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Introduction: Renormalization
Renormalization is the process by which a theory is restated in terms of the
physical fields (ψ,Aµ) and parameters (m, q), which are measured in the
experiment. As a consequence of this restatement, the apparent divergences
that arise in the amplitudes of some diagrams containing loops are avoided
in some theories. For example, for the electron mass in QED:

p
+

p p
1PI +

p p
1PI

p
1PI + · · · (1)

=
i

/p − (m0 +Σ(/p)) + iε, mphys ≡ m0 +Σ(/p), (2)

where

−iΣ(p) =
p p

1PI , p. ej. : − iΣ(2)(p) =
p p − k p

k

(3)
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Introduction: Tensor dark matter

Tensor dark matter (TDM) is a proposal to describe DM as a spin-one field
in the (1, 0) ⊕ (0, 1) representation of the HLG. In a hidden DM scheme,
it is reasonable to hypothesize that interactions with the SM are of the
type singletDM-singletSM. Under this hypothesis, the lowest dimensional
operators for the effective Lagrangian of interaction are

Lint = Ψ̄(gs1 + igpχ)Ψφ
†φ+ gtΨ̄MµνΨBµν . (4)

It has been found that this proposal is compatible with the experimental
results if mTDM ≈ mHiggs/2 and gs ≈ 1.00 × 10−3 [1–5]. In the equation
(4) the operators are of dimension 4, which opens the possibility that there
might be a fundamental theory of TDM behind. The study of its renormal-
ization is important to find out if there might be a fundamental theory with
high predictive power or if it is, on the contrary, only an effective theory.
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Free dynamics
In [6] it is developed a formalism from first principles with which it is possi-
ble to derive wave equations of the wave functions for free massive particles
of spin j in a given representation of the HLG. This formalism arises, es-
sentially, from the identification of parity as a good quantum number for
free particles. Its application to the (1/2, 0) ⊕ (0, 1/2) representation pro-
duces the Dirac equation; its application to (1/2, 1/2) produces the Proca
equation; and applying it to the (1, 0)⊕ (0, 1) representation produces the
following equation(

Σµν∂µ∂ν + m21
)
Ψ(x) =0, Σµν =

1
2 (ηµν1 + Sµν) . (5)

S00 =Π =

(
0 1
1 0

)
, S0i =

(
0 J i

−J i 0

)
,

S ij =

(
0 −δij + {J i , J j}

−δij + {J i , J j} 0

)
,

(6)

where J i are the SU(2) generators for j = 1.
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The field in the representation (1, 0)⊕ (0, 1)

The Lagrangian of the field that obeys this equation is

L = ∂µΨ̄Σµν∂νΨ− m2Ψ̄Ψ, (7)

where Ψ̄ = Ψ†Π. The classical aspects and the canonical quantization of
this field were studied in [7]. In the massless case this Lagrangian is non-
chiral, so it cannot have chiral gauge interactions. This implies that this
field cannot have electro-weak interactions, which motivates its study as a
candidate for DM.
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Renormalization Massive case
The Lagrangian (7) minimally coupled to the U(1) gauge field Bµ in terms
of the bare quantities is

L =D†µ
b Ψ̄bΣµνDν

bΨb − m2
bΨ̄bΨb − 1

4Bµν
b Bbµν −

1
2ξb

(∂µBµ
b )

2, (8)

written in terms of physical quantities and counterterms we get

L =∂µΨ̄Σµν∂
νΨ− m2Ψ̄Ψ− 1

4BµνBµν −
1
2ξ (∂

µBµ)
2

+ ig
[
∂µΨ̄ΣµνΨ− Ψ̄Σνµ∂

µΨ
]

Bν + g2Ψ̄ΣµνΨBµBν

+δZ2

(
∂µΨ̄Σµν∂

νΨ− m2Ψ̄Ψ
)
− δmΨ̄Ψ− 1

4δZ3B
µνBµν

+igδg
[
∂µΨ̄ΣµνΨ− Ψ̄Σνµ∂

µΨ
]

Bν + g2δ3Ψ̄ΣµνΨBµBν ,

(9)

where Ψ = Z− 1
2

2 Ψb , Bµ = Z− 1
2

3 Bµ
b and the constants are

δZ2 =Z2 − 1, δZ3 =Z3 − 1, δm =Z2(m2
b − m2), (10)

