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INTRODUCTION

Sub-eV active neutrino mass

Seesaw mechanism 

processes  &  0-nu-Beta-Beta

practical Dirac-Majorana Confusion Theorem 46/8/2023

𝛥𝛥𝛥𝛥 = 2



(sub-eV active) neutrinos have mass
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How to give neutrinos mass?
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How to give neutrinos (very small) mass ?
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[PM,PLB67(1977)421]



Neutrino-less double-beta decay             (1) 
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0𝜈𝜈𝜈𝜈𝜈𝜈

6/8/2023

Lepton Number Violation (LNV)
 not allowed within SM

Doubly weak charged current process



Neutrino-less double-beta decay             (2) 
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0𝜈𝜈𝜈𝜈𝜈𝜈
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Neutrino-less double-beta decay             (3) 
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0𝜈𝜈𝜈𝜈𝜈𝜈
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Looking for Majorana neutrinos via            processes  (1) 
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𝛥𝛥𝛥𝛥 = 2
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Looking for Majorana neutrinos via            processes  (2) 
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𝛥𝛥𝛥𝛥 = 2
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Looking for Majorana neutrinos via            processes (3) 
(Rare meson decays for massive sterile neutrinos)
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𝛥𝛥𝛥𝛥 = 2
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Looking for heavy Majorana neutrinos via            processes (4)
(tau lepton decays & pion decays)

Is nu Dirac or Majorana? 14

𝛥𝛥𝛥𝛥 = 2
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Looking for Majorana neutrinos via            processes (5)
(Collider searches at LHC)

practical Dirac-Majorana Confusion Theorem 15

𝛥𝛥𝛥𝛥 = 2
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Looking for eV-scale sterile neutrino, not via Oscillation
(compared to LSND, miniBoone, …. searches light neutrino via neutrino Oscillation)
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practical Dirac-Majorana Confusion Theorem
Neutrino Casimir Force

EDM & MDM of neutrinos
Fermi-Dirac Statistics  for Fermion (nu)

practical Dirac-Majorana Confusion Theorem (pDMCT)
Discussions on pDMCT



Neutrino-less Double Beta Decay 0nuBB (          process )
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𝛥𝛥𝛥𝛥 = 2

Lepton Number Violation (LNV)
 not allowed within SM

Possibility of very small mass(                  )
May fail to observe !!

𝑚𝑚𝜈𝜈𝑒𝑒 ∼ 𝑚𝑚𝛽𝛽𝛽𝛽



Alternative to 0nuBB  (1) – Neutrino Casimir force
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Principle: Exchange of pair of neutrinos can give rise to long-range 
quantum force (aka neutrino Casimir force or the neutrino exchange force) 
between macroscopic objects, and the effective potential can differentiate 
Dirac and Majorana neutrinos.

Issue:  The potential (and hence the force) is 
proportional to product of the tiny neutrino masses
in the loop.

**  Thermal fluctuation, van der Waals force
** Very weak force. For r > 1 nm, Gravitational force between 

two protons is bigger than this force.

Status:  Experimental study is still awaited.

G Feinberg, J Sucher, PRD166(1968)
Phys. Rev. D 101, no.11, 116006 (2020); JHEP 09, 122 (2020)
arXiv:2209.07082 [hep-ph]



Alternative to 0nuBB  (2) – e.d.m. & m.d.m. of  Neutrino
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Alternative to 0nuBB  (3) – Quantum Statistics
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Allowed within SM
[CSK,MM,DS, PRD105,113005(2022)]



practical Dirac-Majorana Confusion Theorem  (1)

practical Dirac-Majorana Confusion Theorem 22

Consider the SM allowed decay, e.g.

Amplitude for Dirac case

For Majorana case

Difference between D and M

required to know 4-momenta 
of            and         ,  to be useful

6/8/2023

𝑝𝑝1 𝑝𝑝2

not helicity flip, but momentum exchange



Dirac-Majorana Confusion Theorem  (2) 
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Interference term

In general
(useful if              and/or                   

are known)

However, after integration
(required if momenta           and

are  unobservable)

6/8/2023

𝑝𝑝2
𝑝𝑝1

𝑝𝑝2𝑝𝑝1 **For special case,  such as Z  nu nubar



Dirac-Majorana Confusion Theorem  (2) 
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Interference term

In general
(useful if              and/or                   

are known)

However, after integration
(required if momenta           and

are  unobservable)

6/8/2023

𝑝𝑝2
𝑝𝑝1

𝑝𝑝2𝑝𝑝1 **For special case,  such as Z  nu nubar



Different distribution, but the same total rate (DMCT)
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D=in general, no reason to be symmetric

