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Motivation: precise and accurate SM predictions

Lattice QCD calculations for many
quantities have reached, or surpassed,
statistical precision of 1%

@ masses and decay constants of
ground-state pseudoscalar mesons are
good examples

@ meson masses used for tuning, and
determining quark masses

The precision of modern lattice QCD results means that sources of small
SYSTEMATIC UNCERTAINTY that could appear at the percent level
need to be understood. Here we focus on QED effects.
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Lattice ensembles

We use lattice configurations generated by the MILC collaboration
@ 17 gluon field ensembles

e six different lattice spacings from very coarse (a ~ 0.15 fm) to
exafine (a ~ 0.03 fm)

@ ny =2+1+1: light, s and ¢ quarks in the sea, m; = (m, +mg)/2
@ one ensemble with ny = 1+1+1+1 (physical m, and mg)

e various light sea quark masses, including (close to) physical masses,
to control chiral extrapolation

@ Highly Improved Staggered Quark (HISQ) action for both sea and
valence quarks

o removes tree-level a? discretisation errors
For h ks 'Naik’ t is adjusted t 4 t
o For heavy quarks 'Naik’ term is adjusted to remove (am)* errors a
tree-level

heavy-HISQ: use several heavy valence quark masses mj; > m, to
extract quantities at physical b mass
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QED on the lattice

Lattice QCD with quenched QED

quenched QED = include effects from the valence quarks having
electric charge (the largest QED effect) but neglect effects from the
electric charge of the sea quarks

generate a random momentum space photon field A, (k) for each
QCD gluon field configuration and set zero modes to zero using the
QED/, formulation (QED in finite box)

Fourier transform A, into position space

exp(ieQA,,) gives the desired U(1) field (Q=quark electric charge in
units of the proton charge ¢)

this approach is known as the stochastic approach to quenched QED,
in contrast to the perturbative approach

¢ and b lattice quark masses tuned separately in pure QCD and
QCD-+QED so that J/¥ and Y masses match experiment
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Meson correlators

We calculate the quark-line connected
correlation functions of pseudoscalar and

vector mesons on each ensemble and use 1T
a multi-exponential fit to extract ¢ >
amplitudes and energies: t

Copoint (1) = ZA ( oEi(Li- t)) We then take the results at

different lattice spacings and
extrapolate to continuum, taking
into account (am)?" and (aA)?"
discretisation effects. Terms that
2A(’)’ 2A(‘)’ take into account mistuned sea
2mg W’ fv =2y i quark masses are also included.
¢ 0 For bottomonium, we map out

Zy is a renormalisation factor for the the dependence in quark mass to
lattice vector current. extract the result at physical my.

The decay constants are related to the
ground state amplitude and meson mass:
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Charmonium hyperfine splitting

Our QCD-+QED result for the charmonium hyperfine splitting is

My — My, =120.3(1.1) MeV.
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Quark-line disconnected correlation functions are not included in the
lattice calculation. The difference in the results is taken to be the effect of

the 1. decay to two gluons (prohibited in the lattice calculation):
AMEmY = 17 3(1.2) MeV
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Bottomonium hyperfine splitting

I This work Map out the dependence in m, to
HPQCDI13/15 .
| / extract the result at physical m.
‘ RBC/UKQCD12
Meinel .
| “"/“' Our QCD+QED result is
FNAL/MILC09
: ‘ : HPQCD/UKQCDO5 My _M”b - 57'5(2'3)(1'0) MeV.
40 50 60 70
My — M, [MeV]

The missing quark-line disconnected contributions (the second
uncertainty) are expected to be smaller for bottomonium than
charmonium. We find good agreement with experiment.

This work T T
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Decay constants

The decay constant of a pseudoscalar The tensor decay constant of the
meson P (e.g. n. or np) is defined in vector meson is

terms of the axial current as - .
<0|Tq0'a,3lpqlv> = lf\j; (ﬂ)(fap/?_fﬁpa)-

0lA4|P) = po fp. _
) Ol > d .fP NOTE: Tensor decay constant is
Using PCAC relation this can be scale- and scheme-dependent, unlike

written as e the vector decay constant fy .
= (My)
(0175 ¥q1P) = 2m, Ip- Recall that the decay constants can
be written in terms of meson masses
For a vector meson like J /¥ the and amplitudes as
vector decay constant is defined
through the vector current o= 2m / 24
_ P = q P\3’
O1%47a¥lV) = fv My €a, (Mo)
% T
where € is the polarisation vector of fv =2y 240 e = 7 24y
\ 2 MV :
the meson. M, 0
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Decay constants f,., fi/y,
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Comparison of decay constant results

Vector and pseudoscalar meson decay constants and their ratios:

f1/0 = 410.4(1.7) MeV J;{/w _ 1.0284(19)
foe = 398.1(1.0) MeV e

fr
— =0.9454(99
7 (99)

"l J/ g
fr =677.2(9.7) MeV
HPQCD HISC
° © YD HISQ fon = T24(12) MeV
w,d,s,c sea + qQED
This work
=% | teo
o O HPQCD HISQ
u,d,s,c sea HPQCD (lattice
NRQCD)
O~ —O— HPQCD HISQ 2010/12 == ——mmmmmmmmmmmmmmmmm
u,d,s Sf‘,k‘l ‘ ‘ O PDG
0.38 0.39 0.40 0.41 0.42 Gé() 6."10 GéO GéO
f(GeV) Jr [MeV]
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Leptonic widths

