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Introduction .
Quantum field theory

Gauge dependence

Classical and quantum fields

Classical field theory from the action principle 9.5 = (. For electrodynamics:
S[w, A] = /dDm EtrFZ T+ — m)‘ll] (Dy = Oy + ieAy)

(Dirac field w(x) coupled to gauge potential A(x)).
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Classical and quantum fields

Classical field theory from the action principle 9.5 = (. For electrodynamics:
S[w, A] = /dDm EtrFZ T+ — m)‘ll] (Dy = Oy + ieAy)
(Dirac field w(x) coupled to gauge potential A(x)).

Quantum fields — operator-valued distributions: ¥(z) = (=) and A, (z) — Au(z).
Particles — states e=, v —», excitations about the vacuum |9):

e ~po) =ah .9 v~k by =G, 19)
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Quantum field theory

Gauge dependence

Classical and quantum fields

Classical field theory from the action principle 9.5 = (. For electrodynamics:
S[w, A] = /dDm EtrFZ T+ — m)‘ll] (Dy = Oy + ieAy)
(Dirac field w(x) coupled to gauge potential A(x)).

Quantum fields — operator-valued distributions: ¥(z) = (=) and A, (z) — Au(z).
Particles — states e=, v —», excitations about the vacuum |9):

e ~po) =ah .9 v~k by =G, 19)
Perturbative QFT — Feynman rules (plus asymptotic states)

M’\/%N/ = (nyu — (1 — &) Raehey

i i(p—m)
pt+m T p2ym?2
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Introduction

Gauge symmetry

An su(N) gauge theory: invariant under local “phase rotations”

TR

V(@) = Ugp(2) Wy (2) = € Tibw, ()

with group generators {T7}.
Action contains kinetic terms plus interaction vertices:

S[v, A] = / dPa [%Aﬂ (7]‘“’62 — @“6”) Ay + U[i — m]¥ — eV AV (+ other vertices )]
Gauge potential transforms to absorb derivatives of «:

Au(@) — U@ AU @) + L @.U @) @)

. R R . R R ) . R R : R R
_ glea (z)T Au(w)e—zea (z)T +é(8uelga (z)T )(e—zea (z)T )
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Introduction .
Quantum field theory

Gauge dependence

Propagators

Physical observables should be gauge invariant.

@ Non-perturbatively — basically clear

@ Lattice discretisation — gauge invariance of lattice QCD

@ Schwinger-Dyson equations — gauge covariant truncation schemes
Basic gauge invariant objects: (traces of) Wilson loops (holonomy).

Problem:
Perturbation theory propagators. Photon kinetic term has non-trivial kernel,

(00 = 00" ) dya(w) = 0 = (n*"K® = K*E") kyy = 0 (1)
(Gauge orbit of zero function) — operator is not invertible.
Add a gauge fixing term,

Sgt(©) = = [ 2@ 0)2/(20)
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Quantum field theor

Gauge dependence

Gauge fixing

Gauge fixing term,
Sgt(©) = - [ d*e (2 0)%/(26)

Fixes the (linear) covariant “gauge” with parameter ¢:

Gy (k5 €) = (A (D) A~k = 15 (mwr = (1= 52 )
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Introduction
Quantum field theor

Gauge dependence

Gauge fixing

Gauge fixing term,
Sgt(©) = - [ d*e (2 0)%/(26)

Fixes the (linear) covariant “gauge” with parameter ¢:

1 kuky
Gy (k5 €) = (A (D) A~k = 15 (mwr = (1= 52 )
Position space family of Green functions:
Guw(w — a'5€) = (Au(@)Ap (&) ¢ = Guu (@ — 2’3 €) + ALBLOL A (v — &),

(Reference gauge ¢ and a¢ = ¢ —§).

Ap: gauge fixes the longitudinal part of photon propagator

—ik-y )

9 4D [ Dy €" ie“(p) 1D 4-D

Ap() = —ie?(u* P PR S = <[ D 2 P
k 16r2 -2
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Introduction
Quantum field theor

Gauge dependence

Choosing a gauge?

Some examples of “good” gauge parameters:
@ Feynman gauge (¢ = 1): minimises number of terms in loop calculations.
(Also — simple Ward identities that decouple from ghosts).
Q Landau gauge (¢ =0) in QCD: UV finite ghost-gluon vertex that allows
lattice access to IR fixed point.
© Traceless (Yennie-Fried) gauges (¢ =3 in D =4): removes some IR
divergences in propagator and vertex.