M=always, must be symmetric

6/8/2023



Dirac-Majorana Confusion Theorem  (3) 
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Therefore,
(if momenta         and        are 

unobservable)

In general,

6/8/2023

𝑝𝑝1 𝑝𝑝2

Weak neutral current process in SM

[J Schechter, JW Valle, PRD23 (1981)]



History trying to overcome DMCT, but only confirming
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[B Kayser, PRD26(1982)] **[0]

[RE Shrock, eConf(1982)]

[E Ma, JT Pantaleone, PRD40(1989)]

[JF Nieves, PB Pal, PRD32(1985)] 

[T Chabra, PR Babu, PRD46(1992)] **[2]

[Y Yoshimura, PRD75(2007)], ….

[JM Berryman etal, PRD98(2018)]

𝛾𝛾 → 𝜈𝜈𝜈𝜈
_

𝑍𝑍 → 𝜈𝜈𝜈𝜈
_

𝑒𝑒+𝑒𝑒− → 𝜈𝜈𝜈𝜈
_

𝐾𝐾+ → 𝜋𝜋+𝜈𝜈𝜈𝜈
_

𝑒𝑒+𝑒𝑒− → 𝜈𝜈𝜈𝜈
_
𝛾𝛾

𝑒𝑒𝑒𝑒 >→ 𝑔𝑔𝑒𝑒 > +𝛾𝛾𝜈𝜈𝜈𝜈
_

𝑒𝑒−𝛾𝛾 → 𝑒𝑒−𝜈𝜈𝜈𝜈
_

6/8/2023

**   All practically impossible to measure momenta of nu-nubar  Need integrate out    pDMCT

*
All for weak neutral current process in SM

[1] S.P.Rosen,PRL48(1982);
W.Rodejohann etal,JHEP05(2017). 



Discussion on pDMCT (1) – Is it ‘Theorem’ ?
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** It is believed to suggest that all difference between Dirac and Majorana neutrinos must be 
proportional to some power of neutrino mass (          ). 

(a) There is no model-independent, process-independent and observable-independent proof 
of this so-called “theorem”. All processes where it was shown to hold involved full integration 
over the 4-momenta of missing neutrinos and/or only for Z^(*)  nu nubar case .

(b) We prove the fact that this “theorem” can be overcome, if energy and/or momentum of 
neutrino can be inferred or measured. The interesting question is to find out a way to realize 
this, which we do by measuring muon energy in the back-to-back muons configuration in the                    
rest frame.

6/8/2023

𝑚𝑚𝜈𝜈

𝐸𝐸𝜈𝜈 = ⁄𝑚𝑚𝐵𝐵 2 − 𝐸𝐸𝜇𝜇

𝐵𝐵 [CSK,MM,DS, PRD105,113005(2022)



on pDMCT (4-4) – Is the final state       the same as           ?

practical Dirac-Majorana Confusion Theorem 296/8/2023

𝜈𝜈𝜈𝜈
_

𝜈𝜈𝐿𝐿𝜈𝜈
_
𝑅𝑅
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[0] B.Kayser,PRD26(1982)
[1] S.P.Rosen,PRL48(1982); CSK etal. EPJC83(2023)
[2] T.Chabra,PR.Babu,PRD46(1992); CSK etal. PRD105(2022)
[3] CS Kim, Work in Progress(2023)

**[0]

**[1]

**[2]

**[3]



How to overcome pDMCT ?
New physics effects in neutrino interaction

and  deduction of neutrino energy-momenta



New Physics Effects to distinguish Majorana from Dirac
Extra 1          [C.S.Kim, J.Rosiek, D.Sahoo,  arXiv:2209.10110,   EPJC83 (2023)]

General Comments on  New Physics Scenario
Detailed study on 
Detailed study of 𝐵𝐵 → 𝐾𝐾𝜈𝜈𝜈𝜈

_
,𝐾𝐾 → 𝜋𝜋𝜈𝜈𝜈𝜈

_



**  Special case :     

6/8/2023 practical Dirac-Majorana Confusion Theorem 33

2 2
1 2 2 1( , ) ( , )M p p M p p=

2mν

pDMCT holds at the Amplitude-Squared level

 Difference between Dirac and Majorana neutrinos becomes 0 at every observable

 e.g.   Within the SM, weak neutral current decays :   
_

(*)Z νν→



general Comments on New physics effects to  pDMCT

Is nu Dirac or Majorana? 346/8/2023

In general,                                                   

Special cases



General New Physics Scenario for                         (1) 
• In general, 

where

then, 

Therefore,

So, after full integration over nu and nu-bar momenta, 

which may not vanish with NP effects (overcoming  pDMCT).
6/8/2023 Is nu Dirac or Majorana? 35



