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Light-front quantization and Hamiltonian formalism (Brodsky, Pauli, and Pinsky 1998)

• 𝑣 = (𝑣+, 𝑣−, 𝑣⟂) = (𝑣0 + 𝑣3, 𝑣0 − 𝑣3, 𝑣1, 𝑣2)

• �̂� |𝑃 , Λ⟩ = 𝑀2 |𝑃 , Λ⟩

• |𝑃 , Λ⟩ = ∑
𝑛

∑
𝜆1…𝜆𝑛

∫
𝑛
∏
𝑖=1

[ 𝑑𝑥𝑖𝑑2𝑘⟂
𝑖√𝑥𝑖16𝜋3]16𝜋3𝛿 (1 −

𝑛
∑
𝑖=1

𝑥𝑖)𝛿(2) (
𝑛

∑
𝑖=1

𝑘⟂
𝑖 )

𝜓Λ
𝜆1…𝜆𝑛

({𝑥𝑖, 𝑘⟂
𝑖 }) |𝑛, 𝑥𝑖𝑃+, 𝑥𝑖𝑃⟂ + 𝑘⟂

𝑖 , 𝜆𝑖⟩⟩

LFWF 𝜓Λ
𝜆1…𝜆𝑛

({𝑥𝑖, 𝑘⟂
𝑖 }) contains all the information about the

internal structure of the bound state |𝑃 , Λ⟩ and is also invariant
under boost.



BLFQ TMD Electron Proton References

Light-front quantization and Hamiltonian formalism (Brodsky, Pauli, and Pinsky 1998)

• 𝑣 = (𝑣+, 𝑣−, 𝑣⟂) = (𝑣0 + 𝑣3, 𝑣0 − 𝑣3, 𝑣1, 𝑣2)

• �̂� |𝑃 , Λ⟩ = 𝑀2 |𝑃 , Λ⟩

• |𝑃 , Λ⟩ = ∑
𝑛

∑
𝜆1…𝜆𝑛

∫
𝑛
∏
𝑖=1

[ 𝑑𝑥𝑖𝑑2𝑘⟂
𝑖√𝑥𝑖16𝜋3]16𝜋3𝛿 (1 −

𝑛
∑
𝑖=1

𝑥𝑖)𝛿(2) (
𝑛

∑
𝑖=1

𝑘⟂
𝑖 )

𝜓Λ
𝜆1…𝜆𝑛

({𝑥𝑖, 𝑘⟂
𝑖 }) |𝑛, 𝑥𝑖𝑃+, 𝑥𝑖𝑃⟂ + 𝑘⟂

𝑖 , 𝜆𝑖⟩⟩

LFWF 𝜓Λ
𝜆1…𝜆𝑛

({𝑥𝑖, 𝑘⟂
𝑖 }) contains all the information about the

internal structure of the bound state |𝑃 , Λ⟩ and is also invariant
under boost.



BLFQ TMD Electron Proton References

Light-front quantization and Hamiltonian formalism (Brodsky, Pauli, and Pinsky 1998)

• 𝑣 = (𝑣+, 𝑣−, 𝑣⟂) = (𝑣0 + 𝑣3, 𝑣0 − 𝑣3, 𝑣1, 𝑣2)

• �̂� |𝑃 , Λ⟩ = 𝑀2 |𝑃 , Λ⟩

• |𝑃 , Λ⟩ = ∑
𝑛

∑
𝜆1…𝜆𝑛

∫
𝑛
∏
𝑖=1

[ 𝑑𝑥𝑖𝑑2𝑘⟂
𝑖√𝑥𝑖16𝜋3]16𝜋3𝛿 (1 −

𝑛
∑
𝑖=1

𝑥𝑖)𝛿(2) (
𝑛

∑
𝑖=1

𝑘⟂
𝑖 )

𝜓Λ
𝜆1…𝜆𝑛

({𝑥𝑖, 𝑘⟂
𝑖 }) |𝑛, 𝑥𝑖𝑃+, 𝑥𝑖𝑃⟂ + 𝑘⟂

𝑖 , 𝜆𝑖⟩⟩

LFWF 𝜓Λ
𝜆1…𝜆𝑛

({𝑥𝑖, 𝑘⟂
𝑖 }) contains all the information about the

internal structure of the bound state |𝑃 , Λ⟩ and is also invariant
under boost.



