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Proton Stability: Status and Outlook

[LBNF and DUNE CDR, R.Acciarri et al (2015)]
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Motivation and Theory Status
5.1 Theoretical Perspectives on Proton Decay 113

SU(5) is the simplest grand unified group, and it turns out to be the most predictive as regards proton
lifetime and the unification of the three gauge couplings, owing to small GUT scale threshold e↵ects. The
minimal non-supersymmetric version of SU(5) [3] has already been excluded by the experimental lower limit
on p ! e+⇡0 lifetime and the mismatch of the three gauge couplings when extrapolated to high energies (see
left panel of Fig. 5-1). Yet low energy supersymmetry, which is independently motivated by the naturalness
of the Higgs boson mass, provides a simple solution to these problems of SU(5), as it increases the prediction
of the lifetime for the decay process p ! e+⇡0 due to the larger value of MX and also corrects the unification
mismatch (see right panel of Fig. 5-1) [5].

Supersymmetric grand unified theories (SUSY GUTs) [9],[10],[11]–[14] are natural extensions of the Standard
Model that preserve the attractive features of GUTs such as quantization of electric charge, and lead to the
unification of the three gauge couplings. They also explain the existence of the weak scale, which is much
smaller than the GUT scale, and provide a dark matter candidate in the lightest SUSY particle. Low energy
SUSY brings in a new twist to proton decay, however, as it predicts a new decay mode p ! ⌫K+ that would
be mediated by the colored Higgsino [15],[16], the GUT/SUSY partner of the Higgs doublets (see Fig. 5-2,
right panel). Typically, the lifetime for this mode in many models is shorter than the current experimental
lower limit.

Figure 5-2. Diagrams inducing proton decay in SUSY GUTs. p ! e
+
⇡

0 mediated by X gauge boson
(left), and p ! ⌫K

+ mediated by colored Higgsino (right).

In order to evaluate the lifetimes for the p ! ⌫K+ and p ! e+⇡0 decay modes in SUSY SU(5) [17], a
symmetry breaking sector and a consistent Yukawa coupling sector must be specified. In SU(5), one family
of quarks and leptons is organized as {10 + 5 + 1}, where 10 � {Q, uc, ec}, 5 � {dc, L}, and 1 ⇠ ⌫c. SU(5)
contains 24 gauge bosons, 12 of which are the gluons, W±, Z0 and the photon, while the remaining 12 are
the (X,Y ) bosons that transform as (3, 2, �5/6) under SU(3)c ⇥ SU(2)L ⇥ U(1)Y . These bosons have both
diquark and leptoquark couplings, which lead to baryon number violating processes. The diagram leading to
the decay p ! e+⇡0 is shown in Fig. 5-2, left panel. SU(5) breaks down to the Standard Model symmetry in
the supersymmetric limit by employing a 24H Higgs boson. Additionally, a {5H + 5H} pair of Higgs bosons
is employed, for electroweak symmetry breaking and the generation of quark and lepton masses.

The masses of the super-heavy particles of the theory can be related to low energy observables in minimal
SUSY SU(5) via the renormalization group evolution of the three gauge couplings, which depends through
the threshold correction on MT , the mass of the color triplet Higgsinos which mediate p ! ⌫K+ decay.
In general, agreement with the experimental value of ↵3(MZ) = 0.1184 ± 0.0007 demands the color triplet
mass to be lower than the GUT scale. This tends to lead to a rate of proton decay into ⌫̄K+ which is in
disagreement with observations [18].

Fundamental Physics at the Intensity Frontier
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Fundamental Physics at the Intensity Frontier

[Sakai,Yanagida '82; Weinberg '82]

Proton lifetime is a test of baryon number conservation –  
– accidental symmetry of SM 

violated by sphalerons 
has to be violated for baryogenesis 

Missing piece of Grand-Unified Theories 
Probes scales inaccessible to colliders: Limits on GUT, extra dim., etc 
Limits on stability of nuclear matter

ordinary GUT 
min.SU(5) ruled out by 𝜏(p ➞ e+π0) 
SO(10) probed by next-gen exp.

supersymmetric GUT 
min.SUSY-SU(5) ruled out by 𝜏(p ➞ 𝜈K̅+) 
SUSY-SO(10) probed by next-gen exp.
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How Nucleon Structure Affects GUT Limits

Effective interaction

Decay width  p ➞ 𝛱𝓁̅   (𝛱 = 𝜋, K, Ƞ)

Decay matrix elements (W0,1)I
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mN
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=
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and W¯̀=
⇥
W0 +W1 ·O(m¯̀/mN )