δg =
gb
g Z2Z

1
2

3 − 1, δ3 =
g2

b
g2 Z2Z3 − 1, ξ =

ξb
Z3
. (11)
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Renormalización Massive case
Feynman rules for physical terms are

p
=

i
Σ(p)− m2 + iε ,

q
=
−i[gµν − (1 − ξ)qµqν/q2]

q2 + iε ,

p p′ =− igΣµν(p′ + p)ν , p p′ =2ig2Σµν ,

where Σ(p) = Σµνpµpν , and the rules for counterterms are

p
=iδZ2(Σ(p)− m2)− iδm,

q
=− iδZ3(q

2gµν − qµqν),

p p′ =− igδgΣµν(p′ + p)ν , p p′ =2ig2δ3Σµν .
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Renormalization Massive case
With this, the autoenergy of the field Bµ is

−iΠµν(q) =
q q

l + q

l
+

q q
l

+

q q

=− iΠ∗
µν(q)− iδZ3(q

2gµν − qµqν),

where

− iΠ∗
µν(q) =

∫ d4l
(2π)4 Tr

{
[−igΣµα(2l + q)α] i

Σ(l + q)− m2 + iε

× [−igΣνβ(2l + q)β] i
Σ(l)− m2 + iε + [2ig2Σµν ]

i
Σ(l)− m2 + iε

}
.

The result has the structure −iΠµν(q) = −iΠ(q2)(q2gµν − qµqν).
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Renormalización Massive case

The result has the structure −iΠµν(q) = −iΠ(q2)(q2gµν − qµqν), whose
divergent part is

Div
[
−iΠ(q2)

]
=− i

[
g2 (78m4 − 12m2q2 + q4)

384π2m4ε
+ δZ3

]
, (12)

which cannot be canceled by the counterterm δZ3 . The origin of this can
be traced back to the propagator of the field Ψ, which can be rewritten as

i
Σ(p)− m2 + iε =

P+(p)− p2−m2

m2 P−(p)
p2 − m2 + iε , (13)

where
Pπ =

1
2

(
1 + π

S(p)
p2

)
(14)

are parity projectors, reveals an UV-divergent term off-shell.
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Renormalización Massive case

In [6] it is shown that the propagator of a massive vector field V µ has the
same structure as (13)

iSΨ =
P+(p)− p2−m2

m2 P−(p)
p2 − m2 + iε , iSV =

−P−(p) + p2−m2

m2 P+(p)
p2 − m2 + iε , (15)

where the parity projectors P±(p) of the vector field V µ are defined in an
analogous manner to the ones of Ψ.

In the SM the solution to the renormalizability of the massive vectors bosons
W± y Z comes from considering them initially as massless vectors and then
giving them mass through the Higgs mechanism. This leads us to look for
an analogous solution for the renormalizability of the Ψ interactions, so now
we turn to the study of the massless case and eventually look for some
mechanism to give it mass.
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Renormalization Massless case
The massless Lagrangian is L = ∂µΨ̄Σµν∂νΨ. The kintetic operator is not
invertible beacause it is esentially an projector Σ(p) = p2P+(p). On the
other hand, it has a gauge symmetry

Ψ → Ψ′ =Ψ+ Rµν∂
µ∂νΦ, Rµν =

1
2 (ηµν1 − Sµν) . (16)

Adding a gauge-fixing term, the Lagrangian is

L =∂µΨ̄Σµν∂
νΨ+

1
ξΨ
∂µΨ̄Rµν∂

νΨ

=∂µΨ̄

(
Σµν +

1
ξΨ

)
∂νΨ.

(17)

Minimally coupling this Lagrangian with the U(1) gauge field Bµ in terms
of bare quantities is

L = D†µ
b Ψ̄b

(
Σµν +

1
xb

Rµν

)
Dν

bΨb − 1
4Bµν

b Bbµν −
1

2yb
(∂µBµ

b )
2, (18)

where xb ≡ ξΨb , yb ≡ ξB
b .
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Renormalización Massless case

Written in terms of the physical quantities

L =∂µΨ̄

(
Σµν +

1
x Rµν

)
∂νΨ− 1

4BµνBµν −
1

2y (∂µBµ)
2

+ ig
[
∂µΨ̄

(
Σµν +

1
x Rµν

)
Ψ− Ψ̄

(
Σµν +

1
x Rµν

)
∂µΨ

]
Bν

+ g2Ψ̄

(
Σµν +

1
x Rµν

)
ΨBµBν

+δZ2∂
µΨ̄

(
Σµν +

1
x Rµν

)
∂νΨ− 1

4δZ3B
µνBµν

+δg

[
∂µΨ̄

(
Σµν +

1
x Rµν

)
Ψ− Ψ̄

(
Σµν +

1
x Rµν

)
∂µΨ

]
Bν

+g2δ3Ψ̄

(
Σµν +

1
x Rµν

)
ΨBµBν ,

(19)
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Renormalización Massless case

where

Ψ =Z− 1
2

2 Ψb , Bµ =Z− 1
2

3 Bµ
b , (20)

and the constants are

δZ2 =Z2 − 1, δZ3 =Z3 − 1, δg =
gb
g Z2Z

1
2

3 − 1, (21)

