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Outline

- Introduction
- News about the anomalous magnetic moment of 
the muon from:

- theory (White Paper: https://arxiv.org/abs/2006.04822)
- experiment (https://muon-g-2.fnal.gov/)

- Videoreference
Cátedra Augusto García González (https://www.fis.cinvestav.mx/~gae/
catedra.html): The muon g-2: the gate to New Physics
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Introduction

�aµ = aexpµ � aSMµ ⇠ 30⇥ 10�10 ⇠ (3...4)�
<latexit sha1_base64="4BJlVGx7JC7iOYSnnS3+nZ6lRzY="></latexit>

aexpµ = 11 659 209.1 (5.4)(3.3)| {z }
(6.3)

⇥10�10

Bennet et al, PRD73,072003 (2006) (~2200 citations)

Jegerlehner-Nyffeler ’09 review

https://muon-g-2.fnal.gov/
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�aSMµ ⇠ 6.2�
<latexit sha1_base64="YCiefLxjV39sXUc/llK6bf6Qn/Q="></latexit>
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<latexit sha1_base64="4BJlVGx7JC7iOYSnnS3+nZ6lRzY="></latexit>

aexpµ = 11 659 209.1 (5.4)(3.3)| {z }
(6.3)

⇥10�10

Bennet et al, PRD73,072003 (2006) (~2200 citations)

Jegerlehner-Nyffeler ’09 review

aexpµ = 11 659 ???(??)⇥ 10�10
<latexit sha1_base64="UY0lVgEFufHC4jG9Ui5gdQEj9/I="></latexit>

FNAL (2020-):

Th. White Paper (06/2020): aexpµ = 11 659 ???(??)⇥ 10�10
<latexit sha1_base64="QVQzVmjrBxE/LfEjclCciDJpZxE="></latexit>

Goal: ⇠ 1.6⇥ 10�10

Goal: from 6.2 to ⇠ 1.6⇥ 10�10
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The anomalous magnetic moment of the muon

• gyromagnetic ratio: g

• Deviation from the Dirac value         for muon is:

~µ = g
e

2m
· ~S

1

2
g = 2
g 6= 2

spin → Dirac theory:
QFT (Rad. Corr):

g = 2

aµ =
gµ � 2

2

aQED,LO
µ = ↵/2⇡ ⇠ 1.16⇥ 10�3

Updated pseudoscalar-pole contribution to (gµ � 2) Hadronic Light-by-Light
What is (gµ � 2)?

What is (gµ � 2) ?

• How charged spin particle interacts in classical electromagnetic field ~B

µ

~S
~B

M = �e
⇣
u
h
�µF1(q2) + i�µ⌫q⌫

2m F2(q2)
i
u
⌘
Ãµ(q)

ge(µ) = 2(F1(0) + F2(0))
Ward���! ge(µ) = 2(1 + F2(0))

• Care, spin is not classic!

Dirac equation (1928) predicted ge(µ) = 2
Confirmed in 1934 ! 1%� deviations in 1947!

• But nature is quantum (also electromagnetism)

5

Hmagnetic = �2(1 + aµ)
e

2m
~S · ~B

<latexit sha1_base64="oS6FpdcE8XivQMOuIWPkoa4RUNc="></latexit>

aµ = �2mµFM (0)
<latexit sha1_base64="kt62pXrhH9sr8osffI2a9RyW0A8="></latexit>

⇠ ū(p0)
⇥
�µF1(q

2)� i�µ⌫q
⌫FM (q2)

⇤
u(p)

<latexit sha1_base64="IBbnnYq9EcaKfdU74wJFHL/MbbM="></latexit>
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All numbers revised, few are new!
goal not reached yet,   4.3 instead of ⇠ 1.6⇥ 10�10

Pere Masjuan, RADPyC20, 9th July 2020
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µ + aweak

µ + ahadµ
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QED:

Z, H

EW:

Hadronic VP:

Hadronic LBL:

6 845(40)⇥ 10�11
<latexit sha1_base64="0bB6fnoyRnoirVAucCX5g3RLXd0="></latexit>

92(18)⇥ 10�11
<latexit sha1_base64="F0JUP/dg6cnlYcyyFjQPkAfuaBw="></latexit>

SM: 116 591 810(43)⇥ 10�11
<latexit sha1_base64="bKVct4oPqGhYp9R2RpdwGtwWR6g="></latexit>

�aµ = 279(76)⇥ 10�11(3.7)�
<latexit sha1_base64="NPsnSJrnUfwLlo88h0XTlyLcaso="></latexit>

153.6(1.0)⇥ 10�11
<latexit sha1_base64="tSo6AqLZmvJ12aQkjP7Kh3wg80o="></latexit>

116 584 718.931(104)⇥ 10�11
<latexit sha1_base64="VY4aMrWgPh21LteH1SZEDMYGbsQ="></latexit>

[White Paper: 2006.04822]
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QED:

Z, H

EW:

Hadronic VP:

Hadronic LBL:

•Complete 5-loop result
[Aoyama, Hayakawa, Kinoshita, Nio ’12]

•Analytic checks at 4-loop
[Marquard, Steinhauser et al ’13-’16]
[Laporta ’17]

116 584 718.931(104)⇥ 10�11
<latexit sha1_base64="VY4aMrWgPh21LteH1SZEDMYGbsQ="></latexit>
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QED:

