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What are the physical differences between standard QED4

and QED3 with RQED4,3?
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What are the physical differences between standard QED4

and QED3 with RQED4,3?

For example. What are the differences in the anomalous magnetic moment?
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In the RQED action, the electrons and photons resides

in different dimensions

SRQED =
∫
ddγx

[
− 1

4FmnF
mn − 1

2ξ (∂mA
m)2
]

+
∫
ddexψ(i/∂ −m)ψ + Interaction
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The interaction in RQED occurs in

the space-time dimensions of the electron

SRQED =
∫
ddγx

[
− 1

4FmnF
mn − 1

2ξ (∂mA
m)2
]

+
∫
ddex

[
ψ(i/∂ −m)ψ − eψγµψAµ

]
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From the definition of the RQED action,

we obtain the following generating function

Z(η, η, Jm) = N Exp

[
− ie

∫
ddγx δ(x)δmµ

×
(

1
i

δ

δJm(x)

)(
i

δ

δη(xe)

)
γµ

(
1
i

δ

δη(xe)

)]
Z0

δ(x) = δ(xde+1) . . . δ(xdγ ) ,

δmµ =

1 if m = µ , for µ = 0, . . . , de − 1

0 otherwise ,
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From the definition of the RQED action,

we obtain the following generating function

Z(η, η, Jm) = N Exp

[
− ie

∫
ddγx δ(x)δmµ

×
(

1
i

δ

δJm(x)

)(
i

δ

δη(xe)

)
γµ

(
1
i

δ

δη(xe)

)]
Z0

Z0 = Exp

[
− i

∫
ddexddey η(x)S(x, y)η(y)

+ i

2

∫
ddγxddγy Jm(x)∆mn(x, y)Jn(y)

]
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Photon and electron propagators in coordinate space

S(x, y) =
∫

ddep

(2π)de
e−ip(x−y) /p+m

p2 −m2 ,

∆mn(x, y) =
∫

ddγk

(2π)dγ

e−ik(x−y)

k2

(
ηmn − (1 − ξ)kmkn

k2

)
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The derivation of the Feynman rules proceeds as

in standard QED, with two exceptions

� On shell photons are described by εµλ(k)

The kinematics is constrained to be in the electron space
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The derivation of the Feynman rules proceeds as

in standard QED, with two exceptions

� The photon propagator is modified

after we integrate out the non-interacting degrees of freedom

∆̃µν(k) = 1
(4π)εe

Γ(1 − εe)
(−k2)1−εe

(
ηµν − (1 − ξ̃)kµkν

k2

)

εe = dγ − de

2 , ξ̃ = εe + (1 − εe)ξ
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Feynman rules

p
i
/p+m

p2 −m2

k i

(4π)εe

Γ(1 − εe)
(−k2)1−εe

(
ηµν − (1 − ξ̃)k

µkν

k2

)

p

k

µ −ieγµ
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In the second order formalism of QED,

the scalar and spin vertex interaction is separated

p
i(p2 −m2)−1

p

k
µ −ie[(2p+ k)µ + σµαkα]

p

µ ν 2ie2ηµν

� Scalar � Spin
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The second order rules arise from a Gordon-type decomposition

of the fermion propagator and the first order vertex

e S(p+ k) γµ = e
(/p+ /k) +m

(p+ k)2 −m2 γ
µ =

Aµ
p,k

Dp+k

Aµ
p,k = Bµ

p,k + Cµ
p

Bµ
p,k = e[(2p+ k)µ + eσµαkα]

Cµ
p = −eγµ(/p−m)

Dq = q2 −m2
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The second order rules arise from a Gordon-type decomposition

of the fermion propagator and the first order vertex

e S(p+ k) γµ = e
(/p+ /k) +m

(p+ k)2 −m2 γ
µ =

Aµ
p,k

Dp+k

Aµ
p,k = Bµ

p,k + Cµ
p

Bµ
p,k = e[(2p+ k)µ + eσµαkα]

Cµ
p = −eγµ(/p−m)

Dq = q2 −m2
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Identity for Cq

Cµ
p+k

Aν
p,k

Dp+k
= e2γµγν = e2 (ηµν + σµν)
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Upon an efficient combination of the first and second order formalism,

the one loop vertex naturally decompose from the onset

V µ(p, p′, k) = V µ
L (p, p′, k) + V µ

T (p, p′, k)

