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Motivation
space-time  deformation: 

This deformation induce a deformation of the 
algebra of fields

where

[xµ, xν ] = θµν

φψ → φ # ψ

(Φ ! Ψ)(x) = Φ(x)e
i
2 θµν←−∂µ

−→
∂ν Ψ(x)

Sθ =
∫

d4x
[1
2
∂µΦ " ∂µΦ− 1

2
m2Φ " Φ− λ

4!
Φ " Φ " Φ " Φ " Φ

]
so,  for instance



Restrict diffeomorphism to a subgroup. Unimodular 
Gravity.  Symplectomorphism. Volume preserving 
transformations

Gauging the noncommutative version of SO(4,1). Use 
SW map and contract to ISO(3,1)

Context of Noncommutative deformations of 
gravity

Use Moyal quantization and replace the usual Algebra 
of functions with a star Algebra

Deform de co-product of the bi-Algebra by an abelian 
twist. Recover tensor calculus.

Star products are NOT invariant under difeomorphism 
transformations

Chamseddine, Calmet, 
Kobakhidze....

Wess, et. al., Chaichian, 
Alvarez-Gaume.....

Calmet, Kobakhidze....



Teleparallel version of Gravity

Dimensional reduction of noncommutative YM theory 

Gauging the twist-deformed Poincaré symmetry

Position dependent noncommutative parameter

Extract General Relativity from the dynamics of 
gauge fields

Matrix Models, emergent Gravity

Steinacker, Grosse,..

Harikumar, Rivelles, 
Aschieri ......

Wess, Chaichian, Calmet......

Sazbo, Landsmann...

Context of Noncommutative deformations of 
gravity



Central Idea
Two deformations: 

A) Consistent deformation of a Gauge Theory

B) Noncommutative deformation θ

κ

Gauge Theory        B def         NCFT          A def      NCG
Gauge Theory        A def         DGT       Gravity

NCFT are trivial A def (SW map)

Promote the global translation symmetry to a local 
symmetry (teleparallel gravity) Cho, Hehl...



New deformation of Gravity 

Consistent deformation of YM theory: non 
polynomial in the gauge fields
merging properties that comes from the original gauge symmetries 
and space-time symmetries

 related with the idea of emergent gravity

general relativity itself will emerge from our deformation as a gauge 
theory of space-time translations: teleparallel gravity

 deformation constructed using a killing vector of the flat space 
background metric

NC deformation enters here through the Seiberg-Witten 
map of the standard Yang-Mills action.

F. Brandt



New deformation of Gravity 

The deformed action can be cast in the form of a Yang-
Mills action in a curved space-time whose metric 
depends in a given way on the gauge fields and the 
killing vectors of the background metric.

Minimal construction: gauge the translation 
symmetry of the background

Constructed from a stardard noncommutative 
deformation of  a Gauge Theory

It is not clear that the resulting action can be reorganized 
in the form of a Moyal star product deformation



Toy Model: Maxwell Case

S(0) = −1
4

∫
d4xFµνFµν ,

δ(0)
λ Aµ = ∂λ, δAµ = ξνFνµ,

∂µξν + ∂νξµ =
1
2
ηµν∂ρξ

ρ,

Action:

Local Global

Killing eq. :

S(1) =
∫

d4xAµξν(−1
4
δµ
ν FρσF ρσ + FνρF

µρ).

Start deformation from:

FIRST DEFORMATION



Toy Model: Maxwell Case

Consistent deformation condition:

Solution:

Deformation can be constructed to any order in 
the deformation parameter!!

FIRST DEFORMATION

δ(0)
λ S(1) + δ(1)

λ S(0) = 0

L = −1
4
(1 + ξρAρ)F̂µνF̂µν , δλAµ = ∂µλ + λξνF̂νµ,

δ(1)
λ Aµ = λξνFνµ,

F̂µν = Eρ
µEσ

ν Fρσ, Eρ
µ = δρ

µ −
ξρAµ

(1 + ξ · A)
.where:



Toy Model: Maxwell Case

‘‘Geometric version’’:

where:

Symmetries:

FIRST DEFORMATION

L = −1
4
√
−ggµρgνσFµνFρσ

gµν = ηαβeα
µeβ

ν , eα
µ = δα

µ + ξαAµ,

δωAµ = ∂µω + LεAµ = ∂µω + εν∂νAµ + Aν∂µεν ,

δωgµν = Lεgµν = ερ∂ρgµν + gρν∂µερ + gµρ∂νερ

δωeα
µ = ερ∂ρe

α
µ + (∂µερ)eα

ρ +
1
2
ωΛα

ρe
ρ
µ

(εµ = ωξµ)

!!!!



Deformation of  YM

SY M =
∫

d4xFA
µνFµν

A .

