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Germán RODRIGO  
Strong interactions at colliders

Lecture 2: pQCD at hadron colliders, new perturbative methods, 
colllinear factorisation, parton densities and jets
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TEXTO NO CLEAR BSM SIGNAL AT THE LHC SO FAR

▸ SM based in the simplest gauge 
symmetries: SU(3)xSU(2)xU(1) 

▸ Also the flavour sector very 
symmetric (GIM)  

▸ The “natural” theory at “low” 
energies (below the TeVs) 

▸ We should expect that it will break at 
high energies: departure scale 
undetermined | no theory guidance
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NO CLEAR BSM SIGNAL AT THE LHC SO FAR

WHERE TO EXPECT A BSM SIGNAL?

‣ LHC results suggest that new physics will appear as a gentle 
deviation from the SM predictions / rare events suppressed in the SM 

‣ Very unlikely to be visible in inclusive observables or total decay rates of 
known particles: the bulk of the contributions at “low energies”, the 
characteristic hard scale is “low energy” 

‣ Higher chances at the tail of differential distributions (not necessarily a 
clear bump) “high energy” characteristic hard scale: more sensitive to 
quantum corrections / missing quantum corrections can fake BSM
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FABIOLA GIANOTTI AT                                    FEB 2019

Precise measurements of known particles and interactions 
are just as important as finding new particles
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TEXTO

“This work naturally pushes our search methods 
towards making more detailed and higher precision 

measurements that will help us constrain possible 
deviations by new physics,” Willocq says.
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New channels open from LO to NLO at hadron colliders

Higgs boson production 
is one loop at LO
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New channels open from LO to NLO at hadron colliders

Higgs boson production 
is one loop at LO

QCD correction to the LO New channels at NLO:  and qg(q̄g) qq̄

• Only NNLO is a correction to all the channels that appear at the NLO
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higher perturbative orders improve systematically 
the precision of the theoretical predictions 
(estimated by varying the renormalization / 
factorization scales) for background and signal. 
Uncertainty bands are expected to narrow and 
overlap from one order to the next one

[Kilgore,Harlander]

Perturbative progress at hadron-hadron colliders
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higher perturbative orders improve systematically 
the precision of the theoretical predictions 
(estimated by varying the renormalization / 
factorization scales) for background and signal. 
Uncertainty bands are expected to narrow and 
overlap from one order to the next one

[Kilgore,Harlander]

Perturbative progress at hadron-hadron colliders

▪ LO: fails to describe normalization (up to a factor 2). 
Monte Carlo event generators (LO + parton 
showers) : improves the shape of distributions, but 
normalization still underestimated 

▪ NLO:  first reliable estimate of central value 
(because protons are not elementary)

▪ NNLO: first serious estimate of the theoretical 
uncertainty
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DATA/THEORY | INCLUSIVE OBSERVABLES 5-20% THEORETICAL ACCURACY
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Gavin Salam@ESPP2019
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PARTICLE PHYSICS AT HIGH-ENERGY COLLIDERS

NEW PERTURBATIVE METHODS

initial-state 
parton densities
1/GeV = 10−16m

final state: e.g. jets

Parton showers: 
resummation of collinear 
physics + hadronisation at 

 1/(200 MeV) ∼ 10−15m

High-energy collision 
at 1/TeV ∼ 10−19m

final state: e.g. leptons

factorisation into short distance 
(hard scattering = high energy) 
and long distance (initial and final 
state = low energy)

collision remnants / 
underlying event
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pQFT without Feynman diagrams
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G. Passarino, M. Veltman 

One-loop corrections for e+e− annihilation 
into μ+μ− in the Weinberg model

Nucl. Phys. B160 (1979) 151-207

G. 't Hooft, M. Veltman

Scalar one-loop integrals

Nucl. Phys. B153 (1979) 365-401

One-loop amplitudes

Calculation of   
one-loop scalar 
integrals

Reduction of 
tensor one-loop 
integrals to scalar 
integrals

• The classical paradigm for the calculation of one-loop diagrams was established in 1979
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G. Passarino, M. Veltman 

One-loop corrections for e+e− annihilation 
into μ+μ− in the Weinberg model

Nucl. Phys. B160 (1979) 151-207

G. 't Hooft, M. Veltman

Scalar one-loop integrals

Nucl. Phys. B153 (1979) 365-401

• Difficult for processes beyond 2→2                                                                                  
(Gramm determinants + large number of Feynman diagrams)

• At two-loops: reduction to Master Integrals (not unique) e.g. by Integration-By-Parts Identities 
[Chetyrkin, Tkachov 1981, Tarasov 1998, Laporta 2000]

One-loop amplitudes

Calculation of   
one-loop scalar 
integrals

Reduction of 
tensor one-loop 
integrals to scalar 
integrals

• The classical paradigm for the calculation of one-loop diagrams was established in 1979
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 Recursion relations and unitarity methods
Properties of the S-Matrix

▶ Analyticity: scattering amplitudes 
are determined by their singularities

▶ Unitarity: the residues at singular points 
are products of scattering amplitudes with 
lower number of legs and/or less loops

▶ recycling: using scattering 
amplitudes to calculate other 
scattering amplitudes
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 Recursion relations and unitarity methods
Properties of the S-Matrix

Here are the words of some enthusiast: “One of the most remarkable 
discoveries in elementary particle physics has been that of the 
existence of the complex plane”,  “... the theory of functions of 
complex variables plays the role not of a mathematical tool, but of a 
fundamental description of nature  inseparable from physics … .” 
J. Schwinger,  Particles, Sources, and  Fields, Vol.1, p.36

▶ Analyticity: scattering amplitudes 
are determined by their singularities

▶ Unitarity: the residues at singular points 
are products of scattering amplitudes with 
lower number of legs and/or less loops

▶ recycling: using scattering 
amplitudes to calculate other 
scattering amplitudes
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 Helicity basis + colour decomposition

[Cvitanovic, Lauwers, Scharbach, 
Berends, Giele, Mangano, Parke,  
Xu,Bern,Kosower, Lee, Nair]

-g
lu

on
 a

m
pl

itu
de

N

Expressions simplify by using “right variables” | e.g. for -gluons at tree levelN

color ordered factor colour ordered subamplitude:  
• Depends on the momenta and helicities 
• gauge-invariant 
• fixed cyclic order of external legs

ℳ(0)
N ({pi, hi, ai}) = ∑

P(1,…,N)

Tr(ta1ta2⋯taN) 𝒜(0)
N ({pi, hi})

sum over permutations

# gluons # diagrams # color ordered diagrams
4 4 3
5 25 10
6 220 36
7 2.485 133
8 34.300 501
9 559.405 1.991
10 10.525.900 7.225



G. Rodrigo – Strong interactions at colliders                                                                                                                                                         XIX MX School of Particles and Fields 2021

  Spinors
[Xu,Zhang,Chang,

Berends, Kleiss, De Causmaeker, 
Gastmans, Wu,Gunion, Kunzst]

Four-dimensional spinors of definite helicity 
| i±⟩ =

1
2

(1 ± γ5) u(pi) = v∓(pi) ⟨i± | = ū±(pi) = v̄∓(pi)

p2
i = 0 pa ·a

i = pμ
i σa ·a

μ = λa
i λ̃ ·a

i

spinor algebra and other useful identities 
holomorphic inner product: 

       

anti-holomorphic inner product:   
       

sum over polarisations    
equation of motion     
other                              

⟨ij⟩ = ⟨i− | j+⟩ = εabλa
i λb

j = |sij | eıϕij = −⟨ji⟩

[ij] = ⟨i+ | j−⟩ = ε ·a ·bλ̃ ·a
i λ̃

·b
j = −⟨ij⟩* = −[ ji]

/pi = | i⟩[i | + | i]⟨i |
/pi | i±⟩ = 0

⟨ij] = 0 = ⟨ii⟩ [i |γμ | j⟩ = ⟨j |γμ | i]
sij = (pi + pj)2 = ⟨ij⟩[ ji]

gluon polarisation vectors  
 

 

equivalent to axial gauge  
a clever choice of the gauge  
momentum can simplify calculations

ϵ2 = 0 = ϵ+ ⋅ ϵ− , k ⋅ ϵ±(k) = 0

ϵ+
μ (k, ξ) =

⟨ξ |γμ |k]

2 ⟨ξk⟩

ϵ−
μ (k, ξ) =

[ξ |γμ |k⟩

2 [kξ]
ξ = n
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 MHV amplitudes

Multi-gluonic amplitudes at tree level: Amplitude for all gluons of positive helicity or 
one single gluon of negative helicity vanishes    

► two negative helicities (Maximal Helicity Violating Amplitude ) rather simple [Parke-Taylor, 1986] 

 

proven via recursion relations [Berends-Giele, Mangano-Parke-Xu,1988]  

next-to-MHV  does contain both  and  
[Kosower,1990] 

𝒜(0)
n (1+, …, i±, …, n+) = 0

𝒜(0)
n (1+, …, i−, …, j−, …, n+) =

⟨ij⟩4

⟨12⟩⟨23⟩⋯⟨(n − 1)n⟩⟨n1⟩

𝒜NMHV
n (1+, …, i−, …, j−, …, k−, …, n+) ⟨ij⟩ [ij]
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 Off-shell recursion relations [Berends, Giele]

• Define Off-shell current: amplitude with one off-shell leg, building 
block for the off-shell current with higher multiplicity 

• the gluonic current particularly simple for some helicity configurations 

                           

• on-shell amplitude by setting on-shell the off-shell leg

Jμ(i+, …, j+) =
⟨ξ |γμ/pi,j |ξ⟩

2⟨ξi⟩⟨i(i + 1)⟩⋯⟨jξ⟩
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 On-shell recursion relations at tree-level: BCFW 
[Britto, Cachazo, Feng, Witten]

How to reconstruct a scattering amplitude from its singularities 

Add  (  complex) to the four-momentum of one external particle and subtract it on another such that the 
shift leaves them on-shell  

      

has the correct 
residue at any  
multi-particle pole  

                                                         

• Diagrammatic proof [Draggiotis, Kleiss, Lazopoulos, Papadopoulos] 
• Compact analytical results, although colour dressed Berends-Giele (off-shell recursion) might be more efficient numerically 

[Duhr, Höche, Maltoni]

z ημ z

0 =
1

2πı ∮C at ∞

𝒜(0)
n (z)
z

= 𝒜(0)
n (z = 0) −∑

zi

Reszi
𝒜(0)

n (z)
zi

𝒜(0)
n (1,2,…, n) = ∑ 𝒜(0)

L (1̂,2,…, − ̂p1,k)
i

s1,k
𝒜(0)

R ( ̂p1,k, k + 1,…, ̂n)

+z ημ

−z ημ
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 in practice
holomorphic shift   ( (-,+) is not a safe shift )


      


anti-holomorphic shift ( i ↔ j )


 determined by setting on-shell the intermediate momenta


      

̂pμ
i = pμ

i +
z
2

[i |γμ | j⟩ | ̂i⟩ = | i⟩ + z | j⟩ | ̂i] = | i]

̂pμ
j = pμ

j −
z
2

[i |γμ | j⟩ | ̂j⟩ = | j⟩ | ̂j] = | j] − z | i]

z

̂pμ
1,k = pμ

1,k +
z
2

[i |γμ | j⟩ , ̂p2
1,k = 0 , z = −

s1,k

[i |p1,k | j⟩

☑ use only on-shell amplitudes  
☑ rather compact expressions       

☒ generates spurious poles at  
    while physical IR divergences at  

[i |p1,k | j⟩
si,j = (pi + pi+1 + ⋯ + pj)2
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  Generalized Unitarity: the one-loop basis
A dimensionally regulated n-point one-loop integral (scattering amplitude) is a linear combination of 
scalar boxes, triangles, bubbles and tadpoles with rational coefficients 

▪ Pentagons and higher n-point functions can be reduced to lower point integrals and higher 
dimensional polygons that only contribute at O(ε) [Bern, Dixon, Kosower] 

▪ The task is reduced to determining the coefficients: by applying multiple cuts at both sides of the 
equation [Brito, Cachazo, Feng] 

▪ R is a finite piece that is entirely rational: can not be detected by four-dimensional cuts  

∑=
i

iC
)4( ∑+

i
iC
)3( ∑+

i
iC
)2( ∑+

i
iC
)1( + R



G. Rodrigo – Strong interactions at colliders                                                                                                                                                         XIX MX School of Particles and Fields 2021

 Generalized Unitarity
Quadruple cut

A1

A2A3

A4

K1

K2K3

K4

)4(
iC=

K1

K2K3

K4 The discontinuity across the leading singularity is unique  

            

Four on-shell constrains       freeze the loop momenta

C(4)
i = A1 × A2 × A3 × A4
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Quadruple cut

A1

A2A3

A4

K1

K2K3

K4

)4(
iC=

K1

K2K3

K4 The discontinuity across the leading singularity is unique  

            

Four on-shell constrains       freeze the loop momenta

C(4)
i = A1 × A2 × A3 × A4

  

Triple cut

A1

A2

A3

)3(
iC= ∑+ )4(

jC
Only three on-shell constrains            
       one free component of the loop momentum  

And so on for double and single cuts 
▪ OPP [Ossola, Pittau, Papadopoulos]: a systematic way to extract the coefficients
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 Generalized Unitarity
Quadruple cut

A1

A2A3

A4

K1

K2K3

K4

)4(
iC=

K1

K2K3

K4 The discontinuity across the leading singularity is unique  

            

Four on-shell constrains       freeze the loop momenta

C(4)
i = A1 × A2 × A3 × A4

  

Triple cut

A1

A2

A3

)3(
iC= ∑+ )4(

jC
Only three on-shell constrains            
       one free component of the loop momentum  

And so on for double and single cuts 
▪ OPP [Ossola, Pittau, Papadopoulos]: a systematic way to extract the coefficients

Rational terms
d-dimensional cuts, recursion relations (BCFW), Feynman rules …
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OPEN LOOPS TO NON-DISJOINT TREES

THE LOOP-TREE DUALITY (LTD)
Cauchy residue theorem 
in the loop energy complex plane


selects residues with definite positive energy 
and negative imaginary part 


in arbitrary coordinate systems: reduce the 
dimension of the integration domain by one 
unit 

from Minkowski to Euclidean (loop three-
momenta)

