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Argonne National Laboratory

Our research addresses the five key

heory Group questions that comprise the USA’s

nuclear physics agenda. We place
® 7/ Staff heavy emphasis on the prediction of

henomena accessible at Argonne’s
o 5 Post .
5 05 dOCS ATLAS facility, at JLab, and at other

> 6 Special Term Appointees laboratories around the world; and
on anticipating and planning for

FRIB.
Our research explores problems in: theoretical and computational nuclear astrophysics;

guantum chromodynamics and hadron physics; light-hadron reaction theory; ab-initio
@ENERGY many-body calculations based on realistic two- and three-nucleon potentials; and
office of Science COURIEd-Channels calculations of heavy-ion reactions. Our programs provide much of the
Jncedtiadear ey, scientific basis for the drive to physics with rare isotopes. Additional research in the
Group focuses on: atomic and neutron physics; fundamental quantum mechanics;

q”"""nm,mMm,.Quarvs“’s‘“gquantum computing; and tests of fundamental symmetries and theories unifying all the
RS orces of nature, and the search for a spatial or temporal variation in Nature’s basic
\ parameters. The pioneering development and use of massively parallel numerical
simulations using hardware at Argonne and elsewhere is a major component of the
Argonne Group’s research.
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Relativistic Quantum Field Theory

A theoretical understanding of the phenomena of Hadron Physics requires the use
of the full machinery of relativistic quantum field theory. Relativistic quantum field
theory is the ONLY way to reconcile quantum mechanics with special relativity.

Relativistic quantum field theory is based on the relativistic quantum mechanics of
Dirac.

Relativistic quantum mechanics predicts the existence of antiparticles; i.e., the
equations of relativistic quantum mechanics admit negative energy solutions.
However, once one allows for particles with negative energy, then particle number
conservation is lost:

Esystem — Esystem _|_ (Epl —|_ Eﬁl) _|_ .. ad Inflnltum

However, this is a fundamental problem for relativistic quantum mechanics — Few
particle systems can be studied in relativistic quantum mechanics but the study of
(infinitely) many bodies is difficult. No general theory currently exists.

Not all Poincaré transformations commute with the Hamiltonian. Hence, a
Poincaré transformation from one frame to another can change the number of
particles. Therefore a solution of the N body problem in one frame is generally
insufficient to study the typical scattering process encountered at modern facilities.

Craig Roberts: Hadron Physics and Continuum Strong QCD
- - - - X1l Mexican Workshop on Particles and Fields: Mini-courses, 4-8 Nov. 2009. .. 46 — p. 5/61



Relativistic Quantum Field Theory

® Relativistic quantum field theory is an answer. The fundamental entities are fields,

which can simultaneously represent an uncountable infinity of particles.

d>k
(27r)32wk

e.g., neutral scalar: ¢(x) = / la(k)e™ ™" + aT(k)e““"’”} (1)

Hence, the nonconservation of particle number is not a problem. This is crucial
because key observable phenomena in hadron physics are essentially connected
with the existence of virtual particles.

® Relativistic quantum field theory has its own problems, however. For the

U.S. DEPARTMENT OF

* 'ENERGY mathematician, the question of whether a given relativistic quantum field theory is
Office of Science rigorously well defined is unsolved.
O&i'\ce 0 clear Ph)’sic

® All relativistic quantum field theories admit analysis in perturbation theory.
Perturbative renormalisation is a well-defined procedure and has long been used
in Quantum Electrodynamics (QED) and Quantum Chromodynamics (QCD).

® Arigorous definition of a theory, however, means proving that the theory makes
sense nonperturbatively. This is equivalent to proving that all the theory’s
renormalisation constants are nonperturbatively well-behaved.

. Craig Roberts: Hadron Physics and Continuum Strong QCD
| Contents | [ Back _ | Conclusion | X1l Mexican Workshop on Particles and Fields: Mini-courses, 4-8 Nov. 2009. .. 46 — p. 6/61
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Relativistic Quantum Field Theory

Hadron Physics involves QCD. While it makes excellent sense perturbatively:
Gross, Politzer, Wilczek — Nobel Prize 2004 — Asymptotic Freedom. It is not known
to be a rigorously well-defined theory. Hence it cannot truly be said to be THE
theory of the strong interaction (hadron physics).

® Nevertheless, physics does not wait on mathematics. Physicists make
assumptions and explore their consequences. Practitioners assume that QCD is
(somehow) well-defined and follow where that leads us.

® Experiment: explore and map the hadron physics landscape with well-understood
probes, such as the electron at JLab and Mainz.

- = ® Theory: employ established mathematical tools, and refine and invent others in

ENERGY order to use the Lagangian of QCD to predict what should be observable

Office of Science real-world phenomena.
O«‘Ce of Nuclear PhJ’SiC
P Akey aim of worlds’ hadron physics programmes in experiment & theory:

determine whether there are any contradictions with what we can truly prove in
QCD.

UChicago »
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® A key aim of worlds’ hadron physics programmes in experiment & theory:
determine whether there are any contradictions with what we can truly prove in
QCD. Hitherto, there are none. But that doesn’t mean there are no puzzles!

UChicago »

® nterplay between Experiment and Theory is the engine of discovery and progress.
o The Discovery Potential of both is high. Much learnt in the last five years and |
Argonne expect that many surprises remain in Hadron Physics.

NATIONAL LABORATORY
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Relativistic Quantum Field Theory

® |In modern approaches to relativistic quantum field theory the primary elements are
Green Functions or Schwinger Functions. These are the objects that naturally
arise in the Functional Integral formulation of a theory.

® | will introduce this concept via the Green function of the Dirac operator from
relativistic quantum mechanics. To understand this we’re going to need some
background on notation and conventions in relativistic quantum mechanics.

& NB. Spin-% particles do not have a classical analogue.

® Pauli, in his paper on the exclusion principle:
Quantum Spin is a “classically nondescribable two-valuedness.”
... Problem: Configuration space of quantum spin is quite different to that
ENERGY e -ONTIGHration Sspacs o 4 PIE A
accessible with a classical spinning top.

Office of Science

®

O“{‘Ce of Nuclear PhJ’Sic
)
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Notation

contravariant four-vector:
zh = (¥, 2t 2%, 23) = (¢, z,y, 2) . (2)
c = 1 = h, and the conversion between length and energy is just:

1fm = 1/(0.197327 GeV) = 5.06773 GeV ! . (3)

covariant four-vector is obtained by changing the sign of the spatial components of
the contravariant vector:

Ly = (390,£U1,332,£U3) = (t) -, —Y, _Z) — g,U'VxV ’ (4)

where the metric tensor is

1 0 0 0 |
0 -1 0 0
Juv = (5)
0 0 -1 0
0 0 0 -1

Craig Roberts: Hadron Physics and Continuum Strong QCD
XII Mexican Workshop on Particles and Fields: Mini-courses, 4-8 Nov. 2009... 46 — p. 9/61
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Notation

Contracted product of two four-vectors is
(a,b) := gura*b” = a,b";

l.e, a contracted product of a covariant and contravariant four-vector.