James P. Edwards Gauge transformations in QF T



Introduction
Quantum field theor

Gauge dependence

Choosing a gauge?

Some examples of “good” gauge parameters:
@ Feynman gauge (¢ = 1): minimises number of terms in loop calculations.
(Also — simple Ward identities that decouple from ghosts).
Q Landau gauge (¢ =0) in QCD: UV finite ghost-gluon vertex that allows
lattice access to IR fixed point.
© Traceless (Yennie-Fried) gauges (¢ =3 in D =4): removes some IR
divergences in propagator and vertex.

Changing the gauge parameter reorganises physical information between
Feynman diagrams:

Figure: 1-loop scalar-Photon-Scalar vertex in scalar QED
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Gauge dependence

Choosing a gauge?

Some examples of “good” gauge parameters:
@ Feynman gauge (¢ = 1): minimises number of terms in loop calculations.
(Also — simple Ward identities that decouple from ghosts).
Q Landau gauge (¢ =0) in QCD: UV finite ghost-gluon vertex that allows
lattice access to IR fixed point.
© Traceless (Yennie-Fried) gauges (¢ =3 in D =4): removes some IR
divergences in propagator and vertex.

Changing the gauge parameter reorganises physical information between
Feynman diagrams:

Figure: 1-loop scalar-Photon-Scalar vertex in scalar QED

iHow can we transform results from one gauge to another?
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Original LKFT
LKFT for propagators General tion functions
Momentum

Propagator dependence on &

Physics independent of gauge parameter but intermediate objects depend on ¢.
@ Photon propagator depends linearly on ¢:
Euky
k4
(Au@)Av(@))eyae = (Au(@)Av(@')¢ + ALOLAAp (z — a')

(Ap(R)Av (=) erne = (Au(R)Av(=k))e + AL

1Landau, Khalatnikov, Sov. Phys. JETP2, 69 (1956), Fradkin, Zh. Eksp. Teor. Fiz. 29, 258261 (1955).
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LKFT for propagators Ge ation functions

Propagator dependence on &

Physics independent of gauge parameter but intermediate objects depend on ¢.
@ Photon propagator depends linearly on ¢:
Euky
k4
(Au@)Av(@))eyae = (Au(@)Av(@')¢ + ALOLAAp (z — a')

(Ap(R)Av (=) erne = (Au(R)Av(=k))e + AL

@ Matter propagator difficult: loop (virtual) photon propagators depend ¢

IR e ST ot +m4,f§{\
A

KN *

Gauge dependence studied!!! by Landau and Khalatnikov and Fradkin. From
S’ @) = (¥(2)¥(a"))e ,
a variation in ¢ induces the non-perturbative transformation
S x| €+ Af) = S(a’, x| &) etBE[ADp(@—a)=Ap(0)] (2)

1Landau, Khalatnikov, Sov. Phys. JETP2, 69 (1956), Fradkin, Zh. Eksp. Teor. Fiz. 29, 258261 (1955).
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Original LKFT
LKFT for propagators General correlation functions
Momentum §

N-point Green functions

Extended to higher-order Green functions!?! using first quantised
Worldline Formalism.

Consider the (N = 2n)-point Green functions
SN = (U(@1) - U(wn) () - U(ap,))

(All contractions between ¥ and the ¥). Representative Feynman diagram:

X2 g X

R

2 Ahmadiniaz, Bashir, Schubert, Phys. Rev. D93, 045023 (2016) and Russ. Phys. J.59, 1752 (2017).
Nicasio, Ahmadiniaz, JPE, Schubert, Phys. Rev. D 104 (2021) 2, 025014 [arXiv:2010.04160 [hep-th]]
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LKFT for propagators General correlation functions
Momentum Space

Correlation functions

Demonstrable claim:

Gauge variation induced in propagator depends only on internal photons
not attached to matter loops

Easier to work with quenched, partial amplitudes (55, = 3, cg. Snr):

