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Abstract

Objects defining hadron structure 

Status for the Proton  

PDF updates 

Lattice improvements 

Pheno prospect for the Proton 

EIC, JLab, LHCSpin,… 

Pion in phenomenology 

EIC, JLab, AMBER/COMPASS++,… 

Pion as a theoretical object 

Non-perturbative sophistication and elegance 

Lattice improvements

a beautiful marriage
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Semi-inclusive processes

proton  or        or 

π, ... π, ...

proton  or        or 

Exclusive processes

proton  or

        

Inclusive processes

Factorization theorems. 

Definition of Non-Perturbative objects from pQCD. 

Hard cross-section, corrections etc from pQCD too.

Examples of …
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Semi-inclusive processes

proton  or        or 

π, ... π, ...

proton  or        or 

Exclusive processes

proton  or

        

Inclusive processes

Inclusive: Parton Distribution Functions → f(x,Q2) 

Semi-inclusive: Transverse Momentum PDFs → f(x, kT, Q2) & Chiral-odd PDF 

Exclusive: Generalized PDFs → f(x, ξ, t, Q2) Fragmentation Functions → F(z, kT ,Q2)  

Distribution Amplitude → Φ(x, Q2)
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The ubiquitous unpolarized PDF Helicity PDF Transversity PDF

to leading-twist

Defined on the light-cone. 

Bjorken-x: fraction of longitudinal momentum carried by active quark. 

Factorization theorems to identify physical observables to connect to (see previous slide). 

DGLAP evolution equations.

Hadron Structure
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Status of Parton Distribution Functions-I

The ubiquitous unpolarized PDF Helicity PDF Transversity PDF

to leading-twist

PDFLattice [2006.08636]
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FIG. 2 The CT18 PDFs at µ2 = 10 GeV2 for the xu, xū, xd,
xd̄, xs = xs̄, and xg PDFs. Error bands correspond to the
68% confidence level. Figure from (Kovař́ık et al., 2019).

current unpolarized PDFs, are shown in Fig. 2.
The latest general-purpose PDF determination from

the MMHT collaboration is MMHT14 (Harland-
Lang et al., 2015), which was later extended to
include HERA I–II legacy measurements (Harland-Lang
et al., 2016), jet-production measurements (Harland-
Lang et al., 2018), and di↵erential measurements in top-
pair production (Bailey and Harland-Lang, 2020) from
the LHC. These intermediate updates demonstrated that
experimental correlations across systematic uncertainties
have been improperly estimated for some of the ATLAS
jet and di↵erential top data sets. The features of a new
preliminary general-purpose PDF set were presented in
Ref. (Thorne et al., 2019), which included new LHC data
sets, notably the particularly precise 7-TeV ATLAS W -
and Z-boson measurements, which increase the ratio of
strange to non-strange light sea quarks at low x, whilst
still allowing for a positive light-sea-quark asymmetry,
albeit with a maximum at slightly lower x. The MMHT
fit has also been updated with an improved and extended
parametrization based on Chebyshev polynomials.

The NNPDF collaboration released their latest
general-purpose PDF set in Ref. (Ball et al., 2017). This
was later extended to include direct photon (Campbell
et al., 2018), single-top (Nocera et al., 2019), and dijet-
production measurements (Abdul Khalek et al., 2020)
from the LHC. A reassessment of the impact of top-
pair di↵erential distributions measured by ATLAS at
8 TeV was also presented in Ref. (Amoroso et al., 2020),
which demonstrated the di↵erent impact of absolute and
normalized distributions in the fit, and the importance
of fitting charm in their description. The NNPDF
collaboration has also developed a statistical procedure
to represent theory uncertainties in PDFs (Ball and
Deshpande, 2019), and applied it to missing higher-order
corrections (MHOU) in the strong-coupling expansion of

theoretical predictions (Abdul Khalek et al., 2019b,c),
and to nuclear uncertainties in observables obtained from
scattering o↵ nuclear targets (Ball et al., 2019). The
procedure consists in supplementing the experimental
covariance matrix with a theoretical covariance matrix
estimated by way of an educated guess. In the case of
MHOU, correlated uncertainties were estimated at next-
to-leading order (NLO) by varying the factorization and
renormalization scales according to various prescriptions;
in the case of nuclear corrections, correlated uncertainties
were estimated as the di↵erence between theoretical
predictions obtained either with a free-proton or nuclear
PDF. The representation of such uncertainties in PDFs
is likely to become mandatory in the future, because
their size is comparable to that determined from
the uncertainty of the data. The inclusion of such
theoretical uncertainties was demonstrated to improve
the description of the data, while increasing PDF
uncertainties only mildly.
In Fig. 3 we compare the CT18, MMHT14 and

NNPDF3.1 PDF sets at a scale Q = µ = 2 GeV.
Specifically, we display the following PDF combinations
from top to bottom and left to right: u

v

+ d
v

= u �
ū + d � d̄, u � d, ū + d̄, d̄ � ū, s + s̄, s � s̄, c + c̄
and g. Note the special scale on the x axis. While
the three global analyses produce similar total valence
distributions u

v

+d
v

for 0.05 . x . 0.5, their predictions
on other flavor combinations could di↵er by 10% or more,
as in ū � d̄, ū + d̄, s + s̄, c + c̄ and g. In particular,
the c + c̄ PDF combination is largely di↵erent between
NNPDF3.1 and the other sets, given that charm is
parametrized on the same footing as other PDFs in the
NNPDF3.1 set, while it is generated perturbatively in
the others. Finally, note that the di↵erence s � s̄ is
not displayed for CT18 because they assume s = s̄;
MMHT14 and NNPDF3.1 determine s and s̄ PDFs
independently.

Beside the three general-purpose PDF sets described
above, other unpolarized PDF determinations have been
produced or updated recently, namely ABMP, CJ, JAM
and HERAPDF. These PDF sets are based on a reduced
set of measurements and/or on peculiar theoretical
assumptions. As such, they are more limited in scope.

The ABMP16 (Alekhin et al., 2017) PDF set is
the only unpolarized PDF set determined in a schemes
with a fixed number of flavors: for 3, 4 and 5 active
flavors separately. It was recently supplemented with
an extended set of single-top and top-pair measurements
from the Tevatron and the LHC and an increasing
number of DY data, notably recent ATLAS gauge-boson–
production distributions at 5 and 7 TeV and double-
di↵erential distributions for Z-boson production from
ATLAS and CMS. More stringent kinematic cuts have
been applied, which reduce the impact of higher-twist
terms included in the analysis.

The CJ15 (Accardi et al., 2016a) analysis determined
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FIG. 6 The transversity xh
1

(x) at 90% CL. Upper (lower)
plot for valence up (down) component. Gray lines represent
the So↵er bound. Darker (pink) band for the PV18 global fit
of (Radici and Bacchetta, 2018) at Q2 = 2.4 GeV2. Lighter
(cyan) band for the MEX19 constrained analysis of (Benel
et al., 2020) at the average scale of the data.

2018). The error band corresponds to the 90% confidence
level (CL), and includes also a systematic theoretical
error induced by the currently unconstrained gluon
contribution to DiFF (Radici and Bacchetta, 2018). It
turns out that the transversity for the valence down
quark is very sensitive to this uncertainty. The plain
(cyan) band is the result of the MEX19 constrained
fit of Ref. (Benel et al., 2020); error bands correspond
to the 90% CL. The So↵er bound is represented in a
limited range by a gray line using the unpolarized and
helicity PDFs from the LO MSTW08 (Martin et al.,
2009) and the NLO DSSV08 (de Florian et al., 2009)
sets, respectively. At small x, the error on the bound
(still negligible in comparison to the current overall
uncertainties on the transversity PDF) increases due
to the uncertainties in both parametrizations. This
is, however, inconsequential for valence distributions,
which are suppressed by evolution. From Fig. 6 we
observe that the two determinations are consistent within
uncertainties, although the larger uncertainty on the
valence down quark at large x can be appreciated in the
fit of Ref. (Benel et al., 2020) as a consequence of the
So↵er bound.

Nevertheless, PDF shapes and uncertainties are
comparable to those determined in TMD analyses of the
Collins e↵ect (Anselmino et al., 2013; Kang et al., 2016),
including in a dedicated studies on the role of the So↵er
bound on the tensor charge (D’Alesio et al., 2020). The
So↵er bound was completely released in (Cammarota
et al., 2020). In all cases, the uncertainty bands remain
large; future developments will depend on a detailed
study of flavor dependence of DiFFs by using BELLE
data for dihadron multiplicities (Seidl et al., 2017), and
on including in the global fit also the STAR data at
higher center-of-mass energy (Adamczyk et al., 2018).
From the theoretical point of view, work is in progress to
update the analyses to NLO accuracy.

II.2. Lattice PDFs Updates

Lattice QCD regularizes QCD on a finite Euclidean
lattice by means of numerical computations of QCD
correlation functions in the path-integral formalism,
using methods adapted from statistical mechanics. In
this section we review recent progress on several of
these methods for the determination of the unpolarized,
helicity and transversity PDFs, and provide a critical
assessment of each of them. We refer the reader to
Ref. (Lin et al., 2018d) for a thorough description of the
methods.

II.2.1. PDFs at the physical point with quasi-distributions

Pioneering works have shown great promise in
obtaining quantitative results for the unpolarized,
helicity and transversity quark and antiquark
distributions (Alexandrou et al., 2014, 2015; Chen
et al., 2016; Lin, 2014a,b; Lin et al., 2015). The groups
working on extracting x-dependent PDFs from lattice
QCD have significantly improved their calculations. One
of the major developments concerns the understanding
of the renormalization pattern on the lattice (Chen
et al., 2019a; Constantinou and Panagopoulos, 2017), as
well as the development of a complete nonperturbative
renormalization procedure (Alexandrou et al., 2017a;
Chen et al., 2018a) that removes all divergences of
nonlocal operators.
The first large-momentum e↵ective theory (LaMET)

unpolarized PDFs at the physical pion mass (Alexandrou
et al., 2018a; Lin et al., 2018a) were determined using
small momentum. This, in addition with the challenges
in the reconstruction of the x dependence, may lead
to the wrong sign of sea-flavor asymmetry to be seen
following Fourier transformation. The upper plot of
Fig. 7 shows the newer PDF results on ensembles at
the physical pion mass with momenta above 2 GeV,
and then renormalized at 3 GeV (Lin et al., 2018b)

PV18 
MEX19

CTEQ, NNPDF, MMHT DSSV, NNPDF, JAM
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tions of a, and �2(D
1

, a) is not approximately quadratic.
Then �2(D

1

, a) may have multiple minima at locations
that correspond to quite unreasonable behavior of the
PDFs. The best fit parameters a

1

can be at an unphysi-
cal location that strongly depends on the fluctuations in
the data D

1

. We can test how reasonable the fit a
1

is by
testing it against the second data set, D

2

. With too many
parameters, we can get the large values of �2(D

2

, a
1

) that
we see in Fig. 4. We conclude that, if one uses a family
of functions for the PDFs that have a variable number of
parameters, then a simple test like that shown in Fig. 4,
ideally repeated for several random partitions of the data
in two halves, can estimate how many parameters one
should allow.

C. Dependence on the PDF functional form

There is another sort of test available. The PDFs are
unknown functions, but one represents them using fixed
functional forms with a finite number of unknown param-
eters.11 PDF parameterization studies thus constitute an
essential step of the global analyses. In the previous sec-
tion, we have examined the dependence of the fit results
on the number of parameters within one general func-
tional form. Evidently, one can also change the general
functional form. Thus one should examine the tests listed
above and later in this section for a large class of PDF
functional forms.

Universal approximation theorems (Cybenko, 1989;
Hornik, 1991; Hornik et al., 1990) demonstrate that feed-
forward neural networks with a single or multiple layers
can approximate any continuous function and its deriva-
tives to arbitrary accuracy. This fundamental result mo-
tivates the Neural Network PDF approach that parame-
terizes parton distribution functions by neural networks
trained on the fitted data.

Alternatively, modern parameterizations based on
Chebyshev or Bernstein polynomials also allow one to
parameterize a variety of functional behaviors (Gao and
Nadolsky, 2014; Glazov et al., 2011; Hou et al., 2019;
Martin et al., 2013; Pumplin, 2010). Suppose that two
choices for functional forms give good fits in the sense of
reasonably meeting the array of goodness-of-fit criteria
discussed in this section, but they also give two sets of
PDFs that di↵er outside of their parameter-fitting error
estimates. This would suggest that there is a theoreti-
cal systematic error associated with the choice of PDF
functional form that needs to be added to the analysis.
In a global analysis such as CT18, multiple parameter-
ization forms are tried to estimate this source of PDF
uncertainty. For example, the green lines in Fig. 5 il-
lustrate predictions for the best-fit gluon PDFs obtained

11 The neural net approach avoids this limitation.
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FIG. 5 Green: the gluon PDFs from candidate fits of the
CT18 NNLO analysis, obtained using alternative ation forms
and plotted as ratios to the default CT18 NNLO g(x,Q).
Light blue: the 90% C.L. uncertainty band of the published
CT18 NNLO PDFs. From (Hou et al., 2019).

with about 100 candidate CT18 fits based on di↵erent pa-
rameterization forms. Notice that the green lines show
large deviations from each other for large x and small x,
regions in which the gluon distribution is not well con-
strained by data. The PDF uncertainty of the published
CT18 NNLO set, shown in blue, is computed using a pre-
scription that is broad enough to cover variations due to
the choice of the parameterization form. For details, see
(Hou et al., 2019).

D. Closure test

Given a PDF functional form depending on parameters
a, PDF fitting of data determines best fit parameters
a
fit

. The fitting procedure is based on Eq. (57), which
asserts that if the theory represented by parameters a
is correct, then, in an ensemble of trials, the data D

i

will be distributed with a probability P (D|T (a)) that
involves the theory predictions T

i

(a) and the covariance
matrix C

ij

. We can test this. We can generate a set of
pseudodata D0

k

using Eq. (51) with the truth values hD0
k

i
set equal to theory predictions T

i

(a) for some parameters
a, and with �

k

and �
kJ

obtained from the experimental
groups. Then we can run the fitting procedure with the
generated data D0

k

, giving a new fit a0
fit

. We should find
that the new fit a0

fit

agrees with the original parameters
a within the errors generated by the fit. If they do not
agree, we should understand why. This “closure test”
is not commonly carried out by fitting groups who use
the Hessian method described in this review, but it is a
feature of fits by the NNPDF group (Ball et al., 2015).

Gluon PDF, an example

Different functional forms span the error band. 
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tions of a, and �2(D
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, a) is not approximately quadratic.
Then �2(D

1

, a) may have multiple minima at locations
that correspond to quite unreasonable behavior of the
PDFs. The best fit parameters a

1

can be at an unphysi-
cal location that strongly depends on the fluctuations in
the data D

1

. We can test how reasonable the fit a
1

is by
testing it against the second data set, D

2

. With too many
parameters, we can get the large values of �2(D
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, a
1

) that
we see in Fig. 4. We conclude that, if one uses a family
of functions for the PDFs that have a variable number of
parameters, then a simple test like that shown in Fig. 4,
ideally repeated for several random partitions of the data
in two halves, can estimate how many parameters one
should allow.

C. Dependence on the PDF functional form

There is another sort of test available. The PDFs are
unknown functions, but one represents them using fixed
functional forms with a finite number of unknown param-
eters.11 PDF parameterization studies thus constitute an
essential step of the global analyses. In the previous sec-
tion, we have examined the dependence of the fit results
on the number of parameters within one general func-
tional form. Evidently, one can also change the general
functional form. Thus one should examine the tests listed
above and later in this section for a large class of PDF
functional forms.

Universal approximation theorems (Cybenko, 1989;
Hornik, 1991; Hornik et al., 1990) demonstrate that feed-
forward neural networks with a single or multiple layers
can approximate any continuous function and its deriva-
tives to arbitrary accuracy. This fundamental result mo-
tivates the Neural Network PDF approach that parame-
terizes parton distribution functions by neural networks
trained on the fitted data.

Alternatively, modern parameterizations based on
Chebyshev or Bernstein polynomials also allow one to
parameterize a variety of functional behaviors (Gao and
Nadolsky, 2014; Glazov et al., 2011; Hou et al., 2019;
Martin et al., 2013; Pumplin, 2010). Suppose that two
choices for functional forms give good fits in the sense of
reasonably meeting the array of goodness-of-fit criteria
discussed in this section, but they also give two sets of
PDFs that di↵er outside of their parameter-fitting error
estimates. This would suggest that there is a theoreti-
cal systematic error associated with the choice of PDF
functional form that needs to be added to the analysis.
In a global analysis such as CT18, multiple parameter-
ization forms are tried to estimate this source of PDF
uncertainty. For example, the green lines in Fig. 5 il-
lustrate predictions for the best-fit gluon PDFs obtained

11 The neural net approach avoids this limitation.
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FIG. 5 Green: the gluon PDFs from candidate fits of the
CT18 NNLO analysis, obtained using alternative ation forms
and plotted as ratios to the default CT18 NNLO g(x,Q).
Light blue: the 90% C.L. uncertainty band of the published
CT18 NNLO PDFs. From (Hou et al., 2019).

with about 100 candidate CT18 fits based on di↵erent pa-
rameterization forms. Notice that the green lines show
large deviations from each other for large x and small x,
regions in which the gluon distribution is not well con-
strained by data. The PDF uncertainty of the published
CT18 NNLO set, shown in blue, is computed using a pre-
scription that is broad enough to cover variations due to
the choice of the parameterization form. For details, see
(Hou et al., 2019).

D. Closure test

Given a PDF functional form depending on parameters
a, PDF fitting of data determines best fit parameters
a
fit

. The fitting procedure is based on Eq. (57), which
asserts that if the theory represented by parameters a
is correct, then, in an ensemble of trials, the data D

i

will be distributed with a probability P (D|T (a)) that
involves the theory predictions T

i

(a) and the covariance
matrix C

ij

. We can test this. We can generate a set of
pseudodata D0

k

using Eq. (51) with the truth values hD0
k

i
set equal to theory predictions T

i

(a) for some parameters
a, and with �

k

and �
kJ

obtained from the experimental
groups. Then we can run the fitting procedure with the
generated data D0

k

, giving a new fit a0
fit

. We should find
that the new fit a0

fit

agrees with the original parameters
a within the errors generated by the fit. If they do not
agree, we should understand why. This “closure test”
is not commonly carried out by fitting groups who use
the Hessian method described in this review, but it is a
feature of fits by the NNPDF group (Ball et al., 2015).

Gluon PDF, an example

Different functional forms span the error band. 

The unpolarized PDFs are the best known PDFs. 
Yet, they are characterized by an envelope or central value+error 

especially at very small and very large x values. 
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Then �2(D
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, a) may have multiple minima at locations
that correspond to quite unreasonable behavior of the
PDFs. The best fit parameters a
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can be at an unphysi-
cal location that strongly depends on the fluctuations in
the data D
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. We can test how reasonable the fit a
1

is by
testing it against the second data set, D
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. With too many
parameters, we can get the large values of �2(D
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) that
we see in Fig. 4. We conclude that, if one uses a family
of functions for the PDFs that have a variable number of
parameters, then a simple test like that shown in Fig. 4,
ideally repeated for several random partitions of the data
in two halves, can estimate how many parameters one
should allow.

C. Dependence on the PDF functional form

There is another sort of test available. The PDFs are
unknown functions, but one represents them using fixed
functional forms with a finite number of unknown param-
eters.11 PDF parameterization studies thus constitute an
essential step of the global analyses. In the previous sec-
tion, we have examined the dependence of the fit results
on the number of parameters within one general func-
tional form. Evidently, one can also change the general
functional form. Thus one should examine the tests listed
above and later in this section for a large class of PDF
functional forms.

Universal approximation theorems (Cybenko, 1989;
Hornik, 1991; Hornik et al., 1990) demonstrate that feed-
forward neural networks with a single or multiple layers
can approximate any continuous function and its deriva-
tives to arbitrary accuracy. This fundamental result mo-
tivates the Neural Network PDF approach that parame-
terizes parton distribution functions by neural networks
trained on the fitted data.

Alternatively, modern parameterizations based on
Chebyshev or Bernstein polynomials also allow one to
parameterize a variety of functional behaviors (Gao and
Nadolsky, 2014; Glazov et al., 2011; Hou et al., 2019;
Martin et al., 2013; Pumplin, 2010). Suppose that two
choices for functional forms give good fits in the sense of
reasonably meeting the array of goodness-of-fit criteria
discussed in this section, but they also give two sets of
PDFs that di↵er outside of their parameter-fitting error
estimates. This would suggest that there is a theoreti-
cal systematic error associated with the choice of PDF
functional form that needs to be added to the analysis.
In a global analysis such as CT18, multiple parameter-
ization forms are tried to estimate this source of PDF
uncertainty. For example, the green lines in Fig. 5 il-
lustrate predictions for the best-fit gluon PDFs obtained

11 The neural net approach avoids this limitation.
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with about 100 candidate CT18 fits based on di↵erent pa-
rameterization forms. Notice that the green lines show
large deviations from each other for large x and small x,
regions in which the gluon distribution is not well con-
strained by data. The PDF uncertainty of the published
CT18 NNLO set, shown in blue, is computed using a pre-
scription that is broad enough to cover variations due to
the choice of the parameterization form. For details, see
(Hou et al., 2019).

D. Closure test

Given a PDF functional form depending on parameters
a, PDF fitting of data determines best fit parameters
a
fit

. The fitting procedure is based on Eq. (57), which
asserts that if the theory represented by parameters a
is correct, then, in an ensemble of trials, the data D

i

will be distributed with a probability P (D|T (a)) that
involves the theory predictions T

i

(a) and the covariance
matrix C

ij

. We can test this. We can generate a set of
pseudodata D0

k

using Eq. (51) with the truth values hD0
k

i
set equal to theory predictions T

i

(a) for some parameters
a, and with �

k

and �
kJ

obtained from the experimental
groups. Then we can run the fitting procedure with the
generated data D0

k

, giving a new fit a0
fit

. We should find
that the new fit a0

fit

agrees with the original parameters
a within the errors generated by the fit. If they do not
agree, we should understand why. This “closure test”
is not commonly carried out by fitting groups who use
the Hessian method described in this review, but it is a
feature of fits by the NNPDF group (Ball et al., 2015).

Gluon PDF, an example

Different functional forms span the error band. 

The unpolarized PDFs are the best known PDFs. 
Yet, they are characterized by an envelope or central value+error 

especially at very small and very large x values. 

→recurrent question: which PDF set to use? 
recommendations in PDF4LHC  
[Butterworth, J., et al., J. Phys. G43, 023001, 1510.03865]
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First principle based constraints on the Transversity

Support, e.g. x ∈ [0,1] 
Endpiont behavior, e.g. h1(x=0,1)=0
Positivity bounds: Soffer bound

The chiral-odd PDF
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xh1(x) =

F (x)

|F (x)| ⇥ x So↵er Bound
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F (x) / x

↵(1� x)�
<latexit sha1_base64="0nAMFucfcG/bObi2JnfrJ01t7r0="></latexit>

Explicit: 1st choice

[Bacchetta, A.C., Radici, JHEP1303] 

comes from 
1. the wisdom of previous leading-twist PDF fits
2. based themselves on first principles
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The Transversity PDF

→increase flexibility to the fitting procedure 
[Benel, AC, Ferro-Hernandez, Eur.Phys.J.C 80 (2020)]

Weight 

Bootstrap 

Constrain

68% CL 95% CL
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qv
1,i

⇣
x; pqi,k
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= x

1.25
X

k={q,i}

p

q
i,k Bk,ni (g(x))
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Figure 2: Combinations of transversities for the proton (left) and the deuteron (right) as
extracted in Ref. [4]. The bottom plots show the statistical weight for each bin as evaluated
through the t-distribution.

lowest and highest x-bins of the deuteron combination happen to statistically lie inside that
window of poor agreement, as expected from previous publications [4].

This result is included in the fitting procedure through the bootstrap method. As explained

in, e.g., Ref. [4], N = 200 replicas of the extracted combinations
⇣
xh

p/D
1

⌘

j
, with j = 1, 22

the data label, of Eqs. (4-5) are generated randomly within the data errorbar. As reweighting
the overall chi-square function can be understood as modifying the error by �2

j ! �2
j/wj, the

replicas are generated within the corresponding extended gaussian. The 200 thus generated
data sets are shared among four functional forms, minimizing each one for 50 replicas. The
objective function can be written, for each replica r, as

�2
r

�
{pI}

�
=

X

j

wj


xjh

p/D
1 theo

�
xj; {pI}

�
�

⇣
xh

p/D
1 (x)

⌘

j ,r data

�2

�2
j

, (12)

where {pI} is the set of free parameters to be determined. In the next Section, the function
h1 theo

will be extensively described.
The same exercise has been repeated with CT09MC1 [29] in both Eqs. (4-5) and the expres-

sion of the SB. The lightest weights for the deuteron combination slightly change, repercussions
will be discussed in Section 4. The overall conclusions of this section are not a↵ected by the
choice of LO unpolarized PDF.

3.2 Parameterization and Constraints

Now that the main first principle based constraint has been implicitly included through a
Bayesian reweighting –that is e↵ectively implemented at the stage of bootstrapping the data–,
the parameterization can take a more adaptable form: the data alone lead the determination

6

by the probability of the bound 

error treatment 

the large-x behavior to make it physical

Figure 3: Bernstein polynomials B
k,ni (g(x)) used in the functional form for the valence up

transversity (left) and the valence down transversity (right). The degree of the polynomials is,
respectively, n = {10, 20, 30, 40} in red with dot-dashed contours, purple/dashed, yellow/full
and green/dotted. See text for explanation.

need to insure a smooth fall-o↵ of the transversity in the limit x ! 1 that cannot be achieved
exclusively from the choice of functional form. In most cases, a second step will be required to
constrain the functional form in an allowed region. When the objective function is subject to
m constraints of the form C

j

({p0}) = 0, the later are imposed through the Lagrangian

L({p0}, {�}) = �2({p0}) +
mX

j

�
j

C
j

({p0}) , (16)

to which a stationary point of L is found minimizing with respect to the parameters {p0} and
the Lagrange parameters {�}.

Once the convergence of the first step guaranteed and given the linearity of our functional
form in terms of the parameter vectors, it is su�cient to define our new objective function as
follows

�2
i

�
{pII}

�
=

h
p

q I

i,k

� p

q II

i,k

i|
V �1

h
p

q I

i,k

� p

q II

i,k

i
. (17)

The vector of parameters p

q I

i,k

, of length n
u,i + n

d,i
, corresponds to {p}, the set of best fit

parameters obtained through the main minimization, and the covariance matrix V also comes
from step I. The chisquare function depends on the new set of best fit parameters, {pII}, which
consists in the set made of pq II

i,k

.
In previous –unpolarized and longitudinally polarized– PDF determinations, the method

of the Lagrange multipliers has been made popular for error estimation [31]. In the present
approach, this method is used to impose limits on the fit parameters. In particular, we use
the more general inequality constraints through scipy.optimize.minimize in Python,which is
based on the Lagrange multipliers method above described [32]. We guide the large-x behavior
of the down parameterization only using the following N

c

= 6 constraints

CdV
i,j

�
pd II
i,k

�
= hq

V

1,i

�
x
j

; pd II
i,k

�
< ✏

j

for j = 1, · · · , N
c

/2 ,

CdV
i,j

�
pd II
i,k

�
= hq

V

1,i

�
x
j

; pd II
i,k

�
> �✏

j

for j = N
c

/2 + 1, · · · , N
c

, (18)

with x
j

= {0.3, 0.55, 0.75} and ✏
j

= {0.2, 0.5/3, 0.1}. In other words, we add 6 degrees of
freedom to our problem. The values for ✏

j

have been set considering the steepness of the
functional form, the trend of f1(x,Q2) and g1(x,Q2) through which is emulated the shift to
small values of x induced by DGLAP.

8
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FIG. 6 The transversity xh
1

(x) at 90% CL. Upper (lower)
plot for valence up (down) component. Gray lines represent
the So↵er bound. Darker (pink) band for the PV18 global fit
of (Radici and Bacchetta, 2018) at Q2 = 2.4 GeV2. Lighter
(cyan) band for the MEX19 constrained analysis of (Benel
et al., 2020) at the average scale of the data.

2018). The error band corresponds to the 90% confidence
level (CL), and includes also a systematic theoretical
error induced by the currently unconstrained gluon
contribution to DiFF (Radici and Bacchetta, 2018). It
turns out that the transversity for the valence down
quark is very sensitive to this uncertainty. The plain
(cyan) band is the result of the MEX19 constrained
fit of Ref. (Benel et al., 2020); error bands correspond
to the 90% CL. The So↵er bound is represented in a
limited range by a gray line using the unpolarized and
helicity PDFs from the LO MSTW08 (Martin et al.,
2009) and the NLO DSSV08 (de Florian et al., 2009)
sets, respectively. At small x, the error on the bound
(still negligible in comparison to the current overall
uncertainties on the transversity PDF) increases due
to the uncertainties in both parametrizations. This
is, however, inconsequential for valence distributions,
which are suppressed by evolution. From Fig. 6 we
observe that the two determinations are consistent within
uncertainties, although the larger uncertainty on the
valence down quark at large x can be appreciated in the
fit of Ref. (Benel et al., 2020) as a consequence of the
So↵er bound.

Nevertheless, PDF shapes and uncertainties are
comparable to those determined in TMD analyses of the
Collins e↵ect (Anselmino et al., 2013; Kang et al., 2016),
including in a dedicated studies on the role of the So↵er
bound on the tensor charge (D’Alesio et al., 2020). The
So↵er bound was completely released in (Cammarota
et al., 2020). In all cases, the uncertainty bands remain
large; future developments will depend on a detailed
study of flavor dependence of DiFFs by using BELLE
data for dihadron multiplicities (Seidl et al., 2017), and
on including in the global fit also the STAR data at
higher center-of-mass energy (Adamczyk et al., 2018).
From the theoretical point of view, work is in progress to
update the analyses to NLO accuracy.

II.2. Lattice PDFs Updates

Lattice QCD regularizes QCD on a finite Euclidean
lattice by means of numerical computations of QCD
correlation functions in the path-integral formalism,
using methods adapted from statistical mechanics. In
this section we review recent progress on several of
these methods for the determination of the unpolarized,
helicity and transversity PDFs, and provide a critical
assessment of each of them. We refer the reader to
Ref. (Lin et al., 2018d) for a thorough description of the
methods.

II.2.1. PDFs at the physical point with quasi-distributions

Pioneering works have shown great promise in
obtaining quantitative results for the unpolarized,
helicity and transversity quark and antiquark
distributions (Alexandrou et al., 2014, 2015; Chen
et al., 2016; Lin, 2014a,b; Lin et al., 2015). The groups
working on extracting x-dependent PDFs from lattice
QCD have significantly improved their calculations. One
of the major developments concerns the understanding
of the renormalization pattern on the lattice (Chen
et al., 2019a; Constantinou and Panagopoulos, 2017), as
well as the development of a complete nonperturbative
renormalization procedure (Alexandrou et al., 2017a;
Chen et al., 2018a) that removes all divergences of
nonlocal operators.
The first large-momentum e↵ective theory (LaMET)

unpolarized PDFs at the physical pion mass (Alexandrou
et al., 2018a; Lin et al., 2018a) were determined using
small momentum. This, in addition with the challenges
in the reconstruction of the x dependence, may lead
to the wrong sign of sea-flavor asymmetry to be seen
following Fourier transformation. The upper plot of
Fig. 7 shows the newer PDF results on ensembles at
the physical pion mass with momenta above 2 GeV,
and then renormalized at 3 GeV (Lin et al., 2018b)

PV18 
MEX19

Cammarota et al. 2002.08384

Radici and Bacchetta, PRL120 (2019)
Benel, AC, Ferro-Hernandez, Eur.Phys.J.C 80 (2020)

Goldstein et al, PRD 2015
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Phenomenology: 

→Global fits including TMDs: 

→Focused fits of TMDs 
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of the Drell-Yan and Z-boson production processes
can be found in Ref. (Bacchetta et al., 2017). The
approach is based on the description at NLL of
the perturbative Collins-Soper evolution kernel plus
a modified “b⇤-prescription”. The fit includes 8059
data points with a quality of �2/d.o.f. = 1.55 ±
0.05 with only 11 parameters. The results confirm
the universality of TMD PDFs but show a marked
anti-correlation between TMD PDFs and TMD FFs,
calling for an independent extraction of transverse-
momentum dependent fragmentation functions from e+-
e� annihilation data (which is still missing). The
same finding is obtained in the more recent global fit
of Ref. (Scimemi and Vladimirov, 2019), where the
perturbative accuracy of the TMD at small b

T

is pushed
to the NNNLO level and the nonperturbative part of the
evolution at large b

T

is fitted to data. The analysis of
Ref. (Scimemi and Vladimirov, 2019) includes recent very
precise LHC data, although the total number of analyzed
data points (1039) falls short of the hitherto largest set
of 8059 analyzed in Ref. (Bacchetta et al., 2017).

As for polarized TMD PDFs in Eq. (57), the best
known is the Sivers function f?

1T (x, k
2
T

). It describes how
the k

T

distribution of an unpolarized quark is distorted
in a transversely polarized hadron (Sivers, 1990). In
fact, for a nucleon with mass M moving along the ẑ
direction and transversely polarized along the ŷ direction,
the probability density of a quark with flavor q is given,
at a certain (understood) scale Q, by

f
q/N

"(x, k
x

, k
y

) = fq

1 (x, k
2
T

)� f?q

1T (x, k2
T

)
k
x

M
, (69)

cf. Eq. (57). If the nucleon were unpolarized, the f
q/N

would be determined only by the unpolarized TMD
PDF f1 and the density would be perfectly symmetric
around the ẑ direction. The transverse polarization of
the nucleon induces a distortion of the density along
the x̂ direction through the Sivers TMD PDF f?

1T .
Evidently, f?

1T describes a spin-orbit e↵ect at the partonic
level. The Sivers function is representative of the class
of näıve T-odd TMDs, namely of those TMDs that
are not constrained by T-reversal invariance (Boer and
Mulders, 1998). Their universality is broken but in
a calculable way. For example, the Sivers function
extracted in a Drell-Yan process with a transversely
polarized proton should turn out opposite to the one
that is extracted in SIDIS. The f?

1T |DY = �f?
1T |SIDIS

prediction is based on very general assumptions, and it
represents a fundamental test of QCD (Collins, 2002).
Therefore, it is the subject of intense experimental
investigation. Preliminary results hint to statistically
favor the prediction (Adamczyk et al., 2016; Aghasyan
et al., 2017; Anselmino et al., 2017) although more precise
data are needed to draw a sharp conclusion. Many
parametrizations of the Sivers function are available (for
example, see Refs. (Anselmino et al., 2012; Aybat et al.,

FIG. 33 Upper panels: quark density f
q/N

= f
1

(x = 0.1, k2

T

)
at Q2 = 1 GeV2 for an unpolarized proton moving ideally
towards the reader; left panel for up quark, right panel for
down quark. Lower panels: quark density f

q/N

" = f
1

(x =

0.1, k2

T

) � f?q

1T

(x = 0.1, k2

T

)k
x

/M in the same conditions but
for a proton transversely polarized along the ŷ direction (see
text).

2012; Bacchetta and Radici, 2011; Boer, 2013; Collins
et al., 2006; Sun and Yuan, 2013; Vogelsang and Yuan,
2005)). In Ref. (Bacchetta et al., 2020b), the density
f
q/N

" of Eq. (69) is reconstructed by combining the
extraction of the unpolarized f1 from Ref. (Bacchetta
et al., 2017) with the extraction of the Sivers f?

1T from
SIDIS data in the same approach. In this way, the
quark density is reconstructed in a consistent way from
real experimental data for nucleons with or without
transverse polarization. In Fig. 33, f

q/N

" is represented
at x = 0.1 and Q2 = 1 GeV2 for a proton ideally moving
towards the reader. The upper panels correspond to the
symmetric situation of an unpolarized proton. The lower
panels show the distortion along the x̂ direction induced
by the transverse polarization along the ŷ direction,
which turns out opposite for the up quark (left panel) and
the down quark (right panel). The tomography depicted
in Fig. 33 gives a realistic estimate of the non-trivial
correlation between the motion of quarks and the spin
direction of the parent proton.

As for the transversity TMD PDF h1(x, k2
T

) in
Eq. (57), we refer to Sec. II.1.4. Very recently, a global
fit of all single-spin asymmetries involving polarized
TMDs in SIDIS, Drell-Yan, e+-e� annihilation, and
hadron-hadron collision processes has been presented in
Ref. (Cammarota et al., 2020), extracting a universal
set of TMD functions including the Sivers and the
transversity distributions. However, the analysis was not
performed in the TMD framework, thus neglecting the
e↵ects of TMD evolution which might be important when
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represents a fundamental test of QCD (Collins, 2002).
Therefore, it is the subject of intense experimental
investigation. Preliminary results hint to statistically
favor the prediction (Adamczyk et al., 2016; Aghasyan
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data are needed to draw a sharp conclusion. Many
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extraction of the unpolarized f1 from Ref. (Bacchetta
et al., 2017) with the extraction of the Sivers f?

1T from
SIDIS data in the same approach. In this way, the
quark density is reconstructed in a consistent way from
real experimental data for nucleons with or without
transverse polarization. In Fig. 33, f

q/N

" is represented
at x = 0.1 and Q2 = 1 GeV2 for a proton ideally moving
towards the reader. The upper panels correspond to the
symmetric situation of an unpolarized proton. The lower
panels show the distortion along the x̂ direction induced
by the transverse polarization along the ŷ direction,
which turns out opposite for the up quark (left panel) and
the down quark (right panel). The tomography depicted
in Fig. 33 gives a realistic estimate of the non-trivial
correlation between the motion of quarks and the spin
direction of the parent proton.

As for the transversity TMD PDF h1(x, k2
T

) in
Eq. (57), we refer to Sec. II.1.4. Very recently, a global
fit of all single-spin asymmetries involving polarized
TMDs in SIDIS, Drell-Yan, e+-e� annihilation, and
hadron-hadron collision processes has been presented in
Ref. (Cammarota et al., 2020), extracting a universal
set of TMD functions including the Sivers and the
transversity distributions. However, the analysis was not
performed in the TMD framework, thus neglecting the
e↵ects of TMD evolution which might be important when
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of the Drell-Yan and Z-boson production processes
can be found in Ref. (Bacchetta et al., 2017). The
approach is based on the description at NLL of
the perturbative Collins-Soper evolution kernel plus
a modified “b⇤-prescription”. The fit includes 8059
data points with a quality of �2/d.o.f. = 1.55 ±
0.05 with only 11 parameters. The results confirm
the universality of TMD PDFs but show a marked
anti-correlation between TMD PDFs and TMD FFs,
calling for an independent extraction of transverse-
momentum dependent fragmentation functions from e+-
e� annihilation data (which is still missing). The
same finding is obtained in the more recent global fit
of Ref. (Scimemi and Vladimirov, 2019), where the
perturbative accuracy of the TMD at small b

T

is pushed
to the NNNLO level and the nonperturbative part of the
evolution at large b

T

is fitted to data. The analysis of
Ref. (Scimemi and Vladimirov, 2019) includes recent very
precise LHC data, although the total number of analyzed
data points (1039) falls short of the hitherto largest set
of 8059 analyzed in Ref. (Bacchetta et al., 2017).

As for polarized TMD PDFs in Eq. (57), the best
known is the Sivers function f?

1T (x, k
2
T

). It describes how
the k

T

distribution of an unpolarized quark is distorted
in a transversely polarized hadron (Sivers, 1990). In
fact, for a nucleon with mass M moving along the ẑ
direction and transversely polarized along the ŷ direction,
the probability density of a quark with flavor q is given,
at a certain (understood) scale Q, by

f
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"(x, k
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, k
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) = fq

1 (x, k
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)� f?q
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cf. Eq. (57). If the nucleon were unpolarized, the f
q/N

would be determined only by the unpolarized TMD
PDF f1 and the density would be perfectly symmetric
around the ẑ direction. The transverse polarization of
the nucleon induces a distortion of the density along
the x̂ direction through the Sivers TMD PDF f?

1T .
Evidently, f?

1T describes a spin-orbit e↵ect at the partonic
level. The Sivers function is representative of the class
of näıve T-odd TMDs, namely of those TMDs that
are not constrained by T-reversal invariance (Boer and
Mulders, 1998). Their universality is broken but in
a calculable way. For example, the Sivers function
extracted in a Drell-Yan process with a transversely
polarized proton should turn out opposite to the one
that is extracted in SIDIS. The f?

1T |DY = �f?
1T |SIDIS

prediction is based on very general assumptions, and it
represents a fundamental test of QCD (Collins, 2002).
Therefore, it is the subject of intense experimental
investigation. Preliminary results hint to statistically
favor the prediction (Adamczyk et al., 2016; Aghasyan
et al., 2017; Anselmino et al., 2017) although more precise
data are needed to draw a sharp conclusion. Many
parametrizations of the Sivers function are available (for
example, see Refs. (Anselmino et al., 2012; Aybat et al.,
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) in
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FIG. 10 The final results of gluon PDF matrix elements
at 678 MeV (top) and 340 MeV (bottom) pion mass as
functions of zP

z

, compared with the FT of the gluon PDF
from the global fits PDF4LHC15 (Butterworth et al., 2016)
and CT14 (Dulat et al., 2016).

340 and 678 MeV, respectively). The coordinate-space
gluon quasi-PDF matrix element ratios are plotted in
Fig. 10, and compared to the corresponding Fourier
transform of the gluon PDF based on two global fits
at NLO: the PDF4LHC15 combination (Butterworth
et al., 2016) and the CT14 set (Dulat et al., 2016).
Up to perturbative matching and power corrections
O(1/P 2

z

), the lattice results are compatible with global
fits within the statistical uncertainty at large z. The
results at the lighter pion mass (at the unitary point)
of 340 MeV are also shown in Fig. 10. These are
consistent with those from the strange point but have
larger uncertainties. The gluon quasi-PDFs in the pion
were also studied for the first time in Ref. (Fan et al.,
2018) and features similar to those observed for the
proton were revealed. Finally, there have been recent
developments in improving the operators for the gluon-
PDF lattice calculations (Balitsky et al., 2019; Wang
et al., 2019b; Zhang et al., 2019b), which will allow us
to take the continuum limit for the gluon PDFs in future
lattice calculations.

II.3. Intersection of Lattice and Global PDF Fits

In this Section, we review some aspects of potential
interplay between lattice QCD computations and PDF
fits. First, we update the benchmark of lattice QCD and
global fit results for the lowest moments of unpolarized
and helicity PDFs, in continuity with the previous (Lin
et al., 2018d), and extend it to transversity. Second,
we investigate the usage of lattice QCD data in fits
of unpolarized PDFs. Third, we discuss how lattice
QCD computations can shed light on the poorly known
unpolarized and helicity strange PDFs.

II.3.1. Moments

One of the main outcomes of the 2017 PDFLattice
white paper was a detailed comparison between lattice
QCD and global fit results for the (lowest) moments
of unpolarized and helicity PDFs. Specifically, we
identified a set of benchmark moments, we appraised the
various results available for them in the literature, and
we provided corresponding benchmark values for lattice
QCD and global fits. In the following, we present an
update of this exercise.
We consider the following benchmark moments of

unpolarized, helicity and transversity PDFs, respectively

hxi
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The moments of unpolarized and helicity PDFs, Eqs. (7)-
(8), correspond to the benchmark quantities already
identified in the 2017 PDFLattice white paper, and are
expressed using the conventional notation described in
Appendix A of (Lin et al., 2018d). We now define the
moments of transversity PDFs in a similar way

g
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where hu

�

1 = hu

1 � hū

1 and hd

�

1 = hd

1 � hd̄

1. We do not
focus on quantities other than those listed above, because
current lattice calculations of higher moments and/or
moments of other PDF combinations are not su�ciently
mature to allow for a meaningful comparison between
lattice QCD and global fit results.
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1 and hd

�

1 = hd

1 � hd̄

1. We do not
focus on quantities other than those listed above, because
current lattice calculations of higher moments and/or
moments of other PDF combinations are not su�ciently
mature to allow for a meaningful comparison between
lattice QCD and global fit results.



A. Courtoy—IFUNAM________________Hadron Physics: a Partial Status____________________DPyC 2020

Lattice and PDFs 
I—Mellin Moments

Summary tables of results for both Lattice and Global Fits of PDFs 
→ “FLAG” for moments from pheno and lattice altogether 
→ available here:  PDFLattice: Constantinou, AC, Ebert et al. [2006.08636]

PDFLattice White Paper 2020 19

 0.1  0.15  0.2  0.25  0.3

ETMC20
PNDME20

ETMC19

Mainz19

χQCD18

ETMC19

RQCD18

PDFLattice17

CT18

JAM19

<x>u+-d+

 0.2  0.3  0.4  0.5  0.6

<x>u+

 0.1  0.15  0.2  0.25  0.3  0.35

<x>d+

 0  0.03  0.06  0.09  0.12

Nf=2+1+1

Nf=2+1

Nf=2

<x>s+

 0.1  0.2  0.3  0.4  0.5  0.6

χQCD18a

<x>g

µ=2 GeV

FIG. 11 The lattice QCD (in blue) and global fit (in green) values for the benchmark moments defined in Eq. (7), as collected
in Tabs. III and IV. Lattice QCD results with stars or circles for all of the sources of systematic uncertainties in Tab. II are
denoted with filled squares, otherwise with empty squares. All values are at µ = 2 GeV.
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FIG. 12 Same as Fig. 11, but for the benchmark moments of helicity PDFs. See Tab. VI for references.
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Moment Collaboraton Reference N
f

DE CE FV RE ES Value
hxi

u

+�d

+

ETMC20 (Alexandrou et al., 2020b) 2+1+1 ⌅ F � F F ⇤⇤ 0.171(18)
PNDME20 (Mondal et al., 2020) 2+1+1 F F F F F 0.173(14)(07)
ETMC19 (Alexandrou et al., 2020c) 2+1+1 ⌅ F � F F ⇤⇤ 0.178(16)
Mainz 19 (Harris et al., 2019) 2+1 F � F F F 0.180(25)(+14

�6

)
�QCD18 (Yang et al., 2018b) 2+1 � F � F F 0.151(28)(29)
ETMC19 (Alexandrou et al., 2020c) 2 ⌅ F � F F ⇤⇤ 0.189(23)
RQCD18 (Bali et al., 2019b) 2 F F � F F 0.195(07)(15)

hxi
u

+

ETMC20 (Alexandrou et al., 2020b) 2+1+1 ⌅ F � F F ⇤⇤ 0.359(30)
�QCD18 (Yang et al., 2018b) 2+1 � F � F F 0.307(30)(18)

hxi
d

+

ETMC20 (Alexandrou et al., 2020b) 2+1+1 ⌅ F � F F ⇤⇤ 0.188(19)
�QCD18 (Yang et al., 2018b) 2+1 � F � F F 0.160(27)(40)

hxi
s

+

ETMC20 (Alexandrou et al., 2020b) 2+1+1 ⌅ F � F F ⇤⇤ 0.052(12)
�QCD18 (Yang et al., 2018b) 2+1 � F � F F 0.051(26)(5)

hxi
g

ETMC20 (Alexandrou et al., 2020b) 2+1+1 ⌅ F � F F ⇤⇤ 0.427(92)
�QCD18 (Yang et al., 2018b) 2+1 � F � F F 0.482(69)(48)
�QCD18a (Yang et al., 2018a) 2+1 ⌅ F F F ⌅ 0.47(4)(11)

⇤⇤ No quenching e↵ects are seen.

TABLE III Lattice QCD values of the benchmark moments of unpolarized PDFs hxi
u

+�d

+

, hxi
u

+

, hxi
d

+

, hxi
s

+

and hxi
g

,
rated according to the criteria in Tab. II. The numbers in parentheses refer to the statistical and systematic uncertainties,
respectively, or to the combination of the two, if a single value is provided. All values are obtained at µ = 2 GeV.

Moment PDFLattice17 CT18 JAM19
hxi

u

+�d

+

0.161(18) 0.156(7) 0.157(2)
hxi

u

+

0.352(12) 0.350(5) 0.363(1)
hxi

d

+

0.192(6) 0.193(5) 0.206(2)
hxi

s

+

0.037(3) 0.033(9) 0.018(2)
hxi

g

0.411(8) 0.413(8) 0.403(2)

TABLE IV Values for global fit determinations of the
benchmark moments of unpolarized PDFs (see text for
details) for the PDFLattice17 average (Lin et al., 2018d), and
for the CT18 (Hou et al., 2019b) and JAM19 (Sato et al.,
2020) analyses. All values are shown at µ = 2 GeV.

Lang et al., 2015), ABMP16 (Alekhin et al., 2017) (with
N

f

= 4 flavors), CJ15 (Accardi et al., 2016a) and
HERAPDF2.0 (Abramowicz et al., 2015) analyses (see
Tab. 3.5 of Ref. (Lin et al., 2018d) for their values).

The results for the benchmark moments hxi
u

+�d

+ ,
hxi

u

+ , hxi
d

+ , hxi
s

+ and hxi
g

, obtained either from
lattice QCD (Tab. III) or from a global analysis of the
experimental data (Tab. IV), are graphically compared
in Fig. 11 at µ = 2 GeV. In each case, we also determine
benchmark values by combining various lattice QCD
results, on the one hand, and global fit results, on the
other hand. For lattice QCD computations, whenever
more than one result is available, we take the envelope
of all of the available results, separately for each number
of dynamical flavors. This choice is conservative, but
seems optimal to us: it will not overestimate too much
the uncertainty of the benchmark values in the cases in
which lattice moments are in good mutual agreement
(such as for hxi

u

+�d

+), but at the same time will avoid
bias in the cases in which systematic uncertainties on
the individual values had not been completely controlled.
For global analyses of experimental data, given the

Moment Lattice QCD Global Fit

hxi
u

+�d

+

0.153 — 0.194a

0.161(18)0.111 — 0.209b

0.166 — 0.212c

hxi
u

+

0.359(30)a,†
0.353(12)

0.307(35)b,†

hxi
d

+

0.188(19)a,†
0.192(6)

0.160(48)b,†

hxi
s

+

0.052(12)a,†
0.037(3)

0.051(26)b,†

hxi
g

0.427(92)a,†
0.411(8)

0.353 — 0.587b
a N

f

= 2 + 1 + 1 b N
f

= 2 + 1 c N
f

= 2
† Single lattice result

TABLE V Benchmark values for lattice QCD calculations
and global fit determinations of the benchmark moments of
unpolarized PDFs (see text for details). All values are shown
at µ = 2 GeV.

overall consistency of the various results and the limited
progress, we follow the same prescription adopted in
the 2017 PDFLattice white paper, but we update it by
replacing the CT14 values with their CT18 counterparts
in the unweighted average. We do not include the
JAM19 values in it, because the analysis is unique
in its kind, given that it determines PDFs and FFs
simultaneously. Our benchmark values are summarized
in Tab. V.

As is apparent from Fig. 11 and Tabs. III-V, the
overall picture described in the 2017 PDFLattice white
paper is somewhat confirmed: there is a fair agreement
between lattice QCD and global fit results, with previous
tension for hxi

s

+ and hxi
g

relieved by the new lattice
results from ETMC20 and �QCD18. The uncertainty
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Moment Collaboraton Reference N
f

DE CE FV RE ES Value
hxi

u

+�d

+

ETMC20 (Alexandrou et al., 2020b) 2+1+1 ⌅ F � F F ⇤⇤ 0.171(18)
PNDME20 (Mondal et al., 2020) 2+1+1 F F F F F 0.173(14)(07)
ETMC19 (Alexandrou et al., 2020c) 2+1+1 ⌅ F � F F ⇤⇤ 0.178(16)
Mainz 19 (Harris et al., 2019) 2+1 F � F F F 0.180(25)(+14

�6

)
�QCD18 (Yang et al., 2018b) 2+1 � F � F F 0.151(28)(29)
ETMC19 (Alexandrou et al., 2020c) 2 ⌅ F � F F ⇤⇤ 0.189(23)
RQCD18 (Bali et al., 2019b) 2 F F � F F 0.195(07)(15)

hxi
u

+

ETMC20 (Alexandrou et al., 2020b) 2+1+1 ⌅ F � F F ⇤⇤ 0.359(30)
�QCD18 (Yang et al., 2018b) 2+1 � F � F F 0.307(30)(18)

hxi
d

+

ETMC20 (Alexandrou et al., 2020b) 2+1+1 ⌅ F � F F ⇤⇤ 0.188(19)
�QCD18 (Yang et al., 2018b) 2+1 � F � F F 0.160(27)(40)

hxi
s

+

ETMC20 (Alexandrou et al., 2020b) 2+1+1 ⌅ F � F F ⇤⇤ 0.052(12)
�QCD18 (Yang et al., 2018b) 2+1 � F � F F 0.051(26)(5)

hxi
g

ETMC20 (Alexandrou et al., 2020b) 2+1+1 ⌅ F � F F ⇤⇤ 0.427(92)
�QCD18 (Yang et al., 2018b) 2+1 � F � F F 0.482(69)(48)
�QCD18a (Yang et al., 2018a) 2+1 ⌅ F F F ⌅ 0.47(4)(11)

⇤⇤ No quenching e↵ects are seen.

TABLE III Lattice QCD values of the benchmark moments of unpolarized PDFs hxi
u

+�d

+

, hxi
u

+

, hxi
d

+

, hxi
s

+

and hxi
g

,
rated according to the criteria in Tab. II. The numbers in parentheses refer to the statistical and systematic uncertainties,
respectively, or to the combination of the two, if a single value is provided. All values are obtained at µ = 2 GeV.

Moment PDFLattice17 CT18 JAM19
hxi

u

+�d

+

0.161(18) 0.156(7) 0.157(2)
hxi

u

+

0.352(12) 0.350(5) 0.363(1)
hxi

d

+

0.192(6) 0.193(5) 0.206(2)
hxi

s

+

0.037(3) 0.033(9) 0.018(2)
hxi

g

0.411(8) 0.413(8) 0.403(2)

TABLE IV Values for global fit determinations of the
benchmark moments of unpolarized PDFs (see text for
details) for the PDFLattice17 average (Lin et al., 2018d), and
for the CT18 (Hou et al., 2019b) and JAM19 (Sato et al.,
2020) analyses. All values are shown at µ = 2 GeV.

Lang et al., 2015), ABMP16 (Alekhin et al., 2017) (with
N

f

= 4 flavors), CJ15 (Accardi et al., 2016a) and
HERAPDF2.0 (Abramowicz et al., 2015) analyses (see
Tab. 3.5 of Ref. (Lin et al., 2018d) for their values).

The results for the benchmark moments hxi
u

+�d

+ ,
hxi

u

+ , hxi
d

+ , hxi
s

+ and hxi
g

, obtained either from
lattice QCD (Tab. III) or from a global analysis of the
experimental data (Tab. IV), are graphically compared
in Fig. 11 at µ = 2 GeV. In each case, we also determine
benchmark values by combining various lattice QCD
results, on the one hand, and global fit results, on the
other hand. For lattice QCD computations, whenever
more than one result is available, we take the envelope
of all of the available results, separately for each number
of dynamical flavors. This choice is conservative, but
seems optimal to us: it will not overestimate too much
the uncertainty of the benchmark values in the cases in
which lattice moments are in good mutual agreement
(such as for hxi

u

+�d

+), but at the same time will avoid
bias in the cases in which systematic uncertainties on
the individual values had not been completely controlled.
For global analyses of experimental data, given the

Moment Lattice QCD Global Fit

hxi
u

+�d

+

0.153 — 0.194a

0.161(18)0.111 — 0.209b

0.166 — 0.212c

hxi
u

+

0.359(30)a,†
0.353(12)

0.307(35)b,†

hxi
d

+

0.188(19)a,†
0.192(6)

0.160(48)b,†

hxi
s

+

0.052(12)a,†
0.037(3)

0.051(26)b,†

hxi
g

0.427(92)a,†
0.411(8)

0.353 — 0.587b
a N

f

= 2 + 1 + 1 b N
f

= 2 + 1 c N
f

= 2
† Single lattice result

TABLE V Benchmark values for lattice QCD calculations
and global fit determinations of the benchmark moments of
unpolarized PDFs (see text for details). All values are shown
at µ = 2 GeV.

overall consistency of the various results and the limited
progress, we follow the same prescription adopted in
the 2017 PDFLattice white paper, but we update it by
replacing the CT14 values with their CT18 counterparts
in the unweighted average. We do not include the
JAM19 values in it, because the analysis is unique
in its kind, given that it determines PDFs and FFs
simultaneously. Our benchmark values are summarized
in Tab. V.

As is apparent from Fig. 11 and Tabs. III-V, the
overall picture described in the 2017 PDFLattice white
paper is somewhat confirmed: there is a fair agreement
between lattice QCD and global fit results, with previous
tension for hxi

s

+ and hxi
g

relieved by the new lattice
results from ETMC20 and �QCD18. The uncertainty
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Moment Collaboration Reference N
f

DE CE FV RE ES Value
g
A

ETMC19 (Alexandrou et al., 2019b) 2+1+1 ⌅ F � F F ⇤⇤ 1.286(23)
CalLat 18 (Chang et al., 2018) 2+1+1 � F F F F 1.271(13)
PNDME18 (Gupta et al., 2018) 2+1+1 F F F F F 1.218(25)(30)
LHPC19 (Hasan et al., 2019) 2+1 � F F F F 1.265(49)
Mainz 19 (Harris et al., 2019) 2+1 F � F F F 1.242(25)(0�31

)
PACS 19 (Shintani et al., 2019) 2+1 � F F F F 1.273(24)(5)(9)
�QCD18 (Liang et al., 2018) 2+1 � ⌅ F F F 1.256(16)(30)
ETMC19 (Alexandrou et al., 2019b) 2 ⌅ F � F F ⇤⇤ 1.268(36)

h1i
�u

+

ETMC19 (Alexandrou et al., 2019b) 2+1+1 ⌅ F � F F ⇤⇤ 0.858(17)
PNDME18 (Gupta et al., 2018) 2+1+1 F F F F F 0.777(25)(30)
PACS19 (Shintani et al., 2019) 2+1 � F F F F 0.967(30)(16)
�QCD18 (Liang et al., 2018) 2+1 � ⌅ F F F 0.847(18)(32)

h1i
�d

+

ETMC19 (Alexandrou et al., 2019b) 2+1+1 ⌅ F � F F ⇤⇤ �0.428(17)
PNDME18 (Gupta et al., 2018) 2+1+1 F F F F F �0.438(18)(30)
PACS19 (Shintani et al., 2019) 2+1 � F F F F �0.306(19)(21)
�QCD18 (Liang et al., 2018) 2+1 � ⌅ F F F �0.407(16)(18)

h1i
�s

+

ETMC19 (Alexandrou et al., 2019b) 2+1+1 ⌅ F � F F ⇤⇤ �0.0450(71)
PNDME18 (Gupta et al., 2018) 2+1+1 F F F F F �0.053(8)
�QCD18 (Liang et al., 2018) 2+1 � ⌅ F F F �0.035(6)(7)

hxi
�u

���d

� PNDME20 (Mondal et al., 2020) 2+1+1 F F F F F 0.208(19)(24)
ETMC19 (Alexandrou et al., 2019b) 2+1+1 ⌅ F � F F ⇤⇤ 0.193(19)
Mainz 19 (Harris et al., 2019) 2+1 F � F F F 0.221(25)(+10

�0

)
⇤⇤ No quenching e↵ects are seen.

TABLE VI Same as Tab. III, but for the axial charge g
A

= h1i
�u

���d

� and the moments of helicity PDFs h1i
�u

� , h1i
�d

� , and
h1i

�s

� . All values are obtained at µ = 2 GeV. Note that g
A

is scale invariant.

Moment Lattice QCD Global Fit

g
A

1.179 — 1.309a

1.258(28)1.202 — 1.314b

1.268(36)c,†

h1i
�u

+

0.738 — 0.875a
0.813(25)

0.810 — 1.001b

h1i
�d

+

-0.473 — -0.403a
-0.462(29)

-0.431 — -0.278b

h1i
�s

+

-0.0538 — -0.0379a
-0.114(43)

-0.0035(9)b,†

hxi
�u

���d

�
0.174 — 0.239a

0.199(16)
0.221(27�25

)b,†
aN

f

= 2 + 1 + 1 bN
f

= 2 + 1 cN
f

= 2
† Single lattice result

TABLE VII Same as Tab. V, but for helicity PDFs.

envelope of the various results. Note that no global fit
results are available for the strange component of the
tensor charge, h1i

�s

� due to the lack of data sensitive to
it. All these values are summarized in Tab. X at µ = 2
GeV.

As is apparent from Fig. 13 and Tabs. IX-X, the
results obtained from a global analysis of experimental
data are a↵ected by uncertainties which are significantly
larger than those of their lattice counterparts as well as
than those of their unpolarized and helicity companions.
The reason for this state of a↵airs is the severe lack
of data (see Fig. 1), and the consequent di�culty in
estimating the extrapolation uncertainty that a↵ects
transversity outside the region covered by data. For

instance, in the PV18 analysis, the Mellin moment was
computed in the range [xmin, 1], where xmin = 10�6

for the adopted MSTW08LO parametrization (Martin
et al., 2009) of the unpolarized PDF in Eq. (2). This
constraint avoided extrapolation errors below xmin and
ensured that the tensor charge is evaluated at 1%
accuracy (Radici and Bacchetta, 2018). In the MEX19
analysis, extrapolation was controlled by choosing a
parametrization that ensured the integrability of h1 by
construction.

From Fig. 13, we also conclude that most
determinations of the tensor charge from global fits
are compatible with each other. The compatibility
with lattice results is a little more involved. While it is
obvious for gd

T

(within large uncertainties), there is a
clear tension (up to 2�) for gu

T

and, consequently, for g
T

.
In particular, the JAM18 result is compatible with the
lattice prediction for g

T

by construction, but it is largely
incompatible for the flavor-diagonal tensor charges. The
JAM20 result is the only one that is compatible with
all of the lattice tensor charges; it clearly supersedes
JAM18 and confirms how crucial is to pursue global fits
from large independent data sets. However, the JAM20
analysis has some relevant limitations (for example, it
does not include e↵ects from TMD evolution, which
might be important when connecting SIDIS data to
e+e� and hadronic collision data at much higher scales);
because of the still large error bars, this result is also
compatible with other phenomenological outcomes, and
in particular with the global fit PV18. In conclusion,
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Moment Collaboration Reference N
f

DE CE FV RE ES Value
g
T

ETMC19 (Alexandrou et al., 2019b) 2+1+1 ⌅ F � F F ⇤⇤ 0.926(32)
PNDME18 (Gupta et al., 2018) 2+1+1 F F F F F ⇤ 0.989(32)(10)
�QCD20 (Horkel et al., 2020) 2+1 ⌅ F � F F † 1.096(30)
LHPC19 (Hasan et al., 2019) 2+1 � F � F F ⇤ 0.972(41)
Mainz 19 (Harris et al., 2019) 2+1 F � F F F 0.965(38)(+13

�41

)
JLQCD18 (Yamanaka et al., 2018) 2+1 ⌅ � � F F 1.08(3)(3)(9)
ETMC19 (Alexandrou et al., 2019b) 2 ⌅ F � F F ⇤⇤ 0.974(33)
ETMC17 (Alexandrou et al., 2017d) 2 ⌅ F ⌅ F F 1.004(21)(02)(19)
RQCD14 (Bali et al., 2015) 2 � F F F ⌅ 1.005(17)(29)

h1i
�u

� ETMC19 (Alexandrou et al., 2019b) 2+1+1 ⌅ F � F F ⇤⇤ 0.716(28)
PNDME18 (Gupta et al., 2018) 2+1+1 F F F F F ⇤ 0.784(28)(10)
JLQCD18 (Yamanaka et al., 2018) 2+1 ⌅ � � F F 0.85(3)(2)(7)
ETMC17 (Alexandrou et al., 2017d) 2 ⌅ F ⌅ F F 0.782(16)(2)(13)

h1i
�d

� ETMC19 (Alexandrou et al., 2019b) 2+1+1 ⌅ F � F F ⇤⇤ -0.210(11)
PNDME18 (Gupta et al., 2018) 2+1+1 F F F F F ⇤ -0.204(11)(10)
JLQCD18 (Yamanaka et al., 2018) 2+1 ⌅ � � F F -0.24(2)(0)(2)
ETMC17 (Alexandrou et al., 2017d) 2 ⌅ F ⌅ F F -0.219(10)(2)(13)

h1i
�s

� ETMC19 (Alexandrou et al., 2019b) 2+1+1 ⌅ F � F F ⇤⇤ -0.0027(58)
PNDME18 (Gupta et al., 2018) 2+1+1 F F F F F ⇤ -0.0027(16)
JLQCD18 (Yamanaka et al., 2018) 2+1 ⌅ � � F F -0.012(16)(8)
ETMC17 (Alexandrou et al., 2017d) 2 ⌅ F ⌅ F F -0.00319(69)(2)(22)

⇤⇤ No quenching e↵ects are seen.
⇤ Not fully O(a) improved by requiring an additional lattice spacing.
† The rating comes from the valence pion mass used in the calculation. In other calculations, valence an sea pions are the same.

TABLE VIII Same as Tab. III, but for the tensor charge g
T

= h1i
�u

���d

� and the transverse flavor diagonal charges h1i
�u

� ,
h1i

�d

� , and h1i
�s

� . All values are obtained at µ = 2 GeV.

Collaboration g
T

h1i
�u

� h1i
�d

�

PV18 0.53(25) 0.39(10) �0.11(26)
MEX19 0.57(42) 0.28(+31

�42

) �0.40(+87

�57

)
TO13 0.64(+25

�34

) 0.375(+18

�12

) �0.25(+30

�10

)
TMD15 0.61(+26

�51

) 0.385(+16

�20

) �0.22(+31

�10

)
JAM18 1.0(1) 0.30(16) �0.70(15)
JAM20 0.87(11) 0.72(19) �0.15(16)

TABLE IX The values of the tensor charge g
T

and of its flavor
components h1i

�u

� and h1i
�d

� obtained from the following
determinations of transverssity PDFs: PV18 (Radici and
Bacchetta, 2018), from a global fit of data on inclusive di-
hadron production in SIDIS and pp; MEX19 (Benel et al.,
2020), from the same mechanism but on SIDIS data only;
TO13 (Anselmino et al., 2013), from a parton-model analysis
of Collins e↵ect in SIDIS and e+e� data; TMD15 (Kang et al.,
2016), from the same data set but analyzed in the TMD
framework including evolution e↵ects; JAM18 (Lin et al.,
2018c), as in TO13, but constrained to reproduce the lattice
average value for g

T

; and JAM20 (Cammarota et al., 2020)
from a global fit of inclusive single-hadron production data.
All values are computed at µ = 2 GeV, except for TO13
(µ = 1 GeV) and TMD15 (µ =

p
10 GeV).

the issue of compatibility of tensor charges obtained
from lattice calculations and from phenomenological fits
still requires further studies.

Moment Lattice QCD Global Fit

g
T

0.894 — 1.023a

0.10 — 1.10.909 — 1.175b

0.941 — 1.039c

h1i
�u

�

0.688 — 0.814a

-0.14 — 0.910.85(8)b,†

0.782(21)c,†

h1i
�d

�

-0.221 — -0.189a

-0.97 — 0.47-0.24(3)b,†

-0.219(17)c,†

h1i
�s

�

-0.0085 — 0.0031a

—-0.012(18)b,†

-0.00319(72)c,†
aN

f

= 2 + 1 + 1 bN
f

= 2 + 1 cN
f

= 2
† Single lattice result

TABLE X Same as Tab. V, but for transversity PDFs.

II.3.2. Lattice data in global fits

In order to extract PDFs from a set of experimental
measurements, a factorization theorem connecting the
theoretical predictions for these data to the PDFs is
needed. For example, in the case of unpolarized DIS, the
measured structure functions F are expressed in terms of
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Tensor Charge: An Open Question

From M. Radici at PDFLattice 2019
Mex19

It is possible to get an accordance with lattice gT 
with more flexibility in the functional form.

Recent analyses with a wild relaxation of the SB
get a full agreement with lattice.

Cammarota et al. 2002.08384

δu is the most problematic and yet most determined.
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Each step is associated to systematic uncertainties and theoretical challenges
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FIG. 7 Summary of the lattice calculation of isovector unpolarized (top), helicity (middle) and transversity (bottom) with
LP 3 and ETMC isovector quark (left column) and antiquark (right column) taken from (Alexandrou et al., 2019d, 2018b,c;
Bhat et al., 2020; Chen et al., 2018b; Lin et al., 2018b; Liu et al., 2018), JLab/W&M valence unpolarized distribution results
from (Joó et al., 2020), and global fits from (Accardi et al., 2016a; Alekhin et al., 2017; Ball et al., 2017) (unpolarized), (Ethier
et al., 2017; de Florian et al., 2009; Nocera et al., 2014) (helicity), and (Benel et al., 2020; Lin et al., 2018c; Radici and
Bacchetta, 2018) (transversity). Note that none of the current lattice calculations have taken the continuum limit (a ! 0) and
have remaining lattice artifacts (such as finite-volume e↵ects); disagreement in the obtained distributions is not unexpected.

even discern whether the parton distribution is flat across
all x; one loses sensitivity to very distinct distributions
in x-space, which appear very similar in zP

z

space.
Furthermore, one still needs large boost momenta zP

z

to reliably obtain the distribution in the small-x region,
and very fine lattice spacing, a < 0.02 fm to reduce

the lattice discretization systematic error that goes like
(P

z

a)n. There have been some exploratory studies of how
to get around the problem: Ref. (Zhang et al., 2020a)
applied machine-learning algorithms to make predictions
for di↵erent types of lattice LaMET data, such as
kaon PDFs, meson distribution amplitudes and gluon

PDFLattice-I [Prog.Part.Nucl.Phys.100, 107, 1711.07916]

PDFLattice-II [2006.08636]
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even discern whether the parton distribution is flat across
all x; one loses sensitivity to very distinct distributions
in x-space, which appear very similar in zP
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space.
Furthermore, one still needs large boost momenta zP

z

to reliably obtain the distribution in the small-x region,
and very fine lattice spacing, a < 0.02 fm to reduce

the lattice discretization systematic error that goes like
(P

z

a)n. There have been some exploratory studies of how
to get around the problem: Ref. (Zhang et al., 2020a)
applied machine-learning algorithms to make predictions
for di↵erent types of lattice LaMET data, such as
kaon PDFs, meson distribution amplitudes and gluon

PDFLattice-I [Prog.Part.Nucl.Phys.100, 107, 1711.07916]
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Exploiting Lattice QCD 
Using lattice moments to reconstruct/reweight PDFs

Using lattice moments as data

… PDFLattice White Paper 2020 36

FIG. 26 The GPD H for the u quark at t = �0.1GeV 2

reconstructed using the Generalized Form Factors calculated
on the lattice.

we show the GPD H for the u quark evaluated by
Fourier transformation from coordinate space. The Io↵e
time dependence of the GPD was evaluated using the
first three Mellin moments calculations from the lattice
(see Section III.3), and assuming Regge behavior for the
asymptotic z� dependence.

III.5. Machine Learning for GPDs

Deeply virtual exclusive processes are measured in
coincidence experiments where all the particles in the
final state are either directly or indirectly detected.
Therefore, extracting GPDs from data involves a much
larger number of variables than in inclusive deep inelastic
scattering. Furthermore, each experiment can only
add a small piece to the picture characterized by a
specific polarization configuration. This makes our
problem virtually impossible to solve with traditional
methods: for high precision femtography which is
required to obtain proton images, we need to develop
more sophisticated analyses. Working towards this
goal, recent e↵orts have focused on developing Machine
Learning (ML) tools for the extraction of GPDs from
data.

Three di↵erent groups have been attacking the
problem.

III.5.1. The PARTONS framework

PARTONS (PARtonic Tomography of Nucleon
Software) is a platform that handles multiple
experimental channels where most of the tasks are
automated, allowing the users to set physics assumptions
at various point of the computation (Berthou et al.,
2018). This is achieved by splitting experimental
channels into three pieces (see fig. 27), accordingly to the

FIG. 27 The computation of an observable in terms of
GPDs is generically layered in three basic steps: description
of the hadron structure with nonperturbative quantities,
computation of coe�cient functions, and evaluation of cross
sections.

framework of collinear factorization. The large distance
part contains the physics related to GPDs themselves.
Various models (Goloskokov and Kroll, 2008; Mezrag
et al., 2013) are provided, together with leading-order
evolution routines (Vinnikov, 2006). The second step
consists in the computations of amplitudes from GPDs.
Next-to-leading order computations of Compton Form
Factors (CFFs) are also available. Finally, CFFs are
connected to observables. PARTONS has been used
in recent extractions of CFF from experimental data,
using both functional parametrizations (Moutarde et al.,
2018) and Artificial Neural Networks (ANNs) (Moutarde
et al., 2019). This analysis focuses on the suppression
of any model dependence, and on a careful estimation
of uncertainties. This was achieved by using separate
neural networks for the real and imaginary parts of
each CFF, and by avoiding any pre-factors driving the
functional forms of CFFs. The replica method was
used for the propagation of uncertainties, while the
early-stopping regularisation method was utilised to
provide the anticipated growth of uncertainties in the
unconstrained kinematic domains. The networks were
trained to nearly all available DVCS data with the
genetic algorithm.
Work within the PARTONS framework has been

also recently extended to estimate time-like Compton
scattering (TCS) observables taking advantage of the
complementarity between he Leading Order (LO) and
Next to Leading Order (NLO) descriptions (Grocholski
et al., 2020); for a model free extraction of the subtraction
constant entering the dispersion relations approach to
GPDs (Diehl and Ivanov, 2007) and its impact on the
energy momentum tensor matrix elements (Polyakov,

The GPD H for the u quark at t = 0.1GeV2 reconstructed using 
the Generalized Form Factors calculated on the lattice. 


Liuti & Rajan
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New Experiments

→ unpolarized PDFs 

→ polarized PDFs  

→ Multidimensional Distribution Functions 

sensistive to high-energy experiments (e.g. LHC)  

& low- and mid-energy experiments  

(did we mention it was ubiquitous?) 

accessible with polarized target   

mainly low- and mid-energy experiments 

more involved  experimentally  

mainly low- and mid-energy experiments

More experiments at LHC

The only good news of 2020: EIC to be built

Ongoing

Proposal

Next: JLab Hall A too
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PDF kinematics coverage:  
EIC and future experiments

PDFLattice [2006.08636]
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Data Coverage and Fit Sensitivity
Slide by T. Hobbs and P. Nadolsky, DIS19

Deep Inelastic 

Gluon PDF through scaling violations

Gluon PDF relevant for, e.g., Higgs production

Impact of EIC on unpolarized PDFs

PDFSense:                                     

correlation between observable and 

objective function of a given fit.