The Poincaré-invariant length of any vector is | 22 := (z,2) = t* — &2 |,

Momentum vectors are similarly defined:

p,u — (E7p937py7pz) — (E7m

and
(p, k) = puk" = EpEy —p- k.

Likewise, a mixed coordinate-momentum contraction:

Craig Roberts: Hadron Physics and Continuum Strong QCD

(6)

(7)

(8)

(9)

Xl Mexican Workshop on Particles and Fields: Mini-courses, 4-8 Nov. 2009. .. 46 — p. 10/61
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Notation

Momentum operator

transforms as a contravariant four-vector.
Poincaré invariant analogue of the Laplacian is

o 0
0% = —php, = — —.
PPy Oz, Ozt

Contravariant four-vector associated with the electromagnetic field:

At (z) = (2(2), A(2)).

Electric and magnetic field strengths obtained from | F#Y = 9¥ A#* — 9H A¥;

for example,
E;=F%:ie, E=-V®— —A.

Similarly, B* = ¢¥9*Fik j k=1,2,3.
Analogous definitions hold in QCD for the chromomagnetic field strengths.

Craig Roberts: Hadron Physics and Continuum Strong QCD

(10)

(11)

(12)

(13)

Xl Mexican Workshop on Particles and Fields: Mini-courses, 4-8 Nov. 2009. .. 46 —p. 11/61



Dirac Matrices

® The Dirac matrices are indispensable in a manifestly Poincaré covariant
description of particles with spin (intrinsic angular momentum).

® The Dirac matrices are defined by the Clifford Algebra (an identity matrix is implicit
on the r.h.s.) A7 =AY APt =267 (14)

® One common 4 x 4 representation is [each entry represents a 2 x 2 matrix]

. 1 0 . 0 o
"}/ — , f}/ — . ’ (15)

0O —1 —o 0

@ ENERGY where & are the usual Pauli matrices:
Office of Science
e obgear Phy . i i ) | i ]
0_1 — : 0-2 — : 0‘3 — , (16)
1 0 i 0 0 -1

UChicago »

and 1 := diag[1, 1]. Clearly: 'yg = ~p; and 4T = —4.
A o NB. These properties are not specific to this representation;
o actions e.g., v'v! = —1444, for any representation of the Clifford algebra.

l - - - - Craig Roberts: Hadron Physics and Continuum Strong QCD
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Dirac Matrices

In discussing spin, two combinations of Dirac matrices appear frequently:

i i
oY = [P AV = —
2[7 Y] 5

174 v

(YHAyY — 47 yH) 4P = iyt 2y = s (17)

NB. | v oHV = % e"VP? 7,0, | With e#¥P7 the completely antisymmetric Lévi-Civita

tensor: €9123 = 41, €)1 p0 = —€HVP7.

The Dirac matrix 5 plays a special role in the discussion of parity and chiral

symmetry, two key aspects of the Standard Model. In the representation we've

U.S. DEPARTMENT OF

©® ENERGY already seen

Office of Science B 0 1 7
.‘Ceof Nuclear p, 5
O“ e Cs 75 — . (18)
1 O
UChicago » Furthermore
{757 /V'u} =0 = ’75’7'UJ — _"YM’)’E) & ’yg = 5. (19)

A o ® Parity, Chiral Symmetry, and the relation between them, each play a special role in
[ERULLE o Hadron Physics.

Craig Roberts: Hadron Physics and Continuum Strong QCD
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Dirac Matrices

® The “slash” notation is a frequently used shorthand:

A, = A=~"A" — - A, (20)

Ypu = p=7"E-7-p, (21)

v p =: iVZiﬁ:ivog—i—ﬁ’-ﬁziv“i. (22)
K - ot oxH

® The following identities are important in evaluating the cross-sections.

trys =0, trl1 =4, (23)

) Eﬁ"“E""‘REEFY trap = 4(a, b), tr g19293da= 4 [(a1,a2)(as,as)  (24)
Office of Science —(a1,a3)(az,a4) + (a1, a4)(az,as)|,

S Al troh...ah =0, fornodd,  trysdp=0, (25)

L tr 51 Gaglsga= dicapys a®VIdS,  yudyt = —24, 26)

e Yudpy" = 4(a,b), Yudpey" = —2£pd (27)

o All follow from the fact that the Dirac matrices satisfy the Clifford algebra.
Argonne Exercises: Prove these relations using Eq. (14) and exploiting tr AB = tr BA.

NATIONAL LABORATORY
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Relativistic Quantum Mechanics

Unification of special relativity (Poincaré covariance) and quantum mechanics took
some time. Questions still remain as to a practical implementation of an
Hamiltonian formulation of the relativistic quantum mechanics of interacting
systems.

Poincaré group has ten generators: the six associated with the Lorentz
transformations (rotations and boosts) and the four associated with translations.

Quantum mechanics describes the time evolution of a system with interactions.
That evolution is generated by the Hamiltonian.

However, if the theory is formulated with an interacting Hamiltonian then boosts
will fail to commute with the Hamiltonian.

Hence, the state vector calculated in one momentum frame will not be
kinematically related to the state in another frame.

That makes a new calculation necessary in every frame.

Hence the discussion of scattering, which takes a state of momentum p to another
state with momentum p’, is problematic.

(See, e.g., B.D. Keister and W.N. Polyzou (1991), “Relativistic Hamiltonian
dynamics in nuclear and particle physics,” Adv. Nucl. Phys. 20, 225.)

Craig Roberts: Hadron Physics and Continuum Strong QCD
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Dirac Equation

Dirac equation is starting point for Lagrangian formulation of quantum field theory
for fermions. For a noninteracting fermion

i@ —m]y =0, (28)
( U\x \

()
where 1 (x) = 2 Ex;

Is the fermion’s “spinor”
usz\x

\ (@) )

— a four component column vector, with each component spacetime dependent.

® |n an external electromagnetic field the fermion’s wave function obeys
ENERGY J y

©

oM

Office of Science

[i) —ed —m]yp =0, (29)

of Nuclear Ph}/s,'
. - . G CS

obtained, as usual, via “minimal substitution:” p# — p* — eA* in Eq. (28).
The Dirac operator is a matrix-valued differential operator.

UChicago »

® These equations have a manifestly Poincaré covariant appearance. A proof of
o covariance is given in the early chapters of. Bjorken, J.D. and Drell, S.D. (1964),
Argonne ¥=5 Relativistic Quantum Mechanics (McGraw-Hill, New York).
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Free Particle Solutions

Insert plane waves in free particle Dirac equation:
P (@) = e P k), ) (z) = T ") p(k),
and thereby obtain ...
(¥ —m)u(k) =0, (K +m)v(k) =0. (30)

Here there are two qualitatively different types of solution, corresponding to
positive and negative energy: k & —k.

(Appreciation of physical reality of negative energy solutions led to
prediction of antiparticles.)

Assume particle’s mass is nonzero; work in rest frame:

(7" = 1) u(m,0) =0, (v* + 1) v(m,0) = 0. (31)

There are clearly (remember the form of 49) two linearly-independent solutions of

each equation: ( 1 \ ( ) \ ( 0 \ ( 0 \

OO dy= | 0|,

) im, ) = ,
0 0




Positive Energy Free Particle

® Solution in arbitrary frame can be obtained via a Lorentz boost. However, simpler
to observe that

(k—m)(k—l—m):k2—m220, (33)

(The last equality is valid for real, on-shell particles.)
It follows that for arbitrary k# and positive energy (E > 0), the canonically
normalised spinor is

E+m\ /> 3
*(m, 0
@y — _ F+m @ 5 ( 2m ) #50m, 0
w (k) = u®(m, 0) = o-k S|
v2m(m + E) $(m, 0)
© ENERGY  \2m(m 1 B) _
Office of Science (3 4)

O“{‘Ce of Nuclear PhJ’Sic
)

with the two-component spinors, obviously to be identified with the fermion’s spin

in the rest frame (the only frame in which spin has its naive meaning)

UChicago »

1
A otV = 9 = . (35)
Argonne 0 1
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Negative Energy Free Particle

® For negative energy: £ = —E > 0,

/\/ ZE e(m,0) )

R T e |
\/Zm(m—I-E) \ Wm Xa(m,a))

(36)

with (@) obvious analogues of ¢(%) in Eq. (35).

@ ® NB.Fork~0 (rest frame) the lower component of the positive energy spinor is
Z ENERGY small, as is the upper component of the negative energy spinor = Poincaré

.szf:ifl:r"jfnce covariance, which requires the four component form, becomes important with
> R increasing |k|; indispensable for |k| > m.

NB. Solving k £ 0 equations this way works because it is clear that there are two, and

only two, linearly-independent solutions of the momentum space free-fermion Dirac
o equations, Egs. (30), and, for the homogeneous equations, any two covariant solutions

Argonne with the correct limit in the rest-frame must give the correct boosted form.

NATIONAL LABORATORY

Craig Roberts: Hadron Physics and Continuum Strong QCD
- - - - Xl Mexican Workshop on Particles and Fields: Mini-courses, 4-8 Nov. 2009. .. 46 — p. 19/61

UChicago »



U.S. DEPARTMENT OF

© ENERGY
Office of Science

O“{‘Ce of Nuclear PhJ’Sic
)

UChicago »

Argonneo

NATIONAL LABORATORY

Conjugate Spinor

In quantum field theory, as in quantum mechanics, one needs a conjugate state to
define an inner product.

For fermions in Minkowski space that conjugate is | 1(x) := ¢ (x)y° |, and

P(i § +m)=0. (37)

This yields the following free particle spinors in momentum space (using
v (y#)T40 = 4#, a relation that is particularly important in the discussion of
intrinsic parity)

A% = @@ (m, ) —L ™ 38
U 'Y (m,

() ( ) \/2m(m + F) (38)
F@O®) = @) —F T 39
v v m, :

() ( ) \/Qm(m + F) (39)

Orthonormalisation

() (k) ulP) (k) = 645 a(*) (k) vP) (k) = 0 “0)

BBV (k) = S0 @ (k) ul) (k) =0
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Positive Energy Projection Operator
Can now construct positive energy projection operators. Consider

Ap(k) = Do ul® (k) @al® (k). (41)

Plain from the orthonormality relations, Egs. (40), that

Ak (k) ul® (k) = ul® (k) , Ap (k) o) (k) = 0. (@2
- R 1 O 1 0
» Now, since Zazl 5 w(®) (m, 0) @ (Y (m,0) = = _;7 , then
@ ENERGY
Office of Science 1 1 + ,YO
ce of Nuclear pp, Ar(k) = . 43

® Noting that for k2 = m?; i.e., on shell,

(K +m)y° (K +m) =2E(} +m), ( +m) (¥ +m)=2m (¥ +m),
one finally arrives at the simple closed form:

_ktm
Argonneo Ak = )
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® The negative energy projection operator is

A_ (k)

_k_|_m.

2m

D a1 2V (R) @ B (k) =

AL(k) = Ax(k),
trA+ (k) = 2,
Ar(k)+A_(k) = 1.

Craig Roberts: Hadron Physics and Continuum Strong QCD
XIl Mexican Workshop on Particles and Fields: Mini-courses, 4-8 Nov. 2009

Negative Energy Projection Operator

(45)

® The projection operators have the following characteristic and important properties:

(46)
(47)
(48)
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Green-Functions/Propagators

The Dirac equation is a partial differential equation.
A general method for solving such equations is to use a Green function, which is
the inverse of the differential operator that appears in the equation.

The analogy with matrix equations is obvious and can be exploited heuristically.

® Dirac equation, Eq. (29): | [i7. — eA(x) — m](x) = 0, |yields the wave function
for a fermion in an external electromagnetic field.

® Consider the operator obtained as a solution of the following equation

(i, —ed(z’) —m]S(z',z) =16*(a’ —x). (49)

U.S. DEPARTMENT OF

ENERGY ® Obviously if, at a given spacetime point z, ¢ (x) is a solution of Eq. (29), then

Office of Science

O«‘Ce of NUC|earPhysbs w(x,) = fd4x S(Qj/, Q;') ¢(5E) (50)

UChicago » is a solution of ... [i@, — ed(z") —m]yp(x’) =0; (51)

i.e., S(z’, x) has propagated the solution at x to the point z’.

Argonneo
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Green-Functions/Propagators

The Dirac equation is a partial differential equation.
A general method for solving such equations is to use a Green function, which is
the inverse of the differential operator that appears in the equation.

The analogy with matrix equations is obvious and can be exploited heuristically.

® Dirac equation, Eq. (29): | [i7. — eA(x) — m](x) = 0, |yields the wave function
for a fermion in an external electromagnetic field.

® Consider the operator obtained as a solution of the following equation

(i, —ed(z’) —m]S(z',z) =16*(a’ —x). (52)

U.S. DEPARTMENT OF

ENERGY ® Obviously if, at a given spacetime point z, ¢ (x) is a solution of Eq. (29), then

Office of Science

O«‘Ce of NUC|earPhysbs w(x,) = fd4x S(Qj/, Q;') ¢(5E) (53)

UChicago » is a solution of ... [i@, — ed(z") —m]yp(x’) =0; (54)

o i.e., S(z’, x) has propagated the solution at x to the point z’.
Argonne Analogue of Huygens Principle in Wave Mechanics
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Green-Functions/Propagators

This approach is practical because all physically reasonable external fields can
only be nonzero on a compact subdomain of spacetime.

® Therefore the solution of the complete equation is transformed into solving for the
Green function, which can then be used to propagate the free-particle solution,
already found, to arbitrary spacetime points.

® However, obtaining the exact form of S(2/, x) is impossible for all but the simplest
cases (see, e.g.,
& Dittrich, W. and Reuter, M. (1985), Effective Lagrangians in Quantum
Electrodynamics (Springer Verlag, Berlin);

# Dittrich, W. and Reuter, M. (1985), Selected Topics in Gauge Theories

@ENERGY (Springer Verlag, Berlin).)
Office of Science ’

. f Nucle
O S i,

This is where and why perturbation theory so often rears its not altogether
handsome head.
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Free Fermion Propagator

In the absence of an external field the Green Function equation, Eq. (49), becomes

(id, —m]S(x',z) =16z’ —x). (55)
Assume a solution of the form:
d* S
So(z',x) = So(z' —x) = (27:)94 e~ Pz =) G4 (p) | (56)
so that substituting yields
. +m
(b —m) So(p) =1; ie., So(p) = h. (57)

To obtain the result in configuration space one must adopt a prescription for
handling the on-shell singularities in S(p) at p? = m?2.

® That convention is tied to the boundary conditions applied to Eq. (55).

® An obvious and physically sensible definition of the Green function is that it
should propagate
& positive-energy-fermions and -antifermions forward in time but not
backward in time,
& and vice versa for negative energy states.
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® The wave function for a positive energy free-fermion is

/Cs

Feynman’s Fermion Propagator

Y (2) = u(p) e P (58)

The wave function for a positive-energy antifermion is the charge-conjugate of the
negative-energy fermion solution (C' = iv2~° and (-)* denotes matrix transpose):

¥ (@) = O [o(p) P = Co(p) T e P (59
Follows from properties of spinors and projection operators that our physically

sensible So (' — x) must contain only positive-frequency components for
t =z — xo > 0;i.e., in this case it must be proportional to A4 (p).

® | Exercise: Verify this.

Can ensure this via a small modification of the denominator of Eq. (57), with
1 — 0T at the end of all calculations:

So(p):iﬂ_mﬁ p+m
p2 — m?2 p2 —m2+in

(60)

(This prescription defines the Feynman propagator.)
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Green Function: Interacting Theory

® Eq. (49), Green function for a fermion in an external electromagnetic field:
(i@ —ed(a’) —m]S(a',2) =16 (2 — =), (61)

A closed form solution of this equation is impossible in all but the simplest field
configurations. Is there, nevertheless, a way to construct an approximate solution
that can systematically be improved?

® One Answer: Perturbation Theory — rewrite the equation:

(i, —m]S(z',z) =16*a" —x) + ed(z') S(z', x), (62)

U.S. DEPARTMENT OF

ENERGY

®

which, as can easily be seen by substitution (| VVerify This |), is solved by

Office of Science

O«‘Ce of Nuclear PhJ’SiC p , 4 ,
‘ S(@',z) = So(a' —x)+e [dySo(z" —y)4(y) Sy, x)
UChicago » = So(z' —z) + €/d4y So(z" — y)A(y) So(y — z)
2 4 4 /
Argonneo te /d yl/d y2 So(z" —y1)A(y1) So(y1 — y2) 4(y2) So(y2 — =)
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Green Function: Interacting Theory

® This perturbative expansion of the full propagator in terms of the free propagator
provides an archetype for perturbation theory in quantum field theory.

® One obvious application is the scattering of an electron/positron by a
Coulomb field, which is an example explored in Sec. 2.5.3 of ltzykson, C. and
Zuber, J.-B. (1980), Quantum Field Theory (McGraw-Hill, New York).

#® Equation (63) is a first example of a Dyson-Schwinger equation.
® This Green function has the following interpretation

1. It creates a positive energy fermion (antifermion) at spacetime point x;
2. Propagates the fermion to spacetime point z’; i.e., forward in time;

(KL DEPARTREST O 3. Annihilates this fermion at z’.

© ENERGY
Office of Science

oiceofuclear phy 1. The creation of a negative energy antifermion (fermion) at spacetime point z’;

Cs

The process can equally well be viewed as

2. Propagation of the antifermion to the spacetime point z; i.e., backward in time;
3. Annihilation of this antifermion at .

UChicago »

Other propagators have similar interpretations.
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Anything Troubling You?

U.S. DEPARTMENT OF

© ENERGY
Office of Science

. f Nucle
ofice g ar Phy,. -

UChicago »

[ vp been such
a lerrible mether..

hes qll .-::fl"l'.?nn; and
Sensitive and

fa.rm’..

Dﬂh*l" I:‘u!' fo
LH'-"‘J on ?aurif.'rf.
[ unu be &
hirth defect.

{tu-ﬂj

Argonneo

NATIONAL LABORATORY

Craig Roberts: Hadron Physics and Continuum Strong QCD
Xl Mexican Workshop on Particles and Fields: Mini-courses, 4-8 Nov. 2009. .. 46 — p. 29/61



Functional Integrals

® [ocal gauge theories are the keystone of contemporary hadron and high-energy
physics. QCD is a local gauge theory.

® Such theories are difficult to quantise because the gauge dependence is an extra
non-dynamical degree of freedom that must be dealt with.

® The modern approach is to quantise the theories using the method of functional
integrals. Good references:
® ltzykson, C. and Zuber, J.-B. (1980), Quantum Field Theory (McGraw-Hill,
New York);

® Pascual, P. and Tarrach, R. (1984), Lecture Notes in Physics, Vol. 194, QCD:
Renormalization for the Practitioner (Springer-Verlag, Berlin).

U.S. DEPARTMENT OF

ENERGY Functional Integration replaces canonical second-quantisation.

Office of Science

O“{‘Ce 0 Nuclear Phys

/Cs

® N\B. In general mathematicians do not regard local gauge theory functional
integrals as well-defined.
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Dyson-Schwinger Equations

It has long been known that from the field equations of quantum field theory one
can derive a system of coupled integral equations interrelating all of a theory’s
Green functions:

® Dyson, FJ. (1949), “The S Matrix In Quantum Electrodynamics,” Phys. Reuv.
75, 1736.

® Schwinger, J.S. (1951), “On The Green’s Functions Of Quantized Fields: 1
and 2,” Proc. Nat. Acad. Sci. 37 (1951) 452; ibid 455.

® This collection of a countable infinity of equations is called the complex of
Dyson-Schwinger equations (DSES).

.. 4 ltisan intrinsically nonperturbative complex, which is vitally important in proving
ENERGY the renormalisability of quantum field theories. At its simplest level the complex

Office of Science provides a generating tool for perturbation theory.
O“{‘Ce of Nuclear Phys-

s ® |nthe context of guantum electrodynamics (QED) we will illustrate a
nonperturbative derivation of one equation in this complex. The derivation of
others follows the same pattern.
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Photon Vacuum Polarisation

NB. This is one part of the Lamb Shift

® Action for QED with N flavours of electromagnetically active fermions:

S[AM7 ?107 w]
d%>§:Nf&fia—mf+JA«N—5F PR 9 A (2) 8 Ay ()4
F=1 0 0 4 1524 2)\0 K v

® Manifestly Poincaré covariant action:

® f(x), ¢S (x) are elements of Grassmann algebra that describe the fermion

U.5. DEPARTMENT OF degrees of freedom;
© ENERGY p

$ my are the fermions’ bare masses and eg, their charges;
Office of Science

#® and A, (x) describes the gauge boson [photon] field, with
Fu, =0,A, — 0, A,, and )\g the bare gauge fixing parameter.
(NB. To describe an electron the physical charge e < 0.)

ce of Nuclear Ph}/s,'

O«‘ Cs
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QED Generating Functional

® The Generating Functional is defined via the QED action

WJu, & &l = /[DAM] [DY)[Dy)]

X exp {i/d4as
Ny _ [
+Zf:1wf (m—mgj +e£A) !

