄4 = C23[Π̄3], Π̄6 = C12[C13[Π̄5]],

Π̄7 = C23[Π̄5], Π̄8 = C13[Π̄9], Π̄11 = −C23[Π̄12], (5.29)

where the crossing operators Cij exchange momenta and Lorentz indices of the photons i

and j.

The only difference between the expression above and that reported in [161] for the

quark-box loop is the inclusion of the vector form factors F1(Q
2) and the absence of the

global quark factor NCQ
4
q in the Feynman parameter integrals of eq. (5.22).

A preliminary analysis reveals that the full integral kernel
√
1− τ 2Q3

1Q
3
2TiΠ̄i, 41 without

accounting for any form factor, primarily contributes to the overall integral at low

momentum transfers (below 1 GeV), as illustrated by the density plot in Fig. 5.10

for three different τ values. Furthermore, the vector proton form factors term alone

40In ref. [161] the Ii functions multiply the Π̂i functions. The relation between both bases is given in
eq. (2.22) of ref. [160]. Specifically, our I1,3,5,9,10,12 correspond, respectively, to the I1,4,7,17,39,54 in the
tilded basis.

41The explicit dependence of Ti and Π̄i on Q1, Q2 and τ has been omitted and the Einstein sum
notation is understood.
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F1(Q
2
1)F1(Q

2
2)F1(Q

2
3), 42 acquires its maximum value within the same momenta region,

as shown by the contour curves in the figure. Finally, due to the mismatch between the

kernels and the maximum values of the form factors, a significant reduction in the HME

approximation is expected. We will discuss this effect in more detail in the following

sections.
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Figure 5.10: Integral kernel (density plot) versus form factors dependence (contour plot)
at relevant different virtualities for the off-shell photons, as described in the text.

5.2.2 Proton Form Factors

To obtain an accurate estimate of the leading contribution of the proton-box to aHLbL
µ , we

numerically compute the master integral in eq. (5.19) using two different descriptions of

the form factors. The first approach is data-driven [166], while the second relies on lattice

QCD calculations [167]. In both cases, fitted parametrizations of the proton electric (GE)

and magnetic (GM) form factors are used, which are related to the Dirac and Pauli form

factors through:

GE(Q
2) = F1(Q

2)− Q2

4M2
p

F2(Q
2), (5.30)

GM(Q2) = F1(Q
2) + F2(Q

2). (5.31)

42Evaluated using the dependence on Q2 as a z-expansion (setup 1).
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5.2.2.1 Setup 1: Data-Driven Form Factors

First, we make use of the electric and magnetic form factors obtained in Ref.[166] after

fitting the experimental data to a z-expansion parametrization of order 12 [168], where

sum-rule constraints were applied on each form factor to warrant the asymptotic scaling

GE,M ∼ Q−4 and the correct normalization at null photon virtuality. 43 Both systematic

and statistical uncertainties were taken into account in the computation of these form

factors, which we implemented in our analysis. Consequently, the proton form factors can

be expressed as:

G
(p)
E (Q2),

G
(p)
M (Q2)

µp

=
12∑
i=0

a
{E,M}
i zi, (5.32)

where ai are fitting parameters shown in table 5.2, and z is defined as follows:

z ≡
√

tcut +Q2 −√tcut − t0√
tcut +Q2 +

√
tcut − t0

, (5.33)

with t0 = −0.7 GeV2, tcut = 4m2
π and the form factors normalization fixed by the

proton’s electric charge non-renormalization and magnetic moment in Bohr magneton

units, Gp
E(0) = 1 and Gp

M(0) = µp = 2.793, in turn.

E M
aX0 0.239163298067 0.264142994136
aX1 −1.109858574410 −1.095306122120
aX2 1.444380813060 1.218553781780
aX3 0.479569465603 0.661136493537
aX4 −2.286894741870 −1.405678925030
aX5 1.126632984980 −1.356418438880
aX6 1.250619843540 1.447029155340
aX7 −3.631020471590 4.235669735900
aX8 4.082217023790 −5.334045653410
aX9 0.504097346499 −2.916300520960
aX10 −5.085120460510 8.707403067570
aX11 3.967742543950 −5.706999943750
aX12 −0.981529071103 1.280814375890

Table 5.2: z-expansion proton form factor fitted parameters, taken from Ref.[166].

43Other parametrizations, as the ones reported in Refs.[169], [170], have been considered for the ap−box
µ

numerical evaluation, being consistent with the one used in this work within less than 1σ.
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5.2.2.2 Setup 2: Lattice QCD Form Factors

A second approach, which is also worth to consider, is a lattice QCD motivated computation

of ap−box
µ . In [167], the Lattice data for the form factors can be parametrized using a

simple dipole approximation: 44

G{E,M}(Q2) = G{E,M}(0)/(1 +Q2/Λ)2, (5.34)

where Λ –which has energy squared dimension– is related to the electric and magnetic radii

by Λ = 12/⟨r2{E,M}⟩ and the normalization is GE(0) = 1 and GM (0) = µp. It is important

to remark that this parametrization automatically fulfills the QCD-ruled asymptotic

behavior for large values of Q2. The numerical values required in eq.(5.34) are shown in

table 5.3, where the normalization at null photon virtuality is automatically fulfilled for

the electric form factor by setting Gp
E(0) → 1. As discussed in [167], the electric r.m.s.

radius is underestimated due to the slower decay of the electric form factor. Additionally,

the proton’s magnetic moment is underestimated, which may result from a combination

of residual finite-volume effects and multi-hadron contributions.√
⟨r2E⟩[fm]

√
⟨r2M⟩ [fm] µp

0.742± 0.013± 0.023 0.710± 0.026± 0.086 2.43± 0.09± 0.04

Table 5.3: Numerical values of eq.(5.34) according to Ref.[167]. The uncertainties stand
for the statistic and systematic errors, respectively.

As we show in Fig.5.11, the z-expansion reported in [166] is in good agreement with

the data set of GM(Q2) and GE(Q
2) from [170] extracted from the world’s data on

elastic electron-proton scattering and calculations of two-photon exchange effects. We

also compared the former fit and the one obtained from Lattice QCD results with a

Nf = 2 + 1 + 1 ensemble, reported in Ref.[167]. Finally, due to the small deviations

between the two data sets, in the Q2 < 1GeV2 region, it seems interesting to analyze

both frameworks separately during the numerical evaluation of eq.(5.19).

44A z-expansion was performed as well, but no significant difference was found with respect to the
simple dipole approximation.
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Figure 5.11: GE and GM (F1 and F2) proton form factors. In black we show the
experimental points taken from Ref.[166], meanwhile, red dots correspond to the Lattice
QCD results of Ref.[167].

5.2.3 Proton-Box Contribution

In order to obtain the explicit aHLbL
µ contribution via the master integral, we implemented

a numerical evaluation, using the VEGAS algorithm [171], [172].

As an initial consistency check of our integration method, we successfully reproduced all

previously well-established results, including the π-pole, π-box, and c-loop contributions.

In particular, we verified that using the quark-loop scalar functions without any form

factors yields the same result as the HME approximation for the proton case, obtaining a

central value of 9.4× 10−11, in agreement with the HME estimate of 9.7× 10−11.

Once the corresponding vector form factor F1(Q
2) is included in the analysis, we get the

following results for the different setups described above: 45

ap−box
µ = 1.82(7)× 10−12 (Setup 1), (5.35)

ap−box
µ = 2.38(16)× 10−12 (Setup 2), (5.36)

45Using a different parametrization [169] of the same data, as the setup 1, a result of
ap−box
µ =1.79(5)×10−12 was found, consistent with the results using [166].
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where both the systematic and statistic uncertainties were considered in order to estimate

the error for each setup.

As previously discussed, the numerical suppression observed in the final result, compared

to the HME approximation, can be directly attributed to the interplay between the kernel

and the form factors, as illustrated in Fig. 5.10. In this context, we highlight their behavior

as a function of τ in three distinct regions:

• Close to ±1, the
√
1− τ 2 factor suppresses the values of the integral kernel.

• As τ increases, Q3 does as well, and the Ti decrease [160], causing the kernel to start

diluting after its maximum value is reached, and to be almost negligible for positive

values of τ .

• The maximum values of the integration kernel appear in τ ∈ [−0.85,−0.65], as

shown in the supplementary material of the paper [5]. For this value of τ , the

relevant region of the kernel and the effect of the form factors in the numerical

evaluation of eq. (5.19) can be analyzed.

Indeed, the region where the integral kernel reaches its maximum contribution lies between

the values of 0.1 and 0.01 of the form factors term, F1(Q
2
1)F1(Q

2
2)F1(Q

2
3) for all values of

τ . 46 Since the HME treats the proton as a point-like particle, the integrand in eq. (5.19) is

expected to be one to two orders of magnitude smaller compared to the structureless case.

This mismatch between the peak positions of the kernels and the form factors provides a

clear and consistent explanation for the observed numerical integration results.

In the case of setup 1, both errors were computed for F p
1 (Q

2) for each value of Q2 as

discussed in [166], and these ∆F p
1 (Q

2) were used for the error propagation of eq. (5.19)

considering the structure of eq. (5.22) in terms of the form factors. For the setup 2,

a numerical computation of the Jacobian matrix of eq. (5.19) within this setup was

performed, and it was combined to obtain both the statistical and the systematic error by

assuming a maximal correlation of the magnetic form factor parameters.47

Even though there is an underestimation of µp using a lattice QCD form factor, the

slower decay of Gp
E compared with the data-driven one compensates for this, and it results

46Despite Fig. 5.10 results are presented for just three τ values. A .mp4 file showing the same behavior
for all the τ -range is added as supplementary material of [5].

47The uncertainty associated with the numerical integration method is subleading, of order O(10−15).
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in a higher F p
1 (Q

2) for the lattice QCD result, as explained in Ref.[167] and visible in

Fig. 5.11. Consequently, the setup 2 result for ap−box
µ is larger than the one of the first

setup. Therefore, in this work, we will adopt the data-driven ap−box
µ approximation as our

central value, awaiting more precise lattice results anticipated in the near future.

As a summary, since the hadronic light-by-light scattering is expected to soon dominate

the theory uncertainty in aµ, a detailed analysis of its various contributions has become

an important task. Specifically, the proton-box contribution to the HLbL piece of aµ

–computed as a good approximation in this work for the first time– yields an estimate of

ap−box
µ = 1.82(7)×10−12, two orders of magnitude smaller than the forthcoming uncertainty

on the aµ measurement.

Finally, as previously discussed, achieving a more precise result would require a complete

description of the scalar functions, including the contribution from the tensor vertex.

Incorporating the F2(Q
2) form factor—which is expected to be subdominant compared to

the vector term weighted by F1(Q
2)—would improve the analysis and enable its extension

to other baryons with well-characterized form factors, such as the neutron, for which the

F1 contribution vanishes.
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Chapter 6

Work in progress

In this chapter, we provide a brief summary of two ongoing projects, which we anticipate

will lead to published articles in the near future. Both of them are again an application of

EFTs in the search of possible new physics in specific processes.

The first one consists in a detailed study of a τ decay into a charged lepton and two

invisible particles τ → ℓαα. Experimentally, these invisible particles—denoted as α—are

typically assumed to be standard model neutrinos. The corresponding energy and angular

distributions, known as the Michel spectrum, were previously analyzed in Ch.4.1. However,

it remains an intriguing possibility that the invisible particles could be of a different

nature, such as spinless fields potentially connected to dark matter or other new physics

scenarios (generally, α may not be its own antiparticle, which needs to be accounted for).

This motivates a thorough investigation into how such alternative interpretations could

alter the observable energy and angular distributions, offering a novel probe of physics

beyond the Standard Model.

In this context, we are currently computing the relevant observables for the decay process

τ → ℓαα, under the assumption that the invisible particles α are spinless and undetectable.

The goal is to compare these results with the standard Michel distribution and analyze

potential deviations or distinctive signatures that could arise. Such a comparison may

provide a means to experimentally distinguish between the standard neutrino case and

alternative scenarios involving new physics.

The second project involves an effective field theory analysis of the exclusive decays

τ− → V P−ντ decays, where V and P denote a narrow vector 48 and a pseudoscalar meson,

respectively. In these processes, the presence of NP could lead to non-trivial modifications

of the energy and angular distributions of the final-state particles. In principle, precise

measurements of these observables can be used to constrain the corresponding NP couplings

48For the ρ meson one would need to analyze the corresponding ππ decay products, with invariant
mass around Mρ (accounting for its width), instead.
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in a model-independent framework.

To this end, we are analyzing these observables, complementing the study with additional

tools such as Dalitz plot distributions and global fits. Through this comprehensive

approach, our ultimate objective is to derive updated constraints on the NP couplings

that appear in the effective Hamiltonian, using currently available experimental data.

These two projects constitute our current research focus, and we are actively working

toward their completion and eventual publication.
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Chapter 7

Summary and Conclusions

The existence of several physical phenomena that remain unexplained within the Standard

Model (SM) continues to motivate the search for new physics (NP). Among these, leptonic

decay processes offer a particularly clean and precise testing ground for probing the

internal consistency of the SM and for uncovering possible signatures of NP. Likewise, the

anomalous magnetic moment of the muon (muon g − 2) remains a compelling case for

further investigation through precision tests.

In this thesis, we have employed effective field theory (EFT) frameworks to study neutrino

phenomenology and to explore the implications of NP for the muon g − 2 anomaly. A key

focus has been the precise computation of hadronic light-by-light (HLbL) contributions to

the muon g − 2 within the SM. Additionally, we have identified alternative processes and

potential measurements that could complement or enhance ongoing efforts in the search

for NP and help elucidate fundamental questions, including the nature of neutrinos.

We have investigated the processes ℓ− −→ ℓ
′−
ν̄ℓ′νℓ and νe → νe, constructing their

matrix elements using the most general four-lepton effective interaction Hamiltonian. This

allowed us to derive detailed energy and angular distributions of the final charged leptons,

incorporating polarization effects and the distinctions arising from Dirac versus Majorana

neutrino masses. Our analysis generalizes previous results and enables their application

in model-dependent contexts, providing a framework to potentially distinguish between

Dirac and Majorana neutrino scenarios.

To estimate the impact of neutrino mass–dependent contributions, we used stringent

experimental constraints on invisible heavy neutrinos. Our results indicate that, in most

scenarios, these contributions are several orders of magnitude below the sensitivity of

current and near-future experiments. Nevertheless, there exist allowed regions in parameter

space where some heavy mass ranges together with a non-negligible heavy-light mixing

contributions could approach current experimental sensitivity. For instance, in the case

of τ decays with a single heavy final-state neutrino in the 100 − 1000 MeV range, the
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linear suppression factor could be of order 10−4 , potentially within reach of upcoming

experiments. A similar conclusion holds for tau neutrino scattering processes at neutrino

energies of 100− 1000 MeV and a heavy neutrino mass of order 100− 400 MeV.

We also studied the radiative decay process ℓ− → ℓ′−νℓν̄ℓ′γ, where a back-to-back

(b2b) kinematic configuration might evade constraints imposed by the DMCT. This

initially suggested promising differences between the Dirac and Majorana cases, not

suppressed by tiny neutrino masses. However, a thorough analysis revealed that, once

the undetectable neutrino angle is integrated out, the energy and angular distributions

become indistinguishable between the Dirac and Majorana cases. We provided a detailed

discussion of the angular analysis and clarified why earlier interpretations may have been

misleading, potentially yielding incorrect expectations about observable differences.

These results reinforce the importance of ongoing searches for new neutrino interactions

and the exploration of possible heavy sectors, both of which remain at the forefront of

research in this dynamic field.

Regarding the muon g − 2, we first analyzed the contributions from NP within the Higgs

Effective Field Theory (HEFT) formalism. Unlike SMEFT, HEFT provides a more general

framework for exploring NP in the Higgs sector and can give rise to qualitatively distinct

phenomenological signatures. Notably, the observed deviation in the muon g − 2 —while

potentially testable in processes such as µ+µ− → h γ/Z within SMEFT— cannot serve as

a model-independent probe in the HEFT framework. This limitation arises because the

Higgs in HEFT is treated as a singlet, with all interactions involving the physical Higgs

characterized by independent couplings ai, which cannot be directly related to observables

that do not involve the Higgs. Consequently, deviations observed at high energies would

not unambiguously confirm a NP contribution to ∆aµ, nor would their absence definitively

rule it out.

Finally, we presented an estimation of the proton-box contribution to the HLbL component

of aµ. Employing various parameterizations of the proton form factors and applying the

master formula with appropriate scalar functions, our data-driven approach yields a

consistent result:

ap−box
µ = 1.82(7)× 10−12. (7.1)
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We discussed the implications of different modeling approaches and emphasized the need

for further refinement. In particular, a more precise determination would require a

complete description of the scalar functions, including the tensor vertex contributions.

Incorporating the F2(Q
2) form factor —which, though subdominant compared to the

vector term scaled by F1(Q
2), might still be important in some cases— will improve the

accuracy of the analysis. This methodology could also be extended to other baryons with

well-characterized form factors, such as the neutron, where the F1(Q
2) term vanishes

trivially.

In summary, the results presented in this thesis contribute to a deeper understanding of

neutrino properties and muon g − 2 phenomenology, highlighting both the promise and

the limitations of current theoretical tools in the ongoing search for physics beyond the

Standard Model.
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Appendices

Appendix A

Massive Neutrinos

A1 Neutrinos in the SM

In the SM neutrinos come in three flavours, corresponding to the associated charged

lepton. They belong to SU(2) doublets

νe

e


L

,

νµ

µ


L

,

ντ

τ


L

(A.1)

and alike (eR, µR, τR). There are no SU(2) neutrino singlets.

In the Standard Model, neutrinos are left-handed, and antineutrinos are right-handed.

These are the only chiralities that participate in weak interactions, as explicitly shown by

the interaction Lagrangians below. Neutrinos interact solely through the weak force via

the charged current (CC):

W− −→ l−α + να

W+ −→ l+α + να,
(A.2)

with the interaction Lagrangian

LCC
int = − g

2
√
2

(∑
α

ναγµ(1− γ5)lαW
µ + h.c.

)
(A.3)

And via the neutral current (NC):

Z0 −→ να + να, (A.4)



A1 Neutrinos in the SM 121

with the interaction Lagrangian

LNC
int = − g

4 cos θW

(∑
α

ναγµ(1− γ5)ναZ
µ + h.c.

)
, (A.5)

where α = e, µ, τ .

In the SM, fermion masses appear in the Lagrangian as Dirac mass terms of the form

mΨΨ. Thus, decomposing into its chiral states (Ψ = ΨL +ΨR):

LmD
= mDΨΨ = mD(ΨL +ΨR)(ΨL +ΨR)

= mD(ΨLΨL +ΨLΨR +ΨRΨL +ΨRΨR),
(A.6)

and using the properties of the chiral projectors: ΨL,R = PL,RΨ, ΨL,R = ΨPR,L and

PL,RPR,L = 0 we obtain, for the Dirac mass term

LmD
= mD(ΨLΨR +ΨRΨL), (A.7)

coupling the L and R chiral states of a particle. But since SM neutrinos have only a

L-chiral state, i.e., there is no R-chiral states for neutrinos (NR), this mass term is not

possible, so neutrinos cannot have a Dirac mass in the SM.

The only option left, is to try to make a mass term from νL alone. This kind of term,

known as Majorana mass term, is of the form:

LmM
=

1

2
mM(νC

L νL + νLν
C
L ), (A.8)

where νC is the charge conjugate field, defined as νC = CνT .

This type of term violates all lepton numbers by two units. However, as we shall see

in Appendix B, neutrinos can be Majorana fermions, so such a term is not forbidden.

Nonetheless, this mass term is not invariant under weak isospin, and therefore it cannot

appear in the Standard Model Lagrangian in its current form (see the next section).

In conclusion, the fact that no right-handed neutrinos NR appear in the SM and that

the νC
L νL term is forbidden by weak isospin, make the neutrinos massless within the SM.

Nowadays, we know that neutrinos do have mass [173], so we need to introduced neutrino
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masses beyond the SM.

A2 Massive Neutrinos

In order to account for neutrino masses, the SM framework needs to be extended. There

are many extensions of the SM that try to explain the experimental results of neutrino

masses, these new models usually incorporate right-handed neutrino fields and extend

even more the particle content with the existence of a new Higgs triplet or other lepton

SU(2) singlets, etc.

Every model comes with a characteristic energy scale for the new physics, and in principle,

some of these scenarios could produce observable deviations from the Standard Model

predictions in current experiments, thanks to the high precision that has been achieved.

A minimal extension is the so-called νSM [174], which adds right-handed components for

the three neutrinos families. The neutrino masses appear as a Dirac mass term in the

Lagrangian via Yukawa couplings with the Higgs doublet, just like for all other fermions.

Nevertheless, the νSM requires extremely tiny Yukawa couplings (Yν ≃ 10−13) in order to

explain the observed neutrino masses. As a consequence of the mass mechanism, there is

a mixing between the mass eigenstates and the flavour eigenstates, analogous to the quark

sector. This mixing is described by the well-known Pontecorvo-Maki-Nakagawa-Sakata

(PMNS) matrix [175], [176].

In the νSM the effects of Majorana neutrinos are suppressed by a factor of (mν/E)2, being

E the energy scale of the process and mν the corresponding neutrino mass (mν ∼ eV ).

Thus, in this model, any experimental observation of these effects is out of scope, even

with the accuracy achieved by the recent experiments. Other models include a heavy

neutrino sector (N) with Majorana masses, where the processes can also be mediated by

those heavy neutrinos, but the heavy-light mixing implies then a suppression of order of

(E/mN)
2.

In the simplest scenarios, the heavy neutrino mass can be as large as mN ≃ 1014 GeV

so (E/mN)
2 is really small. Even so, there are scenarios, usually known as low-scale

seesaw models, that allow for arbitrary masses in the heavy neutrino sector and then

unsuppressed heavy-light mixings, where precise measurements of the possible new physics
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could be made, see e.g., [99], [177], [178], [179], [180], [181].

In the following sections, we will briefly describe two neutrino mass models: the type-I

seesaw model, where the tiny neutrino masses arise from a very large Majorana mass

of the right-handed singlet, and a low-scale variant known as the inverse seesaw model,

which features an unsuppressed heavy–light neutrino mixing.

A3 Type I Seesaw Model

Based on [182], once the right-handed neutrino field (NR) is included, no SM symmetry

forbids the Majorana mass term to appear. Thus, if, in addition to the Dirac mass term,

the right-handed singlets have Majorana masses, the full mass Lagrangian becomes:

LD+M = νLmDNR +
1

2
NC

RmRNR + h.c. (A.9)

Where νL and NR are, respectively, the weak eigenstates of the left-handed and right-

handed neutrinos. Explicitly, we write νT
L = (νeL, νµL, ντL) and NT

R = (NeR, NµR, NτR).

Actually, the leptonic content in the theory can include n right-handed SM singlets (n≥2

for at least two massive neutrinos), but here we choose only three, that correspond to the

right-handed parts of the weak eigenstates, just to show the general idea of the type I

seesaw mechanism.

Now, using the identity νLmDNR = (NR)Cm
T
D(νL)

C , the mass term (A.9) can be written

as:

LD+M =
1

2

[
(νL)mD(NR) + (NR)Cm

T
D(νL)

C + (NR)CmR(NR)
]
+ h.c. (A.10)

LD+M =
1

2

(
(νL) (NR)C

)
M

(νL)
C

(NR)

 , (A.11)

whereM is a symmetric 6×6 matrix defined by

M =

 0 mD

mT
D mR

 . (A.12)

In principle, the M matrix can be diagonalized by an orthogonal transformation to
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determine the neutrino masses. However, we employ the 6× 6 unitary matrix U to ensure

that all mass eigenvalues are positive [174]:

U †MU∗ = U †

 0 mD

mT
D mR

U∗ =

mν 0

0 mN

 ≡ D, (A.13)

M = UDUT . (A.14)

Here, D is a diagonal matrix whose elements represent the masses of the Majorana-type

neutrinos and the mass eigenvalues are of the order

mν ≈
m2

D

mR

, mN ≈ mR, (A.15)

where mR >> mD and mD is of the order of the mass of a charged lepton or quark.

Therefore, substituting (A.14) in (A.11) we obtain:

LD+M =
1

2

(
(νL) (NR)C

)
UDUT

(νL)
C

(NR)

 =
1

2

(
(νm

L ) (Nm
R )C

)
D

(νm
L )C

(Nm
R )

 , (A.16)

with the mass eigenstates νm and Nm.

In this scenario, the small masses of the left-handed Majorana neutrinos (νm) are naturally

explained by the seesaw mechanism, assuming that the right-handed Majorana neutrinos

(Nm) have very large masses. For instance, if the neutrino Dirac mass is mD ≈ 10 GeV

and the heavy partner mass is mN ≈ 1014 GeV, the resulting light neutrino mass mν falls

in the meV range, consistent with current experimental observations.

Furthermore, the weak eigenstates of neutrinos are expressed as superpositions of the

mass eigenstates Majorana neutrinos as follows: (νL)

(NR)
C

 = U

 (νm
L )

(Nm
R )C

 . (A.17)
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The unitary matrix can be parameterized as

U =

U3×3 V3×3

X3×3 Y3×3

 , (A.18)

then

νaL =
3∑

m=1

Uamν
m
L +

6∑
m=4

Vam(N
m
R )C , (A.19)

NbR =
3∑

m=1

X∗
Bm(ν

m
L )C +

6∑
m=4

Y ∗
bmN

m
R . (A.20)

Parametrically, UU † and Y † Y ∼ O(1), VV † and X† X∼ O(mν/mN).

From the neutrinos mixing (A.19) and (A.20) we see that our familiar left-handed neutrinos

are mostly the light Majorana neutrinos, with small masses mν ≈ m2
D/mN and the right-

handed neutrinos are mostly the heavy Majorana neutrinos with large masses mN .

In conclusion, in this model the sterile right-handed Majorana neutrinos must have

extremely large masses for the light neutrino masses mν to lie in the meV range. Under

these conditions, the heavy-light mixing is negligible, leading to a strong suppression of

Majorana effects. Moreover, the Nm Majorana neutrinos are too heavy to be produced

on-shell. Therefore, within this framework, any deviations from the Standard Model due

to Majorana neutrinos in leptonic decays or other processes are expected to be far beyond

the reach of foreseeable experiments.

A4 Inverse Seesaw Model

As we discussed in the type I seesaw model, in order to have small neutrino masses the

typical scale of the extra particles (such as right-handed neutrinos) is in general very

high, potentially very close to the gauge coupling unification (GUT) scale, thus implying

that direct experimental tests of the seesaw hypothesis might be impossible. In contrast,

low-scale seesaw mechanisms, in which sterile fermions are added to the SM particle

content with masses around the electroweak scale or even lower, are very attractive from

a phenomenological point of view, since the new states can be produced in colliders or

low-energy experiments, and their contributions to physical processes can be sizeable.

In this section, we briefly summarize the main properties of the inverse seesaw model
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(ISS), based on [178], [183], which is a low-scale seesaw mechanism. The ISS requires the

addition of right-handed neutrinos (NR) and extra sterile fermions (S).

(ν,NC , S) with L = (+1,−1,+1), (A.21)

where N and S are SU(2) singlets.

With this lepton content, it is possible to build the general mass Lagrangian, as we did for

the type I seesaw model case, and obtain theM matrix, analogue to (A.12), defined by

Lmν =
1

2
nT
LCMnL + h.c., (A.22)

where nL = (νL, (NR)
C , S)T and

M =


0 mD 0

mT
D 0 M

0 MT µ

 . (A.23)

Once M is diagonalized, the light mass-eigenstate neutrinos (νm) acquire the mass

eigenvalues

mν = mD(M
T )−1µM−1mT

D. (A.24)

The distinctive feature of the ISS is the presence of an additional dimensionful parameter,

µ, which allows the smallness of the active neutrino masses to be achieved even for a low

seesaw scale. This, in turn, permits sizeable mixings between the active and additional

sterile states. These characteristics stand in clear contrast to the canonical type I seesaw.

It happens that standard neutrinos with mass at sub-eV scale are obtained for mD at

electroweak scale, M at TeV scale and µ at keV scale. Thus, mν can be very light even

if M is far below GUT scale. In this case all the heavy neutrinos may develop masses

around TeV scale and their mixing with the standard neutrinos is modulated by the ratio

mD/M , not as supressed as the one obtained from the type I seesaw model.

In conclusion, this low-scale seesaw mechanism results in non-negligible mixings and

moderately heavy neutrino masses—much lower than in the type I seesaw—so that their

potential contributions to physical processes could be measurable in current and future
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experiments.
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Appendix B

Majorana Fermions

B1 Majorana Fermions

For a Dirac fermion we already have an invariant that is quadratic in the fermion fields,

the well-known operator ΨΨ, that is identified as the mass term for such fermion field Ψ.

Actually, there can be other kinds of quadratic invariants involving fermion fields.

Especially we can ask whether we can make any invariant of the form ΨaAabΨb, where

a,b are spinor indexes and A is a constant matrix. The spinor indexes are contracted in

order to obtain a Lorentz invariant and thus, this new term can be written as ΨTAΨ in

matrix notation.

Under Lorentz transformations, a fermion field transforms as follows:

Ψ(x) −→ Ψ
′
(x′) = exp

(
− i

4
ωµνσµν

)
Ψ(x), (B.1)

where

σµν =
i

2
[γµ, γν ] , (B.2)

and wµν ’s are the parameters of the transformation. Thus, in order for ΨTAΨ to be

Lorentz invariant, it needs to satisfy:

Ψ
′T (x′)AΨ

′
(x′) = ΨT (x)AΨ(x). (B.3)

Using (B.1) in the left-hand side of (B.3) we have

Ψ
′T (x′)AΨ

′
(x′) = ΨT (x) exp

(
− i

4
ωµνTσµν

)
A exp

(
− i

4
ωµνσµν

)
Ψ(x), (B.4)
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or, examining the first-order terms in the transformation parameters wµν

Ψ
′T (x′)AΨ

′
(x′) = ΨT (x)

(
1− i

4
ωµνσT

µν

)
A

(
1− i

4
ωµνσµν

)
Ψ(x)

= ΨT (x)

(
A− i

4
ωµν(σT

µνA+ Aσµν)

)
Ψ(x).

(B.5)

Equation (B.5), together with (B.3), shows that invariance will be achieved if the matrix

A satisfies the condition

σT
µνA+ Aσµν = 0, (B.6)

i.e., if

σT
µν = −AσµνA

−1. (B.7)

Finally, it is well known that, under charge conjugation C, a fermion field transforms as

Ψ(x) −→ Ψc(x) = γ0CΨ∗(x), (B.8)

such that the Lorentz transformation properties of Ψc(x) and Ψ(x) are identical.

This implies, from (B.1), that

Ψ
′c(x′) = γ0CΨ

′∗(x′) = γ0 C exp

(
i

4
ωµνσ∗

µν

)
Ψ(x)∗, (B.9)

needs to be equal to

Ψ
′c(x′) = exp

(
− i

4
ωµνσµν

)
Ψ(x)c = exp

(
− i

4
ωµνσµν

)
γ0CΨ∗(x). (B.10)

Then, comparing these two equations to first order, we obtain the relation

γ0Cσ∗
µν = −σµνγ0C, (B.11)

or

σ∗
µν = −C−1γ0σµνγ0C = −C−1σ†

µνC, (B.12)

where we have used γ0γ0 = 1 and σ†
µν = γ0σµνγ0. Thus, taking the hermitian conjugate
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and using the unitary nature of the C matrix that ensures C† = C−1, we obtain

σT
µν = −C−1σµνC. (B.13)

Comparing (B.13) with (B.7), we find that we can choose

A = C−1. (B.14)

Thus, ΨTC−1Ψ is a Lorentz invariant quadratic in the fermion field. This kind of invariant

was not considered before in the SM formulation, because it can annihilate two units of

charge and would therefore defy any charge conservation. Here, we refer to charge as

any internal quantum number carried by the corresponding fermion state, such as electric

charge or lepton number.

It is immediately clear that for electrically charged fermions, such an invariant cannot be

used due to electric charge conservation. In contrast, neutrinos are electrically neutral and

carry only lepton number. Although this new invariant would violate lepton number, it is

important to note that lepton number is merely an accidental symmetry of the Standard

Model and can be broken if additional fields are introduced. Therefore, it is worthwhile

to consider the possibility of such a term in the neutrino sector.

Now that we have constructed two kinds of mass terms ΨΨ and ΨTC−1Ψ, the equality of

both requires

ΨΨ = eiαΨTC−1Ψ, (B.15)

where we have introduced a phase eiα in order for ΨTC−1Ψ to be hermitian.

Thus

Ψ = eiαΨTC−1, (B.16)

and taking the transpose

γT
0 Ψ

∗ = eiα
(
C−1

)T
Ψ, (B.17)

γT
0 Ψ

∗ = −eiαC−1Ψ −→ CγT
0 Ψ

∗ = −eiαΨ −→ γ0CΨ∗ = eiαΨ, (B.18)

where we have used the identities CT = −C and CγT
µ = −γµC.
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So

Ψc(x) = γ0CΨ∗(x) = eiαΨ(x). (B.19)

A fermion field that satisfies eq. (B.19) is called a Majorana field. From the definition of

the conjugate field, this implies that a Majorana fermion is its own antiparticle. Imposing

the Majorana condition on the plane-wave expansion of a Dirac field, we find that it takes

the form:

Ψ(x) =
∑
s

∫
d3p√

(2π)32Ep

(
ds(p)us(p)e−ip·x + e−iαd†s(p)vs(p)e

ip·x) . (B.20)

Thus the plane wave expansion (B.20) is the explicit form of a Majorana field and can

annihilate as well as create a Majorana particle.

In this case, the u- and v-spinors satisfy the relations

vs = γ0Cu∗
s, us = γ0Cv∗s . (B.21)

This formalism, as evident from the Majorana condition (B.19), would lead to expressions

involving the C matrix, which make it representation-dependent, as we shall see in the Z

decay example at the end of this appendix.

B2 Feynman Rules for Majorana Fermions

To work with C-independent expressions, we adopt a more convenient approach. We

summarize the Feynman rules for Majorana fermions as presented in [102]. These rules

avoid explicit use of the charge-conjugation matrix, enabling representation-independent

calculations.

We consider a typical coupling term LI = χΓχ where each χ can be a Dirac or a Majorana

fermion and Γ denotes a generic fermionic interaction including Dirac matrices, coupling

constants hi
abc and boson fields:

χΓχ = hi
abcχaΓiχbΦc, (B.22)

where the field Φ summarizes scalar and vector fields and Γi = 1, iγ5, γµγ5, γµ, σµν .
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Finally, the charge conjugated Γ
′ is given by Γ

′
= CΓTC−1 and

Γ
′

i = CΓT
i C

−1 = ηiΓi, (B.23)

with

ηi =

1 for Γi = 1, iγ5, γµγ5

−1 for Γi = γµ, σµν

(B.24)

In the case of a pure Majorana fermion vertex we obtained Γ = Γ
′ .

Let Φ be a scalar or vector field and λ, Ψ Majorana and Dirac fermions, respectively.

Due to the Goldstone equivalence theorem, these rules also define how the fermion chain

interacts with the massive gauge boson.

In our Feynman diagrams, fermions are denoted by solid lines. For Dirac fermions (Ψ),

each line carries an arrow which indicates the fermion number flow. Majorana fermions

(λ) lines do not carry arrows. The Dirac propagator is denoted by S(p).

The Feynman rules are as follows:

• Draw all possible Feynman diagrams for the process.

• Fix an arbitrary orientation (fermion flow) for each fermion chain. This is shown as

blue arrows.

• Start at an external leg (for closed loops at some arbitrary propagator) and write

down the Dirac matrices proceeding oppositely to the chosen orientation (blue

arrows) through the chain.

• For each internal propagator, external line and vertex insert the appropriate analytic

expression as given in Figs. B2.1, B2.2 and B2.3 corresponding to the chosen fermion

flow.

• Multiply by a factor (-1) for every closed loop.

• Multiply by the permutation parity of the spinors in the obtained analytical

expression with respect to some reference order.

• As far as the determination of the combinatorial factor is concerned, Majorana

fermions behave exactly like real scalar or vector fields.
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Figure B2.1: Feynman rules for external fermion lines with orientation (blue arrows).
The momentum p flows from left to right.

Figure B2.2: Feynman rules for fermionic vertices with orientation (blue arrows).

Figure B2.3: Feynman rules for fermion propagators with orientation (blue arrows).
The momentum p flows from left to right.

Finally, it is important to note that the analytical expressions are independent of the
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chosen orientation (fermion flow), as shown explicitly in [102].

B3 Example: Z Decay into two Majorana Neutrinos

Let us discuss first the decay of a general boson into two Majorana fermions with momenta

p1 and p2 of the form ϕ −→ λ(p1)+λ(p2). We assume the interaction Lagrangian contains

the bilinear ΨFΨ, where F is some numerical matrix. We conclude from the explicit form

of the Majorana field operator (B.20), that the amplitude will be

M = e−iα [u(p1)Fv(p2)− v(p1)Fu(p2)]M0, (B.25)

whereM0 is a factor that comes from the field operator of the initial boson state.

The amplitude (B.25) shows explicitly the Majorana nature of the final states; since both,

Ψ and Ψ, can create a Majorana particle, it is possible that λ(p1) comes from the action

of the Ψ field operator, and λ(p2) from Ψ; but it can also be the other way around. So we

have two contributions in (B.25) because of these two possibilities. If we were dealing

with Dirac particles, only one of these two terms would be in the amplitude.

Now, using (B.21) in (B.25) we obtain

M = e−iα
[
u(p1)Fv(p2)− uT (p1)C

†γ†
0γ0Fγ0Cv∗(p2)

]
M0

= e−iα
[
u(p1)Fv(p2)− uT (p1)C

−1Fγ0Cv∗(p2)
]
M0,

(B.26)

where we have used all the properties of the C matrix described before.

Finally, since each term is ultimately a number, we can write the second one as the

transpose of the matrix expression. Thus, the amplitude (B.25) can be expressed as

follows

M = e−iα u(p1)
[
F + CF TC−1

]
v(p2)M0. (B.27)

We note the explicit matrix C in (B.27), which makes it representation-dependent, as we

discussed before.

For the Lorentz bilinears, we have [46]

F 1 γµ σµν γµγ5 γ5

CF TC−1 1 −γµ −σµν γµγ5 γ5



B3 Example: Z Decay into two Majorana Neutrinos 135

If ϕ corresponds to the Z boson, then F = γµ(a − bγ5) and M0 = ϵµ(k), where ϵµ(k)

denotes the polarization vector for the Z boson.

Thus, the amplitude (B.27) for the Z decay into Majorana fermions is written as

M = e−iα u(p1)
[
γµ(a− bγ5) + C (γµ(a− bγ5))TC−1

]
v(p2)ϵµ(k). (B.28)

But

C (γµ(a− bγ5))TC−1 = aCγµT

C−1 − bC(γµγ5)TC−1 (B.29)

and, as we just discussed,

CγµT

C−1 = −γµ

C(γµγ5)TC−1 = γµγ5.
(B.30)

Considering these properties, the amplitude (B.28) is reduced to

M = e−iα u(p1)
[
γµ(a− bγ5) + γµ(−a− bγ5)

]
v(p2)ϵµ(k). (B.31)

M = e−iα u(p1)γ
µ(−2bγ5)v(p2)ϵµ(k). (B.32)

Then, the polar vector term does not contribute to the Feynman amplitude and the axial

vector term gets a contribution twice bigger.

Actually, for the standard Z decay into Dirac fermions, it is well-known that [46]

MZ = u(p1)γ
µ(a− bγ5)v(p2)ϵµ(k), (B.33)

that leads to the following total decay rate

ΓZD
=

MZ

12π
(a2 + b2), (B.34)

where the fermion masses have been neglected.

As we can see, the amplitude for the Majorana case (B.32) is exactly the same, up to a

non-physical global phase, as the one for the Dirac case (B.33), just by the change a→ 0

and b→ 2b. So the total decay rate to Majorana fermions can be obtained directly from
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(B.34), taking into account the above considerations and multiplying it by a factor (1/2!)

due to the indistinguishable property of the Majorana final-state particles.

Thus, for the Z decay into Majorana fermions, the total decay rate is given by

ΓZM
=

1

2

MZ

12π
(−2b)2, (B.35)

ΓZM
=

MZ

6π
b2. (B.36)

Finally, if we consider the final fermion states as neutrinos, we know, from the SM, that

its couplings to the Z boson is purely left-chiral, i.e., a = b, so the total decay rate for the

Z boson into two Dirac neutrinos (B.34) reduces to

ΓZD
=

MZ

6π
b2. (B.37)

Comparing (B.36) with (B.37) it is immediate that

ΓZD
= ΓZM

. (B.38)

As we have just shown, the Dirac or Majorana nature of the neutrino does not affect the

decay rate of the Z boson. In principle, for non-zero neutrino masses, there would be

corrections that depend on whether the neutrino is Dirac or Majorana. However, these

corrections are practically negligible, as they are proportional to the factormν/MZ , which

is really tiny.

It is important to note that this result is consequence of the pure left-chiral coupling

(V − A) of the neutrino. Maybe, if there were any other type of coupling or new physics

involved in the process, the Majorana effect would lead to a measurable difference in

the total decay rate. We therefore have to look for other kind of signatures in order

to distinguish between the Dirac or Majorana nature of neutrinos. A way to do that,

especially important for this thesis, is the search for Majorana neutrino effects in lepton

decays, due to new non-standard couplings and the existence of new high-energy physics

that may be detectable in near future experiments, see e.g. [99], [181].

Finally, let us compute the amplitude for the Z decay process using the Feynman rules for

Majorana fermions described above, in order to verify the consistency of both approaches.
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The possible tree level Feynman diagrams for this process are shown in Fig.B3.1, where

we have two distinct contributions due to the Majorana nature of the final particles.

Figure B3.1: Possible Feynman diagrams for the ϕ −→ λ(p1) + λ(p2) process with a fix
orientation (blue arrows).

Now, to construct the amplitude, we just insert the appropriate analytic expression as

given in Figs. B2.1, B2.2 and B2.3 corresponding to the chosen fermion flow. Thus,

iM′ = iu(p1)Γv(p2)− iu(p2)Γv(p1), (B.39)

where the minus sign is due to the permutation parity of the spinors and the reference

order of the external fermions has been chosen as (p1; p2).

If we choose the other possible orientation, as shown in Fig. B3.2 , we will have

iM′′ = −iu(p2)Γv(p1) + iu(p1)Γv(p2). (B.40)

Figure B3.2: Possible Feynman diagrams for the ϕ −→ λ(p1) + λ(p2) process with a fix
orientation (blue arrows).

So, as we can see immediately,M′ =M′′. Thus, as we discussed before, the amplitude is

independent of the chosen orientation of the fermion chain.
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TakingM′ with Γ defined as (B.22), we have

M′ = u(p1)h
c
iΓ

iϕcv(p2)− u(p2)h
c
iΓ

iϕcv(p1), (B.41)

where for the Z decay hc
iΓ

iϕc = γµ(a− bγ5)ϵµ(k), which in terms of the notation used at

the beginning of this subsection, hc
iΓ

iϕc = FM0. This leads to the following amplitude

M′ = [u(p1)Fv(p2)− u(p2)Fv(p1)]M0. (B.42)

Then,

M′ =
[
u(p1)Fv(p2)− vT (p2)C

†γ†
0γ0Fγ0Cu∗(p1)

]
M0

=
[
u(p1)Fv(p2)− vT (p2)C

−1Fγ0Cu∗(p1)
]
M0

=
[
u(p1)Fv(p2)− u†(p1)C

TγT
0 F

T (C−1)Tv(p2)
]
M0

=
[
u(p1)Fv(p2) + u(p1)CF TC−1v(p2)

]
M0,

(B.43)

where in the third line we used the fact that each term is ultimately a number, so we can

write it as the transpose of the matrix expression, and we have also used all the properties

of the C matrix described before.

Finally,

M′ = u(p1)
[
F + CF TC−1

]
v(p2)M0. (B.44)

Comparing (B.44) with (B.27), we see that both amplitudes are the same, up to a non-

physical global phase. So either of them would lead to the same observables; ensuring the

consistency of both methods.
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Appendix C

Fierz Transformations

A Fierz transformation is an operation that rearranges the order of fermion fields in a

four-fermion interaction Lagrangian. Two Hamiltonians related by a Fierz transformation

are physically equivalent. This is particularly useful, as choosing a specific form of the

Hamiltonian can simplify calculations and make the physical interpretation more intuitive.

In this appendix, we summarize the specific Fierz transformations among the most

commonly used Hamiltonians in lepton decays. Our primary goal is to show the Fierz

transformation relating the Hamiltonian used in [101] to the one employed in this thesis,

thereby demonstrating the consistency of both approaches. For further details on Fierz

identities and their derivations, we refer the reader to [45], [46].

C1 Lepton Decay Hamiltonians

Leptonic decays can be described using the most general four-fermion contact interaction

Hamiltonian. This contact interaction permits the use of equivalent Hamiltonians that

differ only in how the fermion fields are grouped.

As discussed in [184], the older literature preferred a charge retention form (CRF) with

parity-odd and parity-even terms in which the charged-leptons, as the usually detected

particles, were grouped together. The CRF Hamiltonian takes the following form:

H =
Gll′√
2

∑
i

{(
f 1Γif4

)[
Di(f 3Γ

if2
)
+D

′

i(f 3Γ
iγ5f2

)]
+ h.c.

}
, (C.1)

with i = S, P,A, V, T and the Lorentz bilinears are defined as:49

ΓS ≡ I, ΓP ≡ iγ5, ΓV ≡ γµ,

ΓA ≡ γµγ5, ΓT ≡
1√
2
σµν ,

(C.2)

with the identification f1 = l
′ , f2 = νl′ , f3 = νl and f4 = l.

49Note, in particular, the factor i in the definition of ΓP .
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This had the advantage that limits to some coupling constants could be obtained from the

then existing results, but is not adapted to represent a charged boson exchange. For this

purpose, one uses a charge changing form (CCF), where the charged leptons are grouped

with their neutrinos 50 and which is adapted to charged boson exchange and results in

absolute values of differences of coupling constants. This CCF Hamiltonian takes the

form:

H =
Gll′√
2

∑
i

{(
f 1Γif2

)[
Ci(f 3Γ

if4
)
+ C

′

i(f 3Γ
iγ5f4

)]
+ h.c.

}
(C.3)

However, both these forms are complicated by the fact that a fully parity-violating

interaction, such as e.g. the V-A interaction, is represented by four coupling constants CV

, C ′
V , CA and C

′
A (instead of two, because an interference is needed to violate parity).

Finally, there is the helicity projection form (HPF) Hamiltonian, which is the most used

nowadays, where the canonical V-A interaction is particularly simple because then gVLL = 1

while all other coupling constants vanish 51 and the contributions from new physics are

immediately identified. Its explicit form, used in this thesis, is:

H =
Gll

′√
2

{
gSLL

[
l̄
′
(1 + γ5)νl′

] [
ν̄l(1− γ5)l

]
+ gVLL

[
l̄
′
γµ(1− γ5)νl′

] [
ν̄lγµ(1− γ5)l

]
+ gSRR

[
l̄
′
(1− γ5)νl′

] [
ν̄l(1 + γ5)l

]
+ gVRR

[
l̄
′
γµ(1 + γ5)νl′

] [
ν̄lγµ(1 + γ5)l

]
+ gSLR

[
l̄
′
(1 + γ5)νl′

] [
ν̄l(1 + γ5)l

]
+ gVLR

[
l̄
′
γµ(1− γ5)νl′

] [
ν̄lγµ(1 + γ5)l

]
+ gTLR

[
l̄
′ σµν

√
2
(1 + γ5)νl′

] [
ν̄l
σµν√
2
(1 + γ5)l

]
+ gSRL

[
l̄
′
(1− γ5)νl′

] [
ν̄l(1− γ5)l

]
+ gVRL

[
l̄
′
γµ(1 + γ5)νl′

] [
ν̄lγµ(1− γ5)l

]
+ gTRL

[
l̄
′ σµν

√
2
(1− γ5)νl′

] [
ν̄l
σµν√
2
(1− γ5)l

]}
.

(C.4)

Thus, we can obtain the specific Fierz transformation that relates each pair of Hamiltonians.

50For this reason also called flavor retention form.
51Since the vector and axial vector strengths are the same, we can factor it out this way, recalling that

parity violation requires an interference between two different contributions (like CP violation).



C1 Lepton Decay Hamiltonians 141

The Fierz transformation that relates the CRF and CCF Hamiltonians is [185]:



DS

DP

DV

DA

DT


=

1

4



−1 1 −4 4 −6
1 −1 −4 4 6

−1 −1 2 2 0

1 1 2 2 0

−1 1 0 0 2





CS

CP

CV

CA

CT


,



D
′
S

D
′
P

D
′
V

D
′
A

D
′
T


=

1

4



−1 1 4 −4 −6
1 −1 4 −4 6

1 1 2 2 0

−1 −1 2 2 0

−1 1 0 0 2


,



C
′
S

C
′
P

C
′
V

C
′
A

C
′
T


.

(C.5)

In the same way, the Fierz transformation that relates the CCF and HPF Hamiltonians is

[184]:

CS

CP

}
=
(
gSLL + gSRR

)
±
(
gSLR + gSRL

)
,

C
′
S

CP
′

}
= −

(
gSLL − gSRR

)
±
(
gSLR − gSRL

)
,

CV

CA

}
=
(
gVRR + gVLL

)
±
(
gVRL + gVLR

)
,

CV
′

CA
′

}
=
(
gVRR − gVLL

)
∓
(
gVRL − gVLR

)
,

CT

CT
′

}
= 2
(
gTLR ± gTRL

)
. (C.6)

Thus, the final relation between the CRF and HPF is given by:

DS

DP

DV

DA

DT


=

1

4



−1 1 −4 4 −6
1 −1 −4 4 6

−1 −1 2 2 0

1 1 2 2 0

−1 1 0 0 2





gSLL + gSRR + gSLR + gSRL

gSLL + gSRR − gSLR − gSRL

gVRR + gVLL + gVRL + gVLR

gVRR + gVLL − gVRL − gVLR

2
(
gTLR + gTRL

)
,


(C.7)



D
′
S

D
′
P

D
′
V

D
′
A

D
′
T


=

1

4



−1 1 4 −4 −6
1 −1 4 −4 6

1 1 2 2 0

−1 −1 2 2 0

−1 1 0 0 2





−gSLL + gSRR + gSLR − gSRL

−gSLL + gSRR − gSLR + gSRL

gVRR − gVLL − gVRL + gVLR

gVRR − gVLL + gVRL − gVLR

2
(
gTLR − gTRL

)


. (C.8)

Finally, it is important to note that the CRF Hamiltonian used in [101] differs from (C.1)
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in the definition of ΓP . In Shrock’s paper ΓP = γ5, this change will induce a minus sign

in the definition of the constants CP and C
′
P previously introduced. Thus, the Fierz

transformation between the Shrocks’s Hamiltonian (using his couplings conventions) and

the Hamiltonian used in this thesis is:

gS

gP

gV

gA

gT


=

1

4



−1 1 −4 4 −6
−1 1 4 −4 −6
−1 −1 2 2 0

1 1 2 2 0

−1 1 0 0 2





gSLL + gSRR + gSLR + gSRL

gSLL + gSRR − gSLR − gSRL

gVRR + gVLL + gVRL + gVLR

gVRR + gVLL − gVRL − gVLR

2
(
gTLR + gTRL

)
,


(C.9)



g
′
S

g
′
P

g
′
V

g
′
A

g
′
T


=

1

4



−1 1 4 −4 −6
−1 1 −4 4 −6
1 1 2 2 0

−1 −1 2 2 0

−1 1 0 0 2





−gSLL + gSRR + gSLR − gSRL

−gSLL + gSRR − gSLR + gSRL

gVRR − gVLL − gVRL + gVLR

gVRR − gVLL + gVRL − gVLR

2
(
gTLR − gTRL

)
.


(C.10)

After some work of simplification, the specific relations between constants are:

gS = −1

2
gSLR −

1

2
gSRL − 2gVRL − 2gVLR − 3gTLR − 3gTRL,

g
′

S = −1

2
gSLR +

1

2
gSRL − 2gVRL + 2gVLR − 3gTLR + 3gTRL,

gP = −1

2
gSLR −

1

2
gSRL + 2gVRL + 2gVLR − 3gTLR − 3gTRL,

g
′

P = −1

2
gSLR +

1

2
gSRL + 2gVRL − 2gVLR − 3gTLR + 3gTRL,

gV = gVRR + gVLL −
1

2
gSLL −

1

2
gSRR,

g
′

V = gVRR − gVLL −
1

2
gSLL +

1

2
gSRR,

gA = gVRR + gVLL +
1

2
gSLL +

1

2
gSRR,

g
′

A = gVRR − gVLL +
1

2
gSLL −

1

2
gSRR,

gT = −1

2
gSLR −

1

2
gSRL + gTLR + gTRL,

g
′

T = −1

2
gSLR +

1

2
gSRL + gTLR − gTRL.

(C.11)
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Appendix D

Generalized Michel Functions

D1 Generalized Michel Functions

The corresponding functions are defined as:

FIS(x) = x(1− x)(I)jk +
2

9
(ρ)jk

(
4x2 − 3x− x2

0

)
+ (η)jkx0(1− x),

FAS(x) =
(ξ)jk
3

√
x2 − x2

0

(
1− x+

2

3
(δ)jk

(
4x− 4 +

√
1− x2

0

))
,

F ′
IS(x) =

1

4

mj

mℓ

Re

[
(κ+

L)jk

(
x

(
1 +

√
1− x2

0

)
− x2

0

)
− (κ+

R)kj

(
x0(1− x) + x0

√
1− x2

0

)]
,

F ′
AS(x) =

1

4

mj

mℓ

√
x2 − x2

0Re

[
(κ−

R)kjx0 + (λ−
L)jk

(
1 +

√
1− x2

0

)]
,

F ′′
IS(x) = −

1

2

mjmk

m2
ℓ

(
1 +

√
1− x2

0

)
Re
(
x(C+)jk + x0(H

+)jk
)
,

F ′′
AS(x) =

1

2

mjmk

m2
ℓ

(
1 +

√
1− x2

0

)√
x2 − x2

0Re(C
−)jk,

FT1(x) =
1

12

[
− 2

(
(ξ

′′
)jk + 12

(
(ρ)jk −

3

4
(I)jk

))
(1− x)x0 − 3(η)jk

(
x2 − x2

0

)
+ (η

′′
)jk(

−3x2 + 4x− x2
0

) ]
,

FT2(x) =
1

3

√
x2 − x2

0

[
3

(
α

′

A

)
jk

(1− x) + 2

(
β

′

A

)
jk

√
1− x2

0

]
,

FIP (x) =
1

54

√
x2 − x2

0

[
9(ξ

′
)jk

(
−2x+ 2 +

√
1− x2

0

)
+ 4(ξ)jk

(
(δ)jk −

3

4

)(
4x− 4 +

√
1− x2

0

)]
,

FAP (x) =
1

6

[
(ξ

′′
)jk
(
2x2 − x− x2

0

)
+ 4

(
(ρ)jk −

3

4
(I)jk

)(
4x2 − 3x− x2

0

)
+ 2(η

′′
)jk(1− x)x0

]
,

F ′
T1
(x) =

1

4

mj

mℓ

Re

[
(λ+

L)jk

(
x0(1− x) + x0

√
1− x2

0

)
− (λ+

R)kj

(
x

(
1 +

√
1− x2

0

)
− x2

0

)]
,

F ′
T2
(x) =

1

4

mj

mℓ

√
x2 − x2

0 Im

[
(λ−

R)kj

(
1 +

√
1− x2

0

)
+ (λ−

L)jkx0

]
,

F ′
IP (x) =

1

4

mj

mℓ

√
x2 − x2

0Re

[
(λ−

R)kjx0 + (κ−
L)jk

(
1 +

√
1− x2

0

)]
,

F ′
AP (x) =

1

4

mj

mℓ

Re

[
(λ+

L)jk

(
x

(
1 +

√
1− x2

0

)
− x2

0

)
− (λ+

R)kj

(
x0(1− x) + x0

√
1− x2

0

)]
,

F ′′
T1
(x) =

1

2

mjmk

m2
ℓ

(
1 +

√
1− x2

0

)
Re
(
x0(C

′+)jk − 2x(J+)jk

)
,

F ′′
T2
(x) = −mjmk

m2
ℓ

(
1 +

√
1− x2

0

)
Im(J+)jk

√
x2 − x2

0,
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F ′′
IP (x) = −

1

2

mjmk

m2
ℓ

(
1 +

√
1− x2

0

)
Re(C

′−)jk

√
x2 − x2

0,

F ′′
AP (x) =

1

2

mjmk

m2
ℓ

(
1 +

√
1− x2

0

)
Re
(
x(C

′+)jk − 2x0(J
+)jk

)
,

(D.1)

where the parameters are bilinear combinations of the coupling constants gnlm, given by

(I)jk =
1

4
(|(fS

RR)jk|2 + |(fS
RL)jk|2 + |(fS

LR)jk|2 + |(fS
LL)jk|2) + 3(|(fT

LR)jk|2 + |(fT
RL)jk|2) + (|(fV

RR)jk|2

+ |(fV
RL)jk|2 + |(fV

LR)jk|2 + |(fV
LL)jk|2) +

ϵ

8
Re
[
12(fT

LR)jk(f
S
LR)

∗
kj + 12(fT

LR)jk(f
T
LR)

∗
kj

+ 8(fV
RL)jk(f

V
RL)

∗
kj − (fS

LR)jk(f
S
LR)

∗
kj + 8(fS

LL)jk(f
V
LL)

∗
kj + (L↔ R)

]
,

(ρ)jk =
3

4
(|(fV

LL)jk|2 +
1

4
|(fS

LL)jk|2) +
3

16
|(fS

LR)jk − 2(fT
LR)jk|2 + (R↔ L) + ϵ

3

16
Re
[
− (fS

LR)jk

(fS
LR)

∗
kj + 4(fS

LR)jk(f
T
LR)

∗
kj + 4(fS

LL)jk(f
V
LL)

∗
kj − 4(fT

LR)jk(f
T
LR)

∗
kj + (L↔ R)

]
,

(ξ)jk = 3
(
|(fV

LR)jk|2 +
1

16
|(fS

LR)jk + 6(fT
LR)jk|2

)
+ |(fV

LL)jk|2 +
1

4
|(fS

LL)jk|2 −
7

16
|(fS

LR)jk − 2(fT
LR)jk|2

− (R↔ L) + ϵRe
[
− (fS

RR)jk(f
V
RR)

∗
kj +

17

2
(fT

LR)jk(f
T
LR)

∗
kj +

1

2
(fS

LR)jk(f
T
LR)

∗
kj + 3(fV

LR)jk

(fV
LR)

∗
kj +

5

8
(fS

LR)jk(f
S
LR)

∗
kj − (L↔ R)

]
,

(ξδ)jk =
3

4
(|(fV

LL)jk|2 +
1

4
|(fS

LL)jk|2)−
3

16
|(fS

LR)jk − 2(fT
LR)jk|2 − (R↔ L) + ϵ

3

4
Re
[
− (fS

RR)jk

(fV
RR)

∗
kj + (fT

LR)jk(f
T
LR)

∗
kj − (fS

LR)jk(f
T
LR)

∗
kj +

1

4
(fS

LR)jk(f
S
LR)

∗
kj − (L↔ R)

]
,

(η)jk =
1

2
Re[(fV

LL)jk(f
S
RR)

∗
jk + (fV

RR)jk(f
S
LL)

∗
jk + (fV

LR)jk((f
S
RL)

∗
jk + 6(fT

RL)
∗
jk) + (fV

RL)jk((f
S
LR)

∗
jk

+ 6(fT
LR)

∗
jk)] +

ϵ

8
Re
[
4(fS

LR)jk(f
V
RL)

∗
kj + 24(fT

LR)jk(f
V
RL)

∗
kj + (fS

LL)jk(f
S
RR)

∗
kj + 4(fV

LL)jk

(fV
RR)

∗
kj + (L↔ R)

]
,

(ξ
′
)jk = −

1

4

(
|(fS

RR)jk|2 + 4|(fV
RR)jk|2 − |(fS

LR)jk|2 − 4|(fV
LR)jk|2 − 12|(fT

LR)jk|2
)
− (R↔ L)

+ ϵRe
[
(fS

LL)jk(f
V
LL)

∗
kj +

3

2
(fS

LR)jk(f
T
LR)

∗
kj +

3

2
(fT

LR)jk(f
T
LR)

∗
kj + (fV

LR)jk(f
V
LR)

∗
kj

− 1

8
(fS

LR)jk(f
S
LR)

∗
kj − (L↔ R)

]
,

(ξ
′′
)jk =

1

4

(
|(fS

RR)jk|2 + 4|(fV
RR)jk|2 − |(fS

LR)jk|2 + 12|(fV
LR)jk|2 + 20|(fT

LR)jk|2 + 16Re((fS
LR)jk

(fT
LR)

∗
jk)
)
+ (R↔ L) + ϵRe

[1
2
(fS

LR)jk(f
T
LR)

∗
kj +

17

2
(fT

LR)jk(f
T
LR)

∗
kj + (fS

LL)jk(f
V
LL)

∗
kj

+
5

8
(fS

RL)jk(f
S
RL)

∗
kj + 3(fV

RL)jk(f
V
RL)

∗
kj + (L↔ R)

]
,

(η
′′
)jk =

1

2
Re
(
3(fV

LR)jk((f
S
RL)

∗
jk + 6(fT

RL)
∗
jk)− (fV

LL)jk(f
S
RR)

∗
jk

)
+ (R↔ L) +

ϵ

2
Re
[
3(fS

LR)jk(f
V
RL)

∗
kj

+ 18(fT
LR)jk(f

V
RL)

∗
kj −

1

4
(fS

LL)jk(f
S
RR)

∗
kj − (fV

LL)jk(f
V
RR)

∗
kj + (L↔ R)

]]
,



146 D1 Generalized Michel Functions

(
α

′

A

)
jk

=
1

2
Im
(
(fV

LR)jk((f
S
RL)

∗
jk + 6(fT

RL)
∗
jk)
)
− (R↔ L) + ϵ Im

[1
2
(fV

RL)
∗
jk((f

S
LR)kj + 6(fT

LR)kj)

− (L↔ R)
]
,(

β
′

A

)
jk

= −1

4
Im
(
(fV

LL)jk(f
S
RR)

∗
jk

)
− (R↔ L) + ϵ Im

[
− 1

2
(fV

LL)jk(f
V
RR)

∗
kj −

1

8
(fS

LL)jk(f
S
RR)

∗
kj

]
,

(κ±
N)jk = (fS

NN)kj(f
S
LR)

∗
kj − 2(fV

NN)kj(f
V
LR)

∗
kj − (fS

NN)jk(f
V
LR)

∗
jk − (fV

NN)jk((f
S
LR)

∗
jk − 6(fT

LR)
∗
jk)

± (R↔ L) + ϵ
[
− 2(fV

NN)kj(f
V
LR)

∗
jk −

1

2
(fS

NN)kj(f
S
LR)

∗
jk + 3(fS

NN)kj(f
T
LR)

∗
jk + 2(fV

NN)jk

(fS
LR)

∗
kj − (fS

NN)jk(f
V
LR)

∗
kj ± (L↔ R)

]
,

(λ±
N)jk = −(fS

NN)jk(f
V
LR)

∗
jk + (fV

NN)jk((f
S
LR)

∗
jk + 2(fT

LR)
∗
jk) + 2(fS

NN)kj(f
T
LR)

∗
kj − 2(fV

NN)kj(f
V
LR)

∗
kj

± (R↔ L) + ϵ
[
− 2(fV

NN)kj(f
V
LR)

∗
jk +

1

2
(fS

NN)kj(f
S
LR)

∗
jk + (fS

NN)kj(f
T
LR)

∗
jk + 4(fV

NN)jk

(fT
LR)

∗
kj − (fS

NN)jk(f
V
LR)

∗
kj ± (L↔ R)

]
,

(C±)jk = (fS
LL)jk(f

V
LL)

∗
jk + (fV

RL)
∗
jk((f

S
RL)jk + 6(fT

RL)jk)± (R↔ L) + ϵ
[
(fV

LL)jk(f
V
LL)

∗
kj +

1

4
(fS

LL)jk

(fS
LL)

∗
kj + (fS

RL)jk(f
V
RL)

∗
kj + 6(fV

RL)jk(f
T
RL)

∗
kj ± (L↔ R)

]
,

(C
′±)jk = (fS

LL)jk(f
V
LL)

∗
jk − (fV

RL)
∗
jk((f

S
RL)jk + 6(fT

RL)jk)± (R↔ L) + ϵ
[1
4
(fS

LL)jk(f
S
LL)

∗
kj

+ (fV
LL)jk(f

V
LL)

∗
kj − (fS

RL)jk(f
V
RL)

∗
kj − 6(fV

RL)jk(f
T
RL)

∗
kj ± (L↔ R)

]
,

(J+)jk = (fS
LR)jk(f

T
RL)

∗
jk + (fT

LR)jk(f
S
RL)

∗
jk + 2(fV

LR)jk(f
V
RL)

∗
jk + 4(fT

LR)jk(f
T
RL)

∗
jk + ϵ

[1
4
(fS

LR)kj

(fS
RL)

∗
jk +

1

2
(fS

LR)kj(f
T
RL)

∗
jk +

1

2
(fT

LR)kj(f
S
RL)

∗
jk + 5(fT

LR)kj(f
T
RL)

∗
jk + 2(fV

LR)jk(f
V
RL)

∗
kj

]
,

(H+)jk = (fS
LL)jk(f

S
RR)

∗
jk + 4(fV

LL)jk(f
V
RR)

∗
jk + (fS

LR)jk(f
S
RL)

∗
jk + 12(fT

LR)jk(f
T
RL)

∗
jk

+ 4(fV
LR)jk(f

V
RL)

∗
jk + ϵ

[
2(fV

LL)jk(f
S
RR)

∗
kj −

1

4
(fS

LR)jk(f
S
RL)

∗
kj + 3(fT

LR)jk(f
S
RL)

∗
kj + 3(fT

LR)jk

(fT
RL)

∗
kj + 2(fV

LR)jk(f
V
RL)

∗
kj + (L↔ R)

]
,

(D.2)

together with the normalization 1 = (I)jk ≡ A
16

, where we defined the constants (fn
lm)jk as:

(fS
LL)jk ≡ gSLLVℓ′jV

∗
ℓk, (fS

RR)jk ≡ gSRRUℓ′jU
∗
ℓk,

(fV
LL)jk ≡ gVLLUℓ′jU

∗
ℓk, (fV

RR)jk ≡ gVRRVℓ′jV
∗
ℓk,

(fS
LR)jk ≡ gSLRVℓ′jU

∗
ℓk, (fS

RL)jk ≡ gSRLUℓ′jV
∗
ℓk,

(fV
LR)jk ≡ gVLRUℓ′jV

∗
ℓk, (fV

RL)jk ≡ gVRLVℓ′jU
∗
ℓk,

(fT
LR)jk ≡ gTLRVℓ′jU

∗
ℓk, (fT

RL)jk ≡ gTRLUℓ′jV
∗
ℓk,

(D.3)
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The blue square brackets above are enclosing the Majorana contributions, which vanish

for null flag parameter, ϵ = 0.
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Appendix E

W-Boson Propagator Corrections

E1 W-boson propagator corrections to the Michel

parameters

As previously discussed, the most recent corrections from the W -boson propagator to

the total and differential decay rates of polarized muons and tau leptons, as well as their

numerical impact, have been calculated in [129] and [186]. Here, we adopt these results

and compare them to the standard Michel distribution to extract the W -boson propagator

corrections for each specific Michel parameter.

The energy-angle distribution of the final charged lepton in the decays of a polarized µ−

or τ− at rest is [129]:

d2Γ

dxd cos θ
=
G2

FM
5

192π3

xβ

1 + δW (M,m)

{
3x− 2x2 + r2(3x− 4) + f(x) + r2W

[
2x2

− x3 − 2r2(1 + x− x2 + r2)
]
− cos θ xβ

[
2x− 1− 3r2 + g(x)

+ r2W x(x− 2r2)
]
+O(r4W )

}
.

