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Lattice & continuum theory3

Gauge 
Fixing

& 
Projection

vortices

Center SU(N) = 𝑍𝑁 = 𝑒𝑖2𝜋𝑛/𝑁 × 𝑰 𝑛 = 1,2, … , 𝑁 − 1

Indirect Maximal Center Gauge
(IMCG)

Direct Maximal Center Gauge
(DMCG)

𝑈𝜇
𝐺

1

→ 𝑍 2 = 𝑠𝑖𝑔𝑛 𝑇𝑟𝑈𝜇
𝐺 × 𝑰 = −1,1 × 𝑰

2

1 Abelian gauge fixing +  Abelian projection SU(N) → 𝑈 1 𝑁−1

𝑈𝜇
𝐺 → 𝑍 2 = 𝑠𝑖𝑔𝑛 𝑐𝑜𝑠𝜃(𝑥, 𝜇) × 𝑰

2 center gauge fixing + center projection 𝑈 1 𝑁−1 → 𝑍𝑁

L. Del Debbio et al, Phys. Rev. D58 (1998) 094501.

L. Del Debbio, M. Faber, J. Greensit e and S. Olejnik, Phys. Rev. D55 (1997) 2298.

Lattice QCD



𝐴𝜇
𝐺 𝑥 = 𝐺 𝑥 𝐴𝜇 𝑥 𝐺† 𝑥 −

𝑖

𝑔
𝐺 𝑥 𝜕𝜇𝐺

† 𝑥
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𝑈𝜇 𝑥
𝐺 𝑥

𝑈𝜇
𝐺 𝑥𝑈𝜇 𝑥 = 𝑒𝑖𝑎𝑔𝐴𝜇 𝑥 ∈ 𝑆𝑈 𝑁𝑐

𝑈𝜇
𝐺 𝑥 = 1 + 𝑖𝑎𝑔 𝐺 𝑥 𝐴𝜇 𝑥 𝐺𝜇

† 𝑥 −
𝑖

𝑔
𝐺 𝑥 𝜕𝜇𝐺

† 𝑥 + 𝑂 𝑎2 ≡ 𝑒𝑖𝑎𝑔𝐴𝜇
𝐺 𝑥

In limit 𝑎 → 0;

𝟏. 𝑮 𝒙 ≡ 𝑴 𝒙 ∈ 𝑺𝑼 𝑵𝒄 𝒊𝒔 𝒂𝒏 𝑨𝒃𝒆𝒍𝒊𝒂𝒏 𝒈𝒂𝒖𝒈𝒆; 𝐴𝜇
𝑀 𝑥 = 𝑀 𝑥 𝐴𝜇 𝑥 𝑀† 𝑥 −

𝑖

𝑔
𝑀 𝑥 𝜕𝜇𝑀

† 𝑥

𝟐. 𝑮 𝒙 ≡ 𝑵 𝒙 ∈ 𝑺𝑼 𝑵𝒄 𝒊𝒔 𝒂 𝒄𝒆𝒏𝒕𝒆𝒓 𝒈𝒂𝒖𝒈𝒆; 𝐴𝜇
𝑁 𝑥 = 𝑁 𝑥 𝐴𝜇 𝑥 𝑁† 𝑥 −

𝑖

𝑔
𝑁 𝑥 𝜕𝜇𝑁

† 𝑥

ሖ𝑪

𝑪 𝑊 𝐶 → 𝑊𝑁 𝐶 = 𝑁 𝑥 𝑊 𝐶 𝑁† 𝑥 + 𝑎 Ƹ𝜇

𝑊𝑁 𝐶 = 𝑁 𝑥 𝑁† 𝑥 + 𝑎 Ƹ𝜇 = 𝑍(𝑘)

𝑤 𝑐 = 1 + 𝑂 𝜖

M. Engelhardt, H. Reinhardt, Nucl. Phys. B 567 (2000) 249.
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ሖ𝑪

Thin Vortex

ideal Vortex

ሖ𝑪

𝑪𝑪

ሖ𝑪
𝑇ℎ𝑖𝑛 𝑣𝑜𝑟𝑡𝑒𝑥 =

𝑖

𝑔
𝑁 𝑥 𝜕𝜇𝑁

† 𝑥 + 𝑖𝑑𝑒𝑎𝑙 𝑣𝑜𝑟𝑡𝑒𝑥

𝐴𝜇
𝑁 𝑥 = 𝑁 𝑥 𝐴𝜇 𝑥 𝑁† 𝑥 −

𝑖

𝑔
𝑁 𝑥 𝜕𝜇𝑁

† 𝑥 𝐴𝜇
′𝑁 𝑥 = 𝑁 𝑥 𝐴𝜇 𝑥 𝑁† 𝑥 − 𝑇ℎ𝑖𝑛 𝑣𝑜𝑟𝑡𝑒𝑥 + 𝑖𝑑𝑒𝑎𝑙 𝑣𝑜𝑟𝑡𝑒𝑥 − 𝑖𝑑𝑒𝑎𝑙 𝑣𝑜𝑟𝑡𝑒𝑥

𝐴𝜇
′𝑁 𝑥 = 𝑁 𝑥 𝐴𝜇 𝑥 𝑁† 𝑥 − 𝑇ℎ𝑖𝑛 𝑣𝑜𝑟𝑡𝑒𝑥 𝑇ℎ𝑖𝑛 𝑣𝑜𝑟𝑡𝑒𝑥 =

𝑖

𝑔
𝑁 𝑥 𝜕𝜇𝑁

† 𝑥for 𝑥 ∉ Σ

𝟑. 𝑰𝒇 𝑴 𝒙 𝒊𝒔 𝒂𝒏 𝑨𝒃𝒆𝒍𝒊𝒂𝒏 𝒈𝒂𝒖𝒈𝒆 & 𝑵 𝒙 𝒂 𝑪𝒆𝒏𝒕𝒆𝒓 𝒈𝒂𝒖𝒈𝒆: 𝑈𝜇 𝑥
𝑀 𝑥

𝑈𝜇
𝑀

𝑁 𝑥
𝑈𝜇
𝑁𝑀

𝑈𝜇
𝑁𝑀 = 𝑁 𝑥 𝑀 𝑥 𝑒𝑖𝑎𝑔𝐴𝜇𝑀† 𝑥 + 𝑎 Ƹ𝜇 𝑁† 𝑥 + 𝑎 Ƹ𝜇 = 1 + 𝑖𝑎𝑔 𝑁(𝑥) 𝑀 𝑥 𝐴𝜇 𝑥 𝑀† 𝑥 −

𝑖

𝑔
𝑀 𝑥 𝜕𝜇𝑀

† 𝑥 𝑁† 𝑥 −
𝑖

𝑔
𝑁 𝑥 𝜕𝜇𝑁

† 𝑥 + 𝑂 𝑎2 = 𝑒𝑖𝑎𝑔𝐴𝜇
𝑁𝑀

In limit 𝑎 → 0: 𝐴𝜇
𝑁𝑀 𝑥 = 𝑁 𝑥 𝑀 𝑥 𝐴𝜇 𝑥 𝑀† 𝑥 −

𝑖

𝑔
𝑀 𝑥 𝜕𝜇𝑀

† 𝑥 𝑁† 𝑥 −
𝑖

𝑔
𝑁 𝑥 𝜕𝜇𝑁

† 𝑥

𝐴𝜇
′𝑁𝑀 𝑥 = 𝑁 𝑥 𝑀 𝑥 𝐴𝜇 𝑥 𝑀† 𝑥 −

𝑖

𝑔
𝑀 𝑥 𝜕𝜇𝑀

† 𝑥 𝑁† 𝑥 − 𝑇ℎ𝑖𝑛 𝑣𝑜𝑟𝑡𝑒𝑥

M. Engelhardt, H. Reinhardt, Nucl. Phys. B 567 (2000) 249.

K-I. Kondo, S. Kato, A. Shibata, T. Shinohara, Quark confinement. arXive: 1409.1599v3 [hep-th]
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ℒ = −
1