+ M (@) Ap(z) + & ()9 () + 97 ()€ (w)] } : (65)

1 v 1 1%
— (@) Fuv(z) — Ra"’Au(fc)a Ay ()

U.S. DEPARTMENT OF

© ENERGY

Office of Science

. f Nucle
O‘é\ce O : ar Ps .

® simple interaction term: | ¢/ e/ Ay

® J, is an external source for the electromagnetic field

® ¢f €7 are external sources for the fermion field that, of course, are elements
in the Grassmann algebra.

UChicago »

A o ® The Generating Functional expresses every feature of the theory.
rgonne
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Functional Field Equations

® Advantageous to work with the generating functional of connected Green
functions; i.e., Z[J,, &, €] defined via

W(Jy, & & =: exp {z‘Z[Ju,ﬁ,é]} - (64)

® Derivation of a DSE follows simply from observation that the integral of a total
derivative vanishes, given appropriate boundary conditions; e.g.,

> d
0 = / dx %f(:c)

— o0

U.S. DEPARTMENT OF

@ ENERGY

Office of Science — f(OO) - f(—OO)
office 0 Nuclear Phy,..

—c

so long as f(o0) = f(—o0), which includes f(oco) = f(—o0) = 0; viz., the case of
“fields” that vanish far from the interaction domain, centred on z = 0.
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Functional Field Equations

Advantageous to work with the generating functional of connected Green
functions; i.e., Z[J,, &, €] defined via

W(Jy, & & =: exp {z‘Z[Ju,ﬁ,é]} - (64)

® Derivation of a DSE follows simply from observation that the integral of a total
derivative vanishes, given appropriate boundary conditions; e.g.,

c

0 = / [DAL] [DY][DY)]

U.S. DEPARTMENT OF 6A a:
® ENERGY #()
) . B 5S
Office of Science
= DA, | DD J
office of Nuclear Ph/"sics /[ N] [ w] [ w] { 5Alu (x) + o (ZU) }

)}

+Jﬂ(x)}W[JM7§7‘§] 9 (65)

X exp {z‘(S[Au,w,&H/d‘*w [Ef£f+§fwf+AuJ“

UChicago »

B 58S 5 & 4
Argonneo | SAL(x) | i6J i6E ide

where the last line has meaning as a functional differential operator acting on the
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Functional Field Equations

® Differentiate Eq. to obtain

o5 _ 0p0° guv — 1—— 0,0
0A, () A0

® Equation then becomes

1

+Z J( VA y 0/ n ) y 014

© ENERGY pON 0 0l (x) Mol (x) &S (w) | o€ ()| )
Office of Science (67)

office of Nuclear Phy .

A x)+z P (@) (), 69)

WA
0J,(x)

where we have divided through by W[J,,, £, €].
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Functional Field Equations

® Differentiate Eq. to obtain

55 1
5 A, () [ P Ik ( 2o ) g

® Equation then becomes

A (x) + Zfeg Ef (x)%n,bf(as) , (66)

WA
0J,(x)

1
—Ju(x) = lﬁpﬁpgw/ — (1 — )\—O)ﬁuay

+Z J( VA y 0/ n ) y 014
© ENERGY pON 0 0l (x) Mol (x) &S (w) | o€ ()| )
Office of Science (67)

f Nuclear Ph)/s,'
Cs

ofice 2

where we have divided through by W[J,,, £, €].

» Equation (67) represents a compact form of the nonperturbative equivalent of
Maxwell's equations.
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One-particle Irreducible
Green Function

Introduce generating functional for one-particle-irreducible (1P1) Green functions:

[[A,, ¥, 9] (68)

Obtained from Z[J,,, £, £] via a Legendre transformation; namely,

. (69)

Z[Jy, &, € =F[Au,w,&]+/d4sc [@f§f+éf¢f+AuJ“

@E'NERGY NB. On the right-hand-side, A,,, v, ¢ are functionals of the sources.

Office of Science ’

ce of Nuclear Ph}/s,'

One-particle-irreducible n-point function or “proper vertex” contains no
contributions that become disconnected when a single connected m-point Green
function is removed; e.g., via functional differentiation.

® No diagram representing or contributing to a given proper vertex separates
into two disconnected diagrams if only one connected propagator is cut.

o (Detailed explanation: Itzykson, C. and Zuber, J.-B. (1980), Quantum Field

Argonne Theory (McGraw-Hill, New York), pp. 289-294.)
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Implications of Legendre
Transformation

It is plain from the definition of the Generating Functional, Eq. (65), that

07 87 57 _
sIr(z) Aul2), 5E(x) p(z), @) —p(x), (70)

where here the external sources are nonzero.

Hence I' in Eqg. (69) must satisfy

or or or -
= —J.(z), — = —¢f(2), =&/ (). 71
@ENERGY (NB. Since the sources are not zero then, e.g.,
Office of Science
e _ 0A,(x)
oties il Physics AP (x) — AP (ZC, ['-],LH g? 6]) = 5JZ (y) # O’ (72)

with analogous statements for the Grassmannian functional derivatives.)

UChicago »

® NB. Itis easy to see that setting i) = 0 = 1) after differentiating I" gives zero unless
o there are equal numbers of ¢ and v derivatives. (Integrand is odd under ¢y — —1).)
Argonne
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Green Function’s Inverse

® Consider the operator and matrix product (with spinor labels r, s, t)

(73)

/ A 527 52T
— d zZ f — h —g
01 ()€l (2) S (=) ()

® Using Egs. (70), (71), this simplifies as follows:

E=¢
B e or =1 =
® ENERGY

Office of Science @ Back in Eq. (67), setting £ = 0 = £ one obtains

. e Of Nuclearph .
OWC T ss

1
. = [0p0°gu — | 1 — — 0.0, | A (x) — ’LZ egtr 'y,qu(x, x; [Aul)
Y=9=0 A0 !
UChicago » (75)
627 627

o ) |
Argonnedemmcauon's D) = = S e ) T sErmergy) Mo Summatonen /), (o
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Green Function’s Inverse

As a direct consequence of Eq. (73) the inverse of this Green function is given by

52T
SH(z,y; [A) 7! = = :

General property: functional derivatives of the generating functional for 1Pl Green
functions are related to the associated propagator’s inverse.

Clearly, the in-vacuum fermion propagator or, another name, the connected

fermion 2-point function is ; f
ST (x,y) =857 (z,y; [A, = 0]) . (78)

@ENERGY Such vacuum Green functions are keystones in quantum field theory.

