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Mexican Workshop of Particles and Fields
Mazatlan, Sinaloa
November 2009
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Mixing Matrix V
CKM

The allowed ranges of the magnitudes of all nine CKM elements
are1:



0,97419 ± 0,00022 0,2257 ± 0,0010 0,00359 ± 0,00016

0,2256 ± 0,0010 0,97334 ± 0,00023 0,0415+0,0010
−0,0011

0,00874+0,00026
−0,00037 0,0407 ± 0,0010 0,999133+0,000044

−0,000043


 .

1A. Ceccucci, et. al. (PDG) Phys.Lett.B667:1,2008.
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Mixing Matrix V
CKM

The allowed ranges of the magnitudes of all nine CKM elements
are1:



0,97419 ± 0,00022 0,2257 ± 0,0010 0,00359 ± 0,00016

0,2256 ± 0,0010 0,97334 ± 0,00023 0,0415+0,0010
−0,0011

0,00874+0,00026
−0,00037 0,0407 ± 0,0010 0,999133+0,000044

−0,000043


 .

The Jarlskog invariant :

Jq =
(
3,05+0,19

−0,20

)
× 10−5.

1A. Ceccucci, et. al. (PDG) Phys.Lett.B667:1,2008.
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The three angles of the unitary triangle values are:

α = (88+6
−5)

o , β = (21,46 ± 0,71)o , γ = (77+30
−32)

o .

2A. Ceccucci, et. al. (PDG) Phys.Lett.B667:1,2008.
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The three angles of the unitary triangle values are:

α = (88+6
−5)

o , β = (21,46 ± 0,71)o , γ = (77+30
−32)

o .

The mixing angles for quark sector at 1σ are2:

sin θq
12 = 0,2257 ± 0,001, sin θq

23 = 0,0415+0,0010
−0,0011,

sin θq
13 = 0,00359 ± 0,00016.

2A. Ceccucci, et. al. (PDG) Phys.Lett.B667:1,2008.
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Mixing Matrix U
PMNS

Global analysis of oscillation data.

∆m2
21 = 7,67+0,67

−0,21 × 10−5eV2,

∆m2
32 =





−2,37 ± 0,15 × 10−3eV2, (mν2 > mν1 > mν3)

+2,46 ± 0,15 × 10−3eV2, (mν3 > mν2 > mν1)

θl
12 = 34,5o ± 1,4o , θl

23 =
(
42,3+5,1

−3,3

)o

, θl
13 = 0,0+7,9o

0,0

M.C. Gonzalez-Gracia and Michele Maltoni, Phys.Rept.460:1-129,2008.
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Possible hierarchies for neutrino masses

B. Kayser arXiv:hep-ph/0506165
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The magnitude of the elements of the complete matrix U
PMNS

, at
90 % CL:




0,80 → 0,84 0,53 → 0,60 0,0 → 0,17

0,29 → 0,52 0,51 → 0,69 0,61 → 0,76

0,26 → 0,50 0,46 → 0,66 0,64 → 0,79




M.C. Gonzalez-Gracia and Michele Maltoni, Phys.Rept.460:1-129,2008.
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The mixing angles for quark:

θq
12 ≈ 13o ± 0,05o , θq

23 ≈ 2,37o ± 0,06o , θq
13 ≈ 0,2o ± 0,009o

The mixing angles for leptons:

θl
12 = 34,5o ± 1,4o , θl

23 =
(
42,3+5,1

−3,3

)o

, θl
13 = 0,0+7,9o

0,0
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Quark Lepton Complementarity

The solar angle and Cabibbo angle complementarity:

θl
12 + θq

12 = 45o + 1,5o ± 1,45o .

The atmospheric angle and θq
23 angle complementarity:

θl
23 + θq

23 =
(
44,67+5,15

−3,35

)o

.

The θl
13 angle and θq

13 angle complementarity:

θl
13 + θq

13 < 8,1o .
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Dirac o Majorana Neutrinos?

Lm = MΨ̄LΨR + MΨ̄LΨR

1) The right handed component of a massive field is completely
independent of the left handed component; Dirac field.
Lepton number is conserved
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Dirac o Majorana Neutrinos?