Feynman Propagator +i0: 
encodes causality, i.e. positive frequencies are 
propagated forward in time, and negative backward

×

×

GF(qi)

qi,0 plane

×

×

𝒜(1)
N ℓ1,0 plane

××

××

GF(qi) =
1

q2
i − m2

i + i0

∑ [Catani et al. JHEP 0809, 065]

[Aguilera-Verdugo, Drientcourt-Mangin, Hernández-Pinto, Plenter, 
Ramírez-Uribe, Rentería-Olivo, GR, Sborlini, Torres-Bobadilla]
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ONLY SINGLE-CUT TREES AT ONE-LOOP

THE LOOP-TREE DUALITY (LTD)
One-loop amplitudes in any relativistic, local and unitary QFT represented as a linear 
combination of N single-cut phase-space/dual amplitudes | non-disjoint trees 
(at higher orders: number of cuts equal to the number of loops) 

∫ℓ1

𝒩(ℓ1)∏GF(qi) = − ∫ℓ1

𝒩(ℓ1) ⊗ ∑ δ̃(qi)∏
i≠j

GD(qi; qj)

[Catani et al. JHEP 0809, 065]∑

‣     sets internal line on-shell, positive energy mode 

‣     dual propagator                                                       

δ̃(qi) = ı2π θ(qi,0) δ(q2
i − m2

i )

GD(qi; qj) =
1

q2
j − m2

j − ı0 ηkji
kji = qj − qi q(+)

i,0 = q2
i + m2

i − ı0

[Aguilera-Verdugo, Drientcourt-Mangin, Hernández-Pinto, Plenter, 
Ramírez-Uribe, Rentería-Olivo, GR, Sborlini, Torres-Bobadilla]
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ONLY SINGLE-CUT TREES AT ONE-LOOP

THE LOOP-TREE DUALITY (LTD)
One-loop amplitudes in any relativistic, local and unitary QFT represented as a linear 
combination of N single-cut phase-space/dual amplitudes | non-disjoint trees 
(at higher orders: number of cuts equal to the number of loops) 

∫ℓ1

𝒩(ℓ1)∏GF(qi) = − ∫ℓ1

𝒩(ℓ1) ⊗ ∑ δ̃(qi)∏
i≠j

GD(qi; qj)

[Catani et al. JHEP 0809, 065]

‣ LTD realised by modifying the customary +i0 prescription of the Feynman propagators (only the sign matters), 
it encodes in a compact way the effect of multiple-cut contributions that appear in the Feynman’s Tree 
Theorem 


‣ Lorentz invariant, best choice  : energy component integrated out, remaining integration in 
Euclidean space                                                      

ημ = (1,0)

∑

‣     sets internal line on-shell, positive energy mode 

‣     dual propagator                                                       

δ̃(qi) = ı2π θ(qi,0) δ(q2
i − m2

i )

GD(qi; qj) =
1

q2
j − m2

j − ı0 ηkji
kji = qj − qi q(+)

i,0 = q2
i + m2

i − ı0

[Aguilera-Verdugo, Drientcourt-Mangin, Hernández-Pinto, Plenter, 
Ramírez-Uribe, Rentería-Olivo, GR, Sborlini, Torres-Bobadilla]
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OPENING OF LOOPS TO TREES BEYOND ONE-LOOP

LTD AT HIGHER ORDERS + CAUSALITY
[Catani et al. JHEP 0809, 065]∑

[Aguilera-Verdugo, Drientcourt-Mangin, Hernández-Pinto, Plenter, 
Ramírez-Uribe, Rentería-Olivo, GR, Sborlini, Torres-Bobadilla]

‣ The LTD representation is an integral in the loop tree-momenta


         𝒜(L)
MLT(1,…, n) = ∫ ⃗ℓ 1⋯ ⃗ℓ L

1
∏2q(+)

i,0 ( 1
λ+

1,n
+

1
λ−

1,n ), λ±
1,n = ∑ q(+)

i,0
± k1n,0

‣ Independent of the initial momentum flow assignments

‣ Manifestly free of non-causal singularities: for all 

topologies and internal configurations Integrand numerical 
instabilities across a 
noncausal threshold

manifestly causal 
LTD representation
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Exercises: 

1. Proof the Fierz and Shouten identities:        

Hint: multiply and divide by  or  
and apply   

2. Calculate the scattering amplitudes and squared amplitude for  
by using the helicity method, and compare with the traditional calculation 

   

How many independent helicity amplitudes there are?

⟨1 |γμ |2] [3 |γμ |4⟩ = 2⟨14⟩ [32]
⟨12⟩⟨34⟩ + ⟨14⟩⟨23⟩ + ⟨13⟩⟨42⟩ = 0

⟨23⟩ [23]
γμγνγσγμ = 4gνσ

e+(p1) e−(p2) → q(p3) q̄(p4)

ℳ(0)
e+e−→qq̄ ∼ [ū(p3)γμv(p4)] [v̄(p1)γνu(p2)] dμν(p12)

|ℳ(0) |2 = Tr (p1/ γμp2/ γσ) Tr (p3/ γνp4/ γρ) dμσ(p12) dνρ(p12)
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Exercises: 

3. Proof by induction that the Maximal Helicity Violating (MHV) amplitude for gluons is 
given by the expression 

 

4. Calculate by using BCFW the six-gluon amplitude 

𝒜(0)
n (1+, …, i±, …, n+) = 0

𝒜(0)
n (1+, …, i−, …, j−, …, n+) =

⟨ij⟩4

⟨12⟩⟨23⟩⋯⟨(n − 1)n⟩⟨n1⟩

𝒜6(1+,2+,3+,4−,5−,6−) =
i

⟨2 |1 + 6 |5] ( ⟨6 |1 + 2 |3]3

⟨61⟩⟨12⟩[34][45]s126
+

⟨4 |5 + 6 |1]3

⟨23⟩⟨34⟩[56][61]s561 )
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PARTICLE PHYSICS AT HIGH-ENERGY COLLIDERS

THE COLLINEAR LIMIT OF QCD

initial-state 
parton densities
1/GeV = 10−16m

final state: e.g. jets

Parton showers: 
resummation of collinear 
physics + hadronisation at 

 1/(200 MeV) ∼ 10−15m

High-energy collision 
at 1/TeV ∼ 10−19m

final state: e.g. leptons

factorisation into short distance 
(hard scattering = high energy) 
and long distance (initial and final 
state = low energy)

collision remnants / 
underlying event
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Relevance of the collinear limit in QCD

⦿ from hard scattering amplitudes to cross-sections: subtraction of IR 
singularities 

⦿ IR properties of amplitudes exploited to compute logarithmic enhanced 
perturbative terms: resummation of leading and subleading logs 

⦿ improve physics content of Monte Carlo event generators: parton showers 

⦿ scale evolution of PDF´s and fragmentation functions  

⦿ Factorization theorems: from e+e- and DIS to hadron colliders 

⦿ beyond QCD: hints on the structure of highly symmetric gauge theories (e.g. 
N=4 super-Yang-Mills)



G. Rodrigo – Strong interactions at colliders                                                                                                                                                         XIX MX School of Particles and Fields 2021

pQCD for hard-scattering processes 
based on universality:


▪ the sole uncancelled IR divergences 
are due to partonic states whose 
momenta are collinear to the 
collider partons 

▪ removed by redefinition of bare 
parton densities

Collinear factorisation theorem proven for 
sufficiently inclusive observables in the final 
state of the scattering of colorless hadrons            

[Collins, Soper, Sterman] 

▪ Offen assumed that partonic scattering 
amplitudes factorize: fixed order and 
resummations 

▪ Monte Carlo event generators are based on 
factorisation 

▪ In neither of these cases factorization is 
guaranteed at higher orders.

Parton densities

PDF

Hard scattering 
cross-section

Factorization and renormalization scales
Higher 
twistPartonic cms energy

σ = ∑
a,b

∫ dx1 dx2 fa(x1, μF) fb(x2, μF) ̂σ ab(x1pA, x2pB; μF, μR) + 𝒪 ( 1
Q )

̂s = x1 x2 s
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 Collinear factorisation at tree-level
• Momenta  of  partons become collinear 
• Sub-energies  of the same order and vanish simultaneously 

• leading singular behaviour  with 

p1, …, pm m
sij = (pi + pj)2

( s1,m)1−m p1,m = p1 + … + pm

  Collinear limit
• Most singular behaviour captured by 

universal (process independent) splitting 
amplitudes: the same for e+e-, DIS and 
hadron collisions 

• The splitting amplitude depends on the 
collinear partons only 

• Space-like and time-like related by crossing 
• Process dependence in the reduced 

matrix elementsp
ac

e 
- l

ik
e

pa
rto

n 
de

ns
iti

es

?

tim
e 

- l
ik

e
fra

gm
en

ta
tio

n

|M(0)(p1, …, pn)⟩ = Sp(0)(p1, ⋯, pm; P̃) |M(0)(P̃; pm+1, …, pn)⟩ + 𝒪(( s1,m)3−m)
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At two loops
?

|ℳ(2)(p1, …, pn)⟩

≃ Sp(0)(p1, …, pm; P̃ ) |ℳ(2)( P̃ ; pm+1, …, pn)⟩

≃ Sp(1)(p1, …, pm; P̃ ) |ℳ(1)( P̃ ; pm+1, …, pn)⟩

≃ Sp(2)(p1, …, pm; P̃ ) |ℳ(0)( P̃ ; pm+1, …, pn)⟩
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Qualitative interpretation: two collinear partons

 Tree level:

• two-scale problem: collinear sub-energy any other sub-energy (large- 
versus short-distance interactions)

s12 ≪
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 Loops: 
• gauge interactions are long-range
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Qualitative interpretation: two collinear partons

 Tree level:

• two-scale problem: collinear sub-energy any other sub-energy (large- 
versus short-distance interactions)

s12 ≪

 Loops: 
• gauge interactions are long-range

• Interactions separately spoil factorisation, but  and 
: colour coherence restores factorisation, the 

parton  sees the two collinear partons as a single one. 