Ofﬁf: 01; scence @ To continue, differentiate Eq. (75) with respect to A, (y) and set J,(z) = 0:
OFICe ot Phy s
52T 1
= 10,07 — [ 1— — |0u0u| 6*(x —
SAR(z)5 AV (y) A, =0 [ PO 9u ( )\0> p ] ( Y)
Argonneo /

UChicago » b = E —0
—1
T 7 '
52, () \ oW @6 (@) |,
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Inverse of Photon Propagator

9

l.h.s. is easily understood — Eqgs. (77), (78) define the inverse of the fermion
propagator. Hence, l.h.s. must be the inverse of the photon propagator:
52T

(D—l)ul/(x7 y) = 5A“(LU)5AV(y)

(80)

A, =0
$=T=0

® r.h.s., however, must be simplified and interpreted. First observe that

—1
) = /d4ud4w e (81)
Yp=1)p=0

) ( 52T
54, (y) \ 007 (2)007 ()

U.S. DEPARTMENT OF

© ENERGY o S s2r 5 -
ﬁfiiﬁiﬂi"i<5wf(w)6wf(w> ) 54, (y) 397 (w)od7 (w) (W(w)éz&f(x) 1@:0) |

® Analogue of result for finite dimensional matrices:

.4 —1
UChicago » ddx[ (LU)A (LU) _ I] — 0= dilk(;U) (LU) . A(az) dAdx(éU)
dA—1 dA
Argonne° = —dx(x) = —A"(a) —dg(:}) A7 ().
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Proper Fermion-Photon Vertex

Equation involves the 1PI 3-point function (no summation on f)

fI‘\f( ) 0 6T (83)
(& r,Yy,z) .= = .
ORI 54, (=) 6uF ()59 (y)
This is the proper fermion-gauge-boson vertex.
® Atleading order in perturbation theory
Y (z,y;2) = v 6*(z — 2) 6% (y — 2) , (84)

Result can be obtained via explicit calculation of functional derivatives in Eq. (83).

U.S. DEPARTMENT OF

© ENERGY

Office of Science
. e of Nuclear Phy,..
O‘(“C T ‘. .
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Photon Vacuum Polarisation

Define the gauge-boson vacuum polarisation:
v (2,9) = 1) ((e0)? / d*z1 d*2 tr[yu ST (@, 20T (21, 22 1) 8 (22, )], (89)

Gauge-boson vacuum polarisation, or “photon self-energy,”

® Describes modification of gauge-boson’s propagation characteristics owing to
the presence of virtual particle-antiparticle pairs in quantum field theory.

$ In particular, the photon vacuum polarisation is an important element in the
description of a process such as p® — ete™.

Eq. (79) may now be expressed as
1
(D™HH (x,y) = [0p0° g — (1 — A—O)é‘uaulcs“(x —y) +u(z,y).  (86)

The propagator for a free gauge boson is [use I1,, (z,y) = 0 in EQ. (86)]

— kv KoV [Tg2 4 4 H oV
DI (g) = =2 +(@"a"/la” +m) \  a'q”
g% +in (g% + in)?

(87)
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DSE for Photon Propagator

Then Eq. (86) can be written iD = i Dg + ¢Dg 117 D.
$ This is a Dyson-Schwinger Equation

I '
a) ’\I\/O/\I\/ = %
® In presence of interactions; 'S
i.e., for I1,,,, # 0 in Eq. (86), b) W@y = MV + ”\’V\O\N‘M
iD 0 'Y in D
_ghv KoV [[a2 1 g 1 M oV
pr(g) = —9"+ (@"a"/1a” + in]) VL A
g% +in 1+ I1(g?) (g2 +1n)?
@ ENERGY Used the “Ward-Takahashi identity:” | g, I1,,.(¢) =0 =11,.(q) ¢v |,
Office of Science " uv 2 o v 2
e otNulearmy, = 11"(q) = (—9""q" + ¢"¢") IL(¢7) . (89)

® 1I(q?) is the polarisation scalar. Independent of the gauge parameter, \g, in QED.

UChicago» ® ) = 1is called “Feynman gauge.” Useful in perturbative calculations
because it simplifies the I1(¢?) = 0 gauge boson propagator enormously.

$ In nonperturbative applications, however, Ao = 0, “Landau gauge,” is most

Argonneo

useful because it ensures that the gauge boson propagator is itself transverse.
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Ward-Takahashi ldentities

Ward-Takahashi identities (WTIs) are relations satisfied by n-point Green
functions, relations which are an essential consequence of a theory’s local gauge
invariance; i.e., local current conservation.

They can be proved directly from the generating functional and have physical
implications. For example, Eq. ensures that the photon remains massless in
the presence of charged fermions.

A discussion of WTIs can be found in

® Bjorken, J.D. and Drell, S.D. (1965), Relativistic Quantum Fields (McGraw-Hlill,
New York), pp. 299-303,

@ #® |tzykson, C. and Zuber, J.-B. (1980), Quantum Field Theory (McGraw-Hill,

ENERGY New York), pp. 407-411;
Office of Science ’

Their generalisation to non-Abelian theories as “Slavnov-Taylor” identities is
described in

Pascual, P. and Tarrach, R. (1984), Lecture Notes in Physics, Vol. 194, QCD:
Renormalization for the Practitioner (Springer-Verlag, Berlin), Chap. 2.

ce of Nuclear Ph}/si

O‘i‘ Cs
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Vacuum Polarisation
In Momentum Space

In absence of external sources, Eq. (85) can easily be represented in momentum
space, because then the 2- and 3-point functions appearing therein must be
translationally invariant and hence they can be expressed simply in terms of
Fourier amplitudes; i.e., we have

4
Mu(a) = =) (eh)? / ey ) ST )T (64+0)(S(E+)]. 0

The reduction to a single integral makes momentum space representations most
widely used in continuum calculations.

U.5. DEPARTMENT oF ® QED: the vacuum polarisation is directly related to the running coupling constant,
ENERGY which is a connection that makes its importance obvious.

Office of Science

. f Nucle
office S : a’ P ss

® QCD: connection not so direct but, nevertheless, the polarisation scalar is a key
component in the evaluation of the strong running coupling.

® Observed: second derivatives of the generating functional, I'[A,,, ¥, ¢], give the
UChicago » inverse-fermion and -photon propagators; third derivative gave the proper

i photon-fermion vertex. In general, all derivatives of I'[A,,, ¥, 1], higher than two,
o produce a proper vertex, number and type of derivatives give the number and type
Argonne of proper Green functions that it can connect.
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Functional Dirac Equation

® Equation IS a nonperturbative generalisation of Maxwell’'s equation in quantum
field theory. Its derivation provides the archetype by which one can obtain an
equivalent generalisation of Dirac’s equation:

5 z(S[Au,w,zZH/ dte [ €T +ETpI+ A, TH))
0 = / [DAL] [DY][DY] 50

= / [DA] [DY][DY] { 7+ ¢l ( )}

Xexp{ (S[A, ¥, Y] + / z [p7€9 + €999 + A, J“])}

© ENERGY ss [s s 6
‘ = = _ — / W, €€
Office of Science {5¢f(£13) [i5J7i5§7 166 +n (39)} [ u,€,€] (91)
O«‘Ce of Nuclear Ph}/s,' .
) ) _
0o = ¢ 9 —mi + el " —_|\W[J . 92

UChicago »

® The last line furnishes a nonperturbative functional equivalent of Dirac’s equation.

