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When we introduce an external field to the QED vacuum,

we can generate new physical effects

Example. Schwinger effect
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To explore the physics of the QED processes in the presence of

an external field, we can use the worldline formalism

Worldline formalism:

Based on first-quantized relativistic particle path integrals

t

x
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Worldline master formulas for dressed electron propagator

in constant external fields

Worldline fermion propagator in an

Abelian field

Worldline master formulas for the

doubly dressed fermion propagator

Application. Landau levels
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The fermion propagator in an Abelian field

can be obtained from a relativistic path integral

Sx
′x = 〈x′|

[
m− i /D

]−1
|x〉

Dµ = ∂µ + ieAµ
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The fermion propagator in an Abelian field

can be obtained from a relativistic path integral

Sx
′x = (m+ i /Dx′ )Kx′x

Kx′x = 2− D
2

∫ ∞

0

dT e−m2T

∫ x(T )=x′

x(0)=x

Dxe
−

∫ T

0
dτ

(
1
4 ẋ

2+ieẋ·A
)

×symb−1

∫
ψ(0)+ψ(T )=0

Dψ e
−

∫ T

0
dτ

[
1
2ψµψ̇

µ−ie(ψ+η)µFµν (ψ+η)ν
]

Proper time integral
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The fermion propagator in an Abelian field

can be obtained from a relativistic path integral

Sx
′x = (m+ i /Dx′ )Kx′x

Kx′x = 2− D
2

∫ ∞

0

dT e−m2T

∫ x(T )=x′

x(0)=x

Dxe
−

∫ T

0
dτ

(
1
4 ẋ

2+ieẋ·A
)

×symb−1

∫
ψ(0)+ψ(T )=0

Dψ e
−

∫ T

0
dτ

[
1
2ψµψ̇

µ−ie(ψ+η)µFµν (ψ+η)ν
]

Path integral over the worldlines of the fermion particle
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The fermion propagator in an Abelian field

can be obtained from a relativistic path integral

Sx
′x = (m+ i /Dx′ )Kx′x

Kx′x = 2− D
2

∫ ∞

0

dT e−m2T

∫ x(T )=x′

x(0)=x

Dxe
−

∫ T

0
dτ

(
1
4 ẋ

2+ieẋ·A
)

×symb−1

∫
ψ(0)+ψ(T )=0

Dψ e
−

∫ T

0
dτ

[
1
2ψµψ̇

µ−ie(ψ+η)µFµν (ψ+η)ν
]

Path integral representing the spin interaction
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The fermion propagator in an Abelian field

can be obtained from a relativistic path integral

Kx′x = 2− D
2

∫ ∞

0

dT e−m2T

∫ x(T )=x′

x(0)=x

Dxe
−

∫ T

0
dτ

(
1
4 ẋ

2+ieẋ·A
)

×symb−1

∫
ψ(0)+ψ(T )=0

Dψ e
−

∫ T

0
dτ

[
1
2ψµψ̇

µ−ie(ψ+η)µFµν (ψ+η)ν
]

symb (γα1α2···αn ) ≡ (−i
√

2)nηα1ηα2 . . . ηαn

γα1α2···αn ≡ 1
n!

∑
π∈Sn

sign(π)γαπ(1)γαπ(2) · · · γαπ(n)
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Worldline master formulas for dressed electron propagator

in constant external fields

Worldline fermion propagator in an

Abelian field

Worldline master formulas for the

doubly dressed fermion propagator

Application. Landau levels
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To derive the master formulas, we split the Abelian field A

into two parts: A = Aext + Aphot

Aphot =
∑N

i=1 εi eikix

Aext(y) = −
1
2
Fµν(y − x)ν Fock-Schwinger gauge
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To derive the master formulas, we split the Abelian field A

into two parts: A = Aext + Aphot

Kx′x
N = (−ie)N2− D

2

∫ ∞

0

dT e−m2T

∫
Dxe

−
∫ T

0
dτ

(
1
4 ẋ

2+ieẋ·Aext

)
×symb−1

∫
Dψ V x

′x
η [k1, ε1] . . . V x

′x
η [kN , εN ]

× e
−

∫ T

0
dτ

[
1
2ψµψ̇

µ−ie(ψ+η)µFµν (ψ+η)ν
]

