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Introduction

Brief introduction to (g − 2)µ: what’s that?

• How charged spin particle interacts in classical electromagnetic field ~B

µ

~S ~B
Hint = −~µ · ~B; ~µ = g Q

2m`
~S

Classical spinning particle → g = 1

• Care, spin is not classic! Fundamental property of a particle!

Dirac equation (1928) predicted ge(µ) = 2
Confirmed in 1934 → 1%� deviations in 1947!

• But nature is quantum (also electromagnetism)
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Brief introduction to (g − 2)µ: what’s that?

• How charged spin particle interacts in classical electromagnetic field ~B

M = −e
(
u
[
γµF1(q2) + iσµνqν

2m F2(q2)
]
u
)
Ãµ(q)

ge(µ) = 2(F1(0) + F2(0))
Ward−−−→ ge(µ) = 2(1 + F2(0))

• Care, spin is not classic! Fundamental property of a particle!

Dirac equation (1928) predicted ge(µ) = 2
Confirmed in 1934 → 1%� deviations in 1947!

• But nature is quantum (also electromagnetism)

Culmination of QED renormalization (1948)

ae(µ) ≡
ge(µ)−2

2 = F2(0) = α
2π = 0.00116
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Brief introduction to (g − 2)µ: what’s that?

• But measurements just began! And higher loops to come...
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• Most recent result
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e =1159652180.73(28)× 10−12

aTh
e =1159652181.61(23*)× 10−12

aTh-Ex
e =0.88(36)× 10−12 (2.4σ)

* Previously (72); now α(Cs) 2018

• Future ambitions ∆aExp
e = 3× 10−14
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• More sensitive to heavy physics
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`/M
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e ∼ 104

• Makes µ more interesting!

• Indeed, there is a tension... but let’s
give experimentalists their credit first!

How do we measure that?



Current progress in the muon g − 2
Introduction

Brief introduction to (g − 2)µ: what’s that?

• But measurements just began! And higher loops to come...

a e
QED1

a e
QED2

a e
QED3

a e
QED4

a e
QED5

a Μ
HVP

a Μ
HLbL

a e
Weak

10- 310- 510- 710- 9
10- 1110- 1310- 1510- 1710- 19

2008* ' 47' 63' 70' 87

• Most recent result

aEx
e =1159652180.73(28)× 10−12

aTh
e =1159652181.61(23*)× 10−12

aTh-Ex
e =0.88(36)× 10−12 (2.4σ)

* Previously (72); now α(Cs) 2018

• Future ambitions ∆aExp
e = 3× 10−14

10 - 15 10 - 13 10 - 11 10 - 9 10 - 7 10 - 5 10 - 3

a Μ
QED1

a Μ
QED2

a Μ
QED3

a Μ
QED4

a Μ
QED5

a Μ
HVP

a Μ
HLbL

a Μ
EW

627904 � 21*

• More sensitive to heavy physics

δa` ∼ m2
`/M

2 → m2
µ/m

2
e ∼ 104

• Makes µ more interesting!

• Indeed, there is a tension... but let’s
give experimentalists their credit first!

How do we measure that?



Current progress in the muon g − 2
Introduction

Brief introduction to (g − 2)µ: what’s that?

• But measurements just began! And higher loops to come...

a e
QED1

a e
QED2

a e
QED3

a e
QED4

a e
QED5

a Μ
HVP

a Μ
HLbL

a e
Weak

10- 310- 510- 710- 9
10- 1110- 1310- 1510- 1710- 19

2008* ' 47' 63' 70' 87

• Most recent result

aEx
e =1159652180.73(28)× 10−12

aTh
e =1159652181.61(23*)× 10−12

aTh-Ex
e =0.88(36)× 10−12 (2.4σ)

* Previously (72); now α(Cs) 2018

• Future ambitions ∆aExp
e = 3× 10−14

10 - 15 10 - 13 10 - 11 10 - 9 10 - 7 10 - 5 10 - 3

a Μ
QED1

a Μ
QED2

a Μ
QED3

a Μ
QED4

a Μ
QED5

a Μ
HVP

a Μ
HLbL

a Μ
EW

627904 � 21*

• More sensitive to heavy physics

δa` ∼ m2
`/M

2 → m2
µ/m

2
e ∼ 104

• Makes µ more interesting!

• Indeed, there is a tension... but let’s
give experimentalists their credit first!

How do we measure that?



Current progress in the muon g − 2
Introduction

Brief introduction to (g − 2)µ: how do we measure it?

• Crash course on (spin) precession!

• In classical EM

~µ =
1
2

∫
~r × ~j =

Q

2m
~L⇒ eQ

2m
g~L

• Torque on dipole from a ~B field

~τ = ~µ× ~B =
eQ

2m
g~L× ~B

• Implies spin precession; for ~B ⊥ ~L

ωp =
τ

L
=
−eQ
2m

gB
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Brief introduction to (g − 2)µ: how do we measure it?

• Crash course on (spin) precession!

• Also in QM: spin along +x̂ and ~B along ẑ

H = −~µ · ~B, Ĥ |ẑ ,±〉 = E± |ẑ ,±〉

〈~µ〉 = g eQ
2m 〈~S〉 ⇒ E± = ∓ e~Q

4m gB

• Then, time-evolution implies

< Sx >=
~
2
cos(

2Et
~

), < Sy >=
~
2
sin(−2Et

~
)

• This is, it precesses with ωp = −eQ
2m g

• Same as classical mechanics

Time evolution:

|+x̂ , t〉 =
1√
2

(
e−iE+t

e−iE−t

)

Expectation value:
〈Sx〉 = ~

2 〈+x̂ , t|σx |+x̂ , t〉
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Brief introduction to (g − 2)µ: how do we measure it?

• aµ measured via spin precession
• The short µ+ lifetime in brief

• Let’s boost the µ to the experiment

ωp =
gµeB

2m`
=

gµ
2
ωc = ωc(1 + aµ)

⇒ aµ =
ωp

ωc
−1 =

(g − 2)µ
2

= F2(0)
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Brief introduction to (g − 2)µ: how do we measure it?