Argonneo
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Functional Green Function

® Nextstep ... afunctional derivative with respect to ¢/: §/6¢7 (y), yields

)

m)W[Ju] ST (z,y;[Au]) =0, (93)

5z — y)W[J] — (i@ — m{) + ef+*

after setting ¢/ = 0 = £/, where W[J,,] := W[J,,0,0] and S(z,y; [A,]) is
defined in Eq. (76).

® Now, using Egs. (64), (71), this can be rewritten

o

m] ST (z,y;[Au]) =0, (94)

5w —y) — [i@ — md + el A(x; [J]) + elA*
© ENERGY
Office of Science

f Nuclear Ph}/s,'
Cs

which defines the nonperturbative connected 2-point fermion Green function
#® NB. This is clearly the functional equivalent of Eq. (61):

ofice 2

(id, —eA(z’) —m]S(z',z) =16*a' — ). (95)

UChicago »

namely, Differential Operator Green Function for the Interacting Dirac Theory.
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DSE for Fermion Propagator

The electromagentic four-potential vanishes in the absence of an external source;
e, A, (z;[J=0]) =0

® Remains only to exhibit the content of the remaining functional differentiation in
Eq. (94), which can be accomplished using Eq. (81):
) —1
PY=1)=0

) . B 60AL(2) ) 52T
ey S @A) = / e Twe (wf(x)aw(y)
— —eg/d4z d*u d*w 5513:((?) Sf(as,u) Iy (u,w; z) S(w,y)

U.S. DEPARTMENT OF

ENERGY

Office of Science

®

ofice 2

—eg/d4z d*ud*w iDyy (x — 2) S (x,u) Ty (u, w; 2) S(w,y),

f Nuclear Ph}/s,'
Cs

(96)
In the last line, we have set J = 0 and used Eq. (80).
- ® Hence in the absence of external sources Eq. (94) is equivalent to
UChicago » 54 (CIZ . y) _ (Z@ . mg) Sf (:13, y)

—1 (65)2/d4z d*ud*w DM (z,2) v, S(z, u) Ty (u, w; 2) S(w,y) . (97)
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Fermion Self Energy

Photon vacuum polarisation was introduced to re-express the DSE for the gauge
boson propagator, Eq. (85). Analogue, one can define a fermion self-energy:

> (z, 2) = i(eg)Q/d4u d*w DM (x,2) v, S(z, u) Ty (u, w; 2) (98)

so that Eq. (97) assumes the form

d*z (i@, — m))s*(x — 2) — £F (2,2)] S(2,9) = §*(z — y) . (99)

Using property that Green functions are translationally invariant in the absence of
external sources:

4
_isd (p) = (ef)? / % D" (p— 0] [iv] 157 OV ETL (6 p)] . (200)

Now follows from Eq. (99) that connected fermion 2-point function in momentum
space is

1
ST (p) = ; (101)

p—ml — S/ (p) +int
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Gap Equation

® Equation is the exact Gap Equation.

positive-energy continuum

o - - - --+----- bound states

negative-energy continuum

® Describes manner in which propagation characteristics of a fermion moving
through ground state of QED (the QED vacuum) is altered by the repeated
emission and reabsorption of virtual photons.

U.S. DEPARTMENT OF
© ENERGY .
- [
Office of Science -1z _
ofice of Nuclear PhJ’SiC a) >—Q>— = ‘
8

b)is:ié0+ié° @

O,-,"]
IS

o
& Nucleay Matter - Quark® -

SO

UChicago »

® Equation can also describe the real process of Bremsstrahlung. Furthermore,
Ar onneo solution of analogous equation in QCD provides information about dynamical
ONNE ee chiral symmetry breaking and also_quark confinement.
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Perturbative Calculation of Gap

® Keystone of strong interaction physics is dynamical chiral symmetry breaking
(DCSB). In order to understand DCSB one must first come to terms with explicit
chiral symmetry breaking. Consider then the DSE for the quark self-energy in
QCD:

, d*e 5 i, -
—i%(p) = —gp /(27r)4 DR (p — £) S A"y, SU) iy (6, p) (102)

where the flavour label is suppressed.

® Formis precisely the same as that in QED, Eq. (100) but . ..

® colour (Gell-Mann) matrices: {\%;a = 1,...,8} at the fermion-gauge-boson
U.S. DEPARTMENT OF Vertex
@ENERGY ® DH¥(Z)is the connected gluon 2-point function

Office of Science

ce of Nuclear Ph}/s,'

< ® T2(¢,0") is the proper quark-gluon vertex
O \}

® One-loop contribution to quark’s self-energy obtained by evaluating r.h.s. of
Eqg. (102) using the free quark and gluon propagators, and the quark-gluon vertex:

UChicago »

a 1
1@ ¢y = EA“% : (103)
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Explicit Leading-Order Calculation

d*k kH kY 1
_in(2) — _ 2 __uv .
) 1 1
X —A? —— A%, . (104)
2" MR p—mo+nt 27

To proceed, first observe that Eq. (104) can be re-expressed as

d*k 1 1
(2m)* (k4 p)2 — m3 +int k2 +int

—i2®(p) = —g3 C2(R)

X{W“(k”r?“rmo)’m—(1—>\0)(%—¢+mo)—2(1—ko)%}a

(105)

N2 -1
number of colours (V. = 3 in QCD), and I. is the identity matrix in colour space.

, with N, the

1. .,1
where we have used 5)\“ 5)\“ =C2(R)I.; C2(R) =
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Explicit Leading-Order Calculation
® Now note that 2 (k, p) = [(k + p)? — m3] — [k?] — [p? — mZ] and hence

d*k 1 1
2m)4 (k+p)2 —m2 4+ inT k2 4+ in™t

—i2@(p) = —g3 Ca(R) / :

{’Y“’(K+¢+mo)w+(1—>\0)(1?5—m0)

1 — )\ 2 2 k
+( 0) (p mO) ]{52—|—ZT]+
@ U.S. DEPARTMENT OF
‘ ENERGY ® Focus on the last term:
Office of Science
e of Ricisar Ph}’s,'cs
B ok : L (k) —md]
| (2m)* (k+p)2 —m3 +int k2 +int O k2 +int
UChicago » — d*k 1 K —0 (107)
(2m)* k2 +int k2 +nt
Argonneo because the integrand is odd under £k — —k, and so this term in Eq. (106)
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Explicit Leading-Order Calculation