Z, H

EW:

Hadronic VP:

Hadronic LBL:

•Purely EW/bosonic 2-loop result
[Czarnecki, Krause, Marciano ’95]
[Heinemeyer, Stöckinger,Weiglein ’04]
[Czarnecki, Gribouk ’05]

•EW+quarks
[Peris, Perrottet, de Rafael ’95][Knecht+PPdR ’02]
[Czarnecki, Marciano, Vainsthein ’03]

•Including Higgs Mass
[Gnendiger, Stöckinger, Stöckinger-Kim ’13]

153.6(1.0)⇥ 10�11
<latexit sha1_base64="tSo6AqLZmvJ12aQkjP7Kh3wg80o="></latexit>
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QED:

Z, H

EW:

Hadronic VP:

Hadronic LBL:

Progress on Hadronic Vacuum Polarization:

Pere Masjuan, RADPyC20, 9th July 2020



Hadronic Vacuum Polarization
Motivation: Muon-Anomaly (g − 2)µ Introduction and Direct Measurement

The anomalous magnetic moment of the muon (g − 2)µ
gyromagnetic ratio: g

�µ = g e�h
2mc
⋅ �S

spin 1
2 → Dirac theory: g = 2

QFT: g ≠ 2

muon anomaly: aµ = (g − 2)µ�2

atheoryµ = aQED
µ +aweakµ +ahadµ

BNL E821 11659208.9 ± 6.4

QED 11658471.895 ± 0.008
weak 15.4 ± 0.2

had 693.0 ± 4.9

BNL−SM 28.7 ± 8.0

hadro

optical theorem

↵QCD ≈O(1)

↵QCDq

q̄

had. Vacuum Polarization

had. cross section

e−

e+

hadrons

had. VP: aVP,LOµ = 692.3 ± 4.2

q

q̄

[M. Davier et al., EPJ C71, 1515 (2011)]aµ units in 10−10

�

µ+ µ+

�

µ+ µ+

QED weak

Z 0�

[T.Kinoshita et al., PRD73, 013003 (2006)]

[A.Czarnecki et al., PRD67, 073006 (2003)
Erratum-ibid. D73, 119901 (2006)]

[M.Knecht et al., JHEP 0211, 003 (2002)]

Andreas Hafner (JG University Mainz) Precision Hadron Physics CRC 1044: KICK-OFF 3 / 27

Motivation: Muon-Anomaly (g − 2)µ Theoretical Prediction of ahadµ

Dispersion relation for ahadµ

Optical Theorem Dispersion integral

ahadµ,LO =
1

4⇡3 �

∞
m2

⇡0

ds K(s) �had(s)

�had(s) ∼ 1�s & K(s) ∼ 1�s
⇓

Low energy region important! ∼ 1�s2

Sum of exclusive �had
⇓

Hadronic contribution of aµ

hddfeldflo

√
s [GeV ]1 5

�
h
ad
[m

b
a
rn
]

q

q̄

q

q̄

e−

e+
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• ρ peak
• ρ-ω interference
• Contribution to aμ(VP): 75% 
• Largest error from 1-2GeV

Hadronic Vacuum Polarization

Figure 3. A compilation of the modulus square of the pion form factor in the ⇢ meson region, which yields
about 75% of ahad

µ . The corresponding R(s) is R(s) = 1
4 �

3
⇡ |F(0)

⇡ (s)|2 , �⇡ =
p

1 = 4m2
⇡/s is the pion velocity.

0.0 GeV, 1

⇢,!

1.0 GeV

�, . . . 2.0 GeV
3.1 GeV

 9.5 GeV⌥
0.0 GeV, 1

⇢,!

1.0 GeV

�, . . .
2.0 GeV

3.1 GeV

�aµ (��aµ)
2

contribution error2

Figure 4. Distribution of contributions and error squares from di↵erent energy regions.

Figure 4 shows the distribution of contributions and errors between di↵erent energy ranges. One of
the main issues is R�(s) in the region from 1.2 GeV to 2.0 GeV, where more than 30 exclusive channels
must be measured and although it contributes about 20% only of the total it contributes about 50% of
the uncertainty. In the low energy region, which is particularly important for the dispersive evaluation
of the hadronic contribution to the muon g�2, data have improved dramatically in the past decade for
the dominant e+e� ! ⇡+⇡� channel (CMD-2 [12], SND/Novosibirsk [13], KLOE/Frascati [14–16],
BaBar/SLAC [17], BES-III/Beijing [18]) and the statistical errors are a minor problem now. Similarly,
the important region between 1.2 GeV to 2.4 GeV has been improved a lot by the BaBar exclusive
channel measurements in the ISR mode [19–22]. Recent data sets collected are: e+e� ! 3(⇡+⇡�),
e+e� ! p̄p and e+e� ! K0

S K0
L,K

+K� from CMD-3 [23, 24], and e+e� ! n̄n, e+e� ! ⌘⇡+⇡�,
e+e� ! ⇡0�, e+e� ! !⌘⇡0, e+e� ! !⌘, e+e� ! K+K� and e+e� ! !⇡0 ! ⇡0⇡0� from SND [25–
27].

Above 2 GeV fairly accurate BES-II data [28] are available. Recently, a new inclusive determi-
nation of R�(s) in the range 1.84 to 3.72 GeV has been obtained with the KEDR detector at Novosi-
birsk [29] (see figure 5). A big step in improving low energy cross section measurements has been

Status of Hadronic Cross Section Measurements

⇡+⇡− Cross Section
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[Keshavarzi et al 18]

Hadronic Vacuum Polarization
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[Keshavarzi et al 18]

Hadronic Vacuum Polarization

ahad, VP
µ = 684.68(2.42)⇥ 10�10

<latexit sha1_base64="WVhFwAuTx4Sc31gxs/cKqaFVwa0="></latexit>

ahad,NLO VP

µ = �9.82(0.04)⇥ 10�10

<latexit sha1_base64="wAC0Pqo+LeYM2Iv5ibLH0U3at4A="></latexit>

ahad,LO VP

µ = 693.26(2.46)⇥ 10�10

<latexit sha1_base64="s4zTWKxKTcur8CUNgmBWrGUy2c8="></latexit>

ahad,NNLO VP

µ = 1.24(0.01)⇥ 10�10

<latexit sha1_base64="39C+cjzX0SuqrfZEElfSHHPYB/c="></latexit>
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[Keshavarzi et al 18]

Hadronic Vacuum Polarization
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[Keshavarzi et al 18]

Hadronic Vacuum Polarization

ahad,NLO VP

µ = �9.82(0.04)⇥ 10�10

<latexit sha1_base64="wAC0Pqo+LeYM2Iv5ibLH0U3at4A="></latexit>

ahad,LO VP

µ = 693.26(2.46)⇥ 10�10

<latexit sha1_base64="s4zTWKxKTcur8CUNgmBWrGUy2c8="></latexit>

ahad,NNLO VP

µ = 1.24(0.01)⇥ 10�10

<latexit sha1_base64="39C+cjzX0SuqrfZEElfSHHPYB/c="></latexit>
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aHVP

µ = 6845(40)⇥ 10�11

<latexit sha1_base64="DHrfTvFan3StUIjViQlUfMuPVU8="></latexit>

[White Paper: 2006.04822]

aHVP

µ = 6849(43)⇥ 10�11

<latexit sha1_base64="A/J/GFNGAqxVfQS4Rh4W93KqWL8="></latexit>
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athµ = aQED
µ + aweak

µ + ahadµ
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QED:

Z, H

EW:

Hadronic VP:

Hadronic LBL:

Progress on Hadronic Vacuum Polarization:
Lattice simulation!
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athµ = aQED
µ + aweak

µ + ahadµ
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QED:

Z, H

EW:

Hadronic VP:

Hadronic LBL:

Progress on Hadronic Vacuum Polarization:
Lattice simulation!

BMWc-20
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Hadronic light-by-light (LbyL) scattering in the muon g � 2

Need to calculate higher order O(↵3) hadronic contribution to the muon g � 2:
k

µ−(p)µ−(p’)

k = p’ − p

Four-point function hVVVV i projected onto the aµ (soft external photon k ! 0).

Look at “underlying” hadronic Green’s function hVVVV i in QCD (all photon legs
o↵-shell). Can evaluate it in quark-gluon or hadronic picture (global duality), e.g. for
u, d quark sector:

+ + + + · · ·

! + + · · · + + · · ·

| {z }
L.D.

| {z }
S.D.

⇡0

⇡±

u, d

u, d

g

Usually, one uses some hadronic model at low energies (L.D. = long-distances) with
exchanges of resonances and loops of resonances and some form of (dressed) “quark
loop” at high energies (S.D. = short-distances).
Since the four-point function hVVVV i depends on several invariant momenta, the
distinction between low and high energies is not as easy as for two-point function
hVV i (hadronic vacuum polarization).

order O(α3) hadronic contribution

Model at low energies
(with exchange of resonances)

Model at high energies
(quark-loop)

23

Multiscale problem

athµ = aQED
µ + aweak

µ + ahadµ

The anomalous magnetic moment of the muon

Progress on Hadronic Light-by-Light:QED:

Z, H

EW:

Hadronic VP:

Hadronic LBL:
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athµ = aQED
µ + aweak

µ + ahadµ
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Progress on Hadronic Light-by-Light:

Traditionally, low-energy models:

µ−(p) µ−(p′)

↓ k = p′ − p

=

π+

+ . . .+

π0, η, η′

+ . . .+
Exchanges of

other resonances

(a1, f0, . . .)

+

Q

+ . . .

Contribution: pion-loop pseudoscalar quark-loop
(dressed) exchanges (dressed)

Chiral counting: p4 p6 p8 p8

Nc counting: 1 Nc Nc Nc

Figure 1: The different contributions to HLbL scattering and their chiral and large-Nc

counting.

been employed to estimate HLbL. One uses some hadronic model with exchanges and
loops of resonances at low energies and some form of (dressed, constituent) quark-loop
at high energies as short-distance complement of the low-energy hadronic models. The
dependence on several momenta leads, however, to a mixing of long and short distances
and makes it difficult to avoid a double counting of quark-gluon and hadronic contribu-
tions. In Ref. [13] a classification of the different contributions to HLbL based on the
chiral and large-Nc counting was proposed, see Figure 1. In general, all the interactions
of the hadrons or the quarks with the photons are dressed by some form factors, e.g. via
ρ − γ mixing. Note that in the Feynman diagrams in Fig. 1 form factors with off-shell
photons and off-shell hadrons enter [14]. Constraints on the models can be obtained from
experimental data, e.g. on the various form factors, and from theory, e.g. chiral pertur-
bation theory at low energies and short-distance constraints from perturbative QCD and
the Operator Product Expansion (OPE) at high momenta.

2 Current status of HLbL and recent developments

A selection of estimates for HLbL is presented in Table 2. Note that the Refs. [15, 16] are
the only full calculations of HLbL to date, using, as much as possible, one model for all
the contributions (HLS model in Ref. [15], Extended Nambu-Jona-Lasinio (ENJL) model
in Ref. [16]). Both calculations showed that the exchanges of the lightest pseudoscalar
states, π0, η, η′, dominate numerically, which can be understood from the large-Nc count-
ing. The contributions from the (dressed) pion-loop and the (dressed) quark-loop are
subdominant, but not negligible, and they happen to largely cancel each other numeri-
cally. The final results for the total HLbL contribution were rather close in both models.
In Ref. [27] an ansatz for the pion-photon transition form factor with a minimal number
of narrow vector resonances in large-Nc QCD (lowest meson dominance (LMD, LMD+V))
was matched to short-distance constraints from the OPE. The reevaluation of the pion-
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+ 0.76(27)axial � 0.60(12)⇡⇡ � 0.5(5)⇡,Kloop+SD]⇥ 10�10
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Progress on Hadronic Light-by-Light:
Now, dispersion relations: huge theoretical progress:
- QFT definition of pion-pole/pion-box ...
- Allows a data driven, with controlled errors estimates:
[Colangelo, Hoferichter, Procura, Stoffer ’15][Pauk, Vanderhaeghen ’14]
[Masjuan, Sanchez-Puertas ’17][Hoferichter et. al ’18] [Colangelo et al ’18][Bijnens et al ’19][Roig, Sanchez-Puertas ’20]
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Progress on Hadronic Light-by-Light:
Now, dispersion relations: huge theoretical progress:
- QFT definition of pion-pole/pion-box ...
- Allows a data driven, with controlled errors estimates:
[Colangelo, Hoferichter, Procura, Stoffer ’15][Pauk, Vanderhaeghen ’14]
[Masjuan, Sanchez-Puertas ’17][Hoferichter et. al ’18] [Colangelo et al ’18][Bijnens et al ’19][Roig, Sanchez-Puertas ’20]

aHLBL

µ (WhitePaper 020) = [6.36(2.7)⇡ + 1.63(1.4)⌘ + 1.45(1.9)⌘
0
+ 0.6(6)axial � 0.8(1)⇡⇡
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Progress on Hadronic Light-by-Light:
Now, dispersion relations: huge theoretical progress:
- QFT definition of pion-pole/pion-box ...
- Allows a data driven, with controlled errors estimates:
[Colangelo, Hoferichter, Procura, Stoffer ’15][Pauk, Vanderhaeghen ’14]
[Masjuan, Sanchez-Puertas ’17][Hoferichter et. al ’18] [Colangelo et al ’18][Bijnens et al ’19][Roig, Sanchez-Puertas ’20]
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aHLBL

µ (WhitePaper 020) = 92(19)⇥ 10�11
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In summary: 
- via using exp. data (CLEO, BES, BABAR, BELLE), we
realize that the Transition Form Factor is more 
important than expected
- systematic errors are difficult to account but 
important
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Progress on Hadronic Light-by-Light:
Now, dispersion relations: huge theoretical progress:
- QFT definition of pion-pole/pion-box ...
- Allows a data driven, with controlled errors estimates:
[Colangelo, Hoferichter, Procura, Stoffer ’15][Pauk, Vanderhaeghen ’14]
[Masjuan, Sanchez-Puertas ’17][Hoferichter et. al ’18] [Colangelo et al ’18][Bijnens et al ’19][Roig, Sanchez-Puertas ’20]

- Nice confirmation from Lattice: aHLBL

µ (Lattice 019) = 7.87(3.06)stat(1.77)sys ⇥ 10�10

<latexit sha1_base64="LSqU1N/FWSFVW5VEX9ML3yIrRp4="></latexit>

[Blum et al, ’19]
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Progress on Hadronic Light-by-Light:
Now, dispersion relations: huge theoretical progress:
- QFT definition of pion-pole/pion-box ...
- Allows a data driven, with controlled errors estimates:
[Colangelo, Hoferichter, Procura, Stoffer ’15][Pauk, Vanderhaeghen ’14]
[Masjuan, Sanchez-Puertas ’17][Hoferichter et. al ’18] [Colangelo et al ’18][Bijnens et al ’19][Roig, Sanchez-Puertas ’20]

- Still contrasting with ballpark estimates based on pQCD quark loop:
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Mq ⇠ 0.160� 0.180GeV
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Still something to understand: link low-high energies
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12 F. Jegerlehner, A. Nyffeler / Physics Reports 477 (2009) 1–110

Fig. 4. The schematics of muon injection and storage in the g � 2 ring.

structure with a diameter of 14 m, the aperture of the beam pipe is 90 mm, the field is 1.45 T and the momentum of the
muon is pµ = 3.094 GeV. In the horizontal plane of the orbit themuons execute a relativistic cyclotronmotion with angular
frequency !c . By the motion of the muon magnetic moment in the homogeneous magnetic field the spin axis is changed in
a particular way as described by the Larmor precession. After each circle the muon’s spin axis changes by 120 (arc s), while
the muon is traveling at the same momentum (see Fig. 3). The muon spin is precessing with angular frequency !s, which is
slightly bigger than !c by the difference angular frequency !a = !s � !c .