Lm = MΨ̄LΨR + MΨ̄LΨR

1) The right handed component of a massive field is completely
independent of the left handed component; Dirac field.
Lepton number is conserved
2) The right handed field component is C-conjugate to the left
handed component, Ψ = ΨL + e iϕ(ΨL)

c ; Majorana field.
Lepton number is broken into two units.

Lm =
1

2
Ψ̄T

L CMΨL + h.c .

where M is the symmetric mass matrix, M = MT .
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In minimal extensions of the standard model, representing the left
handed neutrinos as Dirac particles is not favored because there is
no explanation to the fact that neutrinos have a mass much lighter
than their corresponding charged leptons.
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In minimal extensions of the standard model, representing the left
handed neutrinos as Dirac particles is not favored because there is
no explanation to the fact that neutrinos have a mass much lighter
than their corresponding charged leptons.
The left handed Majorana neutrinos naturally acquire their small
masses through an effective type I seesaw mechanism of the form

MνL
= MνD

M−1
νR

MT
νD

,

where MνD
and MνR

denote the Dirac and right handed Majorana
neutrino mass matrices, respectively. The mass matrix of left
handed Majorana neutrino is a symmetric matrix.
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Unified Treatment of Quarks and Leptons

The imposition of a flavour symmetry has been successful in
reducing the number of parameters of the Standard Model. In
particular, a permutational S3 flavour symmetry and its sequential
explicit breaking, allows us to represent the mass matrices as a two
zeroes Fritzsch texture3:

M
(F)
i =




0 Ai 0
A∗

i Bi Ci

0 Ci Di


 i = u, d , l , ν.

3A. Mondragon and E. Rodriguez Jauregui Phys. Rev. D 61 113002
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Some reasons to propose the validity of the two zeros Fritzsch
texture as a universal mass texture for all Dirac fermions in the
theory are the following:

The idea of S3 flavour symmetry and its explicit breaking has
been realized as a tow zeros Fritzsch texture in the quark
sector to interpret the strong mass hierarchy of up and down
type quarks.
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Some reasons to propose the validity of the two zeros Fritzsch
texture as a universal mass texture for all Dirac fermions in the
theory are the following:

The idea of S3 flavour symmetry and its explicit breaking has
been realized as a tow zeros Fritzsch texture in the quark
sector to interpret the strong mass hierarchy of up and down
type quarks.

The quark mixing angles and the CP violating phase,
appearing in the V

CKM
mixing matrix, were computed as

explicit, exact functions of the four quark mass ratios
(mu/mt , mc/mt , md/mb, ms/mb), one symmetry breaking

parameter Z 1/2 =
(

81
32

)1/2
and one CP violating phase

φ
u−d

= 90o , in good agreement with the experimetal data.
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Since the mass spectrum of the charged leptons exhibits a
hierarchy similar to the quark’s one, it would be natural to
consider the same S3 symmetry and its explicit breaking to
just by the use of a the same texture for the charged lepton
mass matrix.
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Since the mass spectrum of the charged leptons exhibits a
hierarchy similar to the quark’s one, it would be natural to
consider the same S3 symmetry and its explicit breaking to
just by the use of a the same texture for the charged lepton
mass matrix.

As for the Dirac neutrinos, we have no direct information
about the absolute values or the relative values of the
neutrino masses, but the two zeros Fritzsch texture can be
incorporated in an SO(10) neutrino model. Furthermore from
supersymmetry arguments, it would be sensible to assume
that the Dirac neutrinos have a mass hierarchy similar to that
of the u-quarks and it would be natural to take for the Dirac
neutrino mass matrix also a modified Fritzsch texture.
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The similarity of quark and charged lepton mass hierarchies
suggests the use of similar Fritzsch textures of two zeros for all
Dirac fermion mass matrices in the leptonic sector

M(F) =P†M
(F )

P,

M(F) =




1 0 0
0 e−iφ 0
0 0 e−iφ







0 |a| 0
|a| b c

0 c d







1 0 0
0 e iφ 0
0 0 e iφ


 .
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The symmetry of the mass matrix of left handed Majorana
neutrinos, Mν

L
= MT

ν
L

and the seesaw mechanism type I, fixed the
form of mass matrix of the right handed Majorana neutrinos, in a
symmetric matrix. In we case Mν

R
has the following form:

Mν
R

=RMν
R
R,




e−iφc 0 0
0 e iφc 0
0 0 1







0 aν
R

0

aν
R

|bν
R
| |cν

R
|

0 |cν
R
| dν

R







e−iφc 0 0
0 e iφc 0
0 0 1


 .

where φc = arg{cν
R
}.
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See-saw Mechanism Type I

M
(F )
ν
L

= P†
D
M̄

(F )
ν
D

P
D
R†M̄ν

R
R†P

D
M̄

(F )
ν
D

P†
D
,
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Invariance of Fritzsch Texture

Mν
L

=




0 aν
L

0

aν
L

bν
L

cν
L

0 cν
L

dν
L


 ,

aν
L

=
|aν

D
|2

aν
R

; dν
L

=
d2

ν
D

dν
R

,

bν
L

=
c2
ν
D

dν
R

+
|cν

R
|2−|bν

R
|dν

R

dν
R

|aν
D
|2

a2
ν
R

e−i2(φc+φνD )

+2bν
D

|aν
D
|

aν
R

e−iφνD − 2
cν

D
|cν

R
|

dν
R

|aν
D
|

aν
R

e−i(φc+φνD ),

cν
L

=
cν

D
dν

D

dν
R

+
cν

D
|aν

D
|

aν
R

e−iφνD − |cν
R
||aν

D
|dν

D

aν
R

dν
R

e−i(φc+φνD ).
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In general the left handed Majorana neutrino mass matrix Mν
L
, is a

symmetric complex matrix but not hermitian. Therefore, the two
zeros texture of Mν

L
is not a two zeros Fritzsch texture M(F ).

However, if we extend the meaning of Fritzsch texture to include
the complex symmetric but no hermitian case of the matrix Mν

L
,

we could say that the two zeros Fritzsch texture is invariant under
the action of the seesaw mechanism of type I.
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Here we study the case when M
(F )
j = P

†
j M̄

(F )
j Pj with j = u, d , l




1 0 0
0 e−iφj 0
0 0 e−iφj







0 |aj | 0
|aj | bj cj

0 cj dj







1 0 0
0 e iφj 0
0 0 e iφj


 ,

and Mν
L

= QM̄ν
L
Q,




e−iφ2 0 0
0 e iφ2 0
0 0 1







0 aν
L

0

aν
L

|bν
L
| |cν

L
|

0 |cν
L
| dν

L







e−iφ2 0 0
0 e iφ2 0
0 0 1


 .
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The matrices M̄(F ) and M̄ν
L

can be diagonalized by an orthogonal
real matrix, O, so that:

O
T
j M̄

(F )
j Oj = diag (mj1, mj2, mj3) ,

O
T
ν M̄(F )

ν Oν = diag (mν1, mν2, mν3) ,

Then,

M
(F )
j = P

†
j M̄

(F )
j Pj = U

†
j diag (mj1, mj2, mj3)Uj

MννL
= QM̄νQ = Uν diag (mν1, mν2, mν3) UT

ν

with the unitary matrix:

Uj ≡ O
T
j Pj , U ≡ QOν
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In our case, with a normal hierachy in the eigenvalues, m2 = −|m2|
and d ≡ 1 − δ. The orthogonal real matrix is;

O =




[
em2f1
D1

] 1
2 −

[
em1f2
D2

] 1
2

[
em1 em2δ

D3

] 1
2

[
em1(1−δ)f1

D1

] 1
2

[
em2(1−δ)f2

D2

] 1
2

[
(1−δ)δ

D3

] 1
2

−
[

em1f2δ
D1

] 1
2 −

[
em2f1δ
D2

] 1
2

[
f1f2
D3

] 1
2




,

where m̃1 = m1/m3, m̃2 = m2/m3, f1 = (1 − m̃1 − δ),
f2 = (1 + m̃2 − δ).

D1 = (1− δ)(m̃1 + m̃2)(1− m̃1), D2 = (1− δ)(m̃1 + m̃2)(1+ m̃2),

0 < δ < 1 − m̃1.
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Mixing matrices

V
CKM

= UuU
†
d = Ou

TP(u−d)Od ,

where P(u−d) = diag
[
1, e iφ, e iφ

]
with φ = φu − φd The Jarlskog

invariant is
Jq = ℑm [VusV

∗
csV

∗
ubVcb] ,

The inner angles of the unitarity triangle are

α ≡ arg

(
− VtdV ∗

tb

VudV ∗
ub

)
, β ≡ arg

(
−VcdV ∗

cb

VtdV ∗
tb

)
, γ ≡ arg

(
−VudV ∗

ub

VcdV ∗
cb

)
.
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The quark mixing matrix computed from the theoretical expresion
is

∣∣∣V th
CKM

∣∣∣ =




0,97421 0,22560 0,003369
0,22545 0,97335 0,041736
0,008754 0,04094 0,99912


 .

with the following numerical values of quark mass ratio,

m̃u = 2,5469 × 10−5, m̃c = 3,9918 × 10−3,
m̃d = 1,5261 × 10−3, m̃s = 3,2319 × 10−2,

and the corresponding best values of the parameters δu and δd :

δu = 3,829 × 10−3, δd = 4,08 × 10−4

and with the Dirac CP violating phase φ = 90o . The inner angles
of the unitarity triangle,

αth = 91o , βth = 20o , γth = 68o .

The Jarlskog invariant takes the value Jth
q = 2,9 × 10−5, all in

good agreement with the experimental valuesFélix González Canales Instituto de F́ısica UNAM, México Universal Mass Texture and Quark Lepton Complementarity
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The lepton mixing matrix U
PMNS

Uth
PMNS

= OT
l P(ν−l)OνK ,

The matrix P(ν−l) = diag
[
1, e iΦ1 , e iΦ2

]
is the diagonal matrix of

the Dirac phases, with Φ1 = 2φ1 − φl and Φ2 = φ1 − φl .
The rephasing invariant related to the Dirac phase, analogous to
the Jarlskog invariant in the quark sector, is given as:

Jl ≡ ℑm
[
U∗

e1U
∗
µ3Ue3Uµ1

]
,
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The other two rephasing invariants associated with the two
Majorana phases in the U

PMNS
matrix, can be chosen as:

S1 ≡ ℑm [Ue1U
∗
e3] , S2 ≡ ℑm [Ue2U

∗
e3] . (1)

The rephasing invariants associated with the Majorana phases are
not uniquely defined, but the ones shown in Jl and in (1) are
relevant for the definition of the effective Majorana neutrino mass,
mee , in the neutrinoless double beta decay.
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The lepton mixing matrix computed from the theoretical expresion
is

∣∣∣Uth
PMNS

∣∣∣ =




0,820421 0,568408 0,061817
0,385027 0,613436 0,689529
0,422689 0,548277 0,721615


 ,

with the charged lepton masses;

me = 0,5109MeV, mµ = 105,685MeV and mτ = 1776,99GeV,

and taking for the masses of the left handed Majorana neutrinos a
normal hierarchy with the best numerical values,

mν1 = 2,7×10−3eV, mν2 = 9,1×10−3eV, and mν3 = 4,7×10−2eV.

and corresponding best values of the parameters

δe = 0,06, δν = 0,522

the Dirac CP violating phases

Φ1 = 0 and Φ2 = 90o .
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The value of the rephasing invariant we related to the Dirac phase
is Jth

l = 8,8 × 10−3.
The other two rephasing invariants associated with the two
Majorana phases in the U

PMNS
matrix, can not be determined

numerically, since we have no information about the Majorana
phases β1 and β2.
Therefore in order to make an estimate we maximize the rephasing
invariants S1 and S2 thus obtaining a numerical value for the
Majorana phases β1 and β2. Then, the maximum values of
rephasing invariants are

Smax
1 = −4,9 × 10−2, Smax

2 = 3,4 × 10−2,

with β1 = −1,4o and β2 = 77o .
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Mixing angles for quarks sector

sin2 θq
12 ≈

emd

ems
+ emu

emc
− 2

√
emu

emc

emd

ems
cos φ

(
1 + emu

emc

) (
1 + emd

ems

) ,

sin2 θq
23 ≈

(√
δu −

√
δd

)2

(
1 + emu

emc

) , sin2 θq
13 ≈

emu

emc

(√
δu −

√
δd

)2

(
1 + emu

emc

) .
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Mixing angles for quarks sector

sin2 θq
12 ≈

emd

ems
+ emu

emc
− 2

√
emu

emc

emd

ems
cos φ

(
1 + emu

emc

) (
1 + emd

ems

) ,

sin2 θq
23 ≈

(√
δu −

√
δd

)2

(
1 + emu

emc

) , sin2 θq
13 ≈

emu

emc

(√
δu −

√
δd

)2

(
1 + emu

emc

) .

We reproduce the numerical value of the quark mixing angles

θq
12 = 13o , θq

23 = 2,38o , θq
13 = 0,19o ,

in very good agreement with experimental data
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Mixing angles for lepton sector

sin2
θ

l
12 =

fν2

(1 + emν2) (1 − δν)

8
>><
>>:

emν1
emν2

+ eme

emµ
(1 − δν) + 2

r
emν1
emν2

eme

emµ
(1 − δν) cos φ1

“
1 +

emν1
emν2

” “
1 + eme

emµ

”

9
>>=
>>;

,

sin2 θl
23 ≈ δν + δe fν2 −

√
δνδe fν2 cos (φ1 − φ2)(

1 + eme

emµ

)
(1 + m̃ν2)

,

sin2
θ

l
13 ≈ δν“

1 + eme

emµ

”
(1 + emν2)

(
eme

emµ

+
emν1 emν2

(1 − δν)
− 2

s
eme

emµ

emν1 emν2

(1 − δν)
cos φ1

)
,
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Mixing angles for lepton sector

sin2
θ

l
12 =

fν2

(1 + emν2) (1 − δν)

8
>><
>>:

emν1
emν2

+ eme

emµ
(1 − δν) + 2

r
emν1
emν2

eme

emµ
(1 − δν) cos φ1

“
1 +

emν1
emν2

” “
1 + eme

emµ

”

9
>>=
>>;

,

sin2 θl
23 ≈ δν + δe fν2 −

√
δνδe fν2 cos (φ1 − φ2)(

1 + eme

emµ

)
(1 + m̃ν2)

,

sin2
θ

l
13 ≈ δν“

1 + eme

emµ

”
(1 + emν2)

(
eme

emµ

+
emν1 emν2

(1 − δν)
− 2

s
eme

emµ

emν1 emν2

(1 − δν)
cos φ1

)
,

We obtain the following numerical values

θl
12 = 34,3o , θl

23 = 43,6o , θl
13 = 3,4o

in very good agreement with experimental data
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Quark Lepton Complementarity

tan
(
θq
12 + θl

12

)
= 1 + ∆th

12,

where
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We obtain
θq
12 + θl

12 = 45o + 2,4o .

θq
23 + θl

23 = 45o + 1o ,

θq
13 + θl

13 = 3,6o .
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quark-lepton complementarity arises from the combined effect of
two factors:

1 The strong mass hierarchy of the Dirac fermions produces
small and very small mass ratios of u and d-type quarks and
charged leptons. The quark mass hierarchy is then reflected in
a similar hierarchy of small and very small quark mixing
angles.

2 The normal seesaw mechanism gives very small masses to the
left handed Majorana neutrinos with relatively large values of
the neutrino mass ratio mν1/mν2 and allows for large θl

12 and
θl
23 mixing angles.
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The effective Majorana masses

The square of the magnitudes of the effective Majorana neutrino
masses are

|〈mll〉|2 =

3∑

j=1

m2
νj
|Ulj |4+2

3∑

j<k

mνj
mνk

|Ulj |2 |Ulk |2 cos 2 (wlj − wlk) ,

where wlj = arg {Ulj}, with l = e, µ, τ ; this term includes phases of
both types, Dirac and Majorana.
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with , we2 = β1, and

we1 = arctan
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with

wµ1 = arctan
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√
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|〈mee〉| ≈ 4,6 × 10−3eV, |〈mµµ〉| ≈ 2,1 × 10−2eV. (2)

These numerical values are consistent with the vary small
experimentally determined upper bounds for the reactor neutrino
mixing angle θl

13.
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Conclusions

The strong hierarchy in the mass spectra of the quarks and
charged leptons explains the small or very small quark mixing
angles, the very small charged lepton mass ratio explain the
very small θl

13 which, in our scheme, is independent of the
neutrino masses.

The see-saw mechanism type I gives very small masses to the
left handed Majorana neutrinos with relatively large values of
the neutrino mass ratio mν1/mν2 and allows for large θl

12 and
θl
23 mixing angles.
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We obtain the analytical expresion for mixing angles, mixing
matrices, invariant associated at CP violation phases and for
the effective Majorana masses.

We can reproduce the numerical values of both mixing
matrices, V

CKM
and U

PMNS
, in very good agreement with

experimental data.
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