Transverse component: k · VT (p, p′, k) = 0

Longitudinal component: Satisfies the Ward-Takashi identity

k · VL(p, p′, k) = e
[
Σ(/p) − Σ(/p′)

]
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Upon an efficient combination of the first and second order formalism,

the one loop vertex naturally decompose from the onset

Standard QED:

V µ(p′, p) = e3

i

∫
dDl

(2π)D

[
γρS(p′ + l)γµS(p + l)γν

]
∆νρ(l),

µ

p p′

k

l

S(q) = /q + m

q2 − m2

∆νρ(l) = 1
l2

(
ηνρ − (1 − ξ) lν lρ

l2

)

24



Upon an efficient combination of the first and second order formalism,

the one loop vertex naturally decompose from the onset

V µ(p′, p) = e

∫
dDl

i(2π)D
γρ

(
Bµ

p+l,k B
ν
p,l

Dp′+lDp+l
+

Bµ
p+l,k C

ν
p

Dp′+lDp+l

+e2 γ
µ γν

Dp′+l

)
∆ρν(l)
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Upon an efficient combination of the first and second order formalism,

the one loop vertex naturally decompose from the onset

V µ(p, p′, k) = V µ
L (p, p′, k) + V µ

T (p, p′, k)

V µ
T = e3

∫
dDl

i(2π)D

1
Dp′+lDp+ll2

{
−
[
(5 − D − ξ)σµαkα

+
2(1 − ξ)

l2

(
lµ/k/l − k · lγµ/l

)]
(/p − m) − 2σµαkα/p

+4(p · kγµ − pµ/k) + 2ξ(k · lγµ − lµ/k)

−(1 − D + ξ)σµαkα/l − 4
(

γµ/k/l + kµ/l
)

+ 2(k · lγµ − lµ/k)

−2(1 − ξ)
p · l

l2 σµαkα/l + 4
1 − ξ

l2 (p · l/klµ − l · kp · lγµ)
}
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Upon an efficient combination of the first and second order formalism,

the one loop vertex naturally decompose from the onset

V µ(p, p′, k) = V µ
L (p, p′, k) + V µ

T (p, p′, k)
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T = e3

∫
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i(2π)D

1
Dp′+lDp+ll2
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−
[
(5 − D − ξ)σµαkα

+
2(1 − ξ)

l2

(
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)]
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+4(p · kγµ − pµ/k) + 2ξ(k · lγµ − lµ/k)
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(

γµ/k/l + kµ/l
)

+ 2(k · lγµ − lµ/k)

−2(1 − ξ)
p · l

l2 σµαkα/l + 4
1 − ξ

l2 (p · l/klµ − l · kp · lγµ)
}
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Upon an efficient combination of the first and second order formalism,

the one loop vertex naturally decompose from the onset

V µ(p, p′, k) = V µ
L (p, p′, k) + V µ

T (p, p′, k)

V µ
L = e3

∫
dDl

i(2π)D

{
1

Dp′+lDp+ll2

[
2(p + p′ + 2l)µ

/p + (1 − D + ξ)(p + p′)µ
/p

+2(1 − D + ξ)lµ/l − 2(1 − ξ)(p + p′ + 2l)µ p · l/l

l2

+(1 − D − ξ) [(p + p′)µ + 2lµ] (/p − m)
]

+
D − 3 + ξ

Dp′+l l2 γµ − 2
(1 − ξ)lµ /l

Dp′+l l4

}
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We need to evaluate the following type of integrals

∫
dDl

iπD/2
lµ

Dp′+l Dp+l l2 a

∫
dDl

iπD/2
lµlν

Dp′+l Dp+l l2 a

29
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We can use the Schwinger parametrization to change a tensor integral

into a scalar Feynman integral

Simple example:

Jµ =
∫

ddl

πd/2
lµ

l2[(l + p′)2 − m2][(l + p)2 − m2]

p2 = p′2 = m2
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We can use the Schwinger parametrization to change a tensor integral

into a scalar Feynman integral

Simple example:

Jµ =
∫ ∞

0
dxdydz (yp′µ + zpµ) e−b2/a

a
d+2

2

a = x + y + z

bµ = yp′µ + zpµ
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We can use the Schwinger parametrization to change a tensor integral

into a scalar Feynman integral

Scalar integral:

JD
αβ =

∫
dDl

πD/2
1

l2[(l + p′)2 − m2]α[(l + p)2 − m2]β

p2 = p′2 = m2
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We can use the Schwinger parametrization to change a tensor integral

into a scalar Feynman integral

Scalar integral:

JD
αβ =

∫ ∞

0
dxdydz

(−1)α+β+1

Γ(α)Γ(β) yα−1zβ−1 e−b2/a

aD/2

a = x + y + z

bµ = yp′µ + zpµ

34



We can use the Schwinger parametrization to change a tensor integral

into a scalar Feynman integral

Comparison:

JD
αβ =

∫ ∞

0
dxdydz

(−1)α+β+1

Γ(α)Γ(β) yα−1zβ−1 e−b2/a

aD/2

Jµ =
∫ ∞

0
dxdydz (yp′µ + zpµ) e−b2/a

a
d+2

2
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We can use the Schwinger parametrization to change a tensor integral

into a scalar Feynman integral

JD
αβ =

∫ ∞

0
dxdydz

(−1)α+β+1

Γ(α)Γ(β) yα−1zβ−1 e−b2/a

aD/2

Jµ =
∫ ∞

0
dxdydz (yp′µ + zpµ) e−b2/a

a
d+2

2

Jµ = p′Jd+2
21 + pµJd+2

12

36



We can use the Schwinger parametrization to change a tensor integral

into a scalar Feynman integral

∫
dde l

iπ
de
2

lµ

[(p′ + l)2 − m2] [(p + l)2 − m2] (−l2)a
= −pµ Jde+2

1,2,a − p′µ Jde+2
2,1,a

∫
dde l

iπ
de
2

lµlν

[(p′ + l)2 − m2] [(p + l)2 − m2] (−l2)a
= −

1
2

ηµν Jde+2
1,1,a + 2p′µp′ν Jde+4

3,1,a

+2pµpν Jde+4
1,3,a + (pµp′ν + pνp′µ) Jde+4

2,2,a

JD
a,b,c(p, p′) =

∫
dDl

iπ
D
2

1
[−(p′ + l)2 + m2]a [−(p + l)2 + m2]b (−l2)c
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Longitudinal and transverse components of the one loop

standard QED vertex in terms of scalar Feynman integrals

V
µ

L
=

e3

(4π)
de

2

{
m(1 − ξ − de)(J

de

1,1,1 − 2J
de+2
1,2,1 )p

µ + m(1 − ξ − de)(J
de

1,1,1 − 2J
de+2
2,1,1 )p

′µ

+
[

(2 − de)J
de+2
1,1,1 + (de − 3 + ξ)J

de

1,0,1 + (m
2 + p

2)(1 − ξ)J
de+2
1,1,2

]
γ

µ

−
[

(2 − de)
(

J
de

1,1,1 − 3J
de+2
1,2,1 + 4J

de+4
1,3,1

)
+ (1 − ξ)

(
J

de

1,1,1 − J
de+2
1,1,2 − J

de+2
1,2,1

+4m
2
J

de+4
1,3,2 + 2p · p

′
J

de+4
2,2,2

)]
p

µ
/p −
[

(de − 2)
(

J
de+2
2,1,1 − 2J

de+4
2,2,1

)
+(1 − ξ)

(
J

de+2
2,1,1 + 2m

2
J

de+4
2,2,2 + 4p · p

′
J

de+4
3,1,2

)]
p

µ
/p

′

−
[

(2 − de)
(

J
de

1,1,1 − J
de+2
1,2,1 − 2J

de+2
2,1,1 + 2J

de+4
2,2,1

)
+(1 − ξ)

(
J

de

1,1,1 − J
de+2
1,1,2 + J

de+2
1,2,1 + 4p

2
J

de+4
1,3,2 − 2J

de+2
2,1,1

+2(m
2 − p

2 + p · p
′)J

de+4
2,2,2

)]
p

′µ
/p −
[

(de − 2)
(

J
de+2
2,1,1 − 4J

de+4
3,1,1

)
+(1 − ξ)

(
J

de+2
2,1,1 + 2p

2
J

de+4
2,2,2 + 4(m

2 − p
2 + p · p

′)J
de+4
3,1,2

)]
p

′µ
/p

′
}
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Longitudinal and transverse components of the one loop

standard QED vertex in terms of scalar Feynman integrals

V
µ

T
=

e3

(4π)
de

2

{(
2(ξ − 1)

[
J

de+4
2,2,2 (p

µ/k − p · kγ
µ) /p

′ + J
de+4
2,2,2

(
p

′µ/k − p
′ · kγ

µ
)

/p

+2J
de+4
1,3,2 (p

µ/k − p · kγ
µ) /p + 2J

de+4
3,1,2

(
p

′µ/k − p
′ · kγ

µ
)

/p
′
]

+
[

(4 − de)J
de

1,1,1 + (1 − ξ)(J
de

1,1,1 − 2J
de+2
1,1,2 )

]
σ

µα
kα

)
(−/p + m)

+
[

2J
de

1,1,1 + (de − 6)J
de+2
1,2,1 − (1 − ξ)

(
J

de+2
1,1,2 − 2p · p

′
J

de+4
2,2,2 − 4p

2
J

de+4
1,3,2

−J
de+2
1,2,1

)]
σ

µα
kα/p −

[
(6 − de)J

de+2
2,1,1 − (1 − ξ)

(
2p

2
J

de+4
2,2,2 + 4p · p

′
J

de+4
3,1,2

+J
de+2
2,1,1

)]
σ

µα
kα/p

′ + 2
[

2J
de

1,1,1 − 2J
de+2
1,2,1 − (1 − ξ)

(
J

de+2
1,1,2 − 2p · p

′
J

de+4
2,2,2

−4p
2
J

de+4
1,3,2 − J

de+2
1,2,1

)]
(p

µ/k − k · pγ
µ) − 2

[
2J

de+2
2,1,1 − (1 − ξ)

(
2p

2
J

de+4
2,2,2

+4p · p
′
J

de+4
3,1,2 + J

de+2
2,1,1

)]
(p

′µ/k − p
′ · kγ

µ)
}
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For the case of RQED vertex we obtain the same expressions,

but replacing:

e3 → e3Γ(εe)

JD
a,b,1 → JD

a,b,εe

εe = 1 − εe

(4π)
de
2 → (4π)εe+ de

2

JD
a,b,2 → JD

a,b,1+εe

ξ → ξ̃

εe = dγ − de

2 , ξ̃ = εe + (1 − εe)ξ
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After we impose on-shell conditions (/p−m)us(p) = 0, us′ (p′)(/p′ −m) = 0,

the longitudinal and transverse components of the vertex simplify to:

us′ (p′)V µ
L us(p) =

e3Γ(εe)

(4π)εe+ de
2

{[
(de + ξ̃ − 3)J1,0,εe

+ (2 − de)Jde+2
1,1,εe

+ 2m f2L

]
γµ

+f2Lσµνkν

}
us′ (p′)V µ

T us(p) =
e3Γ(εe)

(4π)εe+ de
2

(
f1T γµ − f2T σµνkν

)
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f2L = −2m Jde

1,1,εe
+ 4m (de − 2)Jde+4

3,1,εe
+ 2m(4 − de)Jde+2

2,1,εe
− 2m(2 − de)Jde+4

2,2,εe

+m(1 − ξ̃)
[

Jde+2
1,1,1+εe

− 2(m2 + p · p′)Jde+4
2,2,1+εe

− 4(m2 + p · p′)Jde+4
3,1,1+εe

−2Jde+2
2,1,εe

]
,

f1T = −2(4 − de)k · p′ Jde+2
2,1,εe

− 4k · p Jde

1,1,εe
+ 4k · p Jde+2

2,1,εe

+2k · p(1 − ξ̃)
[

Jde+2
1,1,1+εe

− 2p · p′Jde+4
2,2,1+εe

− 4m2 Jde+4
3,1,1+εe

− Jde+2
2,1,εe

]
,

f2T = 2m(6 − de) Jde+2
2,1,εe

− 2m Jde

1,1,εe

+m(1 − ξ̃)
[

Jde+2
1,1,1+εe

− 2(m2 + p · p′)Jde+4
2,2,1+εe

− 4(m2 + p · p′)Jde+4
3,1,1+εe

−2Jde+2
2,1,εe

]
.
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Using the previous results, we obtain general expressions for the Pauli

and Dirac form factors for RQED in arbitrary gauge and dimensions

us′ (p′)V µus(p) = eus′ (p′)
[

F1(k2) γµ −
1

2m
F2(k2)σµνkν

]
us(p) ,

F1(k2) =
e2Γ(εe)

(4π)εe+ de
2

{
(de − 2)Jde

1,0,εe
+ (2 − de)Jde+2

1,1,εe
− 2(2m2 − k2)Jde

1,1,εe

+
[
4(4 − de)m2 − (6 − de)k2

]
Jde+2

2,1,εe
+ 4m2(de − 2)

(
Jde+4

2,2,εe
+ 2Jde+4

3,1,εe

)
−(1 − ξ̃)

[
Jde

1,0,εe
− (2m2 − k2)Jde+2

1,1,1+εe
+ (4m4 + (2m2 − k2)2)Jde+4

2,2,1+εe

+8m2(2m2 − k2)Jde+4
3,1,1+εe

+ (4m2 − k2)Jde+2
2,1,εe

]}
F2(k2) =

4e2m2Γ(εe)

(4π)εe+ de
2

[
2Jde+2

2,1,εe
+ (2 − de)(2Jde+4

3,1,εe
+ Jde+4

2,2,εe
)
]
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After Feynman parametrization the Pauli form factor
takes a simple integral form

F2(k2) =
4e2m2Γ

(
3 − εe − de

2

)
(4π)εe+ de

2

×
∫ 1

0

dx

∫ 1−x

0

dy
2x + (2 − de)(x2 + xy)

(1 − x − y)εe A3−εe− de
2

A ≡ (x + y)2m2 − xyk2 + (1 − x − y)m2
γ

46



Results

� Standard QED

de = dγ = 4

c = k2/m2

F2(k2) =
α

2π

∫ 1

0

dy

1 + cy(1 − y)

F2(0) =
α

2π

� Standard QED

de = dγ = 3
F2(k2) =

e2

4πm

∫ 1

0

dx

∫ 1−x

0

dy
x(2 − x − y)

A3/2

F2(0) =
e2

8πm

[
3(κ − 1) +

(
2 −

3
2

κ

)
ln
(2 + κ

κ

)]
A = (x + y)2 + cxy + (1 − x − y)κ2

� RQED

de = dγ = 4
F2(k2) =

8
3

[
α

2π

∫ 1

0

dy

1 + cy(1 − y)

]
F2(0) =

4α

3π

c = k2/m2 κ = mγ/m
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Results

� Standard QED
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0

dy

1 + cy(1 − y)

F2(0) =
α

2π

� Standard QED

de = dγ = 3
F2(k2) =

e2

4πm

∫ 1

0

dx

∫ 1−x

0

dy
x(2 − x − y)

A3/2

F2(0) =
e2

8πm

[
3(κ − 1) +

(
2 −

3
2

κ

)
ln
(2 + κ

κ

)]
A = (x + y)2 + cxy + (1 − x − y)κ2

� RQED

de = dγ = 4
F2(k2) =

8
3

[
α

2π

∫ 1

0

dy

1 + cy(1 − y)

]
F2(0) =

4α

3π

c = k2/m2 κ = mγ/m
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Results

� Standard QED

de = dγ = 4
F2(k2) =

α

2π

∫ 1

0

dy

1 + cy(1 − y)

F2(0) =
α

2π

� Standard QED

de = dγ = 3
F2(k2) =

e2

4πm

∫ 1

0

dx

∫ 1−x

0

dy
x(2 − x − y)

A3/2

F2(0) =
e2

8πm

[
3(κ − 1) +

(
2 −

3
2

κ

)
ln
(2 + κ

κ

)]
A = (x + y)2 + cxy + (1 − x − y)κ2

� RQED

dγ = 4 and de = 3
F2(k2) =

8
3

[
α

2π

∫ 1

0

dy

1 + cy(1 − y)

]
F2(0) =

4α

3π

c = k2/m2 κ = mγ/m
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Summary and conclusions

�

�

RQED is the quantum electromagnetic field theory where a photon in a

higher dimension interacts with an electron in a lower dimension.

We have generalized the results of the literature about one loop massless

calculations to the massive case.
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Summary and conclusions

�

�

We have combined the second order formalism of QED with the first

order formalism to obtain a natural decomposition of the one loop

vertex into transverse and longitudinal components form the onset.

Using the tensor reduction algorithm we obtained a general expression

for the one-loop RQED vertex in terms of Feynman scalar integrals in

arbitrary gauge and dimensions.
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Summary and conclusions

�

�

RQED4,3 is more like standard QED in 4 dimensions, than standard

QED in 3 dimensions.

The response of the gyromagnetic ratio g of the electron to a magnetic

field in RQED gets augmented in comparison with standard QED4.

F
RQED4,3
2 = 8

3 F QED4
2
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