V x
′x

η [k, ε] =
∫ T

0
dτ [εµẋµ − i(ψ + η)µfµν(ψ + η)ν ] eik·x
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One approach to compute the path integrals

is the spin-orbit decomposition

V x
′x

η [k, ε] =
∫ T

0

dτ [εµẋµ − i(ψ + η)µfµν(ψ + η)ν ] eik·x

=
∫ T

0

dτ εµẋ
µ eik·x + V spin

η [k, ε] eik·x
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One approach to compute the path integrals

is the spin-orbit decomposition

Kx′x
N =

N∑
S=0

Kx′x
NS

Kx′x
NS =

∑
{i1...iS }

K
x′x {i1...iS }
NS
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One approach to compute the path integrals

is the spin-orbit decomposition

Kx′x
N =

N∑
S=0

Kx′x
NS

Kx′x
NS =

∑
{i1...iS }

K
x′x {i1...iS }
NS

Example: Kx′x
2 = K

x′x {}
20 +K

x′x {1}
21 +K

x′x {2}
21 +K

x′x {12}
22
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After we perform the path integrals and Fourier transform K
x′x {i1...iS}
NS ,

we obtain the momentum space worldline master formula

K
p′p {i1...iS }
NS = (2π)Dδ(p′ + p+

N∑
i=1

ki) (−ie)N (−i)N
∫ ∞

0

dT e−m2T

×
N∏
i=1

∫ T

0

dτi e

∑N

i,j=1
ki∆

^ij

kj −T b0
tan Z

Z b0

×P̄{i1...iS }
NS symb−1 eiη tan Zη Wη(ki1 , εi1 ; . . . ; kiS , εiS )
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After we perform the path integrals and Fourier transform K
x′x {i1...iS}
NS ,

we obtain the momentum space worldline master formula

K
p′p {i1...iS }
NS = (2π)Dδ(p′ + p+

N∑
i=1

ki) (−ie)N (−i)N
∫ ∞

0

dT e−m2T

×
N∏
i=1

∫ T

0

dτi e

∑N

i,j=1
ki∆

^ij

kj −T b0
tan Z

Z b0

×P̄{i1...iS }
NS symb−1 eiη tan Zη Wη(ki1 , εi1 ; . . . ; kiS , εiS )

Momentum conservation
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After we perform the path integrals and Fourier transform K
x′x {i1...iS}
NS ,

we obtain the momentum space worldline master formula

K
p′p {i1...iS }
NS = (2π)Dδ(p′ + p+

N∑
i=1

ki) (−ie)N (−i)N
∫ ∞

0

dT e−m2T

×
N∏
i=1

∫ T

0

dτi e

∑N

i,j=1
ki∆

^ij

kj −T b0
tan Z

Z b0

×P̄{i1...iS }
NS symb−1 eiη tan Zη Wη(ki1 , εi1 ; . . . ; kiS , εiS )

Z = eTF
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After we perform the path integrals and Fourier transform K
x′x {i1...iS}
NS ,

we obtain the momentum space worldline master formula

K
p′p {i1...iS }
NS = (2π)Dδ(p′ + p+

N∑
i=1

ki) (−ie)N (−i)N
∫ ∞

0

dT e−m2T

×
N∏
i=1

∫ T

0

dτi e

∑N

i,j=1
ki∆

^ij

kj −T b0
tan Z

Z b0

×P̄{i1...iS }
NS symb−1 eiη tan Zη Wη(ki1 , εi1 ; . . . ; kiS , εiS )
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∆
^

(τ, τ ′)

Green’s function of the operator

d2

dτ2 − 2ieF
d

dτ

with Dirichlet boundary conditions

∆
^

(0, τ ′) = ∆
^

(T, τ ′) = ∆
^

(τ, 0) = ∆
^

(τ, T ) = 0
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After we perform the path integrals and Fourier transform K
x′x {i1...iS}
NS ,

we obtain the momentum space worldline master formula

K
p′p {i1...iS }
NS = (2π)Dδ(p′ + p+

N∑
i=1

ki) (−ie)N (−i)N
∫ ∞

0

dT e−m2T

×
N∏
i=1

∫ T

0

dτi e

∑N

i,j=1
ki∆

^ij

kj −T b0
tan Z

Z b0

×P̄{i1...iS }
NS symb−1 eiη tan Zη Wη(ki1 , εi1 ; . . . ; kiS , εiS )
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P̄{i1...iS}
NS = e

f(ki, εi, F, b0, ∆
^ij

)
∣∣∣∣
εi1 =···=εiS

=0

∣∣∣∣∣
εiS+1 ...εiN

b0 = p′ +
1
T

∑N

i=1

(
τi − 2ieF ◦∆

^i

)
ki
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After we perform the path integrals and Fourier transform K
x′x {i1...iS}
NS ,

we obtain the momentum space worldline master formula

K
p′p {i1...iS }
NS = (2π)Dδ(p′ + p+

N∑
i=1

ki) (−ie)N (−i)N
∫ ∞

0

dT e−m2T

×
N∏
i=1

∫ T

0

dτi e

∑N

i,j=1
ki∆

^ij

kj −T b0
tan Z

Z b0

×P̄{i1...iS }
NS symb−1 eiη tan Zη Wη(ki1 , εi1 ; . . . ; kiS , εiS )
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Wη(k1, ε1; . . . ; kS , εS) =∑
partitions