⇤
q2=m2

¯̀

[S.Aoki et al, PRD62:014506 (200)]

negligible for e+ 
≈10% for µ+
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Nucleon Decay Matrix Elements

[Martin, Stavenga '12]  
Potential suppression of  
⟨vac|O3q|N⟩ in Chiral Bag 
due skyrmion topology

Nonperturbative matrix elements [form factors]

h⇧(k � q)|O3q
↵ |N(k)i =

h
P�0

⇣
WO

0 �
i/q

mN
WO

1

⌘
uN (k)]

i

↵

Two methods to calculate W0,1 
Direct calculation on lattice 
Low-energy theory (soft-pion thm.) 
requires annihilation amplitude ⟨vac|O3q|N⟩ 
(also needed for p ➞ 3𝓁̅ decays) 
 
Order-of-magnitude estimate

skyrmion  
cloud

quark bag

[S.Aoki et al, PRD62:014506 (200)]

Alternative explanation for 
the observed proton stability ? 

Model-independent  
calculation needed !

hvac|O3q
|Ni ⇠ ⇢3/2q

p
VN ⇠

1

VN
⇡ 0.004GeV3

h⇧|O
3q
|Ni ⇠ hvac|O3q

|Ni/f⇡ ⇡ 0.03GeV2

lattice calculations  
with mπ ≳ 330 MeV
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Fundamental Theory: QCD on a Lattice

�qxq̄y . . .⇥ =
Z

D
⇣
Glue

⌘Z
D
⇣
Quarks

⌘
e�SGlue�q̄
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qxq̄y . . .
⇤

Lattice Field Theory 	⇔   Numerical evaluation of the Path Integral

   Grassmann  
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=

Z
D
⇣
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⌘
e�SGlue Det

�
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/D +m

��1
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. . .

⇤}
Hybrid  Monte Carlo sampling  

of gluon background

Systematic effects 
discretization errors 
finite volume 
unphysical heavy pion(quark) mass 
excited states

L

a

QCD on Euclidean 4D lattice

Uµ ⇡ eig aAµ

UP ⇡ eig a2Fµ�

(”curl”Aµ)

quark 
covariant  
derivative

}
Quark Eqns.  

of Motion
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Y

q

det( /D +mq)

Monte Carlo Simulation

(Hadron) Field Correlators

hO[Aµ] . . .i =
1

N

X

N
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Hadron Correlators in Lattice QCD

N̄ N
C2pt(T ) = hN(T )N̄(0)i =

Euclidean-time hadron correlator :

Nucleon-Meson Matrix Elements:

(all possible  
N-like states)

|nihn|

|mihm||nihn|

Quark lines = ( /D +m)�1 · �

e�
H

Q
C
D
t
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io

n

(Fit lattice data with n = 0,1)

(Fit lattice data with n,m = 0,1)

CKON
3pt = hK(T )O(⌧)N(0)i =

=
X

m(K),n(N)

Zme�Em(T�⌧)
hm(K)|O|n(N)ie�En⌧Z⇤

n

=
X
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This Work: Lattice Setup

Two ensembles: [32ID] 323×64(a=0.14 fm) and [24ID] 243×64(a=0.20 fm) 
Iwasaki gauge action+ Dislocation-supp. det.ratio (DSDR) 
Nf = 2+1 Chirally-symmetric (Mobius-)Domain Wall fermion action  
with physical light and strange quark masses 
Multigrid deflation of z-Mobius operator + AMA 
"Direct" (p ➞ π,K matrix elements) and "Indirect" (p ➞vacuum + ChPT) 
Nonperturbative renormalization 
Two state-fit analysis of π,K,N spectrum and p ➞ π,K matrix elements 
a2 Continuum extrapolation

three kinematic (Q2) points to interpolate  
matrix elements to decay kinematic Q2 = –(m𝓁̅)2 

7

Table III: Initial and final momenta in the three-point functions selected for close-to-physical kinematics |q
2
| . m

2

`
using physical values mN = 0.94 GeV, m⇡ = 0.14 GeV, and mK = 0.495 GeV.

