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Motivation

Motivation: Universality and efficiency

@ Gerber and Leutwyler (1989): Low-temperature expansion of
the QCD partition function

@ Two-flavor QCD in the chiral limit:
Spontaneous symmetry breaking of the chiral symmetry
SU(2) x SU(2) — SU(2) = 0O(4) — 0O(3)

@ Similar to antiferromagnets: O(3) — O(2)
= Consider O(N) antiferromagnets: O(N) — O(N—1) and do
the analysis both d=341 and d=2+1 space-time dimensions

@ Universality of the effective Lagrangian method

@ Systematic effective Lagrangian method is more powerful than
conventional condensed matter methods
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The effective Lagrangian method Effective field theory for antife gnetic magnons
Power counting and Feynman s
Justification of the Lorentz t framework

From the underlying theory to the effective theory

@ Construction of effective theories via symmetry analysis, in
particular of the spontaneously broken symmetry

@ Weinberg (1979): If one writes down the most general
possible Lagrangian, including all terms consistent with the
assumed symmetries, and then calculates matrix elements
with this Lagrangian to any given order of perturbation
theory, the result will simply be the most general S-matrix
consistent with analyticity, perturbative unitarity, cluster
decomposition and the assumed symmetries

@ The degrees of freedom in the effective Lagrangian are the
Goldstone bosons
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Power counting and Feynman s
Justification of the Lorentz framework

Spontaneous symmetry breaking in antiferromagnets

(]

Heisenberg model:

H:—J2§m-§n, J = const.
n.n.
J < 0: Antiferromagnetic alignment of spins is preferred
Spontaneous symmetry breaking: O(3) = O(2)
Goldstone's theorem: 2 magnons or spin waves

Antiferromagnetic magnons display a relativistic dispersion
relation much like the pions
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Magnon perturbation theory

Spontaneous global O(3) = O(2) spin symmetry breaking:
@ 2 Goldstone bosons (magnons) described by unit vector

U'(x) = (U%(x), U3(x)) € S = 0(3)/0(2)

with x = (x1, x2, x3, t) or x = (x1, %2, t)
a=12(12,...,N-1),i=0,1,2(0,1,2,...,N—1)

@ Low-energy magnon physics described by nonlinear o-model
_Ps TR i i
L= ?(a,U o U + gaou aoU)-i-...

ps: spin stiffness  ¢: spin wave velocity
0o: Temporal derivative 0, =V
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Effective Lagrangian for magnons up to order p*

@ The effective Lagrangian is organized according to the number
of space and time derivatives

Ler = LI+ Ll
L26 = LF?0,U0,U" — S H'U
Ly = —e(0,U0,U) — &(0,U'0,U")?
zS i k k Zg if1i2 Zg ipgi
kg (HUN(0,U0,U%) — ko gy (H'U')? — ks g HIH

@ In a Lorentz-invariant framework (c = vs) there are 7
unknown effective coupling constants up to order p* to be
determined by experiment or simulation

o External field H' = (H,0,...,0)

Staggered magnetization X



The effective Lagrangian method Effective field theory for antife gnetic magnons
Power counting and Feynman s
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Finite temperature

Partition function is represented as Euclidean functional integral

Telep(—1/T)] = [ 14U exp (- /T d'x Lorr)

where the integration is performed over all field configurations
which are periodic in the Euclidean time direction:
UX,xa + ) = U(X,xa), with 5 =1/T

The periodicity condition manifests itself in the thermal propagator

(e e}

G(x) = Y A% x+nf)

n—=—oo

We work in the infinite volume limit

z = —T lim L3 In[Trexp(—H/T)]



The effective Lagrangian method Effective field theory for
Power counting and Feynm.

@ Derivative expansion of the effective Lagrangian corresponds
to an expansion in the momenta or temperature

@ Example: Goldstone boson scattering

4 \ \ﬁ/
R
la 1b lc

@ Tree graph of order p? is finite

@ Loops in d=3+1 are suppressed by two powers of momentum

@ Divergences in one-loop graph 1c of order p* are absorbed
into coupling constants of order p* graph 1b

@ At a given order in the derivative expansion only a finite
number of diagrams and coupling constants contribute



The effective Lagrangian method Effective field theory for
Power counting and Feynm.

Remarks on loop suppression

@ Consider the Goldstone boson loop

dettp  [dEd%p el
pz ~ | Eymp P

@ Lorentz-invariant framework
@ d=3+1: Loops are suppressed by two powers of momentum
@ d=2+1: Loops are suppressed by one power of momentum
@ Nonrelativistic framework: Ferromagnet with E o 2

o d=3+1: Loops are suppressed by three powers of momentum
@ d=2+1: Loops are suppressed by two powers of momentum

@ While for Lorentz-invariant theories the derivative expansion
fails in d=1+1, ferromagnetic spin-chains, e.g., are accessible
by effective field theory
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Low-temperature expansion of the partition function up to three
loop-order:

/” ™~ NN TN

<\ )e J 4] (6]
N~ \\ \\ S \\w//

2 4A 4B 6A 68 6C

) TN TN
/ \4/ \T 4 4] \ 6] 8]
N N N
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Power counting

Feynman graphs: O(N) antiferromagnet in d=2+1

Low-temperature expansion of the partition function up to three

loop-order:
N NN
- ) A S R
\_ NEAN 2N
2 3 4a 4b 5d
:\/\‘ //V //V \ //d\
N \\;///‘\\;/ \\»//’ ‘:/’/
5a 5b 5c

@ In 2+1 dimensions the symmetries are more restrictive as
fewer effective coupling constants are needed
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Pseudo-Lorentz-invariance at order p?

@ Cubic (ds=3) or square (ds=2) lattices: Four derivatives are
needed to note the difference with respect to a spatially
isotropic system

@ The discrete 90 degrees rotation symmetry implies O(3)
Euclidean space rotation symmetry of £2.

@ L2, can be brought to Pseudo-Lorentz-invariant form,

SFLO0U U + 3F30,U'0,U" = 3F?0,U'9, U’
with the velocity of light replaced by the spin-wave velocity
vs = F2/F1
o Universality: £2, for QCD exhibits the same structure, pions
take the role of the magnons



The effective Lagrangian method magnetic magnons

aphs
t framework

Lorentz-noninvariant terms at order p*

However, at order p* the lattice anisotropies allow the term

> 9:0:U"0505U",
s=1,2

which is not O(3) rotation invariant
In a Lorentz-noninvariant framework there are further terms in ngf:
AUAUT, H'U'd,Uko, U*

However, all these terms merely modify mass renormalization or
the dispersion law through diagram 5d,

w(k) = v|k| + O(k%)

@ The magnon-magnon interaction will not be affected by
Lorentz-non-invariance up to the order we are considering
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© Evaluation of the partition function in d=2+1
® Renormalization
@ Evaluation of the cateye graph




Renormalization

Evaluation of the partition function in d=2+1 Evaluation of the cateye graph

Low-temperature expansion of the Free energy density

Free energy density of an O(N) antiferromagnet in d=2+1 up to
and including three loops:

z = —F?M? — (N —1)(4r) %> r(—é) M? — 3(N — 1) go(M, T)
— (ko +ks) M* + L(N - 1)(N — 3) (Gl)

AN 3)(3/v 7)M (G1)?

- AWV -3P (6 6+ H - -3,

- e >F4J2+( N = 1)k — ki) o G+ O(6")

[y

@ Note that the quantities above involve the bare Goldstone
boson mass M? = ¥ H/F?



Renormalization

Evaluation of the partition function in d=2+1 Evaluation of the cateye graph

The functions gy, G1, Go, J1, and J,

@ Kinematical functions g, are associated with the
d-dimensional noninteracting Bose gas

dp - -
& (M, T) = 2/ ——rs 0" exp(—pM?) Y exp(—n?/4pT?)
0 (4mp)

[ee]

n=1
@ The quantities G; and G, are related to the thermal
propagator at the origin
. _dGy
G]_ = G(X)|X:0, G2 = _W

@ The functions J; and J> involve integrals over products of four

propagators
4
h = /ddx G(x
1 T { ( )}

b = /Tddx{8uG(x)8uG(x)}2
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Evaluation of the cateye graph

Dimensional regularization

Decompose the thermal propagator

G(x) = Z A(X, x4 + np)

n=-—o00
into a temperature-independent and a temperature-dependent part
G(x) = A(x) + G(x)

In dimensional regularization the zero-temperature propagator
reads )
(27T)_d/ddp e/px(M2+ p2)—1

0

A(x)



Renormalization

Evaluation of the partition function in d=2+1 Evaluation of the cateye graph

Dimensional regularization

At the origin we then have
Gi = 2M*X+ g (M, T)
G = 2-d)A+g(M,T)

where the singularity is contained in A
A= i4n) (1 - )y mot

Remarkably, in d=2+1 the quantity A is finite
1
8mM
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Evaluation of the cateye graph

Regularization of J; and J,

Removing the singularities in the integrals J; and J:
S = h-a—cgaM,T)
b = h—-ca—cag(M,T)
where the counterterms ¢; are singular functions of the space-time
dimension d

@ ¢ and ¢3 renormalize the vacuum energy
@ ¢ and ¢4 renormalize the Goldstone boson mass



Renormalization

Evaluation of the partition function in d=2+1 Evaluation of the cateye graph

Renormalization of vacuum energy

Collect all contributions in the free energy density that are
independent of the temperature:

2 = —F?M?*— 2 (N-1)M? — (ko + k3) M*
1 m* 1 M>
+ gz (N—=1)(N — 3)E — gmaa3 (N = 1)(N —3)(9N — 23)ﬁ
1 M* 1 1
1 M> 6
— 2z (N=1)(k2 — kl)ﬁ +O(p°)

@ 7y renormalizes the vacuum energy
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Evaluation of the partition function in d=2+1 Evaluation of the cateye graph

Mass renormalization

Collecting all terms linear in the kinematical functions g,'

A = YN 1) g(M,T) + 3N -V —3) Agl(M T)

F

W3 M N (M, )
+ (N_l)(k2_k1)“F”_jg1(M,r)
v ke -nm -3 L am )

~ eV =DV -2) e (M, T)

+ I(N-1)(N—3)(2N —5) % N (M, T)



Renormalization

Evaluation of the partition function in d=2+1 Eelievion & e ca e

Mass renormalization

Using the property

of the kinematical functions, one rewrites gy in terms of the
physical mass, go(M, T) — go(My, T), with

2 _ 2 1 5

F2
The coefficients b; and by
b = 5(N=3)72—3(N-2)%,
by = (N—3)2N-5),

involve 2 and 4 which are singular functions of the space-time
dimension d and are related to the counterterms ¢, and ¢4 via

2d—6 2d—-2
@ =72M , ="M



Renormalization

Evaluation of the partition function in d=2+1 Evaluation of the cateye graph

Free energy density in terms of renormalized mass M,

z = z-3(N-1)g + (N—l)(N—3)/\Fﬂ—ézr(gl)2

- 3N - 1) Y ()2

- ANV - 36N - 7) 2 (g,

- - e @+ 2+ 0().

Q= %( —1)(N =3)MiJy — (N —1)(N—2) J>

@ This expression for the free energy density is free of
divergences and only involves the physical mass M,
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Evaluation of the partition function in d=2+1 EveluEiiem of e eam mEE

Free energy density in terms of h,

For dimensional reasons, the thermodynamic functions are of the
form TPf(7), where 7 is the dimensionless ratio 7 = T /M

Explicitly, in d=241 we have
g=Th(r), &1=Th(r), &=
The free energy density then reads

z = 2-HN-1h()T HN—UW—@F

Zh(), @=T°q()

1 2
773Mm(7) T

— = (N =1)(N = 3)(5N — 11)——= hy(1)* T°

1287 F4 3

+ A(N=1)(N-=3)BN —7) (7))’ T°

1
F4 2
1 5
F4T4h1(7’) h2(T)T +

— E(N-1)(N-3) () T® + O(T®)

ﬁq
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Evaluation of the partition function in d=2+1 Evaluation of the cateye graph

Cateye graph

Extraction of the singularities in J,:
Jo=h —a—aaM,T)

Method: Cut out a sphere sphere S around the origin of radius
|S| < 3/2 and decompose J»

,b:[g&{%G@ﬁ%G&&2+[Ag&{%G@V%G@ﬁ2

@ In the integral over the complement 7\ S of the sphere, the
integrand is not singular and the limit d — 3 can readily be
taken

@ In the integral over the sphere, insert the decomposition
G(x) = A(x) + G(x)



Renormalization

Evaluation of the partition function in d=2+1 Evaluation of the cateye graph

Cateye graph

_ N2 - -
b = /ddx <{aucauc} 149,60,50,G0,A
S
+ 49,6 0,00,G0,A+20,60,G0,A9,A
_ 2
+ 49,G09,A0,A0,A + {@LA 8“A} )
@ In d=241 the first four terms are convergent. However, the

last two terms, involving three and four non-thermal
propagators, respectively, are divergent
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Evaluation of the partition function in d=2+1 Evaluation of the cateye graph

Cateye graph

Disregarding derivatives for a moment, one shows that
/ddx GA3 = g1/ddx ch(Mxg) A3,
S S
and splits the integral over the sphere into two pieces,

4g, / d9x ch(Mxq) A3
S

= 4g1/ddx ch(Mxg) A3 — 4g1/ dx ch(Mxg) A3
R R\S

@ The singularity is now contained in the integral over all
Euclidean space, in the form of the counterterm c¢;:

o= 4/ddx ch(Msxg) A3
R
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Evaluation of the partition function in d=2+1 Evaluation of the cateye graph

Cateye graph

The same line of reasoning goes through for the expression
40,G0,A 0,A0,A, where one ends up with the counterterm

= 4/ddx 9,.ch(Mxq) 9, A 8,00, A
R

As far as the term involving four non-thermal propagators is
concerned, it suffices to subtract the temperature-independent

2
integral of {8MA(X)8MA(X)} over all Euclidean space,
2
= /ddx {0.00,0}
R

Jo=bh — 3 — cag1(M,T)

Net result:



Renormalization

Evaluation of the partition function in d=2+1 Evaluation of the cateye graph

Cateye graph

Collecting the various pieces, the renormalized integral in d=2+1 is

Jo = /d3xT+/ d*xU— | dx0,00,A-W
T S R\S
— -\ 2 — - - - -
T = (0.60,6) +40,60,60,60,8+49,609,A0,60,A
+20,G 9,6 9,A 9, A

U = 40,G0,00,A0,A + 0,A0,A0,A,A
W = 4g0,ch(Mxy) 0,A + 0,00, A

@ This expression involves ordinary, convergent integrals

@ G(x) and A(x) only depend on r = |X| and on t = x4, such
that the integrals become two-dimensional d3x = 27r drdt

@ Numerical consistency check: J» must be independent of the
size of the sphere
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@ Low-temperature expansion for O(3) antiferromagnets
@ 241 dimensions
@ 341 dimensions
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: < 311 dimensions
Low-temperature expansion for O(3) antiferromagnets ¢ CLTCHSIONS

Low-temperature expansion of the pressure

Remarkably, for N=3 — the Heisenberg antiferromagnet on a square
lattice — most of the terms in the free energy density drop out:

ZZZo—ho(T)T3+ !

F29(r) T°+O(T°) (N =3)

The pressure is given by the temperature dependent part:

1
P=2z—z= ho(T)T3—ﬁq

(1) T° + O(T®)

@ The value 7 = T /M, can take any value, as long as both T
and M, are small compared to the intrinsic scale A (J) of the
theory

@ In particular, the limit T > M, is implemented by holding T
fixed and sending M, (or H) to zero

@ Mermin-Wagner theorem: No spontaneous symmetry breaking
at any finite temperature in the Heisenberg model
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: . 341 dimensions
Low-temperature expansion for O(3) antiferromagnets ¢ CLTCHSIONS

Low-temperature expansion of the pressure

The non-trivial dependence of P on the ratio 7 = T /M, is
contained in the functions ho(7) and g(7). In the limit T > M,

we have
1 1M 1M2 M?
d=3 _ s T T
hg (7)—;[“3) - it
_ 1%+i%+0(%)
673 06T4 T
M2 M\ * T
q(T):CIl-i‘CDﬁ'i‘O(T)’ T:E

q1 = —0.008779



2+1 dimensions
341 dimensions

Low-temperature expansion for O(3) antiferromagnets

Low-temperature expansion of the pressure

The function g(o) for N=3 in terms of the dimensionless
parameter 0 = M, /2x T = 1/27T:

2(—21) % + (’)(T3)]
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: < 341 dimensions
Low-temperature expansion for O(3) antiferromagnets ¢ CLTCHSIONS

Thermodynamic quantities

S = a—T; u = TS_P, Cy =
3 3 27Tq]_ T
y - rho el
~ 0.7653 T2 [1+004589—+0(7—3)}
T
s — 3C3) 2[1 57Tq1

%

du - Js

oT — | oT

0(73)]

— +O( 3)}

1.1479 T2 [1 +o. 03824 L + 0(7—3)}



241 dimensions

: < 311 dimensions
Low-temperature expansion for O(3) antiferromagnets ¢ CLTCHSIONS

Thermodynamic quantities

<(3) gy T2
P=22T I—T;)ﬁjLO(T?*)]

@ T3-term: Free Bose gas contribution (One-loop graph)
@ Remarkably, the interaction only manifests itself through a
term T° (Three loop-graph)
o Coefficient gy is negative, such that interaction is repulsive at
low temperatures
@ This statement is independent of the two-dimensional lattice
@ No interaction term of order T#: Two-loop contribution is
proportional to N-3



241 dimensions

: < 311 dimensions
Low-temperature expansion for O(3) antiferromagnets ¢ CLTCHSIONS

Comparison with the condensed matter literature

@ Inconsistencies between spin-wave theory, Schwinger boson
mean field theory and Monte Carlo simulations already at
leading order T3 in the free energy density

@ No calculation of order T# exists

@ Calculation of order T° beyond the reach of any spin-wave
calculation

@ Conclusion: The systematic effective Lagrangian method
clearly proves to be superior to conventional condensed matter
methods, such as spin-wave theory
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Power counting and loop suppression

Low-temperature expansion of the partition function up to three

loop-order:
7N / ™~ / N N
* ) ' ) - 6
N4 \ A2
2 4 48 6A 68 6C
& N S TS T
N TN N/ N
o Lo A ) |
N \__ NS N N AN
8A 88 8C 8D
// \\Hw’/ K / N / ’ \\
{ 1 N 8]
8E 8F 8G 8H

@ | oons are sunoressed bv two momentum bpowers
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Low-temperature expansion for O(3) antiferromagnets 3+1 dimensions

Low-temperature expansion: General remarks

@ LS4- and L2g-couplings merely renormalize the vacuum
energy and the mass

o Effective couplings from the next-to-leading order Lagrangian
L%, however, are relevant for the
magnon-magnon-interaction in d=3+1

@ Loops are suppressed by two momentum powers: The
low-temperature expansion of thermodynamic quantities is
expected to proceed in steps of powers of T2

@ Logarithmic renormalization of low-energy coupling constants,
such that chiral logarithms show up in the low-temperature
expansion



2+1 dimensions

Low-temperature expansion for O(3) antiferromagnets 3+1 dimensions

Low-temperature expansion of the pressure

P = 1(N-1)go +47a(g1)? + g [b_ﬂg,JF4} +O(p'%)  (d=3+1)

The temperature dependence is contained in the kinematical
functions g.(My, T) and in j(M,, T). In the limit H — 0 (or,
equivalently, T > M), analytical expressions for gy, g1 and g can
be provided:

3 M M2 M
_ 1 2 iy iy
gi(M:, T) = &T [1 - + (’)(—Tg In—T )] ,

15 M2 M_~\3
_ 1 4 48 T
gMnT) = g T ll‘wﬁw(ﬂ]
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Low-temperature expansion for O(3) antiferromagnets 3+1 dimensions

Low-temperature expansion of the pressure

P = L(N-1)gy+4ma(g1)? +7g [b— }+O( 10)  (d=3+1)

Y=
The function j, containing the cateye graph, has to be evaluated

numerically,

: T _ M2 M\ 3 5(N—1)(N-2)
j—V|nVW+]1+]2ﬁ+O<T>,V 4—8

The coefficients j; and j, are real numbers

@ The function j(7) diverges logarithmically in the limit H — 0
Lo (N-D(N-3) T H (N—1)> (L H)? nH
327 F4 25673 F8 H,’
b ~ 5(N-1)(N-2)

9673F*  "H,
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Low-temperature expansion for O(3) antiferromagnets 3+1 dimensions

Low-temperature expansion for of the pressure

Limit H — 0:
N-2T* T,
_ 1.2 4 p 6 _
P = ggm(N-1) T |14+ —= = In =2 +O(T°) (d =3+1)

@ T*-contribution represents the free Bose gas term which
originates from a one-loop graph

o Effective interaction among the Goldstone bosons, remarkably,
only manifests itself through a term of order T2

@ This contribution contains a logarithm, characteristic of the
effective Lagrangian method in four space-time dimensions,
which involves a scale, Tp, related to Hy

@ Divergences in the function j and in the constant cancel, such
that the limit H — 0 is well defined



2+1 dimensions

Low-temperature expansion for O(3) antiferromagnets 3+1 dimensions

Low-temperature expansion of the pressure

N—2T% T
1,2 4 p 6
P = gom“(N-1) T |1+ > Fa In T +0(T°) (d =3+1)

@ At low temperatures, the logarithm In[T,/ T] is positive, such
that the interaction among the Goldstone bosons in d=3+1,
in the absence of H, is repulsive, much like in d=2+1

@ The symmetries in d=341, however, are less restrictive than
in d=241, because next-to-leading order effective constants
from L2, do show up in the scale T,.

o Still, the symmetry is also rather restrictive in d=3+1, as it
unambiguously fixes the coefficient in front of the logarithm in
terms of the coupling constant F

@ No term of order T®: Two-loop contribution o a



2+1 dimensions

Low-temperature expansion for O(3) antiferromagnets 3+1 dimensions

N=3: Comparing d=3+1 and d=2+1

174 T
P = Ax2T* 1+ﬁﬁ|n%’+0(T6) , (d=3+1,N=3)
1 T4 T,
s = Am2T? 1+@ﬁ(8ln7p—l>+(’)(T6)
(B3) 13 mq T2 3
p = S TR T d=2+1,N=3
-GG E o). @=2en=3),
~3¢0) 1 5rqp T2 3

@ T-series proceed in steps of T2 and T, respectively
@ No two-loop contribution in the limit H — 0
@ Absence of logarithmic scale in d=2+1
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Conclusions

Summary

@ Condensed matter systems exhibiting a spontaneously broken
symmetry may be analyzed with the fully systematic effective
Lagrangian method

@ The low-temperature properties of O(N) antiferromagnets are
determined by the Goldstone bosons

® The leading order effective Lagrangian is " Lorentz-invariant”
— anisotropies only manifest themselves at order ,Cgff

@ The magnon-magnon interaction in the d=2+1 Heisenberg
antiferromagnet is very weak and repulsive, manifesting itself
through a term proportional to T in the pressure — the
coefficient of this term is completely determined by ngf

@ The effective Lagrangian method is by far superior to
conventional condensed matter methods as it adopts a unified
and model-independent view based on symmetry



Conclusions

Outlook

@ Incorporation of magnetic and external fields: Order
parameter and susceptibilities

@ Incorporation of magnetic-dipole and spin-orbit interactions

@ Extraction of effective constants via experiment and
simulation

@ Condensed matter analog of baryon chiral perturbation theory:
Doped antiferromagnets which are the precursors of
high-temperature superconductors

@ Low-energy physics of phonons and phonon-magnon
interaction



Conclusions

Cateye graph

bh = / d3xU+/d3xV—/ d*x 0,00, - W,
T\S S R\S
2
U = (9,69,6)

_ _\2 — — —
V = (0,60,8) +40,50,6 0,5 0,0 +2Qu 0, 0,0 +4Qy, 0,

W = w4+ 4g18uCh(MX4) 8uA + 8uA 8uA s
with
- 1
wo= = [(%x4 — %x2xf +9x7) g8 + 12M°x} go g1 + 2(2M*x¢ + M*
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