2
𝑇𝑟 Ԧ𝐹𝜇𝜈 . Ԧ𝐹

𝜇𝜈 With local 𝑆𝑈 𝑁𝑐 symmetry  

Regular system: Ԧ𝐹𝜇𝜈 =
1

𝑖𝑔
𝐷𝜇 , 𝐷𝜈 Where, 𝐷𝜇 = መ𝜕𝜇 + 𝑖𝑔 Ԧ𝐴𝜇

Ԧ𝐹𝜇𝜈 = 𝜕𝜇 Ԧ𝐴𝜈 − 𝜕𝜈 Ԧ𝐴𝜇 + 𝑖𝑔 Ԧ𝐴𝜇 , Ԧ𝐴𝜈 ∈ 𝑆𝑈 𝑁𝑐

Singular system: Ԧ𝐹𝜇𝜈 =
1

𝑖𝑔
𝐷𝜇 , 𝐷𝜈 −

1

𝑖𝑔
መ𝜕𝜇 , መ𝜕𝜈

Topological defects

Ԧ𝐹𝜇𝜈 → Ԧ𝐹𝜇𝜈
𝐺 = 𝐺 𝑥 Ԧ𝐹𝜇𝜈 𝐺† 𝑥Gauge Transformation G 𝑥 ∈ 𝑆𝑈 𝑁𝑐

Ԧ𝐹𝜇𝜈
𝐺 = 𝜕𝜇 Ԧ𝐴𝜈

𝐺 − 𝜕𝜈 Ԧ𝐴𝜇
𝐺 + 𝑖𝑔 Ԧ𝐴𝜇

𝐺 , Ԧ𝐴𝜈
𝐺 +

𝑖

𝑔
𝐺 𝑥 መ𝜕𝜇 , መ𝜕𝜈 𝐺

† 𝑥 ∈ 𝑆𝑈 𝑁𝑐
 Abelian Gauge  𝐺 𝑥 =𝑀 𝑥
 Center Gauge    𝐺 𝑥 =N 𝑥

Ԧ𝐹𝜇𝜈
𝑁𝑀 = 𝜕𝜇 Ԧ𝐴𝜈

𝑁𝑀 − 𝜕𝜈 Ԧ𝐴𝜇
𝑁𝑀 + 𝑖𝑔 Ԧ𝐴𝜇

𝑁𝑀 , Ԧ𝐴𝜈
𝑁𝑀 +

𝑖

𝑔
𝑁 𝑥 𝑀 𝑥 መ𝜕𝜇 , መ𝜕𝜈 𝑀

† 𝑥 𝑁† 𝑥 ∈ 𝑆𝑈 𝑁𝑐

1

𝑖𝑔
𝐷𝜇 , 𝐷𝜈 =

1

𝑖𝑔
መ𝜕𝜇 , መ𝜕𝜈 + 𝜕𝜇 Ԧ𝐴𝜈 − 𝜕𝜈 Ԧ𝐴𝜇 + 𝑖𝑔 Ԧ𝐴𝜇 , Ԧ𝐴𝜈

H. Ichie, H. Suganuma, Nucl. Phys. B 574 (2000) 70-106.
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Step 1: Center gauge fixing 𝐺 𝑥 =
𝑒
𝑖
2
𝛾 𝑥 +𝛼 𝑥 cos

𝛽 𝑥

2
𝑒
𝑖
2
𝛾 𝑥 −𝛼 𝑥 sin

𝛽 𝑥

2

−𝑒−
𝑖
2
𝛾 𝑥 −𝛼 𝑥 sin

𝛽 𝑥

2
𝑒−

𝑖
2
𝛾 𝑥 +𝛼 𝑥 cos

𝛽 𝑥

2

∈ 𝑆𝑈 2

𝛼 𝑥 ∈ 0,2𝜋

𝛽 𝑥 ∈ [0, 𝜋]

𝛾 𝑥 ∈ 0,2𝜋

𝑖𝑓 𝐺 𝑥 ≡ 𝑁 𝑥 ∈ 𝑆𝑈 2 𝑖𝑠 𝑎 𝐶𝑒𝑛𝑡𝑒𝑟 𝑔𝑎𝑢𝑔𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

𝛼 𝑥 = 𝛾 𝑥 =
𝜑

2

𝛽 𝑥 = 0

𝑁 = 𝑒𝑖
𝜑
2 0

0 𝑒−𝑖
𝜑
2

𝑤𝑖𝑡ℎ 𝜑 ∈ [0,2𝜋)𝑁 𝑥⊥, 𝑡 = 𝜖 𝑁† 𝑥⊥, 𝑡 = −𝜖 = 𝑍 2

𝑡 = 0 𝑖𝑠 𝑜𝑛 Σ

ሖ𝑪

𝑪

 𝑁 𝜑 = 𝜖 𝑁† 𝜑 = 2𝜋 − 𝜖 = −𝑰 ∈ 𝑁𝑜𝑛 − 𝑡𝑟𝑖𝑣𝑖𝑎𝑙 𝑐𝑒𝑛𝑡𝑒𝑟 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑍 2
𝜑 = 0

𝑖𝑑𝑒𝑎𝑙 𝑣𝑜𝑟𝑡𝑒𝑥 𝑐𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛

 𝑇ℎ𝑖𝑛 𝑣𝑜𝑟𝑡𝑒𝑥 ≡ 𝐵𝜇 =
𝑖

𝑔
𝑁 𝑥 𝜕𝜇𝑁

† 𝑥 =
1

𝑔
𝜕𝜇𝜑 𝑇3 =

1

𝑔𝜌
𝑇3 Away from Σ

Ԧ𝐴𝜇
′𝑁 . 𝑇 = 𝑁 𝑥 Ԧ𝐴𝜇 . 𝑇 𝑁† 𝑥 − 𝑇ℎ𝑖𝑛 𝑣𝑜𝑟𝑡𝑒𝑥 = 𝐴𝜇

1 𝑐𝑜𝑠𝜑 𝑇1 − 𝑠𝑖𝑛𝜑𝑇2 + 𝐴𝜇
2 𝑠𝑖𝑛𝜑 𝑇1 + 𝑐𝑜𝑠𝜑𝑇2 + 𝐴𝜇

3 −
1

𝑔
𝜕𝜇𝜑 𝑇3

𝑀𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑓𝑙𝑢𝑥 Φ𝑓𝑙𝑢𝑥 = ∫ 𝑑𝑋. Ԧ𝐴𝜇
𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟

= −
1

2𝑔
∫ 𝜌𝑑𝜑 𝜙.

𝜕𝜇𝜑 0

0 −𝜕𝜇𝜑
= −

2𝜋

𝑔
𝑇3

ො𝑛𝑎 ≡ 𝑅−1(𝑁) Ƹ𝑒𝑎 =
𝑐𝑜𝑠𝜑 𝑠𝑖𝑛𝜑 0
−𝑠𝑖𝑛𝜑 𝑐𝑜𝑠𝜑 0
0 0 1

Ƹ𝑒𝑎 , 𝑅−1 ∈ 𝑆𝑂 3 Ԧ𝐴𝜇
′𝑁 = 𝐴𝜇

1 ො𝑛1 + 𝐴𝜇
2 ො𝑛2 + 𝐴𝜇

3 −
1

𝑔
𝜕𝜇𝜑 𝑘



𝒙

𝒚

𝒛

The direct method of identifying vortices in SU(2)8

Step 1: Center gauge fixing Ԧ𝐹𝜇𝜈
𝑁 = 𝜕𝜇 Ԧ𝐴𝜈

′𝑁 − 𝜕𝜈 Ԧ𝐴𝜇
′𝑁 + 𝑖𝑔 Ԧ𝐴𝜇

′𝑁, Ԧ𝐴𝜈
′𝑁 +

𝑖

𝑔
𝑁 𝑥 መ𝜕𝜇 , መ𝜕𝜈 𝑁

† 𝑥

Ԧ𝐹𝜇𝜈
𝑙𝑖𝑛𝑒𝑎𝑟 ≡ 𝜕𝜇 Ԧ𝐴𝜈

′𝑁 − 𝜕𝜈 Ԧ𝐴𝜇
′𝑁 = 𝜕𝜇𝐴𝜈

1 − 𝜕𝜈𝐴𝜇
1 ො𝑛1 + 𝜕𝜇𝐴𝜈

2 − 𝜕𝜈𝐴𝜇
2 ො𝑛2 + 𝜕𝜇𝐴𝜈

3 − 𝜕𝜈𝐴𝜇
3 𝑘

−𝑔 𝐴𝜈
1
1

𝑔
𝜕𝜇𝜑 − 𝐴𝜇

1
1

𝑔
𝜕𝜈𝜑 ො𝑛1 + 𝑔 𝐴𝜈

2
1

𝑔
𝜕𝜇𝜑 − 𝐴𝜇

2
1

𝑔
𝜕𝜈𝜑 ො𝑛2 −

1

𝑔
𝜕𝜇 , 𝜕𝜈 𝜑 𝑘

𝒗𝒐𝒓𝒕𝒆𝒙 𝒐𝒏 𝒛 − 𝒂𝒙𝒊𝒔 with 𝜱𝒇𝒍𝒖𝒙 = −
𝟐𝝅

𝒈
𝑻𝟑

Ԧ𝐹𝜇𝜈
𝑏𝑖𝑙𝑖𝑛𝑒𝑎𝑟 ≡ 𝑖𝑔 Ԧ𝐴𝜇

′𝑁 , Ԧ𝐴𝜈
′𝑁 = −𝑔 𝐴𝜇

2𝐴𝜈
3 − 𝐴𝜇

3𝐴𝜈
2 ො𝑛1 − 𝑔 𝐴𝜇

3𝐴𝜈
1 − 𝐴𝜇

1𝐴𝜈
3 ො𝑛2 − 𝑔 𝐴𝜇

1𝐴𝜈
2 − 𝐴𝜇

2𝐴𝜈
1 𝑘

+𝑔 𝐴𝜈
1
1

𝑔
𝜕𝜇𝜑 − 𝐴𝜇

1
1

𝑔
𝜕𝜈𝜑 ො𝑛1 − 𝑔 𝐴𝜈

2
1

𝑔
𝜕𝜇𝜑 − 𝐴𝜇

2
1

𝑔
𝜕𝜈𝜑 ො𝑛2

Ԧ𝐹𝜇𝜈
𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟

≡
𝑖

𝑔
𝑁 𝑥 መ𝜕𝜇 , መ𝜕𝜈 𝑁

† 𝑥 = +
𝟏

𝒈
𝝏𝝁, 𝝏𝝂 𝝋 𝒌

+

𝒙

𝒚

𝒛

𝒂𝒏𝒕𝒊 − 𝒗𝒐𝒓𝒕𝒆𝒙 𝒐𝒏 𝒛 − 𝒂𝒙𝒊𝒔 with 𝜱𝒇𝒍𝒖𝒙 = +
𝟐𝝅

𝒈
𝑻𝟑

Ԧ𝐹𝜇𝜈
𝑁 = Ԧ𝐹𝜇𝜈

𝑙𝑖𝑛𝑒𝑎𝑟 + Ԧ𝐹𝜇𝜈
𝑏𝑖𝑙𝑖𝑛𝑒𝑎𝑟

Center projection 

+ Ԧ𝐹𝜇𝜈
𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟
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Step 2: Center projection

𝑭𝝁𝝂
𝑪𝑷 ≡ 𝑭𝝁𝝂

𝒍𝒊𝒏𝒆𝒂𝒓+𝑭𝝁𝝂
𝒃𝒊𝒍𝒊𝒏𝒆𝒂𝒓 = 𝜕𝜇𝐴𝜈

1 − 𝜕𝜈𝐴𝜇
1 ො𝑛1 − 𝑔 𝐴𝜇

2𝐴𝜈
3 − 𝐴𝜇

3𝐴𝜈
2 ො𝑛1

+ 𝜕𝜇𝐴𝜈
3 − 𝜕𝜈𝐴𝜇

3 𝑘 − 𝑔 𝐴𝜇
1𝐴𝜈

2 − 𝐴𝜇
2𝐴𝜈

1 𝑘

+ 𝜕𝜇𝐴𝜈
2 − 𝜕𝜈𝐴𝜇

2 ො𝑛2 − 𝑔 𝐴𝜇
3𝐴𝜈

1 − 𝐴𝜇
1𝐴𝜈

3 ො𝑛2

+ 𝜕𝜇𝐵𝜈 − 𝜕𝜈𝐵𝜇 𝑘

𝓛𝑪𝑷 = −
𝟏

𝟒
𝑭𝝁𝝂
𝑪𝑷. 𝑭𝝁𝝂

𝑪𝑷

−
𝑔

2
𝐴𝜇
1𝐴𝜈

2 − 𝐴𝜇
2𝐴𝜈

1 𝜕𝜇𝐵𝜈 − 𝜕𝜈𝐵𝜇 −
1

2
𝜕𝜇𝐴𝜈

3 − 𝜕𝜈𝐴𝜇
3 𝜕𝜇𝐵𝜈 − 𝜕𝜈𝐵𝜇

SU(2)
CP

SO(3)SU(2)/𝒁𝟐 ≅

𝚷𝟏 SO(3) = 𝒁𝟐

= ℒ𝑄𝐶𝐷 −
1

4
𝜕𝜇𝐵𝜈 − 𝜕𝜈𝐵𝜇

2
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Step 1: Abelian gauge fixing 𝐺 𝑥 =
𝑒
𝑖
2
𝛾 𝑥 +𝛼 𝑥 cos