⇧ ~n⇧ ~nN Q2(GeV2)
(24c) (32c)

⇡ [1 1 1] [0 0 0] 0.010 �0.012
[1 1 1] [0 1 0] 0.113 0.095
[0 0 2] [0 0 0] �0.116 �0.140

K [0 1 1] [0 0 0] �0.034 �0.042
[0 1 1] [0 1 0] 0.058 0.056
[0 0 1] [0 0 0] 0.075 0.074

small to suppress the statistical fluctuations, and (3) the q
2 = 0 point is bracketed by a negative and a positive values

for a reliable interpolation. The selected initial and final state momentum combinations are shown in Tab. III for
both lattice ensembles. Since their physical volumes are very close, the momentum quanta 2⇡/(aL) are also very close
and thus we have identical lattice momenta for both lattices with very similar sets of q

2 values. In order to further
reduce the cost of our computation, we use the “coherent trick”, in which backward propagators for two maximally
separated samples are computed simultaneously from the sum of their respective sequential sources.

Meson and nucleon two-point functions

C
⇧⇧(~k, t) =

X

y

e
�i~p~x

hJ⇧(x) J
†

⇧
(0)i , (29)

C
NN̄
+

= Tr
h1 + �4

2
C

NN̄
i
,

C
NN̄
↵� (~k, t) =

X

y

e
�i~k~x

hN↵(x) N̄�(0)i ,
(30)

are also evaluated to compute the hadron state energies and overlaps with their respective interpolating operators ??.
Similarly to the three-point functions, only the correlators with ⌘ meson require disconnected diagrams, which are
neglected in the present work. This may potentially introduce a systematic bias because the ⌘ interpolating
operator is connected to the other operators by light quark propagators in the three-point function,
while in the two-point function the interpolating fields are connected by the strange quark propagators.
For the nucleon, we use the positive-parity projected spinor for all momenta ~k. Although with ~k 6= 0 the nucleon
does not have definite parity, our momenta are small enough for it to be a good approximation for the ground-state
nucleon.

D. Ground state matrix elements

In the large-time limit t2, t1 ! 1, the three-point correlation functions (22) are dominated by the ground-state
proton-meson amplitude. However, in our lattice calculation the time separations t2, t1 are not large enough to neglect
contributions from their excited states. The spectral decomposition of a three-point correlation function yields:

C
⇧ON̄
↵� (~p, ~q; t2, t1) =

X

m,n,s

h⌦|J⇧|⇧m(~p)i
e
�E⇧,m(t2�t1)

2E⇧,m
·

· h⇧m(~p)|O↵|N
(s)
n (~k)i

e
�EN,nt1

2EN,n
hN

(s)
n (~k)|N̄� |⌦i ,

(31)

where indices m, n denote the ground (m, n = 0) and excited meson (m > 0) and nucleon (n > 0) states. The ground

state matrix elements M
00
↵,s(q) = h⇧0(~p)|O↵|N

(s)
0

(~k)i dominate this sum for {t1, (t2 � t1)} ! 1. Lattice interpolating
fields for the meson J⇧ and the nucleon N may have arbitrary normalizations due to quark smearing, which are
reflected in their overlap factors Z⇧ and ZN ,

h⌦|J⇧|⇧0(~p)i =
p

Z⇧(~p) , (32)

hN
(s)
0

(~k)|N̄↵|⌦i = ū
(s)
↵

q
ZN (~k) , (33)

24ID 32ID
243 ⇥ 64 323 ⇥ 64

� 1.633 1.75
a, fm 0.20 0.14
a�1, GeV 1.02 1.37
m⇡L 3.4 3.3
Nconf 134 94
Nsamp 4288 3008
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Proton and Meson Spectrum
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Extraction of  Matrix Elements
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Figure 13: Scale-invariant diagonal renormalization (top) and o↵-diagonal mixing (bottom) factors
of 3-quark operators (left: ID24, right: ID32).
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Nonperturbative Renormalization

symmMOM scheme : p+q+r = 0,  p2=q2=r2=µ2
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Figure 9: Perturbative running and conversion functions C(p),
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U
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i
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, C
0(µ). Dashed

lines show equivalent conversion/running from Ref. [?], in which the 2-loop anomalous dimensions
and beta function were used.

13

to chiral spin structures{S, P} ! {R, L}) and thus preferred for final results; note that this
results in 12 operators, so that any 2 operators can be presented as linear combinations of
the other 10 (see below).

S = �1 S = +1
P = �1 SS, PP , AA V V , TT

P = +1 SP , PS, AV V A, TQ

Table 1: Classification of operators by parity and diquark symmetry [taken from JY’s writeup].
Switching symmetry is determined by �1: S(�1 = S, P, A) = �1 and S(�1 = V, T ) = +1, while
parity P = �P(�1)P(�2) is determined by both �1, �2: P(�1,2 = S, V, T ) = +1 and P(�1,2 =
P, A, Q) = �1.