δAA
µ = DµωA + εν∂νAA

µ + AA
ν ∂µεν = DµωA + LεA

A
µ ,

εµ = ωAξµ
A

L = −1
4
√
−ggµρgνσFµν

AFρσA = −1
4
(1 + ξρ

AAA
ρ )F̂A

µνF̂µν
A ,

F̂A
µν = Eρ

µEσ
ν FA

ρσ

gµν = ηαβeα
µeβ

ν = ηµν +Aµν +Aνµ +AµρAν
ρ,

eµ
ν = δµ

ν +Aµ
νAµ

ν = ξν
AAA

µ

δgµν = Lεgµν !!!!



Relation with standard Gravity

Consider only the translation subgroup T4

Fµν
ρ = ξρ

AFµν
A = ∂µAρ

ν − ∂νAρ
µ = ∂µeρ

ν − ∂νeρ
µ.

Define:

Relate them with the Ricci Rotation coefficients

Tµν
ρ ∼ Ωµν

ρ Ωσκ
ρ = F̂ ρ

σκ = Eµ
σEν

κFµν
ρ.

L = −1
4
e Ωµν

ρΩµν
ρ,L = −1

4
(1 + ξρ

AAA
ρ )

︸ ︷︷ ︸
F̂A

µνF̂µν
A︸ ︷︷ ︸

,

Ωµν
ρΩµν

ρ,e



Relation with standard Gravity

Invariants:

I1 = ΩµνρΩµνρ, I2 = ΩµνρΩρµν , I3 = Ωµρ
ρΩµ

σ
σ.

Pellegrini-Plebanski Lagrangian

L = eciIi

c1 = 1, c2 = 2, c3 = −4

Recover full Einstein Gravity for: 

L = e(ΩµνρΩµνρ + 2ΩµνρΩρµν − 4Ωµρ
ρΩµ

σ
σ)



NC  deformed gauge theory

L = −1
4
ηµρηνσFµν

A " FρσA

FC
µν → FC

µν +
1
2
θαβdABC

(
FA

µαFB
νβ −AA

α∂βFB
µν +

1
2
fBDEAA

αAE
β FD

µν

)

L = −1
4

(
Tr(FµνFµν) + θαβdABCFAµν(

1
4
FB

βαFC
µν + FB

µαFC
νβ)

)
,

NC-YM 
Lagrangian

Seiberg-Witten map:

Seiberg-Witten Lagrangian up to first order:

Lie Algebra

Enveloping Algebra

FA
µν = ∂µAA

ν − ∂νAA
µ − [Aµ, Aν ]A"



NC  deformed gauge theory

L = −1
4
(1 + ξρ

AAA
ρ )

(
Tr(F̂µνF̂µν) + θαβdABC F̂Aµν(

1
4
F̂B

βαF̂C
µν + F̂B

µαF̂C
νβ)

)
,

δwAA
µ = DµωA + ωBξν

BF̂A
νµ.

δAA
µ = DµωA + εν∂νAA

µ + AA
ν ∂µεν = DµωA + LεA

A
µ

εµ = ωAξµ
A

δeµ
ν = ερ∂ρeµ

ν + eρ
ν∂µερ

NC action ansatz:

Symmetries:

condition:

Rigid 
frames

where

ωALξAθµν = 0



NC  Gravity from NC deformed 
Gauge Theory

L = −1
4
(1 + ξρ

AAA
ρ )

(
Tr(F̂µνF̂µν) + θαβdABC F̂Aµν(

1
4
F̂B

βαF̂C
µν + F̂B

µαF̂C
νβ)

)
,

NC action ansatz:

Fµν
ρ = ξρ

AFµν
A = ∂µAρ

ν − ∂νAρ
µ = ∂µeρ

ν − ∂νeρ
µ

Ωσκ
ρ = F̂ ρ

σκ = Eµ
σEν

κFµν
ρ

L1 = e

(
Ωµν

ρΩµν
ρ + θαβdρσδΩρµν(

1
4
Ωσ

βαΩδ
µν + Ωσ

µαΩδ
νβ)

)
,

Dictionary:

Lagrangian (invariant    )I1



NC  Gravity from NC deformed 
Gauge Theory

Ωµν
ρ → Ωµν

ρ + (ΩNC)µν
ρ

(ΩNC)µν
ρ = θαβdσδ

ρ(
1
4
Ωσ

βαΩδ
µν + Ωσ

µαΩδ
νβ)

L2 = e (ΩµνρΩρµν + Ωρµν(ΩNC)µνρ + Ωµνρ(ΩNC)ρµν) .

L3 = e (ΩµΩµ + 2Ωµ(ΩNC)µ) .

To construct 
the other 
invariants:

Then:

and the 
trace:

LNCG = L+

2e (Ωρµν(ΩNC)ρµν + Ωρµν(ΩNC)µνρ + Ωµνρ(ΩNC)ρµν − 4Ωµ(ΩNC)µ) .



CONCLUSIONS

The result could not be recast as the know star 
product  

θµνDeformed NC: formal series in 

       NC come from standard SW map

NC Gravity from a Gauge theory

Future work:

Linearized theory, FP Lagrangian

Phenomenological implications???

Are the vertices of this NCG the same that 
come from String Theory???