N
_ (k1)
5(117-»-,1771;13;(1)7---71;(n)‘§+A5): H € AeSin 5(117-~-a$n§ﬂ3;(1)7-»-71;—(n)‘f)
k=1

with one LKF exponent for each way of pairing up endpoints:
A 2 —v ! 2 —v
865 = ([ = e0?) ™ [ (e~ )]
2., 2.,
= (g —=) 17+ [(hy — 7ey) 17}

where v = D — 2.
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LKFT for propagators General correlation functions
Momentum Space

The LKF exponent

Lift from partial amplitudes to full propagator: sum over worldline endpoints,

n n
(k1) _ (k1)
Z AgSin’ = Z AgSip’ -
k=1 k=1

Sum is actually independent of the permutation =,
= Full correlation function transforms as

S(wy . wns @y . w|E+ AE) = Tn S(w1 .. wns ) 2y ]E),

with global LKF factor
Tn =€ Yhi=1 Agsl(k,l) (3)

(Calculate exponent using any permutation).

Remember: 2.5 ~ 0(a) — T, contains arbitrarily high powers of o!
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Applications

Low order diagrams contain gauge-dependent info on higher order ones.
Bashir, Gutierrez-Guerrero, Concha-Sanchez, AIP Conf. Proc. 857, 279 (2006).
Bashir et al., Phys. Rev. D66, 105005 (2002).

LKFT - ;V\/IZ — o+ - ;V\/% . e
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Applications

Low order diagrams contain gauge-dependent info on higher order ones.
Bashir, Gutierrez-Guerrero, Concha-Sanchez, AIP Conf. Proc. 857, 279 (2006).
Bashir et al., Phys. Rev. D66, 105005 (2002).

LKFT - ;V\/IZ — o+ - ;V\/% . e

@ Constraints on non-perturbative interaction vertices (Schwinger-Dyson).
Curtis, Pennington, Phys. Rev. D42, 4165 (1990).
Dong et al., Phys. Lett. B333, 536 (1994). Kizilersu, Pennington, Phys. Rev. D79, 125020 (2009).
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LKFT - ;V\/IZ — o+ - ;V\/% . e

@ Constraints on non-perturbative interaction vertices (Schwinger-Dyson).
Curtis, Pennington, Phys. Rev. D42, 4165 (1990).
Dong et al., Phys. Lett. B333, 536 (1994). Kizilersu, Pennington, Phys. Rev. D79, 125020 (2009).
@ Relations between renormalisation constants in different gauges
(multiplicative power law for massless wavefunction renormalisation).
Johnson, Zumino, Phys. Rev. Lett. 3, 351 (1959). Bloch, Phys. Rev. D66, 034032 (2002)
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Applications

Low order diagrams contain gauge-dependent info on higher order ones.
Bashir, Gutierrez-Guerrero, Concha-Sanchez, AIP Conf. Proc. 857, 279 (2006).
Bashir et al., Phys. Rev. D66, 105005 (2002).

LKFT - ;V\/'Z — o+ - ;V\/% . e

@ Constraints on non-perturbative interaction vertices (Schwinger-Dyson).
Curtis, Pennington, Phys. Rev. D42, 4165 (1990).
Dong et al., Phys. Lett. B333, 536 (1994). Kizilersu, Pennington, Phys. Rev. D79, 125020 (2009).
@ Relations between renormalisation constants in different gauges
(multiplicative power law for massless wavefunction renormalisation).
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LKFTs less well studied than Ward-Takahashi / Slavnov-Taylor identities.
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LKFT for propagators General correlation functions
Momentum Space

LKFT in momentum space

Position space transformation induces a momentum space transformation(3!.

Starting with momentum space propagator s.(p|€) in a fixed reference gauge, é:
© Transformed to position space for S, (x| £)
© Apply LKF transformation to transform S;(z|€) — S, (z | € + A¢)
© Transform back to momentum space for s, (p| ¢ + A¢)

Recently worked out for a general input s(p’, p) := (2m)P 6P (' + p)S(»2, p):
D
S p I+ A9 :/(;T—)Zjnp(q,msw’ —ap+ale)

where
p(q, a0 i= [ dPweden@-ap©] i

D 1-D . oo D .
=272 (g) 2 g—iAEAD(0) / drax2 JJp_o (qx)eZAEAD(I) .
0 2

3Bashir et al., Phys. Rev. D66, (2002), 105005. Kotikov, Teber, Phys. Rev. D100, (2019), 105017.
Villanueva-Sandoval et al., Jnl. Phys: Conference Series 1208, (2019), 012001
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LKFT for propagators General correlation functions
Momentum Space

Explicit formulae

For D = 3:

Ag d3q S3(' —a,p+qlf)
Ss(p',p|€) = 8m / @) 2+ aA§)] .

Decompose into Dirac structure

S, pl&) = A®? |€) + pBH2 | €),

The coefficients of these structures transform without mixing:

AE [0 Az (¢
A3<p2|f+Af)=‘;T§ d %
- p—q 2
A 2 A
By(p” | € + AE) = ;r;f dq B3 (> \5){W+2ﬂp ((p*Q) +(a 6) )}
q 2
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LKFT for propagators General correlation functions
Momentum Space

Explicit formulae

D=4.
s4<p’p\§>:<4w>2(ﬁ)%r[2ﬂ‘ﬁg] d*a S —a,p+al€)
’ ! ACSICOR T
_alg|p[y_adé)] 2 aldg
Form factors (¢, = 2r[2 iz }Zglg el (%) )
T 27

P
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LKFT for propagators General correlation functions
Momentum Space

Explicit formulae

D=4.
o A
Sa(' p\§>—<4w>2(ﬁ)#r[2f ] [ d'a S —aptal®)
' B A 4 aA :
4 T2 @m) [¢2]% Tim
_aAg|p[_aldg] o alf
Form factors (¢, = 2r[2 42J;£1§ el ()% ):
Tp 27
;2 i A A 2
A4(p2\€+A€)=—C4|m{eZ ar 7r/ dqq3A4(q2|§)2F1<1_5,2_5;2; (g) )}’
0 4 47 p
r[3—a88]p[1_a8L] o\ abt
and(D4: [ 4W6l# 47r}(%) 4 )

ap° T 2w
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LKFT for propagators General correlation functions

Momentum Space

Explicit formulae

2yedep(p - 9R8) o glg g/ —q,p+ 16
Sup (a2 (%0 Tam T q P —q,p+q
1 p16) = (4m)* () S e R

ERE LI T N A
= 4_ alt (T) )
TP 27

Form factors (c,

A4(p2‘€+A€)=_C4|m{ei%”/ooodqq3«44(q2|E)2F1<1—%72_%;2; (E)Q)}’

P
a_ aAg _ aAg o @AE
and ( Dy = rs Twﬁlra[i ] (%O)TW )
p 27

Ba? 1€+ A0 = ~Palm{e 55 [T ag?Bua® 1027 (1- % 5= 255 (9)7))
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Verification

@ Results obtained checked against gauge dependent parts of the propagator
to one-loop order (scalar and spinor QED).

q
@JLZE dPq i —i
p P+tq p L :£/<2W)Dg¢+mg(q2)2

Example: Spinor QED in D =4
© Ai(p’|E+AE) = (m IO) - r[2-9R8|r[1-208] o F (1- 205, 2- 2082 - 2)
® By(p?| €+ Af) =

James P. Edwards Gauge transformations in QF T
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Verification

@ Results obtained checked against gauge dependent parts of the propagator
to one-loop order (scalar and spinor QED).

q
/\\éfl‘é daPyq i —i
—o e = Gt

Example: Spinor QED in D =4
@ A (p?|E+A8) = (m IO) b r[2-9R8|r[1-208] o F (1- 205, 2- 2082 - 2)
® B4(p* |£+A§)(m
ok () Fel - 26]rls 2] un (1 250 22
@ To one loop order (0(x)) using dim. reg.:

0= 28] - [ (- ) a1+ ] s[5 o)

4 2 2 2
- (o T s 1 2] s 2]+ (14 57) <]
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LKFT for vertices
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Vertices' dependence on &

Interaction vertex strongly dependent on gauge parameter:

@ On-shell interaction vertex

Yqu

. on PRy / i 2 ot 2
iey” — el (p,p', q) =Y Fi(q )+WF2<(1 )

@ General (Ball-Chiul*l) decomposition:

8
TH(p,p’,q) = AW +pr* + By* + Cp +p)* + > ;T
i=1
into longitudinal and transverse (q,T! = 0) parts.
(Adkins, Lymberopoulos and Velkov, Kizilersu, Reenders, and Pennington).

@ Quark-gluon vertex tensor decomposition studied at two-loop order.
(Lots of work in scalar QED, QED; and reduced QED).