(−1)cyGF (i1i2 . . . im1 ) · · · GF (im1+...+mcy−1+1 . . . im1+...+mcy )

×GF |im1+...+mcy+1 . . . im1+...+mcy+n1 | · · · GF |im1+...+mcy+n1+...nch−1+1 . . . iS |

GF (i) =
1
2

Tr (fiGF ii)

GF (i1i2) =
1
2

Tr (fi1 GFi1i2fi2 GFi2i1 )

GF (i2 . . . in) = Tr (fi1 GFi1i2 . . . fin GFini1 ) , (n > 2)

GF (τ, τ ′)

Green function for the operator d
dτ

−2ieF with antiperiodic boundary conditions
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Wη(k1, ε1; . . . ; kS , εS) =∑
partitions

(−1)cyGF (i1i2 . . . im1 ) · · · GF (im1+...+mcy−1+1 . . . im1+...+mcy )

×GF |im1+...+mcy+1 . . . im1+...+mcy+n1 | · · · GF |im1+...+mcy+n1+...nch−1+1 . . . iS |

GF |i| = η (1 + ieF ◦GF i) fi (1 + ieG◦
F i) η,

GF |i1 . . . in| = 2 η (1 + ieF ◦GF i1 ) fi1 GFi1i2fi2 . . . fin−1 GFin−1infin
(

1 + ieG◦
F in

)
η, (n ≥ 2).
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Using the Kernel in momentum space, we can write the worldline

version of the doubly dressed fermion propagator in momentum space

Sp
′p
N (F ; k1, ε1; . . . ; kN , εN ) =

[
m+ /p

′ + i
e

2
γµFµν

(
∂

∂p′
ν

−
∂

∂pν

) ]
×Kp′p

N (F ; k1, ε1; . . . ; kN , εN )

−e
∑
i

/εiK
p′+ki,p
N−1 (F ; k1, ε1; . . . ; k̂i, ε̂i; . . . ; kN , εN )
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Worldline master formulas for dressed electron propagator
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Worldline fermion propagator in an

Abelian field
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The relativistic Landau levels can be obtained by rewriting

the exact fermion propagator in its spectral representation

Sx′x =
∫

dp
∑

n

1
E − Ep,n

χn,p(x′)χ̄n,p(x)
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We need to rewrite the worldline version of the propagator with N = 0

to have a similar structure to the spectral representation

Sp
′p =

[
m+ /p

′ +
ieB

2

(
γ1 ∂

∂p′
2

− γ2 ∂

∂p′
1

)]
K

F = B


0 1 0 0

−1 0 0 0

0 0 0 0

0 0 0 0


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We need to rewrite the worldline version of the propagator with N = 0

to have a similar structure to the spectral representation

Sp
′p =

[
m+ /p

′ +
ieB

2

(
γ1 ∂

∂p′
2

− γ2 ∂

∂p′
1

)]
K

K =
∫ ∞

0

dT e
−T

(
m2+p′ 2

‖ + tanh(z)
z

p′ 2
⊥

) [
1 − i tanh(z)σ12

]
z = eTB p′ 2

‖ = (p′3)2 − (p′0)2 p′ 2
⊥ = (p′1)2 + (p′2)2
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Using the generating function of the Laguerre polynomials,

we can integrate the expression for K

K = 2e−
p′ 2

⊥
eB

∞∑
n=0

1
m2 + p′ 2

‖ + 2neB
Mn

(
2 p′ 2

⊥
eB

)
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We can obtain the energy levels from the poles of the Kernel K

Poles: m2 + p′ 2
‖ + 2neB

Thus,

Ep,n =
√
m2 + (p3)2 + 2neB, n = 0, 1, . . .
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Two key ideas of the world line formalism for the fermion propagator...

Rewrite the fermion propagator in an Abelian field into a path

integral representation

Perform the fermionic and bosonic path integrals to obtain the

master formulas
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