General New Physics Scenario for                         (2) 
• **  Important point for Majorana neutrino:

• For spinor of Majorana neutrinos,    consider     

[Denner et al, NPB387, 467 (1992)]

where (-1) from anticommutation
C  for  charge conjugation

6/8/2023 Is nu Dirac or Majorana? 36



Detailed study of                 (1)  

Is nu Dirac or Majorana? 376/8/2023

Most general  Z  nu nubar amplitude  for Dirac neutrino

After  using                               CP and CPT conservation,    and w/ Gordon identity,
we get the most general  decay amplitude for   Z  nu nubar becomes:

with 



Detailed study of                 (2)  
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Most general amplitude for Dirac neutrino

Then, 

such that 

[DMCT at amplitude^2]

[DMCT x   with NP]                                       

(SM)



Detailed study of                 (3)  
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Therefore, neglecting neutrino mass,

Then, 

[pdg(2021), PLB803(2020)]



Detailed study of                 (4)  

Is nu Dirac or Majorana? 406/8/2023

+ = SM



Detailed study of                                     (1)  (within SM) 
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𝐵𝐵 → 𝐾𝐾𝜈𝜈𝜈𝜈
_
,𝐾𝐾 → 𝜋𝜋𝜈𝜈𝜈𝜈

_



Detailed study of                                     (2)  (beyond SM) 
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𝐵𝐵 → 𝐾𝐾𝜈𝜈𝜈𝜈
_
,𝐾𝐾 → 𝜋𝜋𝜈𝜈𝜈𝜈

_

For general process,                            where                       and
(most general effective) Lagrangian:

where         denotes various effective hadronic transition currents
Most general Decay amplitude:
Dirac  case:                                                                                                                 

𝑃𝑃𝑖𝑖 → 𝑃𝑃𝑓𝑓𝜈𝜈𝜈𝜈
_

𝑃𝑃𝑖𝑖 = 𝐵𝐵,𝐾𝐾 𝑃𝑃𝑓𝑓 = 𝐾𝐾,𝜋𝜋

𝐽𝐽𝑥𝑥



Detailed study of                                     (3)  
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𝐵𝐵 → 𝐾𝐾𝜈𝜈𝜈𝜈
_
,𝐾𝐾 → 𝜋𝜋𝜈𝜈𝜈𝜈

_

For general process,                            where                       and

Majorana case (after antisymmetrization):

𝑃𝑃𝑖𝑖 → 𝑃𝑃𝑓𝑓𝜈𝜈𝜈𝜈
_

𝑃𝑃𝑖𝑖 = 𝐵𝐵,𝐾𝐾 𝑃𝑃𝑓𝑓 = 𝐾𝐾,𝜋𝜋

Form Factors,   F(as a function of  s=q^2),  including CKM.

Phase space can be fully described by  s=q^2=(p_1+p_2)^2, and 
the angle theta, defined as:



Detailed study of                                     (4)  
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𝐵𝐵 → 𝐾𝐾𝜈𝜈𝜈𝜈
_
,𝐾𝐾 → 𝜋𝜋𝜈𝜈𝜈𝜈

_

With futuristic detectors, such as  FASER, SHiP, Mathusla, Gazelle, …

where

with

Once integrated over invisible nu, nu-bar (integrating cos(theta))



Detailed study of                                     (5)  
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𝐵𝐵 → 𝐾𝐾𝜈𝜈𝜈𝜈
_
,𝐾𝐾 → 𝜋𝜋𝜈𝜈𝜈𝜈

_

If NP effects are significant, they can not only be probed from the missing mass square (“s”)   
distributions, but they would also be helpful in distinguishing Dirac and Majorana neutrinos.

Possible observables:       missing-mass-square (s),       number of event (BR),       momenta of final meson 
To probe NP effects and  distinguish D-M neutrino,  here we consider a simplified model independent study

where

F_SM from Lattice (MILC) [PRD93,025026(2016)]



Detailed study of                                     (6)  
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𝐵𝐵 → 𝐾𝐾𝜈𝜈𝜈𝜈
_
,𝐾𝐾 → 𝜋𝜋𝜈𝜈𝜈𝜈

_

NP effects can be probed in three steps :
i)  1st step :   Dominant contribution  only

left-chiral

[NA62 Coll. JHEP06,093(2021)]

[A. Buras et al, JHEP11,033(2015)]



Detailed study of                                     (7)  
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𝐵𝐵 → 𝐾𝐾𝜈𝜈𝜈𝜈
_
,𝐾𝐾 → 𝜋𝜋𝜈𝜈𝜈𝜈

_

ii)  2nd step :   Dominant contribution + sub-dominant in Branching Fraction



Detailed study of                                     (8)  
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𝐵𝐵 → 𝐾𝐾𝜈𝜈𝜈𝜈
_
,𝐾𝐾 → 𝜋𝜋𝜈𝜈𝜈𝜈

_

WITH FULL SM form factors F_SM(s),
INCLUDING (M_f/M_i)^2 terms,

INCLUDING m_nu dependent terms.

F_SM from Lattice (MILC) [PRD93,025026(2016)]

1) (V-A) or W_L  NP interaction just scaling the SM.
2) (V+A) or W_R / Z’ NP interaction gives DRASTIC 

difference between Dirac and Majorana nu.
3) V_L  / Scalar NP interactions give strong enhancement 

for small s / large s region.
4) Tensor NP interaction gives only small changes.

iii)  3rd step :   Real pattern in s-distribution



Discussions on new physics effects to neutrino property                                 
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(1) Probable existence of non-standard interactions can be probed in 2, 3-body meson

decays  such as using                     and

(2) If such NP effects are experimentally observed, one can utilize them to distinguish

between Dirac and Majorana neutrino possibilities.

(3) Within the SM,  Z^(*)  nu nu-bar,  pDMCT holds at amplitude^2 level.

 Within SM, processes only for weak neutral current, pDMCT at any observables !!

(4) Our discussion very clearly illustrates the applicability and non-applicability of

the practical Dirac Majorana confusion “theorem” (pDMCT).

𝐵𝐵 → 𝐾𝐾𝜈𝜈𝜈𝜈
_
,𝐾𝐾 → 𝜋𝜋𝜈𝜈𝜈𝜈

_



Extra 2 C. S. Kim, M. Murthy, D. Sahoo, PRD105(2022)

BACK-TO-BACK muons  (ie.  B2B               ) 
- experimentally observable
exception to DMCT 

Is nu Dirac or Majorana? 50

𝜈𝜈 − 𝜈𝜈
_

6/8/2023



Study on                                                

Is nu Dirac or Majorana? 516/8/2023

Doubly weak charged current process in SM

not helicity flip, but momentum exchange

We can also consider
(B^0 mu mu)(Z^* nu nu)



Detailed study of                                                (1)  
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Detailed study of                                                (2)  

Is nu Dirac or Majorana? 53

After integrating out unobservable neutrino phase space

6/8/2023

(confirming pDMCT)



Detailed study of                                                (3) 
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Back-to-back muons, (easily measurable exception to DMCT) 
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In the rest frame of parent B meson,
IF  muon- and muon+ are back-to back, ie. flying with 3 momenta of equal magnitude but opposite direction
 nu and nu-bar also back-to-back

 All kinematic variables are calculable or measurable ,

Only  the  angle   (between                    and                     )
UNKNOWN



𝜇𝜇− − 𝜇𝜇+𝜈𝜈 − 𝜈𝜈
_

Need not integrate out nu-nubar full phase space,
only  unmeasurable angle (       ) integrate out    Overcoming DMCT constraint

6/8/2023

𝐸𝐸1 = 𝐸𝐸2 = 𝐸𝐸𝜈𝜈 = ⁄𝑚𝑚𝐵𝐵 2 − 𝐸𝐸𝜇𝜇
𝑚𝑚𝜈𝜈𝜈𝜈
2 = 4𝐸𝐸𝜈𝜈2

𝑚𝑚𝜇𝜇𝜇𝜇
2 = (𝑚𝑚𝐵𝐵 − 2𝐸𝐸𝜈𝜈)2

𝑌𝑌𝑚𝑚 = ⁄𝑚𝑚𝐵𝐵 2 − 𝐸𝐸𝜈𝜈 2 − 𝑚𝑚𝜇𝜇
2

𝑌𝑌𝑛𝑛 = 𝐸𝐸𝜈𝜈2 − 𝑚𝑚𝜈𝜈
2

𝒅𝒅𝒅𝒅
𝒅𝒅𝑬𝑬𝝁𝝁𝟐𝟐𝒅𝒅𝐬𝐬𝐬𝐬𝐬𝐬𝜽𝜽

𝜃𝜃

𝑑𝑑𝑑𝑑
𝑑𝑑𝐸𝐸𝜈𝜈2𝑑𝑑sin𝜃𝜃



Back-to-back muons, (easily measurable exception to DMCT) 
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In the rest frame of parent B meson,
IF  muon- and muon+ are back-to back, ie. flying with 3 momenta of equal magnitude but opposite direction
 nu and nu-bar also back-to-back

 All kinematic variables are calculable or measurable ,

Only  the  angle   (between                    and                     )
UNKNOWN



𝜇𝜇− − 𝜇𝜇+𝜈𝜈 − 𝜈𝜈
_

Need not integrate out nu-nubar full phase space,
only  unmeasurable angle (       ) integrate out    Overcoming DMCT constraint

6/8/2023

𝐸𝐸1 = 𝐸𝐸2 = 𝐸𝐸𝜈𝜈 = ⁄𝑚𝑚𝐵𝐵 2 − 𝐸𝐸𝜇𝜇
𝑚𝑚𝜈𝜈𝜈𝜈
2 = 4𝐸𝐸𝜈𝜈2

𝑚𝑚𝜇𝜇𝜇𝜇
2 = (𝑚𝑚𝐵𝐵 − 2𝐸𝐸𝜈𝜈)2

𝑌𝑌𝑚𝑚 = ⁄𝑚𝑚𝐵𝐵 2 − 𝐸𝐸𝜈𝜈 2 − 𝑚𝑚𝜇𝜇
2

𝑌𝑌𝑛𝑛 = 𝐸𝐸𝜈𝜈2 − 𝑚𝑚𝜈𝜈
2

𝒅𝒅𝒅𝒅
𝒅𝒅𝑬𝑬𝝁𝝁𝟐𝟐𝒅𝒅𝐬𝐬𝐬𝐬𝐬𝐬𝜽𝜽

𝜃𝜃

𝑑𝑑𝑑𝑑
𝑑𝑑𝐸𝐸𝜈𝜈2𝑑𝑑sin𝜃𝜃



Detailed study of                                          -- B2B muons (1)  
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Kinematics of back-to-back muons  at B-rest frame        (ie.   B2B nu-nubar)

**          = angle(                  )

𝐸𝐸1 = 𝐸𝐸2 = 𝐸𝐸𝜈𝜈 = ⁄𝑚𝑚𝐵𝐵 2 − 𝐸𝐸𝜇𝜇
𝑚𝑚𝜈𝜈𝜈𝜈
2 = 4𝐸𝐸𝜈𝜈2

𝑚𝑚𝜇𝜇𝜇𝜇
2 = (𝑚𝑚𝐵𝐵 − 2𝐸𝐸𝜈𝜈)2

𝑌𝑌𝑚𝑚 = ⁄𝑚𝑚𝐵𝐵 2 − 𝐸𝐸𝜈𝜈 2 − 𝑚𝑚𝜇𝜇
2

𝑌𝑌𝑛𝑛 = 𝐸𝐸𝜈𝜈2 − 𝑚𝑚𝜈𝜈
2

cos𝜃𝜃𝑛𝑛 = 0
𝜙𝜙 = 0

𝜃𝜃𝑚𝑚 = ⁄𝜋𝜋 2 − 𝜃𝜃
cos𝜃𝜃𝑚𝑚 = sin𝜃𝜃

𝜃𝜃

6/8/2023

 Only                               are independent variable   𝑬𝑬𝝁𝝁 𝐬𝐬𝐬𝐬𝐬𝐬𝜽𝜽

_
,µ ν+



Detailed study of                                          -- B2B muons (2) 
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≠∝ 𝒎𝒎𝝂𝝂
𝟐𝟐

cos 0, (sin 1) D Mθ θ ± →= = Γ = Γ
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≠∝ 𝒎𝒎𝝂𝝂
𝟐𝟐

cos 0, (sin 1) D Mθ θ ± →= = Γ = Γ



Detailed study of                                          -- B2B muons (4)  
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Consider a simple case for numerical purpose only:
(1) neglect muon & neutrino mass   we consider only non-resonant contributions
(2) consider only dominant form factor,     (   ((                                                  ) 
(3) assume the form factor to be a constant          

(4) approximate 

6/8/2023

𝐸𝐸𝜇𝜇 ≈ 𝐾𝐾𝜇𝜇



Detailed study of                                          -- B2B muons (5)  
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** Presently nu nu-bar totally missing,  the angle         is  completely unknown,
therefore,  need to integrate out.         BR(M)  >>   BR(D)

𝜃𝜃



Detailed study of                                          -- B2B muons (6)  
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Detailed study of                                          -- B2B muons (7)  
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Integrating over currently unobservable angle          ,   we get 𝜃𝜃

6/8/2023

�𝐵𝐵𝐵𝐵 𝐷𝐷 −𝑀𝑀 = ��𝐷𝐷↔ −𝑀𝑀↔ ≠ 𝑚𝑚𝜈𝜈
2



Discussions on                                          -- B2B muons (1)  
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(1) Branching ratio of B2B muons

(2) Adding                                                                                           increasing BR four-fold

(3) Futuristic detectors, e.g. FASER, MATHUSLA, SHiP, GAZELLA,  could enable 
to probe the angular distribution ,

(4) Bg processes, B2B muons + “missing momentum”  
small due to additional vertices, phase space suppression

(5)   Many similar processes, 𝐻𝐻 → 𝜇𝜇+𝜇𝜇−𝜈𝜈𝜇𝜇𝜈𝜈𝜇𝜇
_

,𝐷𝐷 → 𝜇𝜇+𝜇𝜇−𝜈𝜈𝜇𝜇𝜈𝜈𝜇𝜇
_

, ⁄𝐽𝐽 𝜓𝜓 → 𝜇𝜇+𝜇𝜇−𝜈𝜈𝜇𝜇𝜈𝜈𝜇𝜇
_

𝜓𝜓 2𝑆𝑆 → 𝜋𝜋+𝜋𝜋−𝜈𝜈𝜏𝜏𝜈𝜈𝜏𝜏
_

,𝐾𝐾0 → 𝜇𝜇+𝜇𝜇−𝜈𝜈𝜇𝜇𝜈𝜈𝜇𝜇
_

, . .

𝐷𝐷 ∝ 1 − cos𝜃𝜃 2,𝑀𝑀 ∝ 1 + cos𝜃𝜃2

6/8/2023

(only w/ non-resonant contributions)



Discussions on                                          -- B2B muons (2)  
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(6) Cases for                                                   at BES III ,                                                   at Belle2

** Present measurements:
FCNC decay via photonic Penguin
Doubly weak charged current decay

_
/J µ µψ µ µ ν ν+ −→

_
(1 )s µ µµ µ ν ν+ −ϒ →

0 10( ) (1.1 1.4)*10Br B µ µ+ − −→ = ±

( (1 ) ) (2.48 0.05)%Br s µ µ+ −ϒ → = ±

( / ) (5.961 0.033)%Br J µ µ+ −Ψ → = ±



Discussions on                                          -- B2B muons (3)  
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(7) Cases for                                                   at BES III ,                                                   at Belle2
** (simple rough) Helicity Consideration

_
/J µ µψ µ µ ν ν+ −→

_
(1 )s µ µµ µ ν ν+ −ϒ →

/ ( (1 ))J sΨ ϒ / ( (1 ))J sΨ ϒ

/ ( (1 ))J sΨ ϒ2 2(1 cos )D θ↔ ∝ +M

2 21 cosM θ↔ ∝ +M
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Conclusion
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(1) (a) We consider the B decay,                                 ,  implementing the Fermi-Dirac  statistics
to find the difference between Dirac and Majorana neutrino,  and to test the practical
Dirac-Majorana Confusion Theorem.
(b) We also consider   implementing model independent new physics
scenarios to find the difference between Dirac and Majorana neutrino.

(2) (a) If we consider the special kinematic configuration of back-to-back muons
in the B rest frame, there exists striking difference between D and M cases,          
which do not depend on neutrino mass, hence, overcoming pDMCT.
(b) If we consider scalar and/or axial vector new physics, we can distinguish D from M,
which do not depend on neutrino mass, hence, overcoming pDMCT.

(3) We give full details of analysis, including resonant and non-resonant 
contributions, tiny neutrino mass dependence, helicity consideration, etc, 
also confirming pDMC if we integrate out full nu nu-bar phase space.

𝐵𝐵0 → 𝜇𝜇−𝜇𝜇+𝜈𝜈𝜇𝜇𝜈𝜈
_
𝜇𝜇

6/8/2023

𝐵𝐵 → 𝐾𝐾𝜈𝜈𝜈𝜈
_
,𝐾𝐾 → 𝜋𝜋𝜈𝜈𝜈𝜈

_



Conclusion – Final Comment
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**  The neutrino-less double beta decay (NDBD) has a 
limitation that it is dependent on the unknown tiny mass of 
the neutrino. If it is too small there is no possibility of 
establishing the nature of the neutrino through NDBD. Our 
proposals are the only viable alternatives to NDBD as far as 
probing Majorana nature of sub-eV active neutrinos is 
concerned.

6/8/2023
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Back-up (Details)
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Discussions on pDMCT

Helicity & Chirality

Helicity configuration of back-to-back muons

Detailed study of

Extra :  Dirac  vs.  Majorana
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Discussion on pDMCT (1) – Is it ‘Theorem’ ?
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** It is believed to suggest that all difference between Dirac and Majorana neutrinos 
must be proportional to some power of neutrino mass (          ). 