@ Three and four gluon vertices of QCD: calculated off-shell in different
covariant gauges for special kinematics up to two-loop order.

“Ball and Chiu, Phys. Rev. D22, 10 (1980), 2542
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Interaction vertices
Momentum space
LKFT for vertices Summar

LKFT for vertex

LKF transformations associated to external legs: in momentum space define
AR p k) = SP)TH(P, p, K)S(0")
(A* (', p, k) is the partially amputated vertex).

Two external legs — same LKFT as propagator. In position space:
A 2,2 | €+ AE) = AP (2!, 2,2 | )@ [Ap (2 —2D=2pO)]

Result previously obtained by Landau and Khalatnikov, Zumino etc.

Can we find the momentum space version?
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Momentum space
LKFT for vertices Summar

Momentum space LKFT

As before: AF(pl¢) — AF(z|¢) — LKFT — AP (2]¢ + AE) — AP (p|é + Af).

@ Define A#(p/,p, k| &) = @m)PsP @ +p+AHG p|€):
/ qu ’
A“<p,p\5+A5>=/WHD(q,A5)A“(p —ap+ale),

@ Note that these LKFTs are compatible with the Ward identity,
—ku A (p',p, k) = S(p') — S(p):
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Momentum space LKFT

As before: A*(p|e) — AP (2]6) — LKFT — A (z]¢ + A8) — AF(p|¢ + AC).

@ Define A#(p/,p, k| &) = @m)PsP @ +p+AHG p|€):
/ qu ’
A“<p,p\5+A5>=/WHD(q,A5)A“(p —ap+ale),

@ Note that these LKFTs are compatible with the Ward identity,
—ku A (p',p, k) = S(p') — S(p):

—kp AR (P p | € + A) = /(2 1100, A0 KA @ —ap+al€)

:/ (277)0 Ip(g, A8) [S(' —ql€) - S(p+4q|&)]
=S |€+ 88— S(p|€+ Ag).

(Used ku = 0 — @)p + (p + ) and symmetry under ¢ — —q).
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Infinitesimal transformations

The momentum space transformations allow us to explore the ¢-dependence of
the vertex and propagator:

qu
(2m)P

D

d 1 ’ /
~ara [ amP g7 A —ap+al© = A e )]

B%Mp’,p\s) —if [Ap@AG —a.p+41€) — Apla = OAG . p|€)]

James P. Edwards Gauge transformations in QF T
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Infinitesimal transformations

The momentum space transformations allow us to explore the ¢-dependence of
the vertex and propagator:

D
oA w10 =i [ G [Ap@AG —ap+al€) - Bpla = 0)AG p10)]

aPq 1 , /
~ara [ amP g7 A —ap+al© = A e )]

Transfer to the fully amputated vertex, T# (', p, k| €):

4] ’ -
afgl“(pmlé)—

D
4m/ (jﬂ)"D q% [T 198G —alOT@ —a,p +a1SE +a1OS™ 1€ — T, p|€)]

+ (a%sfl(p/ 19)S6' 1OrG . p1©) +T0,p| 5>8<p|£>(§§3*1@|5)) '

Direct derivation of known result for the propagator
Bashir, Dall’Olio J. Phys. Conf. Ser. 1208 (2019) 012002:

—S<p|s —4m/(2 B[Sk —al6 - 5w19)].
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Verification — one-loop order

Suppose the tree-level (partially-amputated) vertex is given as input:

—jeyH

w (0)
A Grm@ tm

P —q,p+qlf =

Truncating the LKF transformation to o(«) gets the gauge-dependent parts of
the one-loop vertex:

dPq
(2m

1
Au(l)(p p|§+Ag)_47TA§/ *4(/\“(0)(1/fq7p+‘1|5)*/\“(0)(p/,p\§))

This should agree with the known results for the fully amputated vertex, but...

James P. Edwards Gauge transformations in QF T
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Verification — one-loop order

Suppose the tree-level (partially-amputated) vertex is given as input:

—jeyH

w (0)
A Grm@ tm

P —q,p+qlf =

Truncating the LKF transformation to o(«) gets the gauge-dependent parts of
the one-loop vertex:

dPq
(2m

1
Au(l)(p p|§+Ag)_47TA§/ *4(/\“(0)(1/fq7p+‘1|5)*/\“(0)(p/,p\§))

This should agree with the known results for the fully amputated vertex, but...
now with the shifted gauge parameter

APD ' pre+ae) = 5O@ e+ a0 Vo ple+a6)sOple+ ag)
+ 5D e+ a0 O ple+ 25O e+ Ag)
+5O0 e+ a0 O 0 ple+ae)sVple+ag).