Using Fierz identities, one can express any 3-quark operator using only 10 independent oper-
ators. For example, the negative-parity (us)d operators can be expressed using only the (ud)s-
operators as follows2:

(us)SdS =
1

4
(ud)SsS +

1

4
(ud)P sP �

1

4
(ud)AsA +

1

4
(ud)V sV �

1

4
(ud)T sT , (12)

(us)P dP =
1

4
(ud)SsS +

1

4
(ud)P sP +

1

4
(ud)AsA �

1

4
(ud)V sV �

1

4
(ud)T sT , (13)

(us)AdA = �(ud)SsS + (ud)P sP �
1

2
(ud)AsA �

1

2
(ud)V sV , (14)

(us)V dV = (ud)SsS � (ud)P sP �
1

2
(ud)AsA �

1

2
(ud)V sV , (15)

(us)T dT = �
3

2
(ud)SsS �

3

2
(ud)P sP �

1

2
(ud)T sT , (16)

and the negative-parity (ds)u operators as follows:

(ds)SuS = �
1

4
(ud)SsS �

1

4
(ud)P sP +

1

4
(ud)AsA +

1

4
(ud)V sV �

1

4
(ud)T sT , (17)

(ds)P uP = �
1

4
(ud)SsS �

1

4
(ud)P sP �

1

4
(ud)AsA �

1

4
(ud)V sV �

1

4
(ud)T sT , (18)

(ds)AuA = (ud)SsS � (ud)P sP +
1

2
(ud)AsA �

1

2
(ud)V sV , (19)

(ds)V uV = �(ud)SsS + (ud)P sP +
1

2
(ud)AsA �

1

2
(ud)V sV , (20)

(ds)T uT =
3

2
(ud)SsS +

3

2
(ud)P sP �

1

2
(ud)T sT , (21)

Analogous identities for the positive-parity operators are obtained by replacing {�1, �2} ! {�1, �5�2}

in the lhs and rhs simultaneously. The other three permutations can be obtained using the
(anti)symmetry of the �1 matrices (S, P, A)V, T . Note that the fermion anticommutation is com-
pensated by the antisymmetric color tensor, so that, for example,

(ud)SsS,P = �(du)SsS,P , (ud)T sT,Q = +(du)T sT,Q .

The basis in the rhs of Eqs. (12–21) is particularly convenient for renormalization, since the
operators with fixed quark order (ud)s are easily classifiable by parity and u $ d symmetry (see

2TODO recheck these identities!

2

symmetry-allowed mixing

chiral symmetry suppresses 
mixing of L⟺R fields & operators

scale-independent  
lat➞MSbar factors

scale-independent  
mixing factors

symmMOM(p)➞MSbar(2 GeV)  
perturbative conversion at O(α3)  
[J.Gracey, JHEP09:052 (2012)]

Z3q
IK(µ) ProjJ

⇥
hq̄1(p)q̄2(q)q̄3(r)O

3q
K iamp

⇤
= �IJ 24ID

24ID
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Momentum and Continuum Extrapolation
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linear momentum extrapolation Q2 ➞ me2, mµ2 to the decay kinematics 
Continuum extrapolation A(a2) ~ (A0 + A2 a2) ; sys.error = |A0 –A[a=0.14fm]|
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connected to ⟨π/K|O3q|N⟩ by soft-pion theorem 

(α + β) = 0   [within errorbars] implying

✏abc(ūaCdb)�5u
c |Ni ⇡ 0

parity            (–)      (–)    (+)

?

hvac|✏abc(ūaCdb)Ru
c
L|Ni = ↵PLUN

hvac|✏abc(ūaCdb)Lu
c
L|Ni = � PLUN
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Comparison to Previous Work
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JLQCD’99 (Nf = 0)

New results: 
(stat+sys) precision ~ 10-20% 
No FVE study, mpi*L~3.4 
physical-point results agree with  
prev. calculations at m𝜋 ≳300 MeV 
[S.Aoki et al (2000)] 
[Y.Aoki et al (2006)] 
[Y.Aoki et al (2013)]

NO suppression of nucleon decay  
due to chiral skyrmion topology !



Proton Decay with Physical Chiral Quarks  HADRON 2021, Jul 30

  

Sergey Syritsyn

Summary & Conclusions

Proton decay amplitudes at the physical point with 
chiral symmetric quarks and continuum extrapolation 

Sys+Stat. precision O(10-20%) ; may be improved with 
more statistics, finer lattice spacing, finite-volume study 

No topological suppression of nucleon decay found;  
limits on Grand-Unified Theories stand 

(Outlook) Other channels?  2π?  3π?  πK?