 More info here:                                

Phys.Rev. D98 (2018) & Phys.Rev.D 100 (2019)

Sensitivity
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Experiments: the pion

Sullivan processes

Pion-induced Drell-Yan

P1

P2

X

pion

proton

Q2

Direct photon production

also called “leading neutron”

HERA

WA67

NA10, E615
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Aguilar, et al., Eur.Phys.J.A 55 (2019) 10, 190,1907.08218 

Future experiments: the pion

Impact of EIC on pion and kaon PDFs

Recent fits of pion & kaon PDFs:

xFitters: 2002.02902

JAM: Phys.Rev.Lett.121 (2018),1804.01965

Impact of COMPASS++/AMBER and COMPASS

COMPASS: pion-induced DY

COMPASS++/AMBER: 

pion-induced DY 

anti-proton and kaon-induced DY
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Pion and the emergence of mass
Chiral symmetry

influences the shape of the ditributions 
relates the PDF and the PDA  
Nambu —Jona-Lasinio: fπ(x)=φ(x)=1 at the hadronic scale and in the chiral limit 
significance in the end-point behavior 

Key observables: 
Pion and kaon PDFs and pion GPDs 
Gluon energy in the pion and kaon 
but also: pion TMDs

DSE calculations

Ding et al.,PRD101(2020),1905.05208 Bednar et al., PRL124 (2020), 1811.12310
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Pion and the emergence of mass
Chiral symmetry

influences the shape of the ditributions 
relates the PDF and the PDA  
Nambu —Jona-Lasinio: fπ(x)=φ(x)=1 at the hadronic scale and in the chiral limit 
significance in the end-point behavior. 

Key observables: 
Pion PDF from the lattice

Lattice cross-section expressed in terms of moments

NJL: Q0 is the only free parameter 
In statistical agreement with fit of 2,3,4 parameters

Broniowski & Ruiz-Arriola, 2006.03832
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Pion in multiparton scattering
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Figure 1. Assignment of momentum and position arguments in the multiparton correlation func-
tions and distributions. The dashed line denotes the final-state cut.

where we have replaced rn using (2.4). In addition we have used translation invariance

to shift position arguments in the matrix element by ξn/2. Substituting position variables

according to

yi +
1

2
zi = ξi −

1

2
ξn, yi −

1

2
zi = ξ′i −

1

2
ξn for i = 1 . . . n− 1 (2.6)

and zn = ξn, we obtain

Φ(ki, ri) =

[

n
∏

i=1

∫

d4zi
(2π)4

eiziki

][

n−1
∏

i=1

∫

d4yi
(2π)4

e−iyiri

]

×
〈

p
∣

∣T̄

[

φ

(

−
1

2
zn

) n−1
∏

i=1

φ

(

yi −
1

2
zi

)

]

T

[

φ

(

1

2
zn

) n−1
∏

i=1

φ

(

yi +
1

2
zi

)

]

∣

∣p
〉

. (2.7)

The assignment of momentum and position arguments is shown in figure 1.

We now introduce light-cone coordinates v± = (v0 ± v3)/
√
2 and v = (v1, v2) for any

four-vector v. In a frame where p = 0 we define multiparton distributions

F (xi,ki, ri) =

[

n
∏

i=1

k+i

∫

dk−i

][

n−1
∏

i=1

(2π)3 2p+
∫

dr−i

]

Φ(ki, ri)

∣

∣

∣

∣

k+i =xip
+, r+i =0

. (2.8)

This can be written as

F (xi,ki, ri) =

[

n
∏

i=1

∫

dz−i
2π

eixiz
−

i p+
∫

d2zi

(2π)2
e−iziki

][

n−1
∏

i=1

2p+
∫

dy−i d2yi e
iyiri

]

×
〈

p
∣

∣O(0, zn)
n−1
∏

i=1

O(yi, zi)
∣

∣p
〉

, (2.9)

where we have used the abbreviation

O(yi, zi) = φ

(

yi −
1

2
zi

)

i∂
↔+φ

(

yi +
1

2
zi

)

∣

∣

∣

z+i =y+i =0
(2.10)

for the bilinear parton operators and traded the factors k+i for derivatives ∂
↔+ = 1

2(∂
→
−∂
←
)+

acting on the fields. When going from (2.8) to (2.9) we have replaced the time- or anti-time-

ordered products appearing in (2.7) by usual products, which are understood to be normal

– 4 –

more than one active quark 
suppressed/averaged out for sufficiently inclusive processes  
high-energy hadron-hadron collision: very relevant 
introduction of multiparton Distribution Functions 

Multiparton interactions 

Diehl and Schäfer, PLB 698 (2011), 1102.3081 
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more than one active quark 
suppressed/averaged out for sufficiently inclusive processes  
high-energy hadron-hadron collision: very relevant 
introduction of multiparton Distribution Functions 
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and the quark propagator is given by SF (k) = (✓k −m+ iϵ)−1 and the trace is intended in
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where T is the Feynman amplitude corresponding to the diagram of figure 1, qµ=(0, q⃗⊥, q−)
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Figure 2. Double parton distribution functions in the NJL model, in momentum space, inte-
grated over x1, x2. Dashed (full) curves represent results obtained using the Pauli-Villars (Light-
Front) regularization method. Top panel: quantities obtained integrating Fu,d̄ (x1, x2, q⊥), eq. (2.22)
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Figure 2. Double parton distribution functions in the NJL model, in momentum space, inte-
grated over x1, x2. Dashed (full) curves represent results obtained using the Pauli-Villars (Light-
Front) regularization method. Top panel: quantities obtained integrating Fu,d̄ (x1, x2, q⊥), eq. (2.22)
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Figure 6. Comparison between eq. (3.2) (full) and its approximation eq. (3.3) (dashed). Left
panel: results at the hadronic scale, µo = 0.29GeV, for q⊥ = 0, 0.2, 0.5GeV. Right panel: the same
as in the previous panel, but after LO QCD evolution to the momentum scale Q2= 4GeV2 and
multiplied, for an easy presentation, by the longitudinal momentum variable x. The quality of the
approximation decreases as q⊥ increases as emphasized by the shaded areas, showing the difference
between the exact calculation and the approximation.

associated to the model [13–19, 25]. Let us now check whether or not the factorization in

two GPDs, in the vector sector where it makes sense for a pion,

F (2GPD)
ud̄

(x1, x2, q⃗⊥) = Hu
π+ (x1, 0, t) H

d
π+ (−x2, 0, t) , (3.1)

with t = −q⃗ 2
⊥, is a good approximation to the full result of the present NJL approach,

given by eq. (2.22).

To illustrate this property practically, we evaluate integrals over the longitudinal vari-

able x2 for both quantities, the dPDF eq. (2.22)

F̄ (0)
ud̄

(x1, q⃗⊥) =

∫
dx2 F

(0)
ud̄

(x1, x2, q⃗⊥) (3.2)

and the expression eq. (3.1):

F̄ (2GPD)
ud̄

(x1, q⃗⊥) =

∫
dx2 F

(2GPD)
ud̄

(x1, x2, q⃗⊥) = Hu
π+ (x1, 0, t)Fπ+(t) , (3.3)

where, in the last line, use has been made of well known sum rules for GPDs, with Fπ+(t)

the pion electromagnetic form factor. The comparison between eqs. (3.2) and (3.3) is shown

in the left panel of figure 6, using results of ref. [28] for the NJL GPD, for three low values

of q⊥, i.e., 0, 0.2 and 0.5GeV. It is clear that the approximation in terms of two GPDs

holds exactly at q⊥ = 0, while it does not work at higher values of q⊥, in the present NJL

framework, in the valence sector. A similar conclusion was indeed obtained for the nucleon

– 15 –

Factorization into GPDs 
from two-body to 2 one-body objects 
holds for 0-transverse distance only
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Factorization into GPDs 
from two-body to 2 one-body objects 
holds for 0-transverse distance only

Factorization longitudinal & transverse variables 
vector-vector in the chiral limit 
trivial x dependence and F(q)
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Two parton correlations

Lattice and model comparison where there are no possible data

Theoretical guidance 
Relation to dPDF moments 
Two current correlations of the pion 

time-component 

Factorization 
in the absence of correlations, C1 factorizes


in the model, it can come from C2

Bali et al, JHEP 12 (2018), 1807.03073

AC, Noguera & Scopetta, 2006.05300
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Figure 2. Lattice contractions for the two-current correlation function (2.1) in a pion. The
dependence on the pion momentum p is not indicated for brevity. The product ηijC of charge
conjugation parities of the two operators is defined below (2.7).
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step of (5.1) we used the relation ⟨π+| Odd
i |π+⟩ = ηiC ⟨π+| Ouu

i |π+⟩ with the C parity ηiC
defined in (2.6). Defining vector and scalar form factors as

⟨π+(p′)|V µ
uu(0) |π+(p)⟩ = (p′ + p)µFV (Q

2) , ⟨π+(p′)|Suu(0) |π+(p)⟩ = FS(Q
2) (5.2)

with Q2 = −(p− p′)2, we get

−MV 0V 0 (⃗q 2)
?
=

(mπ + Eq)2

2Eq

[
FV

(
2mπEq − 2m2

π

)]2
,

MSS (⃗q
2)

?
=

1

2Eq

[
FS

(
2mπEq − 2m2

π

)]2
. (5.3)

In momentum space, the absence of correlations thus implies that the two-current matrix

element factorises into the product of two single-current form factors (and a kinematic

prefactor). To compare the matrix elements in position space, we analytically Fourier

transform the r.h.s. of (5.3) using a parameterisation of the form factors. We note in

passing that in the limit q⃗ 2 ≪ m2
π the argument of the form factors in (5.3) becomes q⃗ 2,

as appropriate for a non-relativistic treatment. For our study with mπ ≈ 300MeV, this

limit is however not relevant.

It follows from (3.8) that the two-current correlators in (5.1) receive contributions from

different contractions in the combination C1+2S1+D. Given the poor quality of our data

for D, we formulate a version of the factorisation hypothesis that requires only C1 for the

two-current correlator and the connected three-point graph G3 for the elastic form factors.

To this end, we use the partially quenched scenario of nF = 4 mass-degenerate quarks u, d,

s and c, described at the end of section 3.2. In this case, one starts from the matrix element

⟨π+| Ouc
i (y)Osd

i (0) |D+
s ⟩ and inserts a full set of intermediate states with quark content cd̄.

Retaining only the ground state term |D+⟩ ⟨D+| and using SU(4) flavour symmetry to relate

the two single-current matrix elements to each other, one obtains the analogue of (5.3).

Disconnected contributions are in this case excluded by the quantum numbers of the uc

and sd currents. Our lattice computation can be understood as giving the corresponding

matrix elements, up to the effect of partial quenching due to the lattice action with nF = 2.

Factorisation at q = 0. Let us first test the factorisation hypothesis (5.3) at q⃗ = 0⃗,

where it reads

− (2mπ)
−1

∫
d3y ⟨V 0V 0⟩(y⃗ ) ?

= 1 , 2mπ

∫
d3y ⟨SS⟩(y⃗ ) ?

=
[
FS(0)

]2
. (5.4)

For the vector current we used the normalisation condition FV (0) = 1. We evaluate the

integrals on the l.h.s. of (5.4) as discrete sums over all lattice sites.4 The result for the

vector correlator is

− (2mπ)
−1 a3

∑

y⃗

⟨V 0V 0⟩(y⃗ ) = 0.975(33) (light quarks),

= 0.985(31) (strange),

= 1.053(36) (charm) (5.5)

4In this case we do not use the cut in (4.2). As discussed in section 4.2, this leaves us with lattice

artefacts from images at large y, but this region is not important in the sum over y⃗ .
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