Verified by direct calculation in perturbation theory /!



LKFT for vertices Summary

Verification — one-loop order

Suppose the tree-level (partially-amputated) vertex is given as input:

jeryt
/\“(O) o p+ _ —ey .
® —apr+qlf Grm@ +m
Trun . of
the o
] 49 (4
K
/\H
a)
. 9
This PN A A bt...
now P R
1) ¢)

AFD  ple+ae) = 5O@ e+ a0 Vo ple+a6)sO(ple + Ag)
+ 5O e+ a9 O ple+26)sO(p|¢+ Ag)
+ 8O0 e+ a0 O ple+aosDple+Aag).

Verified by direct calculation in perturbation theory /!
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Longitudinal / Transverse parts

Ball-Chiu decomposition into longitudinal, L*, and transverse, T# parts:
kyTH P, p, k) =0= (p+p) - T, p.k)=0.

This time LKFTs do mix the structures, but only in the transverse part:
@ The transverse part of the vertex remains transverse (at all orders!)
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Interaction vertices
Momentum space
LKFT for vertices Summar

Longitudinal / Transverse parts

Ball-Chiu decomposition into longitudinal, L*, and transverse, T# parts:
kyTH P, p, k) =0= (p+p) - T, p.k)=0.

This time LKFTs do mix the structures, but only in the transverse part:
@ The transverse part of the vertex remains transverse (at all orders!)

Wt © dPq ’ Wt
’fu/\T(p,p\§+A£):—/ (ZW)DHD((LAE) Py +P)AR (P —a,p+4ql8)
/qu / ot
=- W“D(‘LAO (P -+ @+ uAp(® —ap+ql§) =0.

But the longitudinal vertex generates both longitudinal and transverse parts:
@ The transverse part of the LKF-transformed vertex comes from
AL p k&) AND AL (0 p, k| €)
@ The longitudinal part of the LKF-transformed vertex comes only from
A (D p k| E)

iSee article for explicit formulae!
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Interactic
Moment

LKFT for vertices Summary

Conclusion

LKF transformations — interesting non-perturbative window onto QFT.

Compatible with WT identity, but generate parts of higher order diagrams.

© First integral representations of general momentum space LKFT

@ Transformations verified at one loop (0(«)) in perturbation theory
© Scalar and spinor QED studied in b =3, D =4.

@ Key tool in derivation of LKFT: first quantised worldline formalism.
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LKFT for vertices Summary

Conclusion

LKF transformations — interesting non-perturbative window onto QFT.

Compatible with WT identity, but generate parts of higher order diagrams.

© First integral representations of general momentum space LKFT

@ Transformations verified at one loop (0(«)) in perturbation theory
© Scalar and spinor QED studied in b =3, D =4.

@ Key tool in derivation of LKFT: first quantised worldline formalism.

Currently obtaining LKF transformation of longitudinal / transverse components
of the fully amputated vertex.

Extension to QCD — complicated by gluon self-interaction!

De Meerleer, Dudal, Sorella, Dall’Olio, Bashir, Acta Phys. Polon. Supp. 11 (2018) 589-594
Phys. Rev. D 101 (2020) 8, 085005.
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LKFT for vertices Summary

Conclusion

LKF transformations — interesting non-perturbative window onto QFT.

Compatible with WT identity, but generate parts of higher order diagrams.

© First integral representations of general momentum space LKFT

@ Transformations verified at one loop (0(«)) in perturbation theory
© Scalar and spinor QED studied in b =3, D =4.

@ Key tool in derivation of LKFT: first quantised worldline formalism.

Currently obtaining LKF transformation of longitudinal / transverse components
of the fully amputated vertex.

Extension to QCD — complicated by gluon self-interaction!
De Meerleer, Dudal, Sorella, Dall’Olio, Bashir, Acta Phys. Polon. Supp. 11 (2018) 589-594
Phys. Rev. D 101 (2020) 8, 085005.

iThank you for your attention!
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