• aµ measured via spin precession
• The short µ+ lifetime in brief

space and time. The analyses employ one of three
data-driven techniques to correct for pileup, which would
otherwise bias ωa.
A χ2 minimization of the data model of Eq. (5) to the

reconstructed time series determines the measured (m)
quantity ωm

a . The model fits the data well (see inset to
Fig. 2), producing reduced χ2s consistent with unity.
Fourier transforms of the fit residuals show no unmodeled
frequency components, see Fig. 2. Without the ηi terms and
the muon loss function in the model, strong signals emerge
in the residuals at expected frequencies.
The dominant systematic uncertainties on ωa arise from

uncertainties in the pileup and gain correction factors, the
modeling of the functional form of the CBO decoherence,
and in the ωCBOðtÞ model. Scans varying the fit start and
stop times and across individual calorimeter stations
showed no significant variation in any of the four run
groups [59].
The measured frequency ωm

a requires four corrections,
Ci, for interpretation as the anomalous precession fre-
quency ωa of Eq. (2). The details are found in Ref. [60].
Ce.—The electric-field correction Ce from the last term

in Eq. (1) depends on the distribution of equilibrium radii
xe ¼ x − R0, which translates to the muon beam momen-
tum distribution via Δp=p0 ≅ xeð1 − nÞ=R0, where n is the
field index determined by the ESQ voltage [60]. A Fourier
analysis [60,76] of the decoherence rate of the incoming
bunched beam as measured by the calorimeters provides
the momentum distribution and determines the mean
equilibrium radius hxei≈6mm and the width σxe≈9mm.
The final correction factor is Ce ¼ 2nð1 − nÞβ2hx2ei=R2

0,
where hx2ei ¼ σ2xe þ hxei2.
Cp.—A pitch correction Cp is required to account for

the vertical betatron oscillations that lead to a nonzero
average value of the β⃗ · B⃗ term in Eq. (1). The expression

Cp ¼ nhA2
yi=4R2

0 determines the pitch correction factor
[60,77]. The acceptance-corrected vertical amplitude Ay

distribution in the above expression is measured by the
trackers.
Extensive simulations determined the uncertainties δCe

and δCp arising from the geometry and alignment of the
plates, as well as their voltage uncertainties and non-
linearities. The nonuniform kicker time profile applied to
the finite-length incoming muon bunch results in a corre-
lation introducing the largest uncertainty on Ce.
Cml.—Any bias in the average phase of muons that

are lost compared to those that remain stored creates
a time dependence to the phase factor φ0 in Eq. (5).
Beamline simulations predict a phase-momentum correla-
tion dφ0=dp¼ð−10.0�1.6Þmrad=ð%Δp=p0Þ and losses
are known to be momentum dependent. We verified the
correlation by fitting precession data from short runs in
which the storage ring magnetic field, and thus the central
stored momentum p0, varied by �0.67% compared to its
nominal setting. Next, we measured the relative rates of
muon loss (ml) versus momentum in dedicated runs in
which muon distributions were heavily biased toward high
or low momenta using upstream collimators. Coupling the
measured rate of muon loss in Run-1 to these two
correlation factors determines the correction factor Cml.
Cpa.—The phase term φ0 in Eq. (5) depends on the

muon decay coordinate ðx; y;ϕÞ and positron energy, but
the precession frequency ωa does not. If the stored muon
average transverse distribution and the detector gains are
stable throughout a fill, that average phase remains con-
stant. The two damaged resistors in the ESQ system caused
slow changes to the muon distribution during the first
∼100 μs of the measuring period. An extensive study of
this effect involved (a) generation of phase, asymmetry, and
acceptance maps for each calorimeter as a function of muon
decay coordinate and positron energy from simulations
utilizing our GEANT-based model of the ring (GM2RINGSIM);
(b) extraction of the time dependence of the optical lattice
around the ring from the COSY simulation package and
GM2RINGSIM; (c) folding the azimuthal beam distribution
derived from tracker and optics simulations with the phase,
asymmetry, and acceptance maps to determine a net
effective phase shift versus time-in-fill, φ0ðtÞ; and (d) appli-
cation of this time-dependent phase shift to precession data
fits to determine the phase-acceptance (pa) correction Cpa.
The use of multiple approaches confirmed the conclusions;
for details, see Ref. [60]. The damaged resistors were
replaced after Run-1, which significantly reduces the
dominant contribution to Cpa and the overall magnitude
of muon losses.

IV. MAGNETIC FIELD DETERMINATION

A suite of pulsed-proton NMR probes, each optimized
for a different function in the analysis chain, measures the
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FIG. 2. Fourier transform of the residuals from a time-series fit
following Eq. (5) but neglecting betatron motion and muon loss
(red dashed), and from the full fit (black). The peaks correspond
to the neglected betatron frequencies and muon loss. Inset:
asymmetry-weighted eþ time spectrum (black) from the Run-
1c run group fit with the full fit function (red) overlaid.

PHYSICAL REVIEW LETTERS 126, 141801 (2021)

141801-5

PRL 126, 141801 (2021)

• Let’s boost the µ to the experiment

ωp =
gµeB

2m`
=

gµ
2
ωc = ωc(1 + aµ)

⇒ aµ =
ωp

ωc
−1 =

(g − 2)µ
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= F2(0)
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Brief introduction to (g − 2)µ: Current status

• There is a tension suggesting possibility of New Physics since E821@BNL (’04)

aEx’04
µ =116592089(63)× 10−11

aTh’15
µ =116591807(57)× 10−11

aTh’15-Ex
µ =− 282(85)× 10−11 (3.3σ)

• Motivated experiments at FNL and JPARC with goal ∆aEx
µ = 16× 10−11
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Brief introduction to (g − 2)µ: Current status

• Motivated th. improvements [µ g-2 theory initiative, Phys.Rep.887 (2020)]

aEx’04
µ =116592091(63)× 10−11

aTh
µ =116591810(43)× 10−11

aTh-Ex’04
µ =− 279(76)× 10−11 (3.7σ)

• Motivated experiments at FNL and JPARC with goal ∆aEx
µ = 16× 10−11
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Brief introduction to (g − 2)µ: Current status

• Tension confirmed with 1st run at FNL

aFNL’21
µ =116592040(54)× 10−11

aTh
µ =116591810(43)× 10−11

aTh-FNL’21
µ =− 230(69)× 10−11 (3.3σ)

PRL 126, 141801 (2021)

Bk and Bq.—Two fast transients induced by the dynam-
ics of charging the ESQ system and firing the SR kicker
magnet slightly influence the actual average field seen by
the beam compared to its NMR-measured value as
described above and in Ref. [61]. An eddy current induced
locally in the vacuum chamber structures by the kicker
system produces a transient magnetic field in the storage
volume. A Faraday magnetometer installed between the
kicker plates measured the rotation of polarized light in a
terbium-gallium-garnet crystal from the transient field to
determine the correction Bk.

The second transient arises from charging the ESQs,
where the Lorentz forces induce mechanical vibrations in
the plates that generate magnetic perturbations. The ampli-
tudes and sign of the perturbations vary over the two
sequences of eight distinct fills that occur in each 1.4 s
accelerator supercycle. Customized NMR probes measured
these transient fields at several positions within one ESQ
and at the center of each of the other ESQs to determine
the average field throughout the quadrupole volumes.
Weighting the temporal behavior of the transient fields
by the muon decay rate, and correcting for the azimuthal
fractions of the ring coverage, 8.5% and 43% respectively,
each transient provides final corrections Bk and Bq to aμ as
listed in Table II.

V. COMPUTING aμ AND CONCLUSIONS

Table I lists the individual measurements of ωa and ω̃0
p,

inclusive of all correction terms in Eq. (4), for the four run
groups, as well as their ratios, R0

μ (the latter multiplied by
1000). The measurements are largely uncorrelated because
the run-group uncertainties are dominated by the statistical
uncertainty on ωa. However, most systematic uncertainties
for both ωa and ω̃0

p measurements, and hence for the ratios
R0

μ, are fully correlated across run groups. The net computed
uncertainties (and corrections) are listed in Table II. The fit
of the four run-group results has a χ2=n:d:f: ¼ 6.8=3,
corresponding to Pðχ2Þ ¼ 7.8%; we consider the Pðχ2Þ to
be a plausible statistical outcome and not indicative of
incorrectly estimated uncertainties. The weighted-average
value isR0

μ ¼ 0.003 707 300 3ð16Þð6Þ, where the first error
is statistical and the second is systematic [82]. From Eq. (2),
we arrive at a determination of the muon anomaly

aμðFNALÞ ¼ 116 592 040ð54Þ × 10−11 ð0.46 ppmÞ;

where the statistical, systematic, and fundamental constant
uncertainties that are listed in Table II are combined in
quadrature. Our result differs from the SMvalue by 3.3σ and
agrees with the BNL E821 result. The combined exper-
imental (Exp) average [83] is

aμðExpÞ ¼ 116 592 061ð41Þ × 10−11 ð0.35 ppmÞ:

The difference, aμðExpÞ − aμðSMÞ ¼ ð251� 59Þ × 10−11,
has a significance of 4.2σ. These results are displayed
in Fig. 4.
In summary, the findings here confirm the BNL exper-

imental result and the corresponding experimental average
increases the significance of the discrepancy between the
measured and SM predicted aμ to 4.2σ. This result will
further motivate the development of SM extensions,
including those having new couplings to leptons.
Following the Run-1 measurements, improvements to

the temperature in the experimental hall have led to greater

TABLE II. Values and uncertainties of the R0
μ correction terms

in Eq. (4), and uncertainties due to the constants in Eq. (2) for aμ.
Positive Ci increase aμ and positive Bi decrease aμ.

Quantity
Correction
terms (ppb)

Uncertainty
(ppb)

ωm
a (statistical) � � � 434

ωm
a (systematic) � � � 56

Ce 489 53
Cp 180 13
Cml −11 5
Cpa −158 75

fcalibhωpðx; y;ϕÞ ×Mðx; y;ϕÞi � � � 56
Bk −27 37
Bq −17 92

μ0pð34.7°Þ=μe � � � 10
mμ=me � � � 22
ge=2 � � � 0

Total systematic � � � 157
Total fundamental factors � � � 25
Totals 544 462

FIG. 4. From top to bottom: experimental values of aμ from
BNL E821, this measurement, and the combined average. The
inner tick marks indicate the statistical contribution to the total
uncertainties. The Muon g − 2 Theory Initiative recommended
value [13] for the standard model is also shown.

PHYSICAL REVIEW LETTERS 126, 141801 (2021)

141801-7

• Motivated experiments at FNL and JPARC with goal ∆aEx
µ = 16× 10−11
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Brief introduction to (g − 2)µ: Current status

• Current result: E821+FNL’21

aEx
µ =116592061(41)× 10−11

aTh
µ =116591810(43)× 10−11

aTh-Ex
µ =− 251(59)× 10−11 (4.2σ)

PRL 126, 141801 (2021)

Bk and Bq.—Two fast transients induced by the dynam-
ics of charging the ESQ system and firing the SR kicker
magnet slightly influence the actual average field seen by
the beam compared to its NMR-measured value as
described above and in Ref. [61]. An eddy current induced
locally in the vacuum chamber structures by the kicker
system produces a transient magnetic field in the storage
volume. A Faraday magnetometer installed between the
kicker plates measured the rotation of polarized light in a
terbium-gallium-garnet crystal from the transient field to
determine the correction Bk.

The second transient arises from charging the ESQs,
where the Lorentz forces induce mechanical vibrations in
the plates that generate magnetic perturbations. The ampli-
tudes and sign of the perturbations vary over the two
sequences of eight distinct fills that occur in each 1.4 s
accelerator supercycle. Customized NMR probes measured
these transient fields at several positions within one ESQ
and at the center of each of the other ESQs to determine
the average field throughout the quadrupole volumes.
Weighting the temporal behavior of the transient fields
by the muon decay rate, and correcting for the azimuthal
fractions of the ring coverage, 8.5% and 43% respectively,
each transient provides final corrections Bk and Bq to aμ as
listed in Table II.

V. COMPUTING aμ AND CONCLUSIONS

Table I lists the individual measurements of ωa and ω̃0
p,

inclusive of all correction terms in Eq. (4), for the four run
groups, as well as their ratios, R0

μ (the latter multiplied by
1000). The measurements are largely uncorrelated because
the run-group uncertainties are dominated by the statistical
uncertainty on ωa. However, most systematic uncertainties
for both ωa and ω̃0

p measurements, and hence for the ratios
R0

μ, are fully correlated across run groups. The net computed
uncertainties (and corrections) are listed in Table II. The fit
of the four run-group results has a χ2=n:d:f: ¼ 6.8=3,
corresponding to Pðχ2Þ ¼ 7.8%; we consider the Pðχ2Þ to
be a plausible statistical outcome and not indicative of
incorrectly estimated uncertainties. The weighted-average
value isR0

μ ¼ 0.003 707 300 3ð16Þð6Þ, where the first error
is statistical and the second is systematic [82]. From Eq. (2),
we arrive at a determination of the muon anomaly

aμðFNALÞ ¼ 116 592 040ð54Þ × 10−11 ð0.46 ppmÞ;

where the statistical, systematic, and fundamental constant
uncertainties that are listed in Table II are combined in
quadrature. Our result differs from the SMvalue by 3.3σ and
agrees with the BNL E821 result. The combined exper-
imental (Exp) average [83] is

aμðExpÞ ¼ 116 592 061ð41Þ × 10−11 ð0.35 ppmÞ:

The difference, aμðExpÞ − aμðSMÞ ¼ ð251� 59Þ × 10−11,
has a significance of 4.2σ. These results are displayed
in Fig. 4.
In summary, the findings here confirm the BNL exper-

imental result and the corresponding experimental average
increases the significance of the discrepancy between the
measured and SM predicted aμ to 4.2σ. This result will
further motivate the development of SM extensions,
including those having new couplings to leptons.
Following the Run-1 measurements, improvements to

the temperature in the experimental hall have led to greater

TABLE II. Values and uncertainties of the R0
μ correction terms

in Eq. (4), and uncertainties due to the constants in Eq. (2) for aμ.
Positive Ci increase aμ and positive Bi decrease aμ.

Quantity
Correction
terms (ppb)

Uncertainty
(ppb)

ωm
a (statistical) � � � 434

ωm
a (systematic) � � � 56

Ce 489 53
Cp 180 13
Cml −11 5
Cpa −158 75

fcalibhωpðx; y;ϕÞ ×Mðx; y;ϕÞi � � � 56
Bk −27 37
Bq −17 92

μ0pð34.7°Þ=μe � � � 10
mμ=me � � � 22
ge=2 � � � 0

Total systematic � � � 157
Total fundamental factors � � � 25
Totals 544 462

FIG. 4. From top to bottom: experimental values of aμ from
BNL E821, this measurement, and the combined average. The
inner tick marks indicate the statistical contribution to the total
uncertainties. The Muon g − 2 Theory Initiative recommended
value [13] for the standard model is also shown.

PHYSICAL REVIEW LETTERS 126, 141801 (2021)

141801-7

• Motivated experiments at FNL and JPARC with goal ∆aEx
µ = 16× 10−11

• Rapidly changing and active field over past years
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Brief introduction to (g − 2)µ: Current status

• Imagine a theoretical paradise...

aFNL
µ =116592061(16)× 10−11

aTh
µ =116591810(0)× 10−11

aTh-FNL
µ =− 251(16)× 10−11 (16σ)

PRL 126, 141801 (2021)

Bk and Bq.—Two fast transients induced by the dynam-
ics of charging the ESQ system and firing the SR kicker
magnet slightly influence the actual average field seen by
the beam compared to its NMR-measured value as
described above and in Ref. [61]. An eddy current induced
locally in the vacuum chamber structures by the kicker
system produces a transient magnetic field in the storage
volume. A Faraday magnetometer installed between the
kicker plates measured the rotation of polarized light in a
terbium-gallium-garnet crystal from the transient field to
determine the correction Bk.

The second transient arises from charging the ESQs,
where the Lorentz forces induce mechanical vibrations in
the plates that generate magnetic perturbations. The ampli-
tudes and sign of the perturbations vary over the two
sequences of eight distinct fills that occur in each 1.4 s
accelerator supercycle. Customized NMR probes measured
these transient fields at several positions within one ESQ
and at the center of each of the other ESQs to determine
the average field throughout the quadrupole volumes.
Weighting the temporal behavior of the transient fields
by the muon decay rate, and correcting for the azimuthal
fractions of the ring coverage, 8.5% and 43% respectively,
each transient provides final corrections Bk and Bq to aμ as
listed in Table II.

V. COMPUTING aμ AND CONCLUSIONS

Table I lists the individual measurements of ωa and ω̃0
p,

inclusive of all correction terms in Eq. (4), for the four run
groups, as well as their ratios, R0

μ (the latter multiplied by
1000). The measurements are largely uncorrelated because
the run-group uncertainties are dominated by the statistical
uncertainty on ωa. However, most systematic uncertainties
for both ωa and ω̃0

p measurements, and hence for the ratios
R0

μ, are fully correlated across run groups. The net computed
uncertainties (and corrections) are listed in Table II. The fit
of the four run-group results has a χ2=n:d:f: ¼ 6.8=3,
corresponding to Pðχ2Þ ¼ 7.8%; we consider the Pðχ2Þ to
be a plausible statistical outcome and not indicative of
incorrectly estimated uncertainties. The weighted-average
value isR0

μ ¼ 0.003 707 300 3ð16Þð6Þ, where the first error
is statistical and the second is systematic [82]. From Eq. (2),
we arrive at a determination of the muon anomaly

aμðFNALÞ ¼ 116 592 040ð54Þ × 10−11 ð0.46 ppmÞ;

where the statistical, systematic, and fundamental constant
uncertainties that are listed in Table II are combined in
quadrature. Our result differs from the SMvalue by 3.3σ and
agrees with the BNL E821 result. The combined exper-
imental (Exp) average [83] is

aμðExpÞ ¼ 116 592 061ð41Þ × 10−11 ð0.35 ppmÞ:

The difference, aμðExpÞ − aμðSMÞ ¼ ð251� 59Þ × 10−11,
has a significance of 4.2σ. These results are displayed
in Fig. 4.
In summary, the findings here confirm the BNL exper-

imental result and the corresponding experimental average
increases the significance of the discrepancy between the
measured and SM predicted aμ to 4.2σ. This result will
further motivate the development of SM extensions,
including those having new couplings to leptons.
Following the Run-1 measurements, improvements to

the temperature in the experimental hall have led to greater

TABLE II. Values and uncertainties of the R0
μ correction terms

in Eq. (4), and uncertainties due to the constants in Eq. (2) for aμ.
Positive Ci increase aμ and positive Bi decrease aμ.