(a) There is no model-independent, process-independent and observable-independent 
proof of this so-called “theorem”. All processes where it was shown to hold involved full 
integration over the 4-momenta of missing neutrinos.

(b) We prove the fact that this “theorem” can be overcome, if energy and/or momentum 
of neutrino can be inferred or measured. The interesting question is to find out a way to 
realize this, which we do by measuring muon energy in the back-to-back muons
configuration in the         rest frame,                                     .

6/8/2023

𝑚𝑚𝜈𝜈

𝐸𝐸𝜈𝜈 = ⁄𝑚𝑚𝐵𝐵 2 − 𝐸𝐸𝜇𝜇𝐵𝐵 [CSK,MM,DS, PRD105,113005(2022)



on pDMCT (2) – Smooth transition when m  0 limit ?
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** Is there smooth transition between Majorana to Dirac neutrinos under m  0 limit  ??

(a) When m = 0 both Dirac and Majorana neutrinos can be described as Weyl fermions. The reduction of
neutrino degrees of freedom from 4 to 2 for m = 0 is a discrete jump, and not a continuous change. So the
massless neutrino is an entirely different species than a massive one even with extremely tiny mass.

(b) Dirac neutrino and antineutrino are fully distinguishable, while Majorana neutrino and antineutrino are
quantum mechanically indistinguishable. There is no smooth limit that takes indistinguishable particles
and makes them distinguishable. There is no intermediate state between distinguishable and
indistinguishable particles.

(c) Majorana neutrino and antineutrino pair have to obey Fermi-Dirac statistics while Dirac neutrino and
antineutrino pair do not. We emphasize that statistics of particles does not depend on a parameter like
mass, but its spin.

6/8/2023



on pDMCT (3) – Is Helicity suppression DMCT ?

practical Dirac-Majorana Confusion Theorem 76

** Is Helicity suppression of                         the origin of DMCT ??

(a) For Majorana neutrinos, the antisymmetrizing second (exchanged) diagram is from the momentum
exchange, not from m/E suppressed helicity flip.

(b) The pDMCT is a result of the interference between the direct and the exchanged diagram, which is only
surviving term of Dirac - Majorana after full phase integral of invisible neutrinos.

(c) For the processes only with weak neutral current in the SM, the m/E suppressed helicity flip is directly
related to origin of DMCT. (eg. Z nu nu-bar, …)

6/8/2023

𝜈𝜈 ↔ 𝜈𝜈
_



on pDMCT (4-1) – Is the final state       the same as           ?

practical Dirac-Majorana Confusion Theorem 77

** In case of high energy scattering amplitudes, only when the two neutrinos have the same helicity, they can 
interfere, and hence their statistics can be studied experimentally ?

(a) For a massive fermion its helicity and chirality are not equivalent. In such a case, helicity is not Lorentz invariant,
while chirality is always Lorentz invariant, however, not a conserved quantity. Depending on the type of interactions 
present in the process, the fermion could be produced in specific chiral states. But the physically propagating state, 
which is a mass eigenstate, can have both the chiral possibilities. When we consider massive Majorana nu and nu-bar,
they are described by real solution of Dirac equation. This puts Majorana nu and nu-bar as identical fermions,
ensuring anti-symmetrization of our decay amplitude.  (Please think Moeller scattering of e- e-)

(b) Doing anti-symmetrization of amplitude and following the Feynman rules relevant for Majorana fermions,
we do a QFT calculation for the process under our consideration. We find that, if we fully integrate over the allowed 
phase space for nu and nu-bar, only the interference term leads to the difference between Dirac and Majorana cases. 
Our explicit calculation shows that the interference term is proportional to m_nu^2.  (Confirming DMCT)

6/8/2023

𝜈𝜈𝜈𝜈
_ 𝜈𝜈𝐿𝐿𝜈𝜈

_
𝑅𝑅



on pDMCT (4-2) – Is the final state       the same as           ?
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** In case of high energy scattering amplitudes, only when the two neutrinos have the same helicity, they can 
interfere, and hence their statistics can be studied experimentally ?

(1) Unlike Dirac neutrinos, the Majorana neutrinos do not have any lepton (family) number. 
This is because, by definition, Majorana neutrino and antineutrino are indistinguishable. 
For Majorana neutrinos (=antineutrinos) the flavor subscript and the bar might be helpful for book-keeping, 
to write the leptonic currents correctly, but they do not imply that Majorana neutrino is different from Majorana 
antineutrino.