PDG

The partial decay width of a vector
meson to a lepton pair is directly related
to the decay constant:

2
u,d,s,c sea + qQED F(¢h N l+l—) _ 4_7T 2 Q2 f¢h
QED Mg, '

where Q is the eIectrlc charge of the
N, KEDR 18 quark

—0— HPQCD HISQ

BES III 16
Our results are:

experiment, F(J/l// - e+€_) = 5.637(47)(13) keV
53 54 55 56 57 58 'Y — efe™) =1.292(37)(3) keV

T'(J/y — ete™) (keV)

There is no experimental decay rate that can be directly compared with
the pseudoscalar decay constant.
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J /W tensor decay constant fJT/w

© Extract 1/2A5/Mg from

= 0501 A

tensor-tensor correlators. &

@ Calculate the renormalisation g o /// ]
factor ZSMOM. Convert fT to § 1
the M S scheme at multiple ‘5 7
scales u using RI-SMOM = M0y g , , , ]
scheme as an intermediate 00 02 (amf))'f 06 08
scheme on each ensemble.

© Run all the MS tensor decay O Fit all of the results for the MS
constants at a range of scales u decay constant at 2 GeV to a
to a reference scale of 2 GeV function that allows for
using a three-loop calculation of discretisation effects and
the tensor current anomalous condensate contamination
dimension. Here u = 2,3,4 GeV. coming from Z?MOM.
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J /¢ tensor decay constant fJT/¢ and ratio fJT/w/fJV/w

Our (pure QCD) results are:

This work RI-SMOM
This work RI'-MOM
[1312.2858] twisted-mass ny = 2

[1312.2858] sum rules

[hep-ph:0701234] light cone
wavefunctions

44

This work RI-SMOM

[1312.2858] twisted-mass ny = 2

[1312.2858] sum rules

O
—— <
f1,(MS,2GeV) = 0.3927(27) GeV o
fJT/ W(M_S, 2GeV) =
fV =0.9569(52) e —
J/lﬁ ().II}G 0.:'58 0.110 0.‘42 0.
17,4V, 2 GeV) [GeV]
1.00 — . . .
5 0.98F
5 \ED‘@\‘ -0
3 096-,‘3}8 O -
] Sel @ - —]
B 0.94F L
f/g 0.92¢ ——
S
0-9075'5 0.2 0.4 0.6 096 008 100

(am,)?

1374 (NIS, 2 GeV)/f7),,

Potentially useful for tests of BSM physics.
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Quark masses: Recipe

@ Tune the lattice charm mass sk T ' 4G‘\'/ 3GeV s
so that the J/y mass takes its ‘ T 2B GV
experimental value on each & 1T v Pl
ensemble. § I 2 Gev

@ Calculate the mass = oo N o0
renormalisation factor Z,iEM. oorst {87 o () [1408.4169]
Convert the mass to the M'S XY R Ty T
scheme at multiple scales u a [fm?]
using RI-SMOM scheme as an
intermediate scheme on each @ Fit all of the results for the MS
ensemble. mass at 3 GeV to a function that

© Run all the MS quark masses allows for discretisation effects
at a range of scales u to a and condensate contamination
reference scale of 3 GeV using from Z;MOM.
the MS B function. © Repeat all steps for QCD+QED.
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Ratio of quark masses

Ratio of quark masses: in pure QCD

mp(p) _ mpe ,
o) e O/

We have very few data points at
physical b mass.

£ 34
3 my/y
2 " w
B
&
14 o
4 6 8 10

mpp (GeV)

Instead we define functions g

P P (— |—
My, = ghh(mh/mc),
\'4 V (= =
my, = ghh(mh/mc),

for pseudoscalar and vector meson
masses, where

g;ljh(l) = M;C;znt’ g;‘,/h(l) = M;??;
The ratio can be obtained by solving
My = giy, (i [c) ot

MY = gy (i [
We used a cubic spline fit to do this.
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Ratio of quark masses: adding QED

Adding QED can be done in steps:

— 1 — - 4d
_ R(mp [mc, Qe p=0— g) mp, 1.0004

**_ R(mc(#)’chéﬂg) me
x is pure QCD and =+ QCD-+QED.
@ Consider the mass ratio in theory L 1' > M
where ¢ and b have the same Q. e
R(mp [Mic, Qcp=0— %) is the The key QED effect is Q. — 2.
factor needed to change that charge
from 0 (pure QCD) to 3. Ratio of quark masses in MS
o R(m(u), QC:%—>§) is the factor  scheme in QCD+QED:
of changing charm quark electric 75 (3 GoV, ny = 4)

charge Q from % to % Get from —
charm mass calculation. me(3 GeV,ny = 4)

mp (1)
ne ()

A
N
|\

1.0002 (- =

*

R(iin /e, Q

= 4.586(12)
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Quark masses

PDG

O HPQCD HISQ RI-SMOM

%rm quark mass in
MS scheme in QCD+QED:

ud,s,c sea + qQED

& HPQCD HISQ RESMOM
- FNAL/MILC/TUM HISQ MRS m.(3 GeV, ng=4)= 0.9841(51) GeV
o~ HPQCD HISQ JJe me(me,ny =4) =1.2719(78) GeV

g | ETMC twisted mass REMOM
(e, ny = 4)(GeV) Bottom quark mass in
O ocpsoep | HPQCD 21 (HISQ) m scheme in QCD-+QED:
> Qcp Fermilab/MILC/TUