Fock-like representations for algebraically interacting paraparticles
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(1). The Relative Parabose Set algebra (in a single parabosonic and a single parafermionic degree of freedom): PS:" with generators b*, b, £+, f~ and relations

“interaction (mixed) relations” “free(unmixed)relations”
{b*, b}, f~] =0, [f+,f7],b7] =0, {b*, b*}, fﬂ =0=[{b-, b}, ],
{b=,b"},f~| =0, {bt,b"},f | =0, {f~,b=},b=| =0=[{f b+},b+ ; b, {bt,b"}| =2b", bt,{b*,b*}| =0, bt,{b-,b"}| = —4b",
[{f b+}7 } _2f_9 {{b_v f+}9 f_} — 2b—9 {f+ b+}9 b+} =0= [{f-l_ b~ }9 b_ [b_a {b_v b_}} — 09 [b_v {b+9 b+}} — 4b+9 :b+9 {b_v b+} — _2b+9
[{b—, f~},bt| = 2f, {{f~,b~},ft} =2b—, {{b—,f},f}=0={{b, ft}, f+}, f,[ft, ]| = 2f",
{b—,bt},ft| =0, [f~, ft],b™| =0, {{bt,ft},f*} =0={{b+,f },f}, [, ]| = 2f*,
{f+,b-},bt] =2f+,  [{b+,ft},b"] = —2ff,  {{bt,{"},ft} =2bt = {{f,b*},{}

(2). Earlier results: 3b. Irreducibility of the Fock-like space

| , _ s < N DD Theorem (Irreducibility)
C()nJeCture (Greenber 'MeSSl , P hS- ReV-y 76)- 3a. Action of te eratrs (0 1 0<n<p . The Fock-like representation of P(1 Y is uniquely identified given that
It we consiaer r epr eselltat/ons of TP BF satisfying the adjointness _ . (1™ mim =1,0, ) + 2(=1)"nmim —1,n, 5), m: even we have chosen some (arbitrary but fixed) value for the positive
conditions (b™)" = b™ and (17)" = 17, on a complex, infinite 7M@) =0 ()M (20— m— (p— 1))|m — 1, n, @)+ integer p. The carrier space of this representation is the v.s.
dimensional, Euclidean ¢ space possessing a unique vacuum | +2(=1)™'n(m — 1)jm — 1,n, 3), m : odd
vector |0) satisfying b~|0) = f-|0) = 0, then the following (—(=1)"Im — 1,1, 0) + (~1)(2n — m — p)|m — 1,n, ), m: even EB @ Vinn
conditions (p may be an arbitrary positive integer) e [l lih £ = < (—1)7m — 1,1, 0) — (=17 — 1){m — 1,0, ) » n=0 m=0
—(—-1)"m—-1,na)— (—1)"(mMm—-1)m-1,n,8), m: o , ,
b-b*™|0) =ff"|0) =p|0) b ft|0) =fb*|0) =0 ‘ The above vector space has no irreducible subspaces under the

single out an irred. repr., unique up to unitary equivalence. . f—-Im,n,a) =n(p+1—n)mn—1a) above defined P( 1)-action, thus it is an irreducible representation

4Euclidean or pre-Hilbert space (inner product space, but not necessarily complete) fZ-lmn,B) =mn=1,a) +(n=1)(p—n)m,n—1,5 Or equ/valently a s:mple P,(;,;”-module.

b* . |m,n,a) = (—1)"m +1,n,a) + (—1)"'2nm + 1,n, B)
bt . |m7n9/3> — (_1)n—1|m + 1’n913>

Carrier space structure for the P(1 Y_module (Yang-Jing Proof (construction of ladder operators):

Mod. Phys. Lett A, 2001)

Ve 2 _ dim F+.Im,n, a) = {Lm,n +1,a), i:_'fnn§>p—1 f+.1m,n, 8) = {(l)m,n +1,8), h;fnn§>p—1 . | |b+ . | lb = b_| ,|b+ = f_b—‘ \b+
Fock space: ~ 69 E} Vin m,n ° _ , > p , >p + + + +
n 0 m O except : vo,n? vmjo’ vm,p W 1 - d’mo F k I.k t t. f P(1 1) V'l ’0 v1,1 e o o v-l ’n e o o e o o V‘l ’p
: = —~ f~ p- f~ f~ p- f~ [~ -
Mii1<mandi<n<p Vim.n is spanned by OCK-lIkKE representatons o b b+ p b+ b b+ b b+

M. Mo ... M, e T et T e e In other words : .
No, n1,n2,,,,,n,>5(f ) (bT) T (FT)T(DT) (7). (bT)HFT)T0) for any positive integer p, there is an irreducible representation of

wheremy+me+...4+m=m, ng+n+n+..+nm=nandm; >1(fori =1,2,....,1), P(B1F1)s UniqueW SpeCiﬁed (Up ’[O. Unitary equivalence) by
n>1(fori=1,2,..1—1), n,n > 0. b—|0) = f~|0) = 0 together with
The corresponding subspace Vy, n has a basis consisting of the b=b*|0) = ff|0) = p|0) b~ fF|0) =fb*|0) =0

two vectors

We emph. the fact that each one of these representations is : : 2o c : o LR
Im, n, a) = (f)"(b*)™[0), [m,n,3) = (fH)""(b*)(™"VR*|0) | characterized by the positive integer p, in other words the value | KIEQEAR S QI LN VR D R e R =
where: R = 1{b", 1} for n = +. of p is part of the data which uniquely specifies the @ Assign a (Z2 X Zz)-grading to the carrier space through:

my, ma, ..., My representation deg|m, n,a) = deglm,n,3) = (mmod 2, nmod 2) € Za X Zs
No, N, N, ..., N

In other words : > = Cci/m, n, ) + c2|m, n, 3)

s O.W. Greenberg, A.M.L. Messiah, “Selection rules for Parafields and the absense of

In oth ds d = (0,0) it m, n both , de = (1,1) if m, n are both odd
Biim=0orn= 0, P Paraparticles in nature”, Phys. Rev. v.138, 5B, pp.1155-1167, (1965) n other words degVm.n = (0,0) are DO even GVmn=(1,1)]
and degVm» = (0,1) (or: (1,0) ) if mis even and nis odd ( or: mis odd and nis even )
1 m K. Kanakoglou, C. Daskaloyannis, A. Herrera-Aguilar, “Super Hopf Realizations of Lie : : _
|0, n, ,8) = |m, 0, ,8) = 0 and : \m, P, ,3) = —|m, P, a) superalgebras: Braided Paraparticle extensions of the Jordna-Schwinger map”, AIP, Conf. ° ASS'Q” d (ZZ X ZZ)'gradmg to the algebra through.
Proceed. v.1256, pp.193-200, (2010) degb:: — (1 0) degf:: — (0 1)
YVo.n, Vm.o, Vm.o ~~ 1-dim. with bases the single vectors |0, n, o), s Y. Ohnuki, S. Kamefuchi, “Quantum field theory and parastatistics”, University of Tokyo press,
: : P > T AP D finite famil db
m,0,a), |m,p,a) Tokyo, Springer, 1982 @ P _o D,o Vm.n represents an infinite family (parametrized by
Hifn> p + 1 ~~ all basis vectors vanish = W. Yang, Sicong Jing, “Fock Space Structure for the simplest Parasupersymmetric System”, Mod. the values of the POS. INt. p) of infinite dimensional,

Phys. Letters A, v.16, 15, pp.963-971, (2001) non-equivalent, irreducible, (Z2 X Zs)-graded modules.
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