!c =
eB

mµ �
, !s =

eB
mµ �

+ aµ

eB
mµ

, !a = aµ

eB
mµ

, (23)

where � = 1/
p
1 � v2 is the relativistic Lorentz factor and v the muon velocity. In the experiment !a and B are measured.

Themuonmassmµ is obtained from an independent experiment onmuonium,which is a (µ+e�) bound system. Note that if
themuon just has its Diracmagneticmoment g = 2 (tree level) the direction of the spin of themuonwould not change at all.

In order to retain the muons in the ring an electrostatic focusing system is needed. Thus in addition to the magnetic
field EB an electric quadrupole field EE in the plane normal to the particle orbit must be applied. This transversal electric field
changes the angular frequency according to

E!a =
e
mµ

✓
aµ

EB �


aµ �

1
� 2 � 1

�
Ev ⇥ EE

◆
. (24)

This key formula for measuring aµ was found by Bargmann, Michel and Telegdi in 1959 [70,96]. Interestingly, one has the
possibility to choose � such that aµ � 1/(� 2 � 1) = 0, in which case !a becomes independent of EE. This is the so-called
magic � . When running at the corresponding magic energy, the muons are highly relativistic, the magic � -factor being � =p
1 + 1/aµ = 29.3. The muons thus travel almost at the speed of light with energies of about Emagic = �mµ ' 3.098 GeV.

This rather high energy, which is dictated by the requirement to minimize the precession frequency shift caused by the
electric quadrupole superimposed upon the uniform magnetic field, also leads to a large time dilatation. The lifetime of a
muon at rest is 2.19711µs, while in the ring it is 64.435µs (theory) [64.378µs (experiment)]. Thus,with their lifetime being
much larger than at rest, muons are circling in the ring many times before they decay into a positron plus two neutrinos:
µ+ ! e+ + ⌫e + ⌫̄µ. In this decay we have the necessary strong correlation between the muon spin direction and the
direction of emission of the positrons. The differential decay rate for the muon in the rest frame is given by Eq. (12) which
may be written as

d� = N(Ee)
✓
1 +

1 � 2xe
3 � 2xe

cos ✓

◆
d⌦. (25)

Again, Ee is the positron energy, xe is Ee in units of the maximum energy mµ/2, N(Ee) is a normalization factor and ✓ the
angle between the positron momentum in the muon rest frame and the muon spin direction. The µ+ decay spectrum is
peaked strongly for small ✓ due to the non-vanishing coefficient of cos ✓

A(Ee)
.
=

1 � 2xe
3 � 2xe

, (26)

the asymmetry factor which reflects the parity violation.
The positron is emitted with high probability along the spin axis of the muon as illustrated in Fig. 5. The decay positrons

are detected by 24 calorimeters evenly distributed inside the muon storage ring. These counters measure the positron

31

15 m diameter

2.2µs ! 64.4µs

1.45T
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Fig. 3. Spin precession in the g � 2 ring (⇠12�/circle).

for fixed P . This allows us to simplify the calculation by working directly in the limit q ! 0 afterwards. Since aµ does not
depend on the direction of themuonmomentum one can average over the direction of P which is orthogonal to q (P ·q = 0).
As a master formula one finds

aµ =
1

8(d � 2)(d � 1)mµ

Tr
�
(p/ + mµ)[� µ, � ⌫](p/ + mµ)T⌫µ(p)

 

+
1

4(d � 1)m2
µ

Tr
�⇥

m2
µ�

µ
� (d � 1)mµpµ

� dp/pµ
⇤
Vµ(p)

 ��
p2=m2

µ
, (20)

where d = 4 � " is the space–time dimension. In the case of UV divergences the choice " > 0 provides a dimensional
regularization. The limit " ! 0 is to be performed after renormalization. The amplitudes Vµ(p) and T⌫µ(p) depend on one
on-shell momentum p = P/2, only, and thus the problem reduces to the calculation of on-shell self-energy type diagrams
as the external photon momentum now can be taken as zero.

Note that in higher orders the form factors in general acquire an imaginary part. One may therefore write an effective
dipole moment Lagrangian with complex ‘‘coupling’’

LDM
eff = �

1
2

⇢
 ̄ �µ⌫


Dµ

1 + �5

2
+ D⇤

µ

1 � �5

2

�
 

�
Fµ⌫ (21)

with  the muon field and

Re Dµ = aµ

e
2mµ

, Im Dµ = dµ =
⌘µ

2
e

2mµ

. (22)

Thus the imaginary part of FM(0) corresponds to an electric dipole moment. The latter is non-vanishing only if we have T
violation. The existence of a relatively large EDM would also affect the extraction of aµ. This will be discussed towards the
end of the next section.

2. The muon g � 2 experiments

2.1. The Brookhaven muon g � 2 experiment

The measurement of aµ in principle is simple. As illustrated in Fig. 3, when polarized muons travel on a circular orbit
in a constant magnetic field, then aµ is responsible for the Larmor precession of the direction of the spin of the muon,
characterized by the angular frequency E!a. Correspondingly, the principle of the BNL muon g � 2 experiment involves
the study of the orbital and spin motion of highly polarizedmuons in a magnetic storage ring. This method has already been
applied in the last CERN experiment [91]. The key improvements of the BLN experiment include the very high intensity
of the primary proton beam from the proton storage ring AGS (Alternating Gradient Synchrotron), the injection of muons
instead of pions into the storage ring, and a super-ferric storage ring magnet [92] (see also the reviews [23,28,33,34,43]).

The muon g � 2 experiment at Brookhaven works as illustrated in Fig. 4 [93–95]. Protons of energy 24 GeV from the AGS
hit a target and produce pions. The pions are unstable and decay into muons plus a neutrino where the muons carry spin
and thus a magnetic moment which is directed along the direction of the flight axis. The longitudinally polarized muons
from pion decay are then injected into a uniform magnetic field EBwhere they travel in a circle. The ring5 is a toroid-shaped

5 A picture of the BNL muon storage ring may be found on the Muon g � 2 Collaboration Web Page http://www.g-2.bnl.gov/.

cyclotron precession

spin precession (Larmor)

32
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Fig. 5. Decay of µ+ and detection of the emitted e+ (PMT = Photomultiplier).

Fig. 6. Distribution of counts versus time for the 3.6 billion decays in the 2001 negative muon data-taking period [Courtesy of the E821 collaboration.
Reprinted with permission from [92].
© 2007, by the American Physical Society.

energy and allow one to determine the direction of the muon spin. A precession frequency dependent rate is obtained
actually only if positrons above a certain energy are selected (forward decay positrons). The number of decay positrons with
energy greater than E emitted at time t after muons are injected into the storage ring is given by

N(t) = N0(E) exp
✓

�t
� ⌧µ

◆
[1 + A(E) sin(!at + �(E))] , (27)

where N0(E) is a normalization factor, ⌧µ the muon life time (in the muon rest frame), and A(E) is the asymmetry factor for
positrons of energy greater than E. Fig. 6 shows a typical example for the time structure detected in the BNL experiment.
As expected the exponential decay law for the decaying muons is modulated by the g � 2 angular frequency. In this
way the angular frequency !a is neatly determined from the time distribution of the decay positrons observed with the
electromagnetic calorimeters [12–16].

The secondquantitywhich has to bemeasured very precisely in the experiment is themagnetic field. This is accomplished
by Nuclear Magnetic Resonance (NMR) using a standard probe of H2O [97]. This standard can be related to the magnetic
moment of a free proton by

B =
!p

2µp
, (28)

where !p is the Larmor spin precession angular velocity of a proton in water. Using !p and the frequency !a together with
µµ = (1 + aµ)e/(2mµ), one obtains

aµ =
R

� � R
where R = !a/!p and � = µµ/µp. (29)
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where N0(E) is a normalization factor, ⌧µ the muon life time (in the muon rest frame), and A(E) is the asymmetry factor for
positrons of energy greater than E. Fig. 6 shows a typical example for the time structure detected in the BNL experiment.
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Magnetic field B?

(free-proton precession frequency)
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• The E821 experiment at BNL

• Assuming CPT invariance

aexpµ = 11 659 209.1 (5.4)(3.3)| {z }
(6.3)

⇥10�10

The anomalous magnetic moment of the muon

Bennet et al, PRD73,072003 (2006)

aexpµ+ = 11 659 204(6)(5)⇥ 10�10

aexpµ� = 11 659 215(8)(3)⇥ 10�10

[2000]

[2001]

Bennet et al, PRD73,072003 (2006)
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(~2200 citations)
stat sys
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model. At sub-ppm precision, such a test explores physics
well above the 100 GeV scale for many standard model
extensions.

The muon anomalous magnetic moment was measured
in a series of three experiments at CERN and, most re-
cently in our E821 experiment at Brookhaven National
Laboratory (BNL). In the first CERN measurement [2]
muons were injected into a 6-m long straight magnet where
they followed a drifting spiral path, slowly traversing the
magnet because of a small gradient introduced in the field.
The muons were stopped in a polarimeter outside the
magnet and a measurement of their net spin precession
determined a ! with an uncertainty of 4300 ppm. The result
agreed with the prediction of QED for a structureless
particle. The second CERN experiment [3] used a mag-
netic ring to extend the muon storage time. A primary
proton beam was injected directly onto a target inside the
storage ring where produced pions decayed to muons, a
small fraction of which fell onto stable orbits. The muon
precession frequency was determined by a sinusoidal
modulation in the time distribution of decay positrons,
measured by detectors on the opposite side of the ring
from the injection point. The result to 270 ppm agreed
with QED only after the theory had been recalculated [4].
The CERN-III experiment [5] used a uniform-field storage
ring and electric quadrupoles to provide vertical contain-
ment for the muons having the ‘‘magic’’ momentum of
3:1 GeV=c. At this momentum, the muon spin precession
is not affected by the electric field from the focusing
quadrupoles. Additionally, pions were injected directly
into the ring, which resulted in a higher stored muon
fraction and less background than proton injection. The
CERN-III experiment achieved a precision of 10 ppm for
each muon polarity. CPT symmetry was assumed, and the
results were combined to give a 7.3 ppm measurement,
which agreed with theory. The result served as the first
confirmation of the predicted 60 ppm contribution to a !
from hadronic vacuum polarization.

The present BNL experiment follows the general tech-
nique pioneered by CERN-III, but features many innova-
tive improvements. A continuous superconducting magnet,
having high field uniformity, is used instead of a lattice of
discrete resistive magnets. A direct current, rather than
pulsed, inflector magnet permits the ring to be filled at
33 ms intervals, the bunch extraction interval from the
AGS. Muons are injected directly into the storage ring,
which increases the storage efficiency and reduces the
intense hadron-induced background ‘‘flash.’’ A pulsed
kicker places the muons onto stable orbits and centers
them in the storage region. The electrostatic quadrupoles
permit operation at about twice the field gradient of the
CERN experiment. The transverse aperture of the storage
region is circular rather than rectangular, in order to reduce
the dependence of the average field seen by a muon on its
trajectory. The magnetic field is mapped using an array of
NMR probes, mounted on a trolley that can be pulled
through the vacuum chamber. Waveform digitizers provide
a time record of energy deposition in calorimeters. The
records are used to determine electron energies and times
and to correct for multiparticle overlap—‘‘pileup.’’ (Note:
In this manuscript, we use electron to represent either the
positron or electron in the generic !! e" !" decay chain.)

Combining the results of four positive muon runs and a
final run using negative muons, a ! was determined to a
precision of 0.54 ppm. A summary of the CERN and BNL
measurements is given in Table I. This paper reviews the
BNL E821 results, all reported in Letters [6,8–10] or Brief
Reports [7]. Many of the key experimental components
have been described in separate papers; brief summaries
are given here. The paper begins with the basic principle of
the experimental method including subsections on the
apparatus. The dynamics of muon storage, which shape
the observed decay electron distribution, are discussed
next. Then the data analysis is described and the paper
concludes with a discussion of the theoretical standard
model value for a ! and its comparison to the final result.

TABLE I. Summary of a ! results from CERN and BNL, showing the evolution of experi-
mental precision over time. The average is obtained from the 1999, 2000 and 2001 data sets only.

Experiment Years Polarity a ! ! 1010 Precision [ppm] Reference

CERN I 1961 !" 11450000(220000) 4300 [2]
CERN II 1962–1968 !" 11661600(3100) 270 [3]
CERN III 1974–1976 !" 11659100(110) 10 [5]
CERN III 1975–1976 !# 11659360(120) 10 [5]
BNL 1997 !" 11659251(150) 13 [6]
BNL 1998 !" 11659191(59) 5 [7]
BNL 1999 !" 11659202(15) 1.3 [8]
BNL 2000 !" 11659204(9) 0.73 [9]
BNL 2001 !# 11659214(9) 0.72 [10]
Average 11659208.0(6.3) 0.54 [10]

G. W. BENNETT et al. PHYSICAL REVIEW D 73, 072003 (2006)

072003-2

Bennet et al, PRD73,072003 (2006)

Forthcoming exp: FNAL & J-PARC⇠ 1.6⇥ 10�10
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Experimental data collection status @ FNAL:
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Experimental data collection status @ FNAL: [from the talk by Esra Barlas-Yucel@FPCP 2020]

The anomalous magnetic moment of the muon
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Experimental data collection prospects @ FNAL:

[from the talk by Esra Barlas-Yucel@FPCP 2020]
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Pessimist view



The anomalous magnetic moment of the electron
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New measurement of αem

↵�1(Cs) = 137.035 999 046 (27) 2.0⇥ 10�10

�ae ⌘ aexpe � aSMe = (�87± 36)⇥ 10�14 2.4�

[Parker et al, Science 360 (2018) 191]

accuracy

(negative deviation)

[Davoudiasl-Marciano, 1806.10252]

Pere Masjuan, RADPyC20, 9th July 2020

(almost no SM error!)
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Generic contributions: [Jegerlehner, Nyffeler 09]

✏ = M/mµ
<latexit sha1_base64="/y++SKqq9z7cSx71PY/sBoI88uw="></latexit>

� = mµ/M0
<latexit sha1_base64="enxLG/05QrFr5WMlaiRpdELb9E0="></latexit>
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model. At sub-ppm precision, such a test explores physics
well above the 100 GeV scale for many standard model
extensions.

The muon anomalous magnetic moment was measured
in a series of three experiments at CERN and, most re-
cently in our E821 experiment at Brookhaven National
Laboratory (BNL). In the first CERN measurement [2]
muons were injected into a 6-m long straight magnet where
they followed a drifting spiral path, slowly traversing the
magnet because of a small gradient introduced in the field.
The muons were stopped in a polarimeter outside the
magnet and a measurement of their net spin precession
determined a ! with an uncertainty of 4300 ppm. The result
agreed with the prediction of QED for a structureless
particle. The second CERN experiment [3] used a mag-
netic ring to extend the muon storage time. A primary
proton beam was injected directly onto a target inside the
storage ring where produced pions decayed to muons, a
small fraction of which fell onto stable orbits. The muon
precession frequency was determined by a sinusoidal
modulation in the time distribution of decay positrons,
measured by detectors on the opposite side of the ring
from the injection point. The result to 270 ppm agreed
with QED only after the theory had been recalculated [4].
The CERN-III experiment [5] used a uniform-field storage
ring and electric quadrupoles to provide vertical contain-
ment for the muons having the ‘‘magic’’ momentum of
3:1 GeV=c. At this momentum, the muon spin precession
is not affected by the electric field from the focusing
quadrupoles. Additionally, pions were injected directly
into the ring, which resulted in a higher stored muon
fraction and less background than proton injection. The
CERN-III experiment achieved a precision of 10 ppm for
each muon polarity. CPT symmetry was assumed, and the
results were combined to give a 7.3 ppm measurement,
which agreed with theory. The result served as the first
confirmation of the predicted 60 ppm contribution to a !
from hadronic vacuum polarization.

The present BNL experiment follows the general tech-
nique pioneered by CERN-III, but features many innova-
tive improvements. A continuous superconducting magnet,
having high field uniformity, is used instead of a lattice of
discrete resistive magnets. A direct current, rather than
pulsed, inflector magnet permits the ring to be filled at
33 ms intervals, the bunch extraction interval from the
AGS. Muons are injected directly into the storage ring,
which increases the storage efficiency and reduces the
intense hadron-induced background ‘‘flash.’’ A pulsed
kicker places the muons onto stable orbits and centers
them in the storage region. The electrostatic quadrupoles
permit operation at about twice the field gradient of the
CERN experiment. The transverse aperture of the storage
region is circular rather than rectangular, in order to reduce
the dependence of the average field seen by a muon on its
trajectory. The magnetic field is mapped using an array of
NMR probes, mounted on a trolley that can be pulled
through the vacuum chamber. Waveform digitizers provide
a time record of energy deposition in calorimeters. The
records are used to determine electron energies and times
and to correct for multiparticle overlap—‘‘pileup.’’ (Note:
In this manuscript, we use electron to represent either the
positron or electron in the generic !! e" !" decay chain.)

Combining the results of four positive muon runs and a
final run using negative muons, a ! was determined to a
precision of 0.54 ppm. A summary of the CERN and BNL
measurements is given in Table I. This paper reviews the
BNL E821 results, all reported in Letters [6,8–10] or Brief
Reports [7]. Many of the key experimental components
have been described in separate papers; brief summaries
are given here. The paper begins with the basic principle of
the experimental method including subsections on the
apparatus. The dynamics of muon storage, which shape
the observed decay electron distribution, are discussed
next. Then the data analysis is described and the paper
concludes with a discussion of the theoretical standard
model value for a ! and its comparison to the final result.

TABLE I. Summary of a ! results from CERN and BNL, showing the evolution of experi-
mental precision over time. The average is obtained from the 1999, 2000 and 2001 data sets only.

Experiment Years Polarity a ! ! 1010 Precision [ppm] Reference

CERN I 1961 !" 11450000(220000) 4300 [2]
CERN II 1962–1968 !" 11661600(3100) 270 [3]
CERN III 1974–1976 !" 11659100(110) 10 [5]
CERN III 1975–1976 !# 11659360(120) 10 [5]
BNL 1997 !" 11659251(150) 13 [6]
BNL 1998 !" 11659191(59) 5 [7]
BNL 1999 !" 11659202(15) 1.3 [8]
BNL 2000 !" 11659204(9) 0.73 [9]
BNL 2001 !# 11659214(9) 0.72 [10]
Average 11659208.0(6.3) 0.54 [10]

G. W. BENNETT et al. PHYSICAL REVIEW D 73, 072003 (2006)

072003-2

Bennet et al, PRD73,072003 (2006)

Forthcoming exp @FNAL with μ+ !     2� !
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Real consensus in theory number for HVP?

BMWc-20

Pere Masjuan, RADPyC20, 9th July 2020



Optimist view
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Second completely different experiment with cold muons @ JPARC!

[arXiv:1901.03047]

Pere Masjuan, RADPyC20, 9th July 2020
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Second completely different experiment with cold muons @ JPARC!

Goal: ⇠ 1.6⇥ 10�10

Pere Masjuan, RADPyC20, 9th July 2020



Outlook
• New data required: 

FNAL (Run-1 soon, this year)!

JPARC as well necessary!

• (my opinion) Theory errors underestimated in HVP:

• Lattice QCD seems to demonstrate that... (meaning?)

• (my opinion) Theory issues still to be understood in HLBL

• Missing contributions: 

more γγ→hadrons (t-channel), and @mid-large energies

•New Physics effects very constrained by LHC, not easy either!

• But nice synergy with flavor anomalies in B decays

•Summary: News by the end of the year! Discrepancy still alive?

49Pere Masjuan, RADPyC20, 9th July 2020
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Second completely different experiment with cold muons @ JPARC!
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Second completely different experiment with cold muons @ JPARC!
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Second completely different experiment with cold muons @ JPARC!
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Second completely different experiment with cold muons @ JPARC!
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Experimental data collection status @ FNAL: [from the talk by Esra Barlas-Yucel@FPCP 2020]
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