3 Ca(R + +
) (p) 95 C2(R) /(271.)4 (k+p)2 — m(2) +intT k2 +in

{’Y”(%Jrﬁero)’Yu+(1—>\0)(15—m0)+(1—>\0)(p2—mg)#}-

® Consider the second term:

d*k 1 1
1— A .
( 0) (¥ = mo)/( (k+p)2 —m2 +int k2 +int

In particular, focus on the behaviour of the integrand at large k2:
© ENERGY
Office of Science 1 1 k2 > +o0o 1
e 0 Nuclear Phy, . D) X ; ~ 2 . . . (108)
S RS (k+p)2 —m§+int k2 +int (k2 —m§ +inT) (k% +in™T)

UChicago »
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Wick Rotation

® Integrand has poles in the second and fourth quadrant of the complex-kq-plane but
vanishes on any circle of radius R — oo in this plane. That means one may rotate

the contour anticlockwise to find

o0
dkO !
0 (k2 —m2 +int) (k2 +int)

100 1
dk® _ -
/0 ([k0]2 — k2 — m3 + inT)([k0]2 — k2 +int)

0_; > 1
ke / dky ———— . (109)
o (k2 — K2 —m2)(—k? — k2)

© ENERGY .
Office of Science @ Performing a similar analysis of the f_oo part, one obtains the complete result:

O“{‘Ce of Nuclear PhJ’Sic
)

d*k 1
‘Jr,o/or,‘"gl\/uclearmaﬂer-Q““'V‘S‘OS@% (27.(-)4 (k:Q o m(2) _|_ 7:77—'_) (k:2 _|_ 7:77—'_)
UChicago » ) A3k > dkay 1
- ! 3 1.2 2 2 1.2 2y (110)
@2m)?3 ) _ o 2m (—k2 — k2 —m2) (—k2 — k3)
Argonne These two steps constitute what is called a Wick rotation.
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Euclidean Integral

The integral on the r.h.s. is defined in a four-dimensional Euclidean space; i.e.,
k? := k% + k2 + k2 + k2 > 0, with k2 nonnegative.

® A general vector in this space can be written in the form:
(k) = |k| (cos ¢ sin 0 sin 3, sin ¢ sin 6 sin 3, cos 6 sin 3, cos () ; (111)

i.e., using hyperspherical coordinates, and clearly k? = |k|?.

® In this Euclidean space using these coordinates the four-vector measure factor is

[dbk flkr,. .. ka)

= %fgode k2 [TdBsin®8 [Tdosing [ de f(k, 8,0, $).

U.S. DEPARTMENT OF

© ENERGY

Office of Science
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O‘é\ce O : ar Ps .

(112)

UChicago »

Argonneo

NATIONAL LABORATORY

Craig Roberts: Hadron Physics and Continuum Strong QCD
- - - - Xl Mexican Workshop on Particles and Fields: Mini-courses, 4-8 Nov. 2009. .. 46 — p. 57/61



Euclidean Integral

® Returning to Eq. and making use of the material just introduced, the large k2
behaviour of the integral can be determined via

d*k 1 1
(2m)* (k+p)2 —md +int k2 +int
1
~ dk?
1672 /O (k2 + md)

A2
) 1
= ’ lim de ———
1672 A—oo 0 x + m%

i
= o lm In(1 4+ A?/m2) — oo; (113)

U.S. DEPARTMENT OF
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Office of Science

O“{‘Ce of Nuclear PhJ’SiC
)

® After all this work, the result is meaningless: the one-loop contribution to the
quark’s self-energy is divergent!

4
A0/ 8

©
i, w0
€ Nuclear matter - Qua™®
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Regularisation and Renormalisation

® Such “ultraviolet” divergences, and others which are more complicated, arise
whenever loops appear in perturbation theory. (The others include “infrared”
divergences associated with the gluons’ masslessness; e.g., consider what would
happen in Eq. (113) with mg — 0.)

® In arenormalisable quantum field theory there exists a well-defined set of rules
that can be used to render perturbation theory sensible.

® First, however, one must regularise the theory; i.e., introduce a cutoff, or use
some other means, to make finite every integral that appears. Then each step
in the calculation of an observable is rigorously sensible.

® Renormalisation follows; i.e, the absorption of divergences, and the
@ENERGY redefinition of couplings and masses, so that finally one arrives at S-matrix
- amplitudes that are finite and physically meaningful.

Office of Science

. f Nucl
ofice S a’ P ss

® The regularisation procedure must preserve the Ward-Takahashi identities (the
Slavnov-Taylor identities in QCD) because they are crucial in proving that a theory

can be sensibly renormalised.

UChicago» ® Atheory is called renormalisable if, and only if, number of different types of

: divergent integral is finite. Then only finite number of masses & couplings need to
be renormalised; i.e., a priori the theory has only a finite number of undetermined
iarameters that must be fixed throuaggh comparison with ex erlments
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® Don't have time to explain and illustrate the procedure. Interested?

Renormalised One-Loop Result

Read ... Pascual, P. and Tarrach, R. (1984), Lecture Notes in Physics, Vol. 194,
QCD: Renormalization for the Practitioner (Springer-Verlag, Berlin).

Answer, in Momentum Subtraction Scheme:
@ (p) = 22 %) ¥+ 22 %) 1p;

22076 = a0 Lo n) { 20 (% . i)

1 p? (2
m4< 2 m4< <2
+<1_ py)l (l_mfgo2)_(l_ Cy)m(HmQ(o)},
2207 = m(©) % L oym { ~B+AQ)
2

_m2 O, (P B m* () \ | 2
|(-52)(-3t) - () (58

where the renormalised quantities depend on the point at which the
renormalisation has been conducted;
e.g., «(() is the running coupling, m(¢) is the running quark mass.
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Observations on Quark Self Energy

® QCD is Asymptotically Free. Hence, at some large spacelike p? = ¢? the
propagator is exactly the free propagator except that the bare mass is replaced by
the renormalised mass.

® At one-loop order, the vector part of the dressed self energy is proportional to the
running gauge parameter. In Landau gauge, that parameter is zero. Hence, the
vector part of the renormalised dressed self energy vanishes at one-loop order in
perturbation theory.

® The scalar part of the dressed self energy is proportional to the renormalised
current-quark mass.

® Thisis true at one-loop order, and at every order in perturbation theory.
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Observations on Quark Self Energy

® QCD is Asymptotically Free. Hence, at some large spacelike p? = ¢? the
propagator is exactly the free propagator except that the bare mass is replaced by
the renormalised mass.

® At one-loop order, the vector part of the dressed self energy is proportional to the
running gauge parameter. In Landau gauge, that parameter is zero. Hence, the
vector part of the renormalised dressed self energy vanishes at one-loop order in
perturbation theory.

® The scalar part of the dressed self energy is proportional to the renormalised
current-quark mass.
® Thisis true at one-loop order, and at every order in perturbation theory.

® Hence, if current-quark mass vanishes, then X gz = 0 in perturbation theory.
That means if one starts with a chirally symmetric theory, one ends up with a
chirally symmetric theory:

NO DCSB
In perturbation theory.
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