θj1 ≃ θj2 ≃ θjP̃
Tj ⋅ (T1 + T2) = Tj ⋅ TP̃

j
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Qualitative interpretation: two collinear partons

 Tree level:

• two-scale problem: collinear sub-energy any other sub-energy (large- 
versus short-distance interactions)

s12 ≪

 Loops: 
• gauge interactions are long-range

• Interactions separately spoil factorisation, but  and 
: colour coherence restores factorisation, the 

parton  sees the two collinear partons as a single one. 

θj1 ≃ θj2 ≃ θjP̃
Tj ⋅ (T1 + T2) = Tj ⋅ TP̃

j
• Both collinear partons in the final- or initial-state, otherwise colour coherence 

is limited by causality
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The collinear projection
• The projection over the collinear limit is obtained by setting the parent parton at on-shell 

momenta 

 

: collinear direction 
: describes how the collinear limit is approached  

 : longitudinal momentu fraction 

P̃μ = pμ
1,m −

s1,m nμ

2n ⋅ P̃
P̃μ

nμ P̃2 = 0, n2 = 0
zi =

n ⋅ pi

n ⋅ P̃ ∑ zi = 1

• Factorisation holds in any arbitrary gauge, however, it is more evident in the axial gauge (physical 
polarisations): only diagrams where the parent parton emitted and absorbed collinear radiation 

1
p/12

=
1

s12
p/12 =

1
s12 (P̃/ +

s12

2n ⋅ P̃
n/) ≃

1
s12

u(P̃)ū(P̃) + …

dμν(k, n) = dμν(P̃, n) + … ≃ ϵμ(P̃)ϵ*ν (P̃) + …
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 Splitting functions

The square of the splitting amplitude, summed over final-state colours and spins, and averaged 
over colours and spins of the parent parton, defines the -parton (unpolarised) splitting function 

 

which is a generalisation of the customary (i.e. with ) Altarelli-Parisi splitting function

m

⟨P⟩ = ( s1,m

2μ2ϵ )
m−1

|Sp |2

m = 2
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 Splitting functions

The square of the splitting amplitude, summed over final-state colours and spins, and averaged 
over colours and spins of the parent parton, defines the -parton (unpolarised) splitting function 

 

which is a generalisation of the customary (i.e. with ) Altarelli-Parisi splitting function

m

⟨P⟩ = ( s1,m

2μ2ϵ )
m−1

|Sp |2

m = 2

• Perturbarive expansion P = P(0) + P(1) + P(2) + …
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 Splitting functions

The square of the splitting amplitude, summed over final-state colours and spins, and averaged 
over colours and spins of the parent parton, defines the -parton (unpolarised) splitting function 

 

which is a generalisation of the customary (i.e. with ) Altarelli-Parisi splitting function

m

⟨P⟩ = ( s1,m

2μ2ϵ )
m−1

|Sp |2

m = 2

• Perturbarive expansion P = P(0) + P(1) + P(2) + …
• Probability to emit futher radiation with a given longitudinal momenta, from the leading singular 

behaviour
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 Splitting functions

The square of the splitting amplitude, summed over final-state colours and spins, and averaged 
over colours and spins of the parent parton, defines the -parton (unpolarised) splitting function 

 

which is a generalisation of the customary (i.e. with ) Altarelli-Parisi splitting function

m

⟨P⟩ = ( s1,m

2μ2ϵ )
m−1

|Sp |2

m = 2

• Perturbarive expansion P = P(0) + P(1) + P(2) + …
• Probability to emit futher radiation with a given longitudinal momenta, from the leading singular 

behaviour

• Universal (process independent): the same fro e+e-, DIS or hadron collisions
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Exercises:  

1. Proof that  and test other flavour combinations (colour coherence) 

2. Calculate the splitting functions for the collinear processes  and  by 
using the helicity method 

Hint:  

 

 

Compare with 

Tj ⋅ (Tq + Tq̄) = Tj ⋅ Tg

q → qg, g → qq̄ g → gg

Sp(0)
q→q1g2

= Ta2
1

s12
ū(p1)ε/(p2)v(P̃)

P(0)
q→q1g2

= CF
1 + z2

1 − z
z = z1 =

n ⋅ p1

n ⋅ P̃
z2 = 1 − z

ℳ(0)
qq̄g ≃ (−ıeq) (ıgS) Ta ū(p1) γμ v(p2) ( p1 ⋅ ε

p1 ⋅ k
−

p2 ⋅ ε
p2 ⋅ k )
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PARTICLE PHYSICS AT HIGH-ENERGY COLLIDERS

PARTON DENSITIES (PDF)

initial-state 
parton densities
1/GeV = 10−16m

final state: e.g. jets

Parton showers: 
resummation of collinear 
physics + hadronisation at 

 1/(200 MeV) ∼ 10−15m

High-energy collision 
at 1/TeV ∼ 10−19m

final state: e.g. leptons

factorisation into short distance 
(hard scattering = high energy) 
and long distance (initial and final 
state = low energy)

collision remnants / 
underlying event
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Looking inside the proton

non-perturbative 
input

scale evolution 
determined by 

pQCD

Parton density (PDF): “probability” to find a parton of a given flavour carrying a 
longitudinal momentum fraction  of the momentum of the protonx ∈ [0,1]
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DGLAP evolution [Dokshitzer–Gribov–Lipatov–Altarelli–Parisi 1972-1977]

∂ q(x, μ2)
∂ log μ2

=
αS

2π ∫
1

x

dz
z

Pq→qg(z) q(x/z, μ2)

https://en.wikipedia.org/w/index.php?title=Yuri_Dokshitzer&action=edit&redlink=1
https://en.wikipedia.org/wiki/Vladimir_Gribov
https://en.wikipedia.org/wiki/Lev_Lipatov
https://en.wiipedia.org/wiki/Guido_Altarelli
https://en.wikipedia.org/wiki/Giorgio_Parisi
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DGLAP flavour structure
The proton contains both quarks and gluons: DGLAP is a matrix in flavour space  

                                               

spanning over all flavours and anti-flavours 

              

with the plus-prescription  is soft: only soft                                                            
configurations matches virtual with real corrections

∂
∂ log μ2 (q

g) = (
Pq→qg Pg→qq̄

Pq→gq Pg→gg) ⊗ (q
g)

Pq→qg = CF ( 1 + z2

(1 − z)+
+

3
2

δ(1 − z))
Pq→gq = CF

1 + (1 − z)
z

Pg→qq̄ = TR [z2 + (1 − z)2]

Pg→gg = 2CA [ z
(1 − z)+

+
1 − z

z
+ z(1 − z)] + b0 δ(1 − z)

z = 1 ∫
1

0
dz

f(z)
(1 − z)+

= ∫
1

0
dz

f(z) − f(1)
1 − z
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 Parton densities
■ Non-perturbative input determined from global fits to collider data, scale evolution from 
pQCD (NNLO)  
■ Vast choice: e.g. http://hepdata.cedar.ac.uk/pdfs  
 

http://hepdata.cedar.ac.uk/pdfs
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 Parton densities
■ Non-perturbative input determined from global fits to collider data, scale evolution from 
pQCD (NNLO)  
■ Vast choice: e.g. http://hepdata.cedar.ac.uk/pdfs  
 

http://apfel.mi.infn.it/ 

http://hepdata.cedar.ac.uk/pdfs
http://apfel.mi.infn.it/
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• Maximum of up and down at x=1/3: three 
quarks sharing the proton momentum
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quarks sharing the proton momentum

• up quark = 2 x down quark
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• Maximum of up and down at x=1/3: three 
quarks sharing the proton momentum

• up quark = 2 x down quark

• gluon density evolves faster: colour charge 
 versus quark colour charge CA = 3 CF = 4/3
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• Maximum of up and down at x=1/3: three 
quarks sharing the proton momentum

• up quark = 2 x down quark

• gluon density evolves faster: colour charge 
 versus quark colour charge CA = 3 CF = 4/3

• more antiquarks at high energies from gluon 
splitting
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PDFs strategy in a nutshell
• Make an ansatz for the functional form of the PDFs at some fixed low scale value 

( ): e.g. in MRST/MSTW 

 

• NNPDF use neural networks and does not need such explicit functional form 

• Collect data at various  from different experiments (e.g. DIS), use DGLAP equations 
to evolve down to  and fit parameters, including  

• Ensure sum rules: (Gottfried, momentum, … ).     