𝛽 𝑥

2
𝑒
𝑖
2
𝛾 𝑥 −𝛼 𝑥 sin

𝛽 𝑥

2

−𝑒−
𝑖
2
𝛾 𝑥 −𝛼 𝑥 sin

𝛽 𝑥

2
𝑒−

𝑖
2
𝛾 𝑥 +𝛼 𝑥 cos

𝛽 𝑥

2

∈ 𝑆𝑈 2

𝛼 𝑥 ∈ 0,2𝜋

𝛽 𝑥 ∈ [0, 𝜋]

𝛾 𝑥 ∈ 0,2𝜋

𝑖𝑓 𝐺 𝑥 ≡ 𝑀 𝑥 ∈ 𝑆𝑈 2 𝑖𝑠 𝑎𝑛 𝐴𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑎𝑢𝑔𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

Φ𝑀 = 𝑀 𝑥 Φ𝑀† 𝑥 =
𝑟

2
𝑀 𝑥 𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃𝑒−𝑖𝜑

𝑠𝑖𝑛𝜃𝑒𝑖𝜑 −𝑐𝑜𝑠𝜃
𝑀† 𝑥

𝛾 𝑥 = −𝜑

𝛼 𝑥 = 𝜑 , 𝛽 𝑥 = 𝜃
Φ𝑀 =

𝑟

2
1 0
0 −1

𝑀 =
cos

𝜃

2
𝑒−𝑖𝜑 sin

𝜃

2

−𝑒𝑖𝜑 sin
𝜃

2
cos

𝜃

2

𝑡ℎ𝑢𝑠

Ԧ𝐴𝜇
𝑀 𝑥 = 𝑀 𝑥 Ԧ𝐴𝜇 𝑥 𝑀† 𝑥 −

𝑖

𝑔
𝑀 𝑥 𝜕𝜇𝑀

† 𝑥

Regular Term Singular Term

Ԧ𝐴𝜇
𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟

= −
𝑖

𝑔
𝑀 𝑥 𝜕𝜇𝑀

† 𝑥 =
1

2𝑔

1 − 𝑐𝑜𝑠𝜃 𝜕𝜇𝜑 𝑖𝜕𝜇𝜃 + 𝑠𝑖𝑛𝜃𝜕𝜇𝜑 𝑒−𝑖𝜑

−𝑖𝜕𝜇𝜃 + 𝑠𝑖𝑛𝜃𝜕𝜇𝜑 𝑒𝑖𝜑 − 1 − 𝑐𝑜𝑠𝜃 𝜕𝜇𝜑

1 − 𝑐𝑜𝑠𝜃 𝜕𝜇𝜑 =
1 − 𝑐𝑜𝑠𝜃

𝑟𝑠𝑖𝑛𝜃
𝑠𝑖𝑛𝜃𝜕𝜇𝜑 =

𝑠𝑖𝑛𝜃

𝑟𝑠𝑖𝑛𝜃
𝜕𝜇𝜃 =

1

𝑟

𝑟 = 0 → 𝑀𝑜𝑛𝑜𝑝𝑜𝑙𝑒 𝜃 = 𝜋 → 𝐷𝑖𝑟𝑎𝑐 − 𝑠𝑡𝑟𝑖𝑛𝑔

Φ𝑓𝑙𝑢𝑥 = න
𝑐

𝑑𝑋. Ԧ𝐴𝜇
𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟

=
2𝜋

2𝑔

1 − 𝑐𝑜𝑠𝜃 0
0 − 1 − 𝑐𝑜𝑠𝜃

=
2𝜋

𝑔
1 − 𝑐𝑜𝑠𝜃 𝑇3 Φ𝑓𝑙𝑢𝑥 =

4𝜋

𝑔
𝑇3

𝜃 = 𝜋
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Step 2: Abelian projection
Ԧ𝐹𝜇𝜈
𝑀 . 𝑇 = 𝜕𝜇 Ԧ𝐴𝜈

𝑀 − 𝜕𝜈 Ԧ𝐴𝜇
𝑀 + 𝑖𝑔 Ԧ𝐴𝜇

𝑀 , Ԧ𝐴𝜈
𝑀 +

𝑖

𝑔
𝑀 መ𝜕𝜇 , መ𝜕𝜈 𝑀

† ∈ 𝑆𝑈 2

𝐹𝜇𝜈
𝑙𝑖𝑛𝑒𝑎𝑟 3

≡ 𝜕𝜇 Ԧ𝐴𝜈
𝑀

3
− 𝜕𝜈 Ԧ𝐴𝜇

𝑀
3 𝐹𝜇𝜈

𝑏𝑖𝑙𝑖𝑛𝑒𝑎𝑟 3
≡ 𝑖𝑔 Ԧ𝐴𝜇

𝑀
1
, Ԧ𝐴𝜈

𝑀
2

+𝐹𝜇𝜈
𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟 3

≡
𝑖

𝑔
𝑀 መ𝜕𝜇 , መ𝜕𝜈 𝑀

†

3

+

Monopole

𝒙

𝒚

𝒛

+Dirac string

+

𝒙

𝒚

𝒛

Anti-Dirac string Anti-Monopole

𝒙

𝒚

𝒛

+

Magnetic Monopole

Ԧ𝐴𝜇
𝑀 → 𝒜𝜇 = Ԧ𝐴𝜇

𝑀
3
𝑇3
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Step 3: center gauge fixing

Ԧ𝐴𝜇
′𝑁𝑀 . 𝑇 = 𝑁 𝑥 𝑀 𝑥 Ԧ𝐴𝜇𝑀

† 𝑥 −
𝑖

𝑔
𝑀 𝑥 𝜕𝜇𝑀

† 𝑥 𝑁† 𝑥 − 𝑇ℎ𝑖𝑛 𝑣𝑜𝑟𝑡𝑒𝑥

Ԧ𝐴𝜇
𝑀 AP

𝒜𝜇 = Ԧ𝐴𝜇
𝑀

3
𝑇3

Ԧ𝐴𝜇
′𝑁𝑀 . 𝑇 = 𝐴𝜇

1𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜑 + 𝐴𝜇
2𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜑 + 𝐴𝜇

3𝑐𝑜𝑠𝜃 −
1

𝑔
𝑐𝑜𝑠𝜃𝜕𝜇𝜑 𝑇3

−
1

𝑔
𝑐𝑜𝑠𝜃𝜕𝜇𝜑−

1

𝑔
𝑐𝑜𝑠𝜃

1

𝑟𝑠𝑖𝑛𝜃
ො𝜑 = =

1

𝑔
1 − 𝑐𝑜𝑠𝜃 𝜕𝜇𝜑 −

1

𝑔
𝜕𝜇𝜑

Φ𝑓𝑙𝑢𝑥 = න
𝑐

𝑑𝑋. Ԧ𝐴𝜇
𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟

=
2𝜋

2𝑔

1 − 𝑐𝑜𝑠𝜃 0
0 − 1 − 𝑐𝑜𝑠𝜃

−
2𝜋

2𝑔
1 0
0 −1

=
2𝜋

𝑔
1 − 𝑐𝑜𝑠𝜃 −

2𝜋

𝑔
𝑇3

Monopole
+

Dirac string

vortex

Ԧ𝐴𝜇
′𝑁𝑀 . 𝑇 = 𝑁 𝑥 𝒜𝜇𝑁

† 𝑥 − 𝑇ℎ𝑖𝑛 𝑣𝑜𝑟𝑡𝑒𝑥 , 𝑁 = 𝑒𝑖
𝜑
2 0

0 𝑒−𝑖
𝜑
2

𝑇ℎ𝑖𝑛 𝑣𝑜𝑟𝑡𝑒𝑥 =
1

𝑔
𝜕𝜇𝜑 𝑇3

𝜃 = 0 Φ𝑓𝑙𝑢𝑥 = −
2𝜋

𝑔
𝑇3

𝜃 = 𝜋 Φ𝑓𝑙𝑢𝑥 =
2𝜋

𝑔
𝑇3

𝑟 = 0 → 𝑀𝑜𝑛𝑜𝑝𝑜𝑙𝑒

𝜃 = 0, 𝜋 → 𝑙𝑖𝑛𝑒 𝑣𝑜𝑟𝑡𝑒𝑥
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Step 4: center projection Ԧ𝐹𝜇𝜈
𝑁𝑀 = 𝜕𝜇 Ԧ𝐴𝜈