Quantity
Correction
terms (ppb)

Uncertainty
(ppb)

ωm
a (statistical) � � � 434

ωm
a (systematic) � � � 56

Ce 489 53
Cp 180 13
Cml −11 5
Cpa −158 75

fcalibhωpðx; y;ϕÞ ×Mðx; y;ϕÞi � � � 56
Bk −27 37
Bq −17 92

μ0pð34.7°Þ=μe � � � 10
mμ=me � � � 22
ge=2 � � � 0

Total systematic � � � 157
Total fundamental factors � � � 25
Totals 544 462

FIG. 4. From top to bottom: experimental values of aμ from
BNL E821, this measurement, and the combined average. The
inner tick marks indicate the statistical contribution to the total
uncertainties. The Muon g − 2 Theory Initiative recommended
value [13] for the standard model is also shown.
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• FNL analysing run2+3 (factor of 2 improvement); run4 finished; 5 in future

• JPARC data taking in ’25; 1st results in ’27

• Soon will be a theorists (+exp) business again; Exciting times ahead!
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• FNL analysing run2+3 (factor of 2 improvement); run4 finished; 5 in future

• JPARC data taking in ’25; 1st results in ’27

• Soon will be a theorists (+exp) business again; Exciting times ahead!

• Next slides will be all about discussing (hadronic) uncertainties
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QED Contributions

• 1-Loop: Schwinger term ’48 (1 diagram) - universal (pure number)

aQED1
µ = 116140973.321(23)× 10−11

• 2-Loops: Petermann and Sommerfield ’56; analytic (9 diagrams)

aQED2
µ = 413217.626(7)× 10−11

• 3-Loops: Laporta and Remidi ’96; analytic (72 diagrams)

aQED3
µ = 30141.9023(3)× 10−11

• 4-Loops: Kinoshita et al ’06 numeric (891 diagrams) checks in ’16,’17

aQED4
µ = 381.00(2)× 10−11

• 5-Loops: Kinoshita et al ’12 (12672 diagrams) +checks

aQED5
µ = 5.078(6)× 10−11
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QED Contributions

• 1-Loop: Schwinger term ’48 (1 diagram) - universal (pure number)

aQED1
µ = 116140973.321(23)× 10−11

• 2-Loops: Petermann and Sommerfield ’56; analytic (9 diagrams)

aQED2
µ = 413217.626(7)× 10−11

• 3-Loops: Laporta and Remidi ’96; analytic (72 diagrams)

aQED3
µ = 30141.9023(3)× 10−11

• 4-Loops: Kinoshita et al ’06 numeric (891 diagrams) checks in ’16,’17

aQED4
µ = 381.00(2)× 10−11

• 5-Loops: Kinoshita et al ’12 (12672 diagrams) +checks

aQED5
µ = 5.078(6)× 10−11

• QED up to 5th order +6th order error estimate (Aoyama ’19)

aQED
µ = 116584718.931(30)× 10−11
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Current progress in the muon g − 2
Theoretical calculation II: EW part

EW Contributions

• 1-Loop: Jackiw-Weinberg & Bars-Yoshimura & Fujikawa-Lee-Sanda(Rξ) ’72

aEW;LO
µ = 194.80(1)× 10−11 Stöckinger et al’13 with mH

• 2-Loop: Czarnecki et al’95 & Knecht et al’02 & Stöckinger et al’13

aEW;NLO
µ = −41.2(1.0)× 10−11

• Including NNLO error estimate (Stöckinger et al’13)

aEW
µ = 153.6(1.0)× 10−11
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Hadronic Contributions

• QCD is a non-perturbative confining theory

• Perturbative calculations valid at short distances; otherwise hadrons!

π

π

K

π

K

π

η

π

π

π

• Certainly the case at muon scales (mµ ∼ mπ)

• Indeed (believe me) it is space-like (mostly) low-energies that matter for aµ
• To convince you how bad pQCD: HVP in units of 10−11

aHVP
µ |mPDG

q
= 223366, aHVP

µ |m=100 MeV = 5876, aHVP
µ = 6933,

• Hopefully convinces you not an expansion in αs !

• Alternative techniques to deal with QCD non-pert. required!

• Dedicated workshops ’13,’14,’16; (g-2) theory initiative ’17,’18,’19,’21
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Hadronic Contributions I: HVP

• Nature has solved QCD; use via the optical and Cauchy’s th. to get Π̂(−Q2)

π

π

K

π

π

K

2

Im Π̂(q2) σ(e+e− → hadrons)∼∫
d4xe iq·x 〈0|T{jµ(x)jν (0)} |0〉 = i(q2gµν − qµqν )Π̂(q2)← Π̂(0)

• Oversimplifying: precise measurements for e+e− → hadrons or the R-ratio

Figs in KNT’18/DHMZ’19 (left/right)
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Hadronic Contributions I: HVP

• Include over 27 channels with up to 6 mesons; dominated by ρ/ω (FJ Fig.)

• Data driven | Data+resonance profile | BHLS Model (10−11 units)

DHMZ19 : 6940(40) KNT19 : 6928(24) | FJ17 : 6881(41) | BDJ19 : 6871(30)

• Analytic constraints on aHVP
µ [ππ]|≤1 GeV, aHVP

µ [3π]|≤1.8 GeV (CHHKS)

• Also τ± → π±π0 data with isospin corrections [lattice might help]
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Hadronic Contributions I: HVP

• Devil is in the details! Interpolation, errors,... non-trivial below 1% precision!