Q0 ∼ 1 GeV

x uV = Au xη1 (1 − x)η2 (1 + ϵu x + γux) uV = u − ū

x dV = Ad xη3 (1 − x)η4 (1 + ϵd x + γdx) dV = d − d̄

x g = Ag x−λg (1 − x)ηg (1 + ϵg x + γgx)

(x, Q2)
Q0 αS

∫ dxx∑
i

fi(x, Q2) = 1
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 Parton densities

■ Differences are due to different: 
Data sets in fits, parameterization of 
starting distributions, order of pQCD 
evolution, power law contributions, 
nuclear target corrections, 
resummation corrections (ln 1/x, …), 
treatment of heavy quarks, strong 
coupling, choice of factorization and 
renormalization scales.  
■ at least 5-10% uncertainty in 
theoretical predictions
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PARTICLE PHYSICS AT HIGH-ENERGY COLLIDERS

JETS

initial-state 
parton densities
1/GeV = 10−16m

final state: e.g. jets

Parton showers: 
resummation of collinear 
physics + hadronisation at 

 1/(200 MeV) ∼ 10−15m

High-energy collision 
at 1/TeV ∼ 10−19m

final state: e.g. leptons

factorisation into short distance 
(hard scattering = high energy) 
and long distance (initial and final 
state = low energy)

collision remnants / 
underlying event
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What´s a jet
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What´s a jet

▪ a bunch of energetic and 
collimated particles
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What´s a jet

▪ a bunch of energetic and 
collimated particles

▪ 60% of LHC papers use 
jets [Salam, Soyez]
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Why and how do we see jets? Gluon emission    

  

higher probability at small angle 
(collinear) and small energy (soft) 

αS ∫
dE
E

dθ
θ
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θ

Non-perturbative 
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Why and how do we see jets? Gluon emission    

  

higher probability at small angle 
(collinear) and small energy (soft) 

αS ∫
dE
E

dθ
θ

Non-perturbative 
transition to hadrons
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▪ Clearly  
a two-jet event
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▪ Clearly  
a two-jet event

▪ Three- or four-jet event ?  
▪ Depends on the jet resolution parameter
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▪ Define distance among particles: e.g. dij = (pi + pj)2

[Catani, Dokshitzer, Seymour, Webber, 93] 
[Ellis, Soper, 93]

The  algorithm at hadron colliders    kT
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▪ Define distance among particles: e.g. dij = (pi + pj)2

▪ Is this distance smaller than a resolution parameter? Combine into the same jet recursively 

[Catani, Dokshitzer, Seymour, Webber, 93] 
[Ellis, Soper, 93]

The  algorithm at hadron colliders    kT
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▪ Define distance among particles: e.g. dij = (pi + pj)2

▪ Is this distance smaller than a resolution parameter? Combine into the same jet recursively 
▪ At hadron colliders there are beams, introduce also “”beam distance” diB = p2

Ti = 2E2
i (1 − cos θiB)

[Catani, Dokshitzer, Seymour, Webber, 93] 
[Ellis, Soper, 93]

The  algorithm at hadron colliders    kT
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▪ Define distance among particles: e.g. dij = (pi + pj)2

▪ Is this distance smaller than a resolution parameter? Combine into the same jet recursively 
▪ At hadron colliders there are beams, introduce also “”beam distance” diB = p2

Ti = 2E2
i (1 − cos θiB)

[Catani, Dokshitzer, Seymour, Webber, 93] 
[Ellis, Soper, 93]

The  algorithm at hadron colliders    kT

Inclusive  




• Compute the smallest distance  or 


• If , cluster  and  together


• If , call  a jet and remove from the list of particles

• Repeat until no particle is left

• Two parameters  and minimal transverse momentum 

kT

dij = min(p2
Ti, p2

Tj
)

ΔR2
ij

R2
diB = p2

Ti ΔR2
ij = (yi − yj)2 + (ϕi − ϕj)2

dij diB

dij i j
diB i

R pTi > pT,min
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▪ Define distance among particles: e.g. dij = (pi + pj)2

▪ Is this distance smaller than a resolution parameter? Combine into the same jet recursively 
▪ At hadron colliders there are beams, introduce also “”beam distance” diB = p2

Ti = 2E2
i (1 − cos θiB)

[Catani, Dokshitzer, Seymour, Webber, 93] 
[Ellis, Soper, 93]

The  algorithm at hadron colliders    kT

Inclusive  




• Compute the smallest distance  or 


• If , cluster  and  together


• If , call  a jet and remove from the list of particles

• Repeat until no particle is left

• Two parameters  and minimal transverse momentum 

kT

dij = min(p2
Ti, p2

Tj
)

ΔR2
ij

R2
diB = p2

Ti ΔR2
ij = (yi − yj)2 + (ϕi − ϕj)2

dij diB

dij i j
diB i

R pTi > pT,min

    for massive particlesy =
1
2

log
E + pz

E − pz
≠ η = − log(tan(θ/2))
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▪  has a physical meaning: the stronger divergence between a pair of particles, the more 
likely it is they will be associated with each other
kT

The anti-  algorithm   kT
[Cacciari, Salam, Soyez 08]
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▪ Cambridge/Aachen:  dij =
ΔR2
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CONCLUSIONS

‣ Exciting times ahead with huge amount of collider data 

‣ Challenging our theoretical understanding to meet 
experimental demands 

‣ Parallel developments in maths and quantum computing 

‣ QCD is the most non-Abelian theory that can be probed at 
high-energy colliders