(2) We do not describe the neutrinos in Weyl basis which utilizes 2-component spinors. 
Because neutrinos have non-zero mass, we always use 4-component spinors. 
The anti-symmetrization of amplitude for processes with final nu nubar pair, is done only for Majorana nu and nubar
due to their quantum mechanical identical nature.
This is in fact a consequence of the fact that Majorana spinors are the real solutions of the Dirac equation.

(3) For the anti-symmetrization of the final states of nu and nu-bar, (not just nu nu and nu-bar nu-bar states)
in case of Majorana neutrino, it has been known for long time, and used by all those earlier papers concerning
DMCT (Dirac Majorana Confusion Theorem) from B. Kayser, R. Shrock, E. Ma, J. Nieves, P. Pal, T. Chabra, ……

6/8/2023

𝜈𝜈𝜈𝜈
_

𝜈𝜈𝐿𝐿𝜈𝜈
_
𝑅𝑅



on pDMCT (4-3) – Is the final state       the same as           ?
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** In case of high energy scattering amplitudes, only when the two neutrinos have the same helicity, they can 
interfere, and hence their statistics can be studied experimentally ?

(A) Doing anti-symmetrization of amplitude and following the Feynman rules relevant for Majorana fermions, 
we do a QFT calculation for the process under our consideration. We find that, if we fully integrate 
over the allowed phase space for nu and nu-bar, only the interference term leads to the difference 
between Dirac and Majorana cases. Our explicit calculation shows that the interference term is proportional to 
m_nu^2. This matches well with the usual expectation from Dirac Majorana confusion theorem (DMCT), 
see Eq (35) of my paper. The most interesting result is that if the energies and momenta of the nu and nu-bar could be 
inferred, the difference between Dirac and Majorana cases have terms that are independent of m_nu. 
We have figured out that the kinematics of back-to-back muons is helpful in this regard (see Sec. IV, and Eq. (47)). 
For this kinematic configuration, not only the muon energy distributions but also the branching ratios are predicted 
to be different for Dirac and Majorana cases (see Eqs. (50) and (51)).

6/8/2023

𝜈𝜈𝜈𝜈
_

𝜈𝜈𝐿𝐿𝜈𝜈
_
𝑅𝑅



on pDMCT (4-4) – Is the final state       the same as           ?
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𝜈𝜈𝜈𝜈
_

𝜈𝜈𝐿𝐿𝜈𝜈
_
𝑅𝑅



on pDMCT (5) – the final state of  phase space goes to 0 ?
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** the phase space of the region where the distinction can be made goes to zero 
when the neutrino mass goes to zero ?

(a) It is a well-known fact that if a specific kinematics is not prohibited by the various conservation laws 
(namely the conservation of energy, linear momentum, angular momentum) and not ruled out by the 
dynamics via some symmetry principle, then that kinematics would be observed in nature. 

(b) The special back-to-back kinematics we have considered in our paper is allowed for both Dirac and 
Majorana neutrinos and not prohibited at all.

6/8/2023
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Helicity Configuration of  back-to-back muons
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Helicity-flip  (X)

Momenta exchange  (O)
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Detailed study of                                          -- B2B kinematics (1)  
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Kinematics of back-to-back muons  at B-rest frame  (ie.   B2B nu-nubar) -- change of variables

6/8/2023



Detailed study of                                          -- B2B kinematics (2)  
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 Only                               are independent variable   𝑬𝑬𝝁𝝁 𝐬𝐬𝐬𝐬𝐬𝐬𝜽𝜽
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Extra:

Dirac   vs.   Majorana

P.  Dirac   vs.   E. Majorana   in real life

Mass generation

Lepton number violation

CP Violation

Quantum statistics
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Dirac  vs.  Majorana  (0)    Real life
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Nature of  sub-eV active neutrino : Dirac or Majorana ?
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Dirac  vs.  Majorana  (1)    Mass generation
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Dirac  vs.  Majorana  (2)    Lepton number violation
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For Dirac nu, Lepton number (LN) is a good QN.                    For Majorana nu, LN is not a good QN (quantum number)
LN may conserve or not conserve for Majorana nu

1L = 1L = −



Dirac  vs.  Majorana  (3)    CP Violation
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[Guinti & Kim, Oxford Press (2007)]

For Dirac nu :

For Majorana nu :

If more than 2 families, CPV comes from mixing among them,
ie.  PMNS mixing phase.

In addition to PMNS mixing phase, (n_family - 1)  CPV phases.

Majorana phasePMNS phase



Dirac  vs.  Majorana  (4)    Quantum statistics
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For Dirac Fermion :

For Majorana Fermion :
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