𝑁𝑀 − 𝜕𝜈 Ԧ𝐴𝜇
𝑁𝑀 + 𝑖𝑔 Ԧ𝐴𝜇

𝑁𝑀 , Ԧ𝐴𝜈
𝑁𝑀 +

𝑖

𝑔
𝑁 𝑥 𝑀 𝑥 መ𝜕𝜇 , መ𝜕𝜈 𝑀

† 𝑥 𝑁† 𝑥

Ԧ𝐹𝜇𝜈
𝑏𝑖𝑙𝑖𝑛𝑒𝑎𝑟 . Ԧ𝑇 = 𝑖𝑔 Ԧ𝐴𝜇

𝑁𝑀
2

Ԧ𝐴𝜈
𝑁𝑀

3
− Ԧ𝐴𝜇

𝑁𝑀
3
Ԧ𝐴𝜈
𝑁𝑀

2
𝑇1 + 𝑖𝑔 Ԧ𝐴𝜇

𝑁𝑀
3
Ԧ𝐴𝜈
𝑁𝑀

1
− Ԧ𝐴𝜇

𝑁𝑀
1

Ԧ𝐴𝜈
𝑁𝑀

3
𝑇2 + 𝑖𝑔 Ԧ𝐴𝜇

𝑁𝑀
1

Ԧ𝐴𝜈
𝑁𝑀

2
− Ԧ𝐴𝜇

𝑁𝑀
2
Ԧ𝐴𝜈
𝑁𝑀

1
𝑇3

Zero

Ԧ𝐹𝜇𝜈
𝑙𝑖𝑛𝑒𝑎𝑟 ≡ 𝜕𝜇 Ԧ𝐴𝜈

𝑁𝑀 − 𝜕𝜈 Ԧ𝐴𝜇
𝑁𝑀Ԧ𝐹𝜇𝜈

𝑁𝑀 = Ԧ𝐹𝜇𝜈
𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟

≡
𝑖

𝑔
𝑁 𝑥 𝑀 𝑥 መ𝜕𝜇 , መ𝜕𝜈 𝑀

† 𝑥 𝑁† 𝑥+

Monopole

𝒙

𝒚

𝒛

+Dirac string

𝒙

𝒚

𝒛

Vortex

+

Anti-Vortex

𝒙

𝒚

𝒛

++

Anti-Dirac string

𝒙

𝒚

𝒛

Center projection

chain𝒙

𝒚

𝒛

ℒ𝐶𝑃 = −
1

4
Ԧ𝐹𝜇𝜈
𝐶𝑃. Ԧ𝐹𝜇𝜈

𝐶𝑃

= ℒ𝑄𝐶𝐷 −
1

4
𝜕𝜇𝐸𝜈 − 𝜕𝜈𝐸𝜇

2

−
1

2
𝜕𝜇𝐴𝜈

3 − 𝜕𝜈𝐴𝜇
3 𝜕𝜇𝐸𝜈 − 𝜕𝜈𝐸𝜇 +⋯
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Conclusions14

 Inspired by DMCG and IMCG methods that identified vortices in lattice
calculations and using connection formalism, we show that in both methods
under a singular center gauge fixing, vortices appear in QCD vacuum in the
continuum theory.

 In the direct method, we show that under the singular center gauge fixing,
vortex and anti-vortex appear in the gauge theory. Then by removing the term
that represents the anti-vortex, namely defining the center projection, we show
that the SU(2) gauge theory is reduced to a theory involving the vortex.

 In the indirect method, in addition to the center gauge fixing and center
projection, an intermediate step called Abelian gauge fixing and then Abelian
projection is used. In fact, in the indirect method, we will not have single
vortices but a chain that includes monopoles and vortices.