δ3 =
g2

b
g2 Z2Z3 − 1, y =

yb
Z3
, x =xb . (22)
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Renormalización Massless case
Feynman rules for physical terms are

p
=i 1 + (x − 1)P−(p)

p2 + iε ,

q
=
−i[gµν − (1 − y)qµqν/q2]

q2 + iε ,

p p′ =− ig
(
Σµν +

1
x Rµν

)
(p′ + p)ν ,

p p′ =2ig2
(
Σµν +

1
x Rµν

)
.
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Renormalización Massless case

And the rules for counterterms are

p
=iδZ2

(
Σ(p) + 1

x R(p)
)

= iδZ2

(
x + 1

2x p21 +
x − 1

2x S(p)
)
,

q
=− iδZ3(q

2gµν − qµqν),

p p′ =− igδg

(
Σµν +

1
x Rµν

)
(p′ + p)ν ,

p p′ =2ig2δ3

(
Σµν +

1
x Rµν

)
.
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Renormalización Massless case
With this, the autoenergy of the field Bµ is

−iΠµν(q) =
q q

l + q

l
+

q q
l

+

q q

=− iΠ∗
µν(q)− iδZ3(q

2gµν − qµqν),

where now

− iΠ∗
µν(q) =

∫ d4l
(2π)4 Tr

{[
−ig

(
Σµα +

1
x Rµα

)
(2l + q)α

]
× i 1 + (x − 1)P−(l + q)

(l + q)2 + iε

[
−ig

(
Σνβ +

1
x Rνβ

)
(2l + q)β

]
× i 1 + (x − 1)P−(l)

l2 + iε +

[
2ig2

(
Σµν +

1
x Rµν

)]
i 1 + (x − 1)P−(l)

l2 + iε

}
.
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Renormalization Massless case

The result has the structure −iΠµν(q) = −iΠ(q2)(q2gµν − qµqν), whose
divergent part is

Div
[
−iΠ(q2)

]
=− i

[
g2 (x4 − 8x3 + 6x2 − 8x + 1

)
64π2εx2 + δZ3

]
, (23)

which can be canceled by the counterterm δZ3 .
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Renormalization Massless case
The autoenergy of the field Ψ is

−iM2(p) =
p p

k

+
p p

k

+
p p

=− iM∗2(p) + iδZ2

(
Σ(p) + 1

x R(p)
)
,

− iM∗2(p) =
∫ d4k

(2π)4

{[
−ig

(
Σµα +

1
x Rµα

)
(2p − k)α

]
× i 1 + (x − 1)P−(p − k)

(p − k)2 + iε

[
−ig

(
Σνβ +

1
x Rνβ

)
(2p − k)β

]
× i−gµν + (1 − y)kµkν/k2

k2 + iε +

[
2ig2

(
Σµν +

1
x Rµν

)]
× i−gµν + (1 − y)kµkν/k2

k2 + iε

}
.
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Renormalization Massless case

Its divergent part is

Div
[
−iM2(p)

]
=− i(x + 1)

[
3x2 − 2xy + 3

64π2x2ε
− δZ2

2x

]
p21

− i(x − 1)
[

4x2 + x(7 − 3y) + 4
96π2x2ε

− δZ2

2x

]
S(p).

(24)

The counterterm δZ2 can cancel the divergences of both terms only for the
following values of the gauge parameter x of the field Ψ.

x =± 1, x =7 ± 4
√

3, (25)

for any value of the gauge parameter y of the field Bµ.
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Conclusions

For massive TDM:
The U(1) gauge theory is non-renormalizable due to the divergent
behaviour of the Ψ propagator in the UV region.

For massless TDM:
Massless TDM has a gauge symmetry. Its propagator does not have
the bad behaviour in the UV region that the massive propagator has.
The autoenery of the Bµ field is renormalizable for any x , y values of
the gauge parameters.
The autoenergy of the Ψ field is renormalizable only for the values
x = ±1 or x = 7 ± 4

√
3, both for any value y .

We are still working on the study of the other diagrams.
In the case that TDM would found to be renormalizable we still have
to look for some mechanism to give it mass.
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