(E.1)

The functions f(x) and g(x) are the QED radiative corrections given, up to O(α), by

[107]:

2π

α
f(x) = (6−4x)R(x)+(6−6x) ln x+1− x

3x2

[
(5+17x−34x2)(w+ln x)−22x+34x2

]
, (E.2)

−2π
α

g(x) =(2− 4x)R(x) + (2− 6x) ln x− 1− x

3x2

[
(1 + x+ 34x2)(w + ln x) + 3

− 7x− 32x2 +
4(1− x)2

x
ln (1− x)

]
,

(E.3)

where

R(x) = 2
∞∑
n=1

xn

n2
−1

3
π2−2+w

[
3

2
+2 ln

1− x

x

]
−ln x(2 ln x−1)+

(
3 lnx− 1− 1

x

)
ln (1− x),

(E.4)
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and w = ln(M/m).

The terms proportional to r2W are induced by the W -boson propagator, where rW = M/MW .

Also β = |p⃗m|
Em

=
√

1− 4r2/x2, where r = m/M .

Focusing only on the leading W-boson propagator contributions, we obtain:

d2Γ

dxd cos θ
=
G2

FM
5

192π3

x

1 + 3/5(M/MW )2

{
3x− 2x2 + r2W

[
2x2 − x3

]
− cos θ x

[
2x− 1 + r2W x2

]}
.

(E.5)

So that the Michel parameter, defined in terms of the energy spectrum (neglecting the x0

dependence):

dΓl→l′

dxd cos θ
=

G2
ll′
M5

192π3
x

{
6x(1− x) +

4

3
ρ
(
4x2 − 3x

)
− 2ξx cos θ

(
1− x+

2

3
δ(4x− 3)

)}
,

(E.6)

is given by:

• ρ→ ρeff =
3

4
+

3

2

(
M

MW

)2

, (E.7)

where G2
ll′

= G2
F/(1 + δW (ml,ml′ )) and the remaining parameters have no further

modification.

Finally, to the best of our knowledge, the W -boson corrections for decays with a polarized

final-state charged lepton have not been computed previously. Here, we present their

expressions at first order in rW , neglecting the x0 dependence.

The final-lepton polarization contribution of the differential decay rate is then:

dΓl→l′

dxd cos θ
=
G2

ll′M
5

64π3
x

{
−
[
1

6
x(−2x+ 3) + r2W

1

6
x(2x− x2)

]
cosϕ

+
1

6

[
(2x2 − x) + r2Wx3

]
cos θ cosϕ

}
.

(E.8)

So that the Michel parameters, defined in terms of the energy spectrum (neglecting the
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x0 dependence):

dΓl→l′

dxd cos θ
=

G2
ll′M

5

64π3
x {−FIP cosϕ+ FAP cos θ cosϕ}

=
G2

ll′M
5

64π3
x

{
− 1

54
x

[
9ξ′(3− 2x) + 4ξ(δ − 3

4
)(4x− 3)

]
cosϕ

+
1

6

[
ξ′′(2x2 − x) + 4(ρ− 3

4
)(4x2 − 3x)

]
cos θ cosϕ

}
,

(E.9)

are given by:

• ξ′ → ξ
′

eff = 1 +

(
M

MW

)2

• ξ
(
δ − 3

4

)
→ ξ

(
δ − 3

4

)
eff

= 0 +
9

4

(
M

MW

)2
(E.10)

and the remaining have no modification.

However, it is interesting to emphasize that even if the ρ, ξ and ξδ parameters appear

in both, the initial and final lepton polarization contribution, they are modified in an

independent way in each of those contributions. Then, we can not simple redefine each

Michel parameter with an effective and global modification, since we need to specify where

they appear in the differential decay rate.

To minimize the number of parameters in our expressions, we opt not to introduce

new effective parameters. Instead, we account separately for the W -boson propagator

corrections and the QED contributions [129] to the differential decay rate.
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Appendix F

Four-body Phase Space Notation

F1 4-body Phase Space

In order to avoid confusion, we define our differential rate notation for the process

ℓ(p1)→ ν̄(p2)ν(p3)ℓ
′(p4)γ(p5). Upon defining the following five independent variables of

the system, in the typical frame used in a four-body decay process (as can be seen in

Fig. 4 of ref.[141]), we have:

• sνν̄ ≡ (p2 + p3)
2 and sℓ′γ ≡ (p4 + p5)

2, the invariant masses of the ν − ν̄ and ℓ′ − γ

systems, respectively.

• θν (θℓ′), the polar angle between the three-momentum of ν̄ (ℓ′), in the center-of-

momentum frame of the ν̄ − ν (ℓ′ − γ) pair, and the flight direction of the ν − ν̄

(ℓ′ − γ) system in the rest frame of ℓ.

• ϕ, the azimuthal angle described between the two planes defined by the ν − ν̄ and

ℓ′ − γ systems, in the rest frame of ℓ.

We can write the differential decay width as

dΓ

dsνν̄dsℓ′γd cos θνd cos θℓ′dϕ
=

Xβνβℓ′

(4π)6mℓ
√
sνν̄sℓ′γ

|M|2, (F.1)

with

X ≡
√

λ(m2
ℓ , sνν̄ , sℓ′γ)

2mℓ

, βν ≡
√

λ(sνν̄ ,m2
ν ,m

2
ν̄)

4sνν̄
, βℓ′ ≡

√
λ(sℓ′γ,m2

ℓ′ , 0)

4sℓ′γ
, (F.2)

where X is the magnitude of three-momentum of ν − ν̄ or ℓ′ − γ system in the rest

frame of ℓ, while βν (βℓ′) refers to the magnitude of three-momentum of the ν (ℓ′) in the

center-of-momentum frame of the νν̄ (ℓ′γ) pair.

It is convenient to rewrite the differential width in terms of Eν and Eν̄ in order to obtain
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the energy spectrum of the neutrinos. Thus, we can do the variables change:

dsνν̄dsℓ′γd cos θν = −4mℓ
√
sνν̄

Xβν

√
(E2

ν −m2
ν)(E

2
ν̄ −m2

ν̄)dEνdEν̄d cosΘνν̄ , (F.3)

where Θνν̄ is the angle between the three-momenta of both neutrinos, in the rest frame of

ℓ. We can also obtain the energy spectrum for the final charged lepton and the photon

with the following change of variables:

dsνν̄dsℓ′γd cos θℓ′ = −
4mℓ
√
sℓ′γ

Xβℓ′
Eγ

√
(E2

ℓ′ −m2
ℓ′)dEℓ′dEγd cosΘℓ′γ, (F.4)

where Θℓ′γ is the angle between ℓ′ and γ, in the rest frame of ℓ.

Finally, neglecting all the final-state masses, as a good approximation, we get for the

neutrinos differential decay distribution:

dΓD,M

dEνdEν̄d cosΘνν̄d cos θℓ′dϕ
=

2

mℓ(4π)6
EνEν̄Eℓ′

Eγ

1

ϵ

∑
j,k

|MD,M |2, (F.5)

where ϵ = 1(2) for Dirac (Majorana) neutrinos. Here Eℓ′ and Eγ must be written in terms

of Eν̄ and Eν , according to the energy-momentum conservation law. Note also that we are

taking into account all the possible neutrino mass final states and the sum extends over

all energetically allowed neutrino pairs. The 1/2 factor that appears in the Majorana case

has two different origins. For the k = j case, it is due to the presence of indistinguishable

fermions in the final state; while for k ̸= j, it arises because of double counting, since the

sum
∑
j,k

is not restricted to j ≤ k.

Meanwhile, for the differential decay distribution involving the charged lepton and photon

energies we obtain:

dΓD,M

dEℓ′dEγd cosΘℓ′γd cos θνdϕ
=

2

mℓ(4π)6
EνEℓ′Eγ

Eν̄

1

ϵ

∑
j,k

|MD,M |2, (F.6)

where Eν̄ and Eν must be written in terms of Eℓ′ and Eγ according to the energy-

momentum conservation law. These, in principle, are two different spectra and will be so

in any specific kinematic configuration.
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Appendix G

Back-to-back kinematics

G1 Back-to-back configuration

It is convenient to describe our phase space variables in the rest frame of the decaying

particle to avoid any confusion. First, we are going to denote p′i as the momentum of the

i−particle in the corresponding center of mass frame for the relevant particle pair (ν − ν̄

or ℓ′ − γ) and pi the corresponding momentum in the rest frame of the decaying particle.

Now, following Fig.[4] of ref.[141], both momenta, p′i and pi, are related by a Lorentz

boost in the ẑ direction. We define our boost in the ẑ direction for the 4-momentum p′ν

and p′ν̄ as follows:

Λµ
ν =



√
1 + X2

sνν̄
0 0 X√

sνν̄

0 1 0 0

0 0 1 0
X√
sνν̄

0 0
√

1 + X2

sνν̄

 . (G.1)

For p′4 and p′5 we use the Lorentz transformation:

Λ′µ
ν =



√
1 + X2

sℓ′γ
0 0 − X√

sℓ′γ

0 1 0 0

0 0 1 0

− X√
sℓ′γ

0 0
√

1 + X2

sℓ′γ

 , (G.2)

where we use the definition of X, sνν̄ and sℓ′γ from the previous appendix. In general, we

can write the corresponding 4-momentum in the rest frame of ℓ as follows:

p2 =



√
1 + X2

sνν̄
0 0 X√

sνν̄

0 1 0 0

0 0 1 0
X√
sνν̄

0 0
√

1 + X2

sνν̄





√
sνν̄
2

βν sin θν cosϕ

βν sin θν sinϕ

βν cos θν

 =



√sνν̄+X2

2
+ X√

sνν̄
βν cos θν

βν sin θν cosϕ

βν sin θν sinϕ

X
2
+
√

1 + X2

sνν̄
βν cos θν

 ,

(G.3)
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p3 =



√
1 + X2

sνν̄
0 0 X√

sνν̄

0 1 0 0

0 0 1 0
X√
sνν̄

0 0
√

1 + X2

sνν̄





√
sνν̄
2

−βν sin θν cosϕ

−βν sin θν sinϕ

−βν cos θν

 =



√sνν̄+X2

2
− X√

sνν̄
βν cos θν

−βν sin θν cosϕ

−βν sin θν sinϕ

X
2
−
√

1 + X2

sνν̄
βν cos θν

 .

(G.4)

p4 =



√
1 + X2

sℓ′γ
0 0 − X√

sℓ′γ

0 1 0 0

0 0 1 0

− X√
sℓ′γ

0 0
√
1 + X2

sℓ′γ





√
sℓ′γ
2

βℓ′ sin θℓ′

0

−βℓ′ cos θℓ′

 =



√
sℓ′γ+X2

2
− X√

sℓ′γ
βℓ′ cos θℓ′

βℓ′ sin θℓ′

0

−X
2
−
√

1 + X2

sℓ′γ
βℓ′ cos θℓ′

 ,

(G.5)

p5 =



√
1 + X2

sℓ′γ
0 0 − X√

sℓ′γ

0 1 0 0

0 0 1 0

− X√
sℓ′γ

0 0
√
1 + X2

sℓ′γ





√
sℓ′γ
2

−βℓ′ sin θℓ′

0

βℓ′ cos θℓ′

 =



√
sℓ′γ+X2

2
+ X√

sℓ′γ
βℓ′ cos θℓ′

−βℓ′ sin θℓ′

0

−X
2
+
√
1 + X2

sℓ′γ
βℓ′ cos θℓ′

 .

(G.6)

Finally, we can apply the b2b constraint p⃗2 = −p⃗3 or equivalently, due to energy momentum

conservation, p⃗4 = −p⃗5. In this kinematic scenario it is easy to show that X = 0, which

is consistent with the fact that, in the b2b configuration, the boosts in eqs.(G.1,G.2) are

exactly the identity matrix, i.e., the center of mass frame of the ν − ν̄ and ℓ′ − γ systems

coincides with the decaying lepton rest frame. Then, in the b2b case the three-momentum

of the final states can be written as follows

p⃗2 =


βν sin θν cosϕ

βν sin θν sinϕ

βν cos θν

 , p⃗3 =


−βν sin θν cosϕ

−βν sin θν sinϕ

−βν cos θν

 , (G.7)
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p⃗4 =


βℓ′ sin θℓ′

0

−βℓ′ cos θℓ′

 , p⃗5 =


−βℓ′ sin θℓ′

0

βℓ′ cos θℓ′

 . (G.8)

Here, it is essential to emphasize that the above equations fulfill the b2b constraint

(p⃗2 = −p⃗3 and p⃗4 = −p⃗5) for all possible values of (θℓ′ , θν , ϕ) and not only when ϕ = 0.

Thus, we showed cleverly that ϕ = 0 is not a constraint imposed by the b2b kinematics, as

suggested in [141], and it needs to be integrated over its full range.

Another important result arises from the definition of the angle θ appearing in the

amplitude, which corresponds to the angle between the neutrino and the charged lepton.

From this definition, one can straightforwardly express θ in terms of the angles θℓ′ , θν ,

and ϕ for the b2b configuration. Using the expressions for the three-momenta in the b2b

case, we obtain:

cos θ ≡ p̂2 · p̂4 = sin θℓ′ sin θν cosϕ− cos θν cos θℓ′ , (G.9)

that shows the specific dependence of θ on θν , θℓ′ and ϕ. Other relations resulting from

p⃗2 = −p⃗3 and p⃗4 = −p⃗5 (neglecting the mass of the final-state particles) are

sνν = 4E2
ν , sℓ′γ = (mℓ − 2Eν)

2,

βℓ′ =
mℓ

2
− Eν , βν = Eν ,

Θνν̄ = π, Θℓ′γ = π,

(G.10)

taking E1 = E2 = Eν .

Finally, since in this b2b configuration the p⃗2(−p⃗3) and p⃗4(−p⃗5) are two independent

vectors, they can always span a plane, i.e. they can always form a basis of a two-dimensional

space. This argument is used in the KMS method to claim that ϕ = 0. For completeness,

we work on this subject below and demonstrate that, even it is certainly true that these

two vectors span a plane, this condition does not fix ϕ = 0, as we just showed before.

How can we describe that plane?

Since in the ℓ rest frame, these vectors start from the origin of the coordinate system

(x0, y0, z0) = (0, 0, 0), then the plane spanned by the vectors p⃗2 and p⃗4 is given by the
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well-known equation:

(x, y, z) = λp⃗2 + νp⃗4, (G.11)

where λ and ν are just the parameters of the plane-equation (−∞ < λ, ν < +∞).

The following computation can be performed in any chosen reference frame; however,

for this discussion we continue to work in the system where θν = π/2, as in the KMS

method. In this frame, the plane equation can be written in its general form, which, after

straightforward simplification, yields:

(cos θℓ′ sinϕ)x− (cos θℓ′ cosϕ)y + (sin θℓ′ sinϕ)z = 0. (G.12)

It is thus evident that the b2b condition is satisfied for each value of ϕ and the corresponding

plane spanned by the vectors p⃗2 and p⃗4 is given by eq.(G.12). This reaffirms that ϕ = 0

is not a condition fixed by the b2b scenario, and instead ϕ remains as an independent

variable that must be integrated over its full range.

To illustrate this plane condition, we show in Fig. G1.1 various examples with different ϕ

and θν :

(a) (b)
ϕ = 0 θν = π/2

(c)
θℓ′ = 0, ϕ = −π/4

Figure G1.1: Planes defined from (p⃗2,p⃗4) in the b2b for different values of ϕ, θℓ′ .

• Diagram (a): For ϕ = 0 we get y = 0, which means that the plane is precisely the x− z

plane, which is in agreement with the KMS method, but is not the only option allowed by

the kinematics.

• Diagram (b): For θℓ′ = π/2 we get z = 0, which means that the plane is precisely the

x− y one, a configuration completely allowed by the kinematics.
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One can similarly consider all other possible configurations, such as diagram (c), etc. All

of them are consistent with the b2b constraints and with the fact that the two independent

final-state vectors span a plane, confirming once again that ϕ = 0 is merely an allowed

configuration rather than a condition imposed by the b2b kinematics.
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Appendix H

Four-body branching ratio

H1 Branching ratio computation for the b2b

configuration

First, we compute the branching ratio for this b2b kinematic scenario using a seemingly

straightforward approach, which—without the proper considerations—can lead to

erroneous conclusions. We will then discuss this issue in detail and explain the correct

procedure to estimate this observable.

For a first consistency test, the total BR(ℓ→ ℓ′νν̄γ) for the general kinematic configuration

was computed, being in perfect agreement with those reported by [187], giving us a

corroboration that our procedure was correct.

Now, as a first attempt, one might be tempted to estimate the b2b BR by integrating

over all the energy and angular configurations of the differential decay rates evaluated in

this kinematic case. Essentially, for the case ϕ = 0, integrating over the remaining energy

dependence of eqs. (??, ??):

B{D,M}
↔ ≡ 1

Γℓ

∫ (
dΓD,M

νν |b2b
)
dEνdEν̄d cos θℓ′ . (H.1)

Doing this, and cutting off photons below an energy threshold of 10 MeV in the decaying-

lepton rest frame, given by the experimental resolution at Belle [121] (achievable at Belle-II

[188]) 52, we obtain:

BD
↔(ℓ = τ) = ΓD

↔/Γτ ≈ 4.3× 10−4,

BM
↔ (ℓ = τ) = ΓM

↔/Γτ ≈ 2.4× 10−4,
(H.2)

BD
↔(ℓ = µ) = ΓD

↔/Γµ ≈ 1.9× 10−4,

BM
↔ (ℓ = µ) = ΓM

↔/Γµ ≈ 1.1× 10−4,
(H.3)

52This threshold was 7 MeV at the Crystal Box experiment, in the search for µ→ eγγ [189].
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which, in principle, is a result that could motivate even more its search and reflect the

advantages of this specific process (ℓ→ ℓ′νν̄γ), since we do not have to deal with hadronic

form factors and the computed BR is much larger than the ones estimated in [141] for B

decays (B↔ ≈ 10−12) and related processes.

Nevertheless, the estimated BRs in eqs. (H.2, H.3) appear problematic. First, they differ

between the Dirac and Majorana cases—an artifact of having set ϕ = 0—which contradicts

the DMCT theorem, since the neutrino variables must be integrated over when calculating

the branching ratios. This issue can be easily resolved by considering the full range of

variation of ϕ.

The main problem is very notorious: Since the total BR(ℓ → ℓ′νν̄γ) is of the order

O(10−2), it is hard to believe that a specific kinematic configuration, such as the b2b, is

only two orders of magnitude more suppressed than the general case. Then, for a complete

discussion of this problem we will comment on the specific reason why this BR estimation

is wrong, and also do the right computation for this case, which can be applied for any

other specific kinematic configuration in which one (or more) of the continuous phase

space variables is(are) fixed to specific value(s).

The width of a N-body decay can be seen as the hypervolume of the phase space weighted

by the dynamic condition (squared amplitude) of the specific process. This hypervolume

is determined by the specific range of all the continuous phase space independent variables,

which is specified by the minimum and maximum values they could take according to

energy-momentum conservation. If one (or more) of these variables take(s) a fixed value

in an specific kinematic configuration, an integration over a zero-range variable has to be

done in order to compute the theoretical BR, leading to a vanishing contribution for this

specific case.

In other words, once a continuous phase-space variable is fixed, the phase-space

hypervolume is reduced to a phase-space hypersurface. Consequently, the theoretical

estimation of the BR for that specific configuration is effectively zero. This aligns with

the intuitive notion that the probability of observing a single, unique configuration among

infinitely many continuous possibilities is null.

This does not mean that the differential decay rate is zero in that case. Actually, we
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can compute without further problems any differential distribution as long as the fixed

variables are not integrated. Then, the main problem of the estimated BR is that we

integrated over the already evaluated differential decay rate, leading to a number that does

not have a probability interpretation, since for the correct theoretical BR computation,

we first need the differential decay rate for the general case and then to integrate over all

phase-space variables, which range will be fixed by the specific kinematic scenario and the

energy-momentum conservation.

In particular, our notation first introduced in eqs.(4.59), was precisely motivated to avoid

this possible confusion. It provides evidence that, once the decay rate is already evaluated

in a specific kinematic scenario, we can not integrate over the kinematic variables fixed by

the b2b condition and interpret the result as a probability, specifically as the BR of the

b2b case, that could lead to a (much) larger value than the real one.

Finally, since the experimental resolution is finite, no variable can be strictly fixed in

practice. Therefore, it is well-defined to estimate a non-zero BR for the b2b configuration

by considering a small range of variation around the theoretically fixed variables,

corresponding to the experimental resolution.

Then, to estimate the real BR for the experimental b2b case, without fixing ϕ and using a

proper method for this estimation, we have to do the following: First we integrate over the

remaining neutrino’s variables (θν and ϕ) in eq.(F.6), which are not fixed by any kinematic

condition, leading to a decay rate that depends only on the electron and photon energy,

together with the angle between them
(

dΓ
dEℓ′dEγd cosΘℓ′γ

)
, in the general kinematic case.

Then, using this differential decay rate, we can apply the experimental energy and angular

resolution53 to integrate over the “pseudo” b2b case, i.e. an infinitesimal phase-space region

that will be indistinguishable from the theoretical b2b case by the experiment, as shown

in figure H1.1, where the energy of the final charged-lepton and the photon are equal, up

to the energy resolution (Eℓ′ −∆E ≤ Eγ ≤ Eℓ′ +∆E), and the angle between them is π,

up to the angular resolution (π −∆θ ≤ θℓ′γ ≤ π).

Since we are not evaluating the differential decay rate at a specific kinematic configuration,

we can safely interpret this result as an occurrence probability. Moreover, because

53We use ∆E=0.01Eℓ′ , ∆θ=10mrad and ∆E=0.04Eℓ′ , ∆θ=13mrad for the muon and tau experimental
resolution respectively, as reported by Mu2e [190] and Belle-II [188] experiments.
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ℓ′γ

O(mrad)

ν

ν

Figure H1.1: Experimental b2b configuration in the initial charged-lepton rest frame.

the integration region includes the theoretical b2b configuration, the corresponding BR

obtained from the integration will necessarily be larger than that of the theoretical b2b

case alone.

Doing this, cutting off photons below an energy threshold of 10 MeV in the decaying-lepton

rest frame, we estimate the following BR for the experimental b2b case as follows:

(Γ)b2b =

∫ Emax
ℓ′

Emin
ℓ′

∫ Eℓ′+∆E

Eℓ′−∆E

∫ π

π−∆θ

dΓ

dEℓ′dEγd cosΘℓ′γ
dEℓ′dEγd cosΘℓ′γ, (H.4)

getting the results:

BR(ℓ = τ)b2b = (Γ)b2b /Γτ ≈ 1.68× 10−10,

BR(ℓ = µ)b2b = (Γ)b2b /Γµ ≈ 1.34× 10−10.
(H.5)

As we can see, these branching ratios are many orders of magnitude smaller than those

obtained using the KMS method in (H.2) and (H.3). Furthermore, the calculated BR is

identical for Dirac and Majorana neutrinos, in agreement with the DMCT theorem, and

fully consistent with our previous discussions.
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Appendix I

Muon g-2 in the SM

I1 Anomalous magnetic moment of the muon

The anomalous magnetic moment of the muon is a privileged precision measurement,

which sets stringent constraints on new physics. In early times, and together with the

Lamb shift, its electron analog was instrumental to build our understanding of quantum

field theories at the loop level. Almost 80 years later, it continues to be at the forefront in

the understanding of matter at the most fundamental level.

The anomalous magnetic moment of a charged lepton is defined as aℓ = (gℓ − 2)/2,

measuring a purely quantum effect, as the gyromagnetic factor, g, is exactly 2 according

to the Dirac equation. Notwithstanding, it gets corrected by quantum effects, being the

leading contribution given a photon loop, first calculated by Schwinger, giving the result

aℓ = α/(2π) +O(α2), universal for all lepton flavors, which sets the size of the effect as

∼ 1× 10−3, a result that has not yet been tested for tau leptons, due to their fast decays.

The situation is much better for electrons and muons. Although ae is measured more

precisely than aµ, the sensitivity to new physics typically scales as that of the weak

contributions, aNP,weak
ℓ ∼ m2

ℓ/Λ
2, as a function of the characteristic scale, Λ. Taking both

facts into account, although ae is measured with an amazing uncertainty of 12× 10−14 [9],

the error on the world average for aµ, 15× 10−11 [33], [34], [35], [191], makes the muon

approximately 40 times more sensitive to NP effects than the electron. Theoretical

uncertainty on the SM prediction for ae is negligible, which is not the case –unfortunately–

for aµ. As we will see, this weakens a bit the possible reach on NP of aµ (that is still ∼ 20

times better than the electron), which calls for refined SM calculations in the coming

years.

The accuracy of the aµ measurement is driven by the last result published by the FNAL

collaboration [191], yielding

aexp, 2025µ = 116592071.5(14.5)× 10−11 , (I.1)
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which has reduced the uncertainty of the BNL result [35] by a factor ∼ 4. A slight

improvement of this precision is expected from the results of the dedicated J-PARC

experiment [192] at the beginning of the next decade.

The principle of these measurements rests on an intense proton beam hitting a target and

producing numerous pions, which later on decay mostly to (highly-polarized) muons, that

are stored magnetically in a ring (the BNL one was recycled for the FNAL experiment).

Thanks to their relativistic nature, one can measure precisely the e (momentum and spin)

of their Michel decays. Since the muons are subject to an extremely uniform magnetic

field with cyclotron frequency ωc, the muons would describe circular orbits with spin

and momentum perfectly aligned, rotating at this frequency, if g were exactly 2. On the

contrary, the difference g− 2 is directly proportional to the anomalous precesion frequency

by which the spin rotates mildly faster than the momentum. Through a terribly precise

knowledge of the applied magnetic field (with numerous minute corrections to warrant

its homogeneity), aµ is directly determined from this oscillation phase, fit to the decay

pattern of millions of muon decays every hundred ns.

In contrast, the theoretical accuracy of the SM prediction has decreased from 43× 10−11

the White Paper 1 (WP20) [36] to 62× 10−11 in its second edition (WP25) [43]. Let us

briefly review how this happened.

Changes in the five-loop QED prediction were minor, with the uncertainty at the level

of 0.2 × 10−11, contributed quite evenly by the estimated six-loop result and by the

experiment used to set the value of α. This resulted in [193], [194], [195], [196], [197],

[198], [199]

aQED,WP25
µ = 116584718.8(2)× 10−11 , (I.2)

0.1× 10−11 smaller than in WP20, that was the uncertainty quoted for this piece in 2020.

The electroweak contribution is computed to two loops. Its WP25 value [200], [201], [202],

[203],

aEW,WP25
µ = 154.4(4)× 10−11 , (I.3)

has reduced the uncertainty by 60% with respect to the WP20 result, 153.6(1.0)× 10−11,

which is compatible with the current number. This reduction of the error is mostly thanks

to better control of hadronic EW uncertainties, with the remaining error basically shared
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by second-generation quark contributions in a(n anomalous) triangle connected to γγZ

bosons and by unknown three-loop corrections.

At the current precision, the uncertainty of aSMµ comes completely from hadronic

contributions, which correspond to QCD corrections evaluated with at least a relevant

energy scale in the non-perturbative domain of the strong interactions. These correspond to

the hadronic vacuum polarization (HVP) and hadronic light-by-light (HLBL) contributions,

starting at orders O(α2, α3), respectively. In aHVP
µ , the exchanged photon in the Schwinger

diagram is attached to a quark-antiquark loop. In aHLBL
µ the four photon legs are connected

to an intermediate quark loop, with three of them attached to muon lines and the other

one being the external (real) photon. For WP20, the error associated to the HVP basically

doubled the one for HLBL, 40 and 18 in 10−11 units. Recent developments have reduced

the latter to 10 units, while the HVP uncertainty quoted in the WP25 has increased to 61.

We will continue with aHLBL,LO
µ , see section 5.2, and then finally discuss aHVP,LO

µ and the

compatibility between the SM prediction 54 and the measurements.

For WP20 lattice QCD results were not competitive with the data-driven determinations

of aHLBL
µ , with uncertainties of 35 and 19 × 10−11, in turn. Lattice evaluations have

improved dramatically since then, reaching a present uncertainty of only 9.0 units [207],

[208], [209], [210], [211], commensurate with the phenomenological one, of 8.8×10−11 [159],

[160], [200], [212], [213], [214], [215], [216], [217], [218], [219], [220], [221], [222], [223], [224],

[225], [226], [227], [228], [229], [230], [231], [232]. However, they are in moderate tension

(1.5σ),

aHLBLLO, lattice
µ = 122.5(9.0)× 10−11, (I.4)

aHLBLLO,phenomenology
µ = 103.3(8.8)× 10−11, (I.5)

which makes their combined error slightly larger than the individual ones [43],

aHLBLLO,WP25
µ = 112.6(9.6)× 10−11 . (I.6)

On the data-driven side, progress has focused mainly in the understanding of how short-

54To obtain aSMµ one also needs to add the subleading pieces, which amount to aHVP,NLO
µ =

−99.6(1.3) [164], [204], aHVP,NNLO
µ = 12.4(1) [205], and aHLBL,NLO

µ = 2.6(6) [206], everything in 10−11

units.
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distance QCD restrictions on the HLBL tensor apply, as well as in the related contributions

from higher-mass states [161], [200], [215], [216], [217], [218], [219], [220], [223], [224],

[225], [228], [229], [230], [232], [233], [234], [235], [236], [237], [238], [239], [240]. Further

improvements along these directions are expected to reduce the discrepancy among

the lattice, (I.4), and phenomenological predictions, (I.5), and thus the error of their

combination, eq. (I.6).

The WP20 result for aHVP
µ was based on the data-driven evaluations using σ(e+e− →

hadrons), yielding

aHVPLO,WP20
µ = 6931(40)× 10−11 , (I.7)

which was however challenged by two results appearing by that time, the BMW lattice

QCD collaboration obtained [40]

aHVPLO,BMW20
µ = 7072(55)× 10−11 , (I.8)

and the tau-based determination was [37]

aHVPLO,MR20
µ = 7057(41)× 10−11 . (I.9)

Both were not used to get the WP20 SM prediction. On the one hand, there was not

another lattice evaluation with similar precision to scrutinize systematic BMW errors. On

the other, tau data was considered not competitive with the e+e− measurements.

The picture changed drastically with the publication of the CMD-3 e+e− → π+π− data [41],

[42]. If taken as the only input for the leading ππ contribution to aHVP
µ , CMD-3 would yield

aHVPLO,CMD3−23
µ = 713(4)×10−10, even larger than the predictions above. This exacerbated

the old KLOE [241]-BaBar [242] tension to the level of discrepancy (particularly between

KLOE and CMD-3), in which the different datasets could no longer be combined to obtain

aHVP,e+e−−based
µ . Meanwhile, lattice QCD evaluations with comparable precision to the

BMW result were achieved by different groups, and showed a nice agreement, that allowed

their combination, to get [40], [243], [244], [245], [246], [247], [248], [249], [250], [251], [252],

[253], [254], [255], [256], [257], [258]

aHVPLO,WP25
µ = 7132(61)× 10−11 . (I.10)
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A τ -based number, 7045(62)× 10−11, based on refs. [39], [259], was quoted in WP25 (see

also ref. [260]), but not combined with the lattice determination 55. With eq. (I.10) as

input, the WP25 quotes

aSM,WP25
µ = 116592033(62)× 10−11 . (I.11)

On the experimental side, successive results from the FNAL experiment [33], [34], [191]

have only become more precise, keeping fine compatibility among them. As a result,

the 5.1σ discrepancy that was obtained from the WP20 number and the FNAL runs 1-3

measurements, is now reduced, using the WP25 SM prediction, (I.11), and the world

average for aexpµ , (I.1), to a very nice compatibility, ∆aµ = aexp
µ − aSM

µ = 39(64)× 10−11,

setting stringent constraints on NP contributing to aµ.

55This may change in the future, depending on the assessment of the understanding of the required
isospin-breaking corrections. Also e+e− data could be used again if their current inconsistency is
solved. Finally, the precise measurement of µe scattering at the MUonE experiment [261] will provide a
complementary (space-like) determination of aHVP,LO

µ that can be useful to refine the SM prediction.
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Appendix J

Rare Higgs Decays

J1 Higgs decays h→ µ+µ− + γ/Z

In this appendix we take advantage of the fact that, due to the large number of produced

Higgses56, it is possible to study some rare decays, such as h(p)→ µ+(p1)µ
−(p2)γ/Z(p3),

which are produced by the same operators we previously analysed in 5.1.

Taking into account the HEFT and SM tree-level amplitude, the contribution to the

decay h→ µ+µ−γ is exactly the same as the SMEFT case, since no other HEFT operator

contributes, upon the global aγ parameter that could increase the total BR at most by

a factor five. Considering aγ = 5, leads to a maximum value of BR(h → µ+µ−γ)NP ≈
4× 10−9.

Meanwhile, for the decay h → µ+µ−Z, we can study the effect that the NP under

consideration could have, where all the HEFT operators contribute. In this case, the

differential decay rate contributions are (invariant masses are defined in eq. (J.11)):

• Leading term in the SM:

dΓ

dm2
13dm

2
23

=
g2Zm

2
Z(8 sin

4θW − 4 sin2θW + 1)

256π3m3
hv

2(m2
13 +m2

23 −m2
h)

2

(
m2

hm
2
Z + 2m4

Z − 2m2
Z(m

2
13 +m2

23)

+m2
13m

2
23

)
. (J.1)

• Operator N µ
Z :

dΓ

dm2
13dm

2
23

= −C2
Z

Λ2

(m2
hm

2
Z −m4

Z +m2
Z(m

2
23 +m2

13)− 2m2
13m

2
23)

32π3m3
h

. (J.2)

• OperatorN µ
2 (this one does not bear a suppression factor∝ 1/Λ, making it the largest

56A total of O(108) Higgs bosons for a
√
30 TeV Muon Collider with 90 ab−1 of integrated luminosity.
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purely new physics effect, although much smaller than the SM-N µ
2 interference):

dΓ

dm2
13dm

2
23

=
C2

2

256π3m3
hm

2
Z

(
m2

hm
2
Z + 2m4

Z − 2m2
Z(m

2
13 +m2

23) +m2
13m

2
23

)
. (J.3)

• Operator N µ
4 :

dΓ

dm2
13dm

2
23

=
C2

4

Λ2

(
m2

h +m2
Z −m2

13 −m2
23

)(
(m2

13 +m2
23)

2 − 4m2
hm

2
Z

)
512π3m3

hm
2
Z

. (J.4)

• Operator N µ
9 :

dΓ

dm2
13dm

2
23

=
C2

9

Λ2

1

512π3m3
hm

2
Z

(
4m4

hm
2
Z +m2

h

(
− 4m4

Z − 4m2
Z(m

2
13 +m2

23)

+ (m2
23 −m2

13)
2
)
+m2

Z(m
4
13 + 6m2

13m
2
23 +m4

23)− (m2
23 −m2

13)
2

(m2
13 +m2

23)
)
. (J.5)

• Interference N µ
Z −SM (numerically suppressed, both by the muon mass and because

4 sin2θW ∼ 1):

dΓ

dm2
13dm

2
23

=− Re(CZ)

Λ

gZmµ

64π3m3
h

(4 sin2θW − 1)

v m2
13m

2
23(m

2
13 +m2

23 −m2
h)

(
m4

h

(
m2

Z(m
2
13 +m2

23)

−m2
13m

2
23

)
+m2

h

(
m2

13m
2
23(m

2
13 +m2

23)−m2
Z(m

4
13 + 3m2

13m
2
23 +m4

23)
)

+ 2m2
Zm

2
13m

2
23

(
2(m2

13 +m2
23)− 3m2

Z

))
. (J.6)

• Interference N µ
Z −N µ

9 (this is the only non-vanishing interference which is purely

beyond the SM 57, and thus suppressed):

dΓ

dm2
13dm

2
23

=− C9C
∗
Z + CZC

∗
9

128π3Λ2m3
h

(
m2

h(4m
2
Z −m2

13 −m2
23)−m2

Z(m
2
13 +m2

23) + (m2
23 −m2

13)
2
)
.

(J.7)

• Interference N µ
2 −SM (there is no parametric suppression ∝ 1/Λ in this term, which

57We do not consider purely beyond the SM interferences that are additionally suppressed by the
muon mass.
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is potentially the largest new physics effect):

dΓ

dm2
13dm

2
23

=
−C2gZsin

2θW
64π3m3

hv(m
2
h −m2

13 −m2
23)

(m2
hm

2
Z + 2m4

Z − 2m2
Z(m

2
13 +m2

23) +m2
13m

2
23) .

(J.8)

• Interference N µ
4 − SM (suppressed by the muon mass)

dΓ

dm2
13dm

2
23

=
−gZmµ Im(C4)

256π3Λ2m3
hm

2
Zvm

2
13m

2
23

(
m4

hm
2
Z(m

2
13 +m2

23)−m2
Zm

2
13m

2
23(m

2
13 +m2

23)

+m2
h

{
m4

Z(m
2
13 +m2

23)−m2
Z(m

2
23 −m2

13)
2 −m2

13m
2
23(m

2
13 +m2

23)
})

.

(J.9)

• Interference N µ
9 − SM (again suppressed, because of mµ and 4 sin2θW ∼ 1):

dΓ

dm2
13dm

2
23

=
gZmµ(4 sin

2θW − 1)Re(C9)

256π3Λm3
hvm

2
13m

2
23(m

2
13 +m2

23 −m2
h)
×
(
m6

h(m
2
13 +m2

23)

−m4
h(m

2
13 +m2

23)
(
m2

Z + 2(m2
13 +m2

23)
)
+m2

h

{
m2

Z(m
4
13 − 6m2

13m
2
23 +m4

23)

+ (m2
13 +m2

23)
(
m4

13 + 4m2
13m

2
23 +m4

23

)}
− 3m2

13m
2
23(m

2
13 +m2

23)

(−2m2
Z +m2

13 +m2
23)
)
. (J.10)

We only took into account the leading order contributions, at most proportional to the

lepton mass or quadratic in the HEFT coefficients. Also the substitution of the coefficients

in eq. (5.16) has to be done. The Mandelstam variables were defined as follows

m2
13 ≡ (pµ− + pZ)

2 = (ph − pµ+)2,

m2
23 ≡ (pµ+ + pZ)

2 = (ph − pµ−)2.
(J.11)

Once integrated, considering Λ ≈ 100 TeV, the estimated values of every contribution to

the BR(h→ µ+µ−Z) are shown in table J1.1, where we first report the values without

fixing the HEFT coefficients and then show the numerical results from taking |Cµ
i | = 10−4

and ai = 1, which is an optimistic approach where a large value of the Wilson coefficient

is selected.

As can be seen from table J1.1, all the NP contributions are highly suppressed and
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Operator BR(h→ µ+µ−Z)
BR(h→ µ+µ−Z)
|Cµ

i | = 10−4, ai = 1
SM (Leading term) 7.66× 10−4 7.66× 10−4

N µ
2 −SM −2.52× 10−3 Cµ

2 a2 −2.52× 10−7

N µ
Z−SM −5.95× 10−11 −5.95× 10−11

N µ
2 5.29× 10−3|Cµ

2 |2a22 5.29× 10−11

N µ
Z 9.02× 10−13 9.02× 10−13

N µ
9 −SM −7.56× 10−9 Im(Cµ

9 )a9 −7.56× 10−13

N µ
4 −SM 6.93× 10−9Re(Cµ

4 )a4 6.93× 10−13

N µ
Z −N µ

9 2.08× 10−10 Im(Cµ
9 )a9 2.08× 10−14

N µ
9 1.22× 10−8|Cµ

9 |2a29 1.22× 10−16

N µ
4 2.15× 10−10|Cµ

4 |2a24 2.15× 10−18

Table J1.1: Estimated BR(h→ µ+µ−Z) contributions within the HEFT approach.

many orders of magnitude below the SM leading term 58, even for the most optimistic

HEFT-coupling cases. Thus, the main conclusion given in [144] for the SMEFT case still

holds here, being that the current muon g-2 anomaly cannot be tested at a muon collider

through this decay process 59.

These results were somewhat expected, since the main advantage of the NP scattering

process is that it grows with energy and thus can become dominant over the SM cross-

section at a very high-energy collider, in contrast with the decay process, fixed at the

Higgs mass scale.

Then, the HEFT contribution in the h → µ+µ− + γ/Z channel is still too small to be

observed, being the scattering process the most promising scenario to test the g-2 NP

contribution in a model-independent way, highlighting the potential of a muon collider in

high-energy physics.

58All of them are consistent with our previous explanations on their particular suppressions.
59The interference N µ

2 −SM term could be accessible only if high statistics were achieved in a future
muon-collider and all relevant radiative corrections for the SM contribution to that order were known.
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