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports 887 (2020) 1–166

Table 4
Full evaluations of aHVP, LO

µ from FJ17 [27], DHMZ19 [6], KNT19 [7], and BDJ19 [238]. The uncertainty in DHMZ19 includes an additional systematic
uncertainty to account for the tension between KLOE and BABAR.

BDJ19 DHMZ19 FJ17 KNT19

aHVP, LO
µ × 1010 687.1(3.0) 694.0(4.0) 688.1(4.1) 692.8(2.4)

Table 5
Selected exclusive-mode contributions to aHVP, LO

µ from DHMZ19 and KNT19, for the energy range ≤ 1.8GeV, in units of 10−10 . Where three (or
more) uncertainties are given for DHMZ19, the first is statistical, the second channel-specific systematic, and the third common systematic, which is
correlated with at least one other channel. For the π+π− channel, the uncertainty accounting for the tension between BABAR and KLOE (amounting
to 2.76 × 10−10) is included in the channel-specific systematic.

DHMZ19 KNT19 Difference

π+π− 507.85(0.83)(3.23)(0.55) 504.23(1.90) 3.62
π+π−π0 46.21(0.40)(1.10)(0.86) 46.63(94) −0.42
π+π−π+π− 13.68(0.03)(0.27)(0.14) 13.99(19) −0.31
π+π−π0π0 18.03(0.06)(0.48)(0.26) 18.15(74) −0.12
K+K− 23.08(0.20)(0.33)(0.21) 23.00(22) 0.08
KSKL 12.82(0.06)(0.18)(0.15) 13.04(19) −0.22
π0γ 4.41(0.06)(0.04)(0.07) 4.58(10) −0.17

Sum of the above 626.08(0.95)(3.48)(1.47) 623.62(2.27) 2.46

[1.8, 3.7]GeV (without cc̄) 33.45(71) 34.45(56) −1.00
J/ψ , ψ(2S) 7.76(12) 7.84(19) −0.08
[3.7,∞) GeV 17.15(31) 16.95(19) 0.20

Total aHVP, LO
µ 694.0(1.0)(3.5)(1.6)(0.1)ψ (0.7)DV+QCD 692.8(2.4) 1.2

choice of the ranges is motivated by the gain of precision of the fit in the low-energy region compared to the combined
data integration. The fit result below 0.63GeV,

aHVP, LOµ [ππ ]
⏐⏐
≤0.63GeV = 133.2(5)(4) × 10−10

= 133.2(6) × 10−10 , (2.32)

where the first error estimates experimental and the second model uncertainty (checked to be significant with respect to
fluctuations of the experimental uncertainties), agrees well with Eq. (2.29) and Eq. (2.31). While the slightly larger central
value could also be due to the differences in the data treatment, the smaller systematic uncertainty likely arises when no
inelastic effects need to be constrained in the fit.

2.3.5. Comparison of dispersive HVP evaluations
The different evaluations described in the previous sections all rely on data for e+e−

→ hadrons, but differ in the
treatment of the data as well as the assumptions made on the functional form of the cross section. In short, the evaluations
from Section 2.3.1 (DHMZ19) and Section 2.3.2 (KNT19) directly use the bare cross section, the one from Section 2.3.3
(FJ17) assumes in addition a Breit–Wigner form for some of the resonances, and the evaluation from (BDJ19) relies on
a hidden-local-symmetry (HLS) model. For certain channels, most notably 2π and 3π , constraints from analyticity and
unitarity define a global fit function or optimal bounds that can be used in the dispersion integral to integrate the data,
see Section 2.3.4 (ACD18 and CHS18 for 2π ). In this section, we compare the different evaluations and comment on
possible origins of the most notable differences in the numerical results.

Table 4 shows the results of recent global evaluations. We start with a more detailed comparison of DHMZ19 and
KNT19. At first sight, both evaluation appear in very good agreement, but the comparison in the individual channels, see
Table 5, shows significant differences, most notably in the 2π channel, which differs at the level of the final uncertainty.
For the 3π channel, both analyses are now in good agreement, between each other as well as with a fit using analyticity
and unitarity constraints [5], which produces 46.2(8) × 10−10, see Eq. (2.30). Previous tensions could be traced back to
different interpolating functions [5,271,272]: since the data is relatively scarce off-peak in the ω region (and similarly,
to a lesser extent, for the φ), while the cross section is still sizable, a linear interpolation overestimates the integral.
Both DHMZ19 and KNT19 analyses include evaluations of the threshold region of the 2π channel, either using ChPT or
dispersive fits, as well as, going back to Ref. [211], estimates for the threshold regions of π0γ and 3π below the lowest
data points, based on the chiral anomaly for the normalization and ω dominance for the energy dependence (following
Ref. [273] for π0γ and Refs. [274,275] for 3π ). The corresponding estimates, 0.12(1) × 10−10 for π0γ and 0.01 × 10−10

for 3π , agree well with recent dispersive analyses, which lead to 0.13× 10−10 [276] and 0.02× 10−10 [5], respectively.17
Finally, a difference of about 1.0×10−10 arises from the energy region [1.8, 3.7]GeV depending on whether data (KNT19)
or pQCD (DHMZ19) is used. Summing up these three individual channels already leads to a significant cancellation among

17 Since the 3π threshold contribution is very small, it does not matter for aµ that in this case ω dominance from Refs. [274,275] noticeably
underestimates the cross section.

40

Tab. 5 from Phys.Rep. 887 (2020)

• Data driven | Data+resonance profile | BHLS Model (10−11 units)

DHMZ19 : 6940(40) KNT19 : 6928(24) | FJ17 : 6881(41) | BDJ19 : 6871(30)

• Analytic constraints on aHVP
µ [ππ]|≤1 GeV, aHVP

µ [3π]|≤1.8 GeV (CHHKS)

• Also τ± → π±π0 data with isospin corrections [lattice might help]
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• BaBar vs. KLOE discrepancy ⇒ exp. programme (CMD-3, BES-III, Belle II)
T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports 887 (2020) 1–166

Fig. 26. Comparison of aHVP, LO
µ [ππ ] obtained when using only subsets of the available data to the full KNT result shown by the yellow band. To

allow for the comparison, the energy range is restricted to 0.6 ≤
√
s ≤ 0.9GeV. See Refs. [3,7] for details.