BLFQ TMD Electron Proton References

Light-front quantization and Hamiltonian formalism (Brodsky, Pauli, and Pinsky 1998)

• 𝑣 = (𝑣+, 𝑣−, 𝑣⟂) = (𝑣0 + 𝑣3, 𝑣0 − 𝑣3, 𝑣1, 𝑣2)

• �̂� |𝑃 , Λ⟩ = 𝑀2 |𝑃 , Λ⟩

• |𝑃 , Λ⟩ = ∑
𝑛

∑
𝜆1…𝜆𝑛

∫
𝑛
∏
𝑖=1

[ 𝑑𝑥𝑖𝑑2𝑘⟂
𝑖√𝑥𝑖16𝜋3]16𝜋3𝛿 (1 −

𝑛
∑
𝑖=1

𝑥𝑖)𝛿(2) (
𝑛

∑
𝑖=1

𝑘⟂
𝑖 )

𝜓Λ
𝜆1…𝜆𝑛

({𝑥𝑖, 𝑘⟂
𝑖 }) |𝑛, 𝑥𝑖𝑃+, 𝑥𝑖𝑃⟂ + 𝑘⟂

𝑖 , 𝜆𝑖⟩⟩

• Effect of light-front boost(Soper 1971)
• Longitudinal boost serves merely to rescale the other Poincáre generators

• Transverse boost reduce to be Galilean.
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Discrete basis and LFWF 𝜓Λ
𝜆1…𝜆𝑛

({𝑥𝑖, 𝑘⟂
𝑖 })

How to solve this eigen equation ?

�̂� |𝑃 , Λ⟩ = 𝑀2 |𝑃 , Λ⟩
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Discrete basis and LFWF 𝜓Λ
𝜆1…𝜆𝑛

({𝑥𝑖, 𝑘⟂
𝑖 })

Solution of BLFQ
Discrete basis and their

direct product Truncation
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Discrete basis and LFWF 𝜓Λ
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𝑖 })

Solution of BLFQ
Discrete basis and their

direct product Truncation
2D HO 𝜙𝑛𝑚(𝑝⟂) in the transverse

plane
∑𝑖 (2𝑛𝑖 + |𝑚𝑖| + 1) ≤ 𝑁max

Plane-wave in the longitudinal
direction

∑𝑖 𝑘𝑖 = 𝐾, 𝑥𝑖 = 𝑘𝑖
𝐾

Light-front helicity state for spin
d.o.f.

∑𝑖 (𝑚𝑖 + 𝜆𝑖) = 𝑀𝐽

𝛼𝑖 = (𝑘𝑖, 𝑛𝑖,𝑚𝑖, 𝜆𝑖)
|𝛼⟩ = ⊗𝑖 |𝛼𝑖⟩

Fock sector truncation
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Discrete basis and LFWF 𝜓Λ
𝜆1…𝜆𝑛

({𝑥𝑖, 𝑘⟂
𝑖 })

We finally get the LFWF we want
�̂� |𝑃 , Λ⟩ = 𝑀2 |𝑃 , Λ⟩

⇓
∑
|𝛽⟩

⟨𝛼|𝐻|𝛽⟩ ⟨𝛽|𝑃 , Λ⟩ = 𝑀2 ⟨𝛼|𝑃 , Λ⟩
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Discrete basis and LFWF 𝜓Λ
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⟨𝛼|𝐻|𝛽⟩ ⟨𝛽|𝑃 , Λ⟩ = 𝑀2 ⟨𝛼|𝑃 , Λ⟩

⇓
Eigen problem of a VERY BIG matrix

A bunch of mature algorithms exist
Need to use the supercomputer
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Discrete basis and LFWF 𝜓Λ
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({𝑥𝑖, 𝑘⟂
𝑖 })

We finally get the LFWF we want
�̂� |𝑃 , Λ⟩ = 𝑀2 |𝑃 , Λ⟩

⇓
∑
|𝛽⟩

⟨𝛼|𝐻|𝛽⟩ ⟨𝛽|𝑃 , Λ⟩ = 𝑀2 ⟨𝛼|𝑃 , Λ⟩

⟨𝛼|𝑃 , Λ⟩ = 𝜓(𝛼)⇓ ⟨𝛼|𝑃 , Λ⟩ = 𝜓(𝛼)

𝜓Λ
𝜆1…𝜆𝑛

({𝑥𝑖, 𝑘⟂
𝑖 }) = ∑

{𝑛𝑖,𝑚𝑖}
[𝜓(𝛼) ×∏

𝑖
𝜙𝑚𝑖𝑛𝑖 (𝑝⟂

𝑖 )]
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Plot from (B. Pasquini and Lorce’ 2012)

𝑊 [Γ]
𝜆𝜆′(𝑃 , 𝑘,Δ,𝑁; 𝜂) = 1

2 ∫ 𝑑4𝑧
2(2𝜋)4

𝑒𝑖𝑘⋅𝑧 ⟨𝑝′, 𝜆′| ̄𝜓(−1
2𝑧) Γ

𝒲(−1
2𝑧, 1

2𝑧 | 𝑛) 𝜓(12𝑧) |𝑝, 𝜆⟩

• Reduction from GTMD.
• Parameterization.
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• Reduction from GTMD.

• Parameterization.

Φ[Γ](𝑥, 𝑘⟂; 𝑃 , 𝑆) = 1
2 ∫ d𝑧−d2𝑧⟂

2(2𝜋)3 𝑒𝑖𝑘⋅𝑧

× ⟨𝑃 , 𝑆| Ψ̄(0)Γ𝒰(0⟂, 𝑧⟂)Ψ(𝑧) |𝑃 , 𝑆⟩ |𝑧+=0
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• Reduction from GTMD.
• Parameterization.

Φ[𝛾+](𝑥, 𝑘⟂; 𝑃 , 𝑆) = 𝑓𝑒
1 − 𝜖𝑖𝑗𝑘𝑖𝑆𝑗

𝑀𝑒
𝑓⟂𝑒
1𝑇 ,

Φ[𝛾+𝛾5](𝑥, 𝑘⟂; 𝑃 , 𝑆) = 𝑆3𝑔𝑒1𝐿 + 𝑘⟂ ⋅ 𝑆⟂

𝑀𝑒
𝑔𝑒1𝑇 ,

Φ[𝑖𝜎𝑗+𝛾5](𝑥, 𝑘⟂; 𝑃 , 𝑆) = 𝑆𝑗ℎ𝑒
1 + 𝑆3 𝑘𝑗

𝑀𝑒
ℎ⟂𝑒
1𝐿 + 𝑆𝑖 2𝑘𝑖𝑘𝑗 − (𝑘⟂)2𝛿𝑖𝑗

2𝑀2𝑒
ℎ⟂𝑒
1𝑇 + 𝜖𝑖𝑗𝑘𝑖

𝑀𝑒
ℎ⟂𝑒
1 .
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• Reduction from
GTMD.

• Parameterization.
• Eight leading twist

TMDs.

• Two of them (red in
Prof. Yuan Feng’s
plot) need more
care.

Plot taken from Prof. Yuan Feng’s talk on 8/27/2014.

• Reduction from GTMD.
• Parameterization.
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• Reduction from
GTMD.

• Parameterization.
• Eight leading twist

TMDs.
• Two of them (red in

Prof. Yuan Feng’s
plot) need more
care.

Schematic plot of integration contour of gauge link, taken
SIDIS as example.

• Reduction from GTMD.
• Parameterization.
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Basics of the electron calculation (Hu et al. 2021)

Hamiltonian

�̂� = �̂�QED + �̂�′

�̂�QED = 𝑃+ ̂𝑃−
QED − ( ̂𝑃⟂)2

𝑃−
QED = ∫d2𝑥⟂d𝑥− [1

2Ψ̄𝛾+𝑚2
𝑒+(𝑖𝜕⟂)2
𝑖𝜕+ Ψ+ 1

2𝐴𝑗(𝑖𝜕⟂)2𝐴𝑗 + 𝑒𝑗𝜇𝐴𝜇]

�̂�′ = 𝜆𝐿(�̂�𝐶𝑀 − 2𝑏2 ̂𝐼)

Truncations and Parameter
𝑁max = 100, 𝐾 = 100, |𝑒phy⟩ = |𝑒⟩ + |𝑒𝛾⟩

we use physical coupling 𝛼
𝑏 = 𝑀𝑒 and bare electron mass 𝑚𝑒 = 𝑀𝑒 +Δ𝑚𝑒, where Δ𝑚𝑒 is the mass

counter-term
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Good agreement with perturbative calculation (Bacchetta, Mantovani, and Barbara Pasquini
2016)
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Good agreement with perturbative calculation (Bacchetta, Mantovani, and Barbara Pasquini
2016)
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Discrete basis and LFWF 𝜓Λ
𝜆1…𝜆𝑛

({𝑥𝑖, 𝑘⟂
𝑖 })

Solution of BLFQ
Discrete basis and their

direct product Truncation
2D HO 𝜙𝑛𝑚(𝑝⟂) in the transverse

plane ∑𝑖 (2𝑛𝑖 + |𝑚𝑖| + 1) ≤ 𝑁max
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Convergence of the electron results

Decrease of the oscillation in the transverse
plane of BLFQ results with increasing 𝑁max

Increase of mass counter-term with
increasing 𝑁max
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Self-consistency check

We use the same parameter set
as (Mondal et al. 2020).

∫ d2𝑘⟂ TMD(𝑥, 𝑘⟂)
∥ ?

GPD(𝑥,Δ = 0)
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Self-consistency check
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TMD results
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TMD results
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TMD results
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Asymmetry calculations

Pr
el
im
in
ar
y

Predictions of Collins asymmetry. Experiment data are taken from (Airapetian et al.
2010). Fragmentation functions follow that in (Maji, Chakrabarti, and Teryaev 2017).
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