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Generalized Parton Distribution (GPD)

Exclusive processes (DVCS)
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Ex: Chiral even twist-2 operators
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GPD properties

e Support (x,8)e[-1,1]®[-1,1]
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E—parity
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Polynomiality
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e Forward limit

H%(x,0,0) = g(x)0(x) — g(=x)0(—x)

e Hadron 3D tomography

dzAl b A , Probability density of finding a parton with longitudinal
pl(x, b )=[ e LA HY(x,0, — A7)
o @y .

momentum fraction x and position b, in the transverse plane.
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e Forward limit

H%(x,0,0) = g(x)0(x) — g(=x)0(—x)

e Hadron 3D tomography

d*A Probability density of finding a parton with longitudinal

1l —ib A 2
q — / q —
plx, b)) = J' (27)2 e "L LHY(x,0, AL) momentum fraction x and position b, in the transverse plane.

It is hard to build GPDs from first principles that satisfy both positivity and polynomiality

Truncation in Overlap representation of LCWF is consistent only in region
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Positivity is built in, but for polynomiality GPD must be extended to region



Covariant extension via Radon transform inversion

Is it possible to extend the GPD from DGLAP to ERBL preserving polynomiality?
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Covariant Extension e——» Radon transform inversion

Is it possible to invert the Radon transform knowing the GPD only in DGLAP?
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Covariant Extension e——» Radon transform inversion

Is it possible to invert the Radon transform knowing the GPD only in DGLAP?

Answer from Computerized Tomography
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RO, s) = J' dz f(z) fe SRy,

z-0=s

GPD: z- (B, a), 0 - (cos(¢),sin(¢)), x=

0e S seR

Uniqueness theorems:
[F. Natterer, The Mathematics of Computerized Tomography]
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-
N

Given f € &S(R"), if K£f(0,s) =0 V hyperplane z - 6 = s that does not intersect a compact

convex set K C R" = f(z) = 0 outside K
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Given f € &S(R"), if K£f(0,s) =0 V hyperplane z - 6 = s that does not intersect a compact
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——» DD is uniquely fixed by GPD in

(except for ff = 0)
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J. Boman and E.T. Quinto, Mathematical Journal 55 (1987)

Given f in R* compactly-supported and locally summable, (6,,s)) € S' X R, U, open
neighborhood of 0, :

Rf(0,5) =0 Vs>sy, 0€ U, = f(x)=0 ifz-6,> s,
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J. Boman and E.T. Quinto, Mathematical Journal 55 (1987)

Given f in R* compactly-supported and locally summable, (6,,s)) € S' X R, U, open
neighborhood of 0, :

Rf(0,5) =0 Vs>sy, 0€ U, = f(x)=0 ifz-6,> s,

——» DD is uniquely fixed (except for f = 0) by knowing GPD in:

xel|-1,1], &£e€[0,4x], O0< 41 <1 (H. Moutarde)

In experiments & < 0.2
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Numerical Inversion of Radon Transform

Artificial Neural Networks Finite Elements Methods

H. Dutrieux et al. Eur.Phys.J.C. 82 (2022) N. Chouika et al. Eur.Phys.J.C. 77 (2017)
J.M. Morgado et al. Phys.Rev.D 105 (2022)
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Numerical Inversion of Radon Transform

Artificial Neural Networks Finite Elements Methods
H. Dutrieux et al. Eur.Phys.J.C. 82 (2022) N. Chouika et al. Eur.Phys.J.C. 77 (2017)
J.M. Morgado et al. Phys.Rev.D 105 (2022)
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Parametrizing i(f, @) using Artificial Neural Networks (ANN)
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 Adam optimizer (gradient descent)

® Dropout regularization
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Algorithm

o Initialize the ANN parameters (randomly).

e Given a sampling set of GPD values H/(x;, &) in the region, numerically evaluate

the RT along each line (x;, &) using Ay un(B, @) as DD. Bhyn(x;, &) = H(x, &).

e Update the ANN parameters using Adam optimization algorithm in order to minimize
N

sample

MSE = — Y (Hi_ﬁi)z

N sample ;_1

e Iterate until convergence.
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Testing with analytical models

Nakanishi based model for pion

(1 - x)°(x* = &%)

N.Chouika et al. Phys.Lett.B:780(2018)

Hx,,t=0)=(1 —x)J

dfdad(x — f — a&) h(p, o)

30 : >
Hix.E.1 = 0) = (1 — £2)2 | x| > ¢ O+
15 (1 = x)(&7 = x)(x + 2xE + &) x| < & 15
261 + &7 ’ h(p, @) = — (1=3(a*=p* -2

18



Testing with analytical models

Nakanishi based model for pion N.Chouika et al. Phys.Lett.B:780(2018)

(1 - x)2(2 - € dpdao(x — f — as) h(p, a)
(1-¢2p2
(1 = X)(E2 — x)(x + 2xE + £2)

2855(1 + &2

30

Hx,,t=0)=(1 —x)J

x| > ¢ o

Hx,.,t=0) =

15 . x| <&

15
Wp, @) = — (1=3(a” = p*) - 2p)

=10%, N = 10*

sample

N

neurons

A=1 A=0.75 A=0.5
8 _ 8 i 10.0 T
61 6 - 7.5
4 1 4 - 5.0 1
,8 2 - ’U\‘ 2 - 8 2.5
o < o
< 0 R <
0 — : — 0.0 A
5 4 -—-- Exacta=0.2 -—-- Exacta=0.2 c— _ ——- Exacta=0.2
—— ANN @=0.2 —21 —— ANN @ =0.2 _> 54 —— ANN @ =0.2
-—-- Exacta=0.5 -—-- Exacta=0.5 ——- Exacta=0.5
—47 —— ANN a=0.5 —4 - — ANN a=0.5 504 —— ANN a=0.5
-=—= Exacta=0.7 -—-- Exacta=0.7 ' -—- Exacta=0.7
—61 —— ANN @ =0.7 —6 1 —— ANN@=0.7 —  ANN@=07
_75 .

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

18



H(x, & =0.5)

P -—-- Exact
/ \ ANN

-1.00 -0.75 -0.50 -0.25

0.00 0.25 050 0.75 1.00

X

- == Exact
ANN

-1.00 -0.75 -0.50 -0.25

0.00 0.25 050 0.75 1.00

X

H(x, & =0.5)

H(x, & =0.8)

X

A=0.75
P -—- Exact
/ ANN
/
/
[
[
[ ~
[ .
[
[
[
[
[
I
| ll
i
i F
! [
! [
! [
\\ /
/
\\ //
-1.00 -0.75 -0.50 -0.25 0.00 0.75 1.00
X
A=0.75
-== Exact -
ANN
//
/
/
/
/
1
/
) \
Il v 7
) \\ /
II \,’
I
\\ I,
\‘ /
\ /I
\ /
\ /
\ /
\ 7
\ J
\ 7
\ 7
N_7
-1.00 -0.75 -0.50 -0.25 0.00 0.75 1.00

H(x, & =0.5)

H(x, € =0.8)

0.5
-== Exact
/" \ ANN
/ \
/ \
/ \
I \
I \
I \
I \

-1.00 -0.75 -0.50 -0.25

0.00 0.25 050 0.75 1.00

X
=0.5
- == EXxact
ANN ,”‘\
N
4 \
/ \
/ \
/ \
Vi \
4 \
/ \
\
\
\
\
\
\
\
N v
w4
\JI
\
\
\
\
\
\
\
\

-1.00 -0.75 -0.50 -0.25

0.00 0.25 050 0.75 1.00
X

19



Goloskokov-Kroll model

S.V. Goloskokov, P. Kroll, Eur.Phys.J.C. 50 (2007)

H(x, &) = [ dpda s (x - - a&) q(B) hox(B ). k(B ) =

Q
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201 2(n + 1)

(1 _ ﬁ)2n+1

20



Goloskokov-Kroll model s.v. Goloskokov, P. Kroll, Eur.Phys.J.C. 50 (2007)

H(x, &) = [ dpda s (x - - a&) q(B) hox(B ). k(B ) =

@)

2
Valence distribution ¢ ,(#) = p~°(1 — p)"+! Z ¢;p”?, n=1, 5§=048
j=0

['(n+2)

(1 - p)?—a?]"

2n+H12(n 4+ 1)

(1 _ ﬁ)2n+1

20



Goloskokov-Kroll model s.v. Goloskokov, P. Kroll, Eur.Phys.J.C. 50 (2007)

H(x, &) = [ dpda s (x - - a&) q(B) hox(B ). k(B ) =

@)

2
Valence distribution ¢ ,(#) = p~°(1 — p)"+! Z ¢;p”?, n=1, 5§=048
j=0

3
Sea distribution GoedB) = (1 = PN ¢ p, n=2, §=11
j=0

['(n+2)

(1 - p)?—a?]"

2n+H12(n 4+ 1)

(1 _ ﬁ)2n+1

20



Goloskokov-Kroll model s.v. Goloskokov, P. Kroll, Eur.Phys.J.C. 50 (2007)

H(x, &) = [ dpda s (x - - a&) q(B) hox(B ). k(B ) =

@)

2
Valence distribution  ¢",(f) = p~°(1 — p)"*! Z ¢;p”?, n=1, 5§=048
j=0

3
Sea distribution GoedB) = (1 = PN ¢ p, n=2, §=11
j=0

['(n+2)

(1 -p7-a?]

2n+H12(n 4+ 1)

(1 _ ﬁ)2n+1

H, (%, ) = J dpda s (x — = a&) sign(P) g | B1) hox(1Bl, @) —  Hypo(=x,8) = = Hy,\(x, &)

Q

20



Goloskokov-Kroll model s.v. Goloskokov, P. Kroll, Eur.Phys.J.C. 50 (2007)

H(x, &) = [ dpda s (x - - a&) q(B) hox(B ). k(B ) =

@)

2
Valence distribution ¢ ,(#) = p~°(1 — p)"+! Z ¢;p”?, n=1, 5§=048
j=0

3
Sea distribution GoedB) = (1 = PN ¢ p, n=2, §=11
j=0

['(n+2)

(1 -p7-a?]

2n+H12(n 4+ 1)

(1 _ ﬁ)2n+1

H, (%, ) = J dpda s (x — = a&) sign(P) g | B1) hox(1Bl, @) —  Hypo(=x,8) = = Hy,\(x, &)

Q

hANN(ﬁa a)
Nywrons =255 Nogmpie = 5 X 103 her(P, @) ~ ——

20



=0.5)

H(x, &

Valence DD/GPD

A=1 A=0.5 A=0.2
Exacta=0.2 1.4 - Exacta=0.2 S 144 =~ Exacta=0.2
1.4 - ANN o =0.2 ' ANN a =0.2 | =—— ANNa=0.2
Exact a = 0.5 Exacta=0.5 -= Exacta=0.5
1.2 - ANN a = 0.5 1.2 ANN a = 0.5 1291  ANNa=05
Exact a =0.7 Exacta = 0.7 -= Exacta=0.7
1.0 1 ANN a =0.7 1.0 1 ANN a=0.7 109 — ANNa=0.7
0.8 - 5 0.8 1 < 0.8
S 3
Ky Ry
0.6 - 0.6 - 0.6 -
0.4 - 0.4 A 0.4 -
0.2 - 0.2 - 0.2 A
|
0.0 - 0.0 - 1 0.0 A
0.4 0.8 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
B B B
A=1 A=0.5 A=0.2
3.0 30 -
+ Exact ' AN - —. Exact 3.0 - ——. Exact
, ANN VN ANN 277N\ ANN
2.5 - / / \ / \
. § ‘ \
/ 2.5 /_. q 2.5 II \\
/ \ ’ \
/ \ / \
2.0 i \ \
2.0 // \ 2.0 - / \
1 \ n / \
1.5 < / 0 o K, \
5 15 / \ I ) \
W / \ W 1.5 [I v
x / X / !
T / T / \\
1.0 A \ 1.0 1 I/ \\ 1.0 1 II \
// ‘\\\ / \ / \
} \ / \ / \\
y \ / \ / \
) \ 0.5 1 / \ 0.5 7 \
\ / \ / \
/ \ / \ / \
/ \\\ / \\\ 7 \
========_7 \§\__ / \§ / N
1 0.0 { +F———v——o ~— 004 o L ~——

-1.00 -0.75 -0.50 -0.25 0.00 0.25 050 0.75 1.00 -1.00 -0.75 -0.50 -0.25 0.00 0.25 050 0.75 1.00 —1I.OO —0|.75 —OI.50 —OI.25 O.IOO 0.I25 0.50 0.I75 1.60

X X



h(B, a)

=0.5)

H(x, &

Sea DD/GPD

A=1 A=0.5
1.4 4
1.4 4 N
- ~
17 - 1.2 A
\ i
1.0 A . 1.0
Exacta=0.2 Exacta=0.2
0.8 - - ANN a =0.2 0.8 A —— ANN a=0.2
-== Exacta=0.4 ’8_ -== Exacta=0.4
—_ A Q =
0.6 4 ANN a=0.4 T 06 - ANN a=0.4
-—-= Exacta=0.6 Exacta=0.6
—— ANN a =0.6
0.4 0.4 -
0.2 A 0.2 -
\
\
0.0 - 0.0 -
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
B B
A=1 A=0.5
0.20 A = ——- Exact 0.20 A 7 ——- Exact
/N 7/ \
/ \\ ANN / \\ ANN
0.15 - i \ 0.15 - / \
! \ ! \
/ \ / \
0.10 A | \ 0.10 - / \
I \ J \
I \ / \
0.05 A [ \ —~ 0.05 - I \
/ \ L0 / \
I o / A
0.00 4 (=———-——— / N Il 0.00{ =—————x / N~——
. ‘\\\ / LA'{‘ ) \\ ~‘/
\ / x \ /
| \ / I i \ !
-0.05 \ / -0.05 \ |
\ / \ /
\ / \ f
—0.10 A \ '} —0.10 A \ /
\ / \ /
\ / \ /
—0.15 A \ / —0.15 4 \ /
\ / \ /
\\ /’/ \\\//
—0.20 A —0.20 A
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

X X



Conclusions and Outlook

® GPD can be extended from (and proper subsets) to inverting its RT
e ANNs are a good tool for inverting RT
e Testing the method on experimental results (EIC)

e Applying ANNs to PDF reconstruction by a sequence of Mellin moments

(with Khepani Raya and PP)
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