Source: Reprinted from Ref. [7].

Fig. 27. Comparison of the sum over all exclusive channels to the compilation of inclusive data and the prediction from pQCD in the range from
1.8 to 2.2GeV. The blue square markers show the data from KEDR [167].

where the different errors (statistical, systematic, and the additional errors due to radiative corrections, VP, and FSR) are
added in quadrature.

2.3.3. Other approaches
Approach by F. Jegerlehner. In this section, we review the approach underlying the results recently presented in Refs.
[27,217–220], which is also based on the direct integration of cross section data, see Figs. 28 and 29. The main features
of the approach regarding the data integration can be summarized as follows [27,218,220,221]:

1. Take undressed data as they are and apply the trapezoidal rule (connecting data points by straight lines) for
integration. Integrating data smoothed by Chebyshev polynomial fits reproduces the results within insignificant
deviations.

2. To combine results from different experiments: (i) integrate data for individual experiments and combine the results
for each overlap region; (ii) combine data from different experiments before integration and integrate the combined
‘‘integrand’’. Check consistency of the two possible procedures to estimate the reliability of the results.

3. Error analysis: (i) statistical errors are added in quadrature; (ii) systematic errors are added linearly for different
experiments; (iii) combined results are obtained by taking weighted averages; (iv) all errors are added in quadrature
for ‘‘independent’’ data ranges as specified in Fig. 29, assuming this to be allowed in particular for different energy
regions and/or different accelerators and/or detectors; (v) best: apply the true covariance matrix if available, this
is the case for the ISR measurements from meson factories.

4. The ρ-resonance region is integrated using the GS parameterization of the pion form factor, see Fig. 28. Other
pronounced resonances have been parameterized by Breit–Wigner (BW) shapes with parameters taken from the
PDG. For the ω and φ one can apply a BW+PDG evaluation or use the corresponding decay spectra into 3π , π0γ ,
K+K−, KLKS , and ηγ .

34

Figs. from KNT19 (left) and Phys.Rep. 887 (2020) (right).

• Data driven | Data+resonance profile | BHLS Model (10−11 units)

DHMZ19 : 6940(40) KNT19 : 6928(24) | FJ17 : 6881(41) | BDJ19 : 6871(30)

• Analytic constraints on aHVP
µ [ππ]|≤1 GeV, aHVP

µ [3π]|≤1.8 GeV (CHHKS)

• Also τ± → π±π0 data with isospin corrections [lattice might help]
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• Data driven | Data+resonance profile | BHLS Model (10−11 units)

DHMZ19 : 6940(40) KNT19 : 6928(24) | FJ17 : 6881(41) | BDJ19 : 6871(30)

• In WP merging, DHMZ19+KNT19 (avoid models) + analytic constraints

aHVP,LO
µ = 6931(40)× 10−11

• Finally, higher orders (HO) corrections need be included

KNT19+Kurz14 (10−11 units)

aHVP;HO
µ = −98.3(0.7) + 12.4(0.1)

aHVP
µ = 6845(40)× 10−11
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• Also lattice (euclidean) QCD getting close to precision needs [O(1%) now]
• Note at this level requires SIB and QED → state of the art

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports 887 (2020) 1–166

Table 8
Summary of results for aHVP, LO

µ ; see also Fig. 44. All lattice results fully take into account the corrections and systematic errors, except for those
marked with ∗, which are older results that did not include SIB and QED corrections in the quoted values and errors. In some cases, the lattice
results include phenomenological estimates of the SIB/QED corrections instead of direct lattice calculations. Results for which the second column
states Nf = 2 + 1 include charm contributions in the valence sector, but not in the sea. Results with Nf = 2 also omit strange sea-quark effects.
When results are displayed with two errors, the first is the statistical uncertainty and the second the systematic one. With only one quoted error,
the statistical and systematic uncertainties are combined. HISQ = highly improved staggered quarks, Stout4S = 4 steps stout-smeared staggered
quarks, tmQCD = twisted mass QCD, DWF = domain wall fermions, Clover = O(a) improved Wilson quarks, StoutW = stout-smeared O(a) improved
Wilson quarks. Simulations with staggered quarks employ ‘‘rooted’’ determinants, to remove the extra doublers from the sea. TMR = time-momentum
representation, VMD = vector-meson dominance.

Collaboration Nf aHVP, LO
µ × 1010 Fermion Π̂ (Q 2)

ETM-18/19 [17,377] 2+1+1 692.1 (16.3) tmQCD TMR
FHM-19 [14] 2+1+1 699 (15) HISQ Padé w. Moments/TMR
BMW-17 [10] 2+1+1 711.1 (7.5)(17.5) Stout4S TMR
HPQCD-16 [376] 2+1+1 667 (6)(12) HISQ Padé w. Moments
ETM-13 [411] 2+1+1 674 (21)(18)∗ tmQCD VMD

Mainz/CLS-19 [15] 2+1 720.0 (12.4)(9.9) Clover TMR
PACS-19 [13] 2+1 737 (9)(+13

−18) StoutW TMR/Padé
RBC/UKQCD-18 [11] 2+1 717.4 (16.3)(9.2) DWF TMR

Mainz-17 [369] 2 654 (32)(+21
−23)

∗ Clover TMR

KNT-19 [7] pheno. 692.8 (2.4) − dispersion
DHMZ-19 [6] pheno. 694.0 (4.0) − dispersion
BDJ-19 [238] pheno. 687.1 (3.0) − dispersion
FJ-17 [27] pheno. 688.1 (4.1) − dispersion

RBC/UKQCD-18 [11] lat.+pheno. 692.5 (1.4)(2.3) DWF TMR + disp.

Fig. 44. Compilation of recent results for aHVP, LO
µ in units of 10−10 . The filled dark blue circles are lattice results that are included in the ‘‘lattice

world average’’. The average, which is obtained from a conservative averaging procedure in Section 3.5.1, is indicated by a light blue band, while the
light-green band indicates the ‘‘no new physics’’ scenario, where aHVP, LO

µ results are large enough to bring the SM prediction of aµ into agreement
with experiment. The unfilled dark blue circles are lattice results that are older or superseded by more recent calculations. The red squares indicate
results obtained from the data-driven methods reviewed in Section 2. See Table 8 for more information on the results included in the plot.
Source: Adapted from Ref. [443].

3.3.1. Total leading-order HVP contribution
In Fig. 44 and Table 8, we compare the results for aHVP, LOµ reported by the various lattice QCD groups as well as

those obtained from the data-driven methods described in Section 2. Note that lattice results based on gauge ensembles
with Nf = 2 sea quarks are not included in our averages. The results from the BMW collaboration (BMW-17 [10]), the
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Figure 3: Comparison of recent results for the leading-order, hadronic vacuum polarization contribution
to the anomalous magnetic moment of the muon. See [7] for a recent review. Green squares are lattice
results: this work’s result, denoted by BMWc’20 and represented by a filled symbol at the top of the figure,
is followed by Mainz’19 [32], FHM’19 [33], ETM’19 [34], RBC’18 [19] and our earlier work BMWc’17
[14]. Errorbars are s.e.m. Compared to BMWc’17, the present work has increased the accuracy of the
scale-setting from the per-cent to the per-mill level; has decreased the statistical error from 7.5 to 2.3;
has computed all isospin-breaking contributions as opposed to estimating it, the corresponding error is
1.4 down from 5.1; has made a dedicated finite-size study to decrease the finite-size error from 13.5 to
2.5; has decreased the continuum extrapolation error from 8.0 to 4.1 by having much more statistics on
our finest lattice and applying taste improvement. Red circles were obtained using the R-ratio method
by DHMZ’19 [3], KNT’19 [4] and CHHKS’19 [5, 6]; these results use the same experimental data as
input. The blue shaded region is the value that aLO−HVP

µ would have to have to explain the experimental
measurement of (gµ − 2), assuming no new physics.
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• Recent BMW20 result! Need more lattice Colls. there; Care with EWPO!

BMW20:7075(55) vs. DR:6931(28)exp(7)QCD(28)BaBar−KLOE [40]

• MUonE Coll: measure Π̂(Q2) at low Q2 (Figs. from Marinkovic/Calame@Seattle’19)
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Current progress in the muon g − 2
Theoretical calculation III: Hadronic part

Hadronic Contributions II: HLbL

• For low-energies, QCD non-perturbative

π

K

π

η

• Direct connection to exp not possible

From 1 (HVP) ΠµνHVP −→ 9 (HLbL) ΠµνρσHLbL scalar functions
From 1 scale q2 (HVP) −→ 6 {q2

i , s, t} (HLbL) scales −→ multiscale hard/soft

• First EdR’94, guidance(organization scheme) from EFTs: ChPT+large-Nc

Reduces all to the relevant γ∗γ∗ → R form factors → Syst. improvement?

• Recently Disp. Rel for describing resonances

Dominant modes π, η, η′ (already known); resonances in ππ rescattering
Higher multiplicity assumed irrelveant unless resonant
Multiscale need modelling ΠµνρσHLbL (Q2,Q2, q2, 0),ΠµνρσHLbL (Q2,Q2,Q2, 0)

• Let’s see the current status!
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Current progress in the muon g − 2
Theoretical calculation III: Hadronic part

Hadronic Contributions II: HLbL

• Pseudoscalar-pole contributions X

aπµ = 63.0(2.4)DR’18, 63.6(2.7)CA’17, 62.6(1.3)DSE-Gießen’19, 61.4(2.1)DSE-Mex’19, 62.3(2.3)Latt

• ππ Xand KK box contributions (no rescattering); πη under study (DVdH)

aππ;π-box
µ = − 15.9(2)DR’17,−15.7(4)DSE-Gießen’19

aKK-box
µ = − 0.5VMD,−0.7DSE-Gießen’19

• Scalar ππ X [KK 7] [∼ f0(500); agreement with res. estimates]

• Heavier S (* ππ) DR 7 → res. estimates

aSµ = −{3.1(1.8), 0.9(2)}PVdH,−{2.2(+3.2
−0.7), 1.0(+2.0

−0.4)}KNRR’18

• Tensor (D-wave) (ππ DR not ready but feasible) all are resonance estimates

aTµ = 0.9(0.1)DVdH’17
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Current progress in the muon g − 2
Theoretical calculation III: Hadronic part

Hadronic Contributions II: HLbL

• Axials (would-be 3π, η2π, 4π) from DR 7; res. estimates (work required!)

aAµ =6.4(2.0)PVdH’14, 7.6(2.7)FJ’17, 0.8(+3.5
−0.1)RχT’19,

(22.5÷ 40.6)Hol;LR, 28(2)Hol;CCAGI

• Short distances: (Q2
1,2�Q2

3 ) DR 7; models. (Q2
1,2,3�Λ2

QCD)XQ-loop (B’19)

aSD
µ = 13(6)L;Regge + 4.6T;QLoop, (14÷ 23)Hol;

Non-trivial matching (again, devil is in the details)!

• Estimate (so far) in WP

Updates since WP

• ππ with KK rescattering effects & new heavy S: aππ;S+S
µ = −9(1) DHS’20

• SD (+axials) K’20(+MRS’20); SD and matching LP’20
• Improve pQCD Q-loop and extend to lowest possible Q2

• Remarkable lattice improvements!
aHLbL
µ = 79(30)(18)RBC-UKQCD, 107(15)Mainz
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Theoretical Summary

• Controlled QED and EW (error irrelevant)

aQED
µ = 116584718.93(30)× 10−11, aEW

µ = 153.6(1.0)× 10−11

• Hadronic are the bottleneck; devil in details; lattice progressing; (10−11

units)

aHVP;LO
µ = 6931(40)DR vs 7075(55)BMW20 aHLbL

µ = 92(19)ph vs 107(15)Mainz

• Discrepancy persists, and more data to come soon! (10−11 units)

aEx
µ = 116592061(41) aTh

µ = 116591810(43) aTh-Ex
µ = −251(59) (4σ)

• Let’s see what nature has prepared for us

• Currently the theoretical aµ estimate is all about hadronic physics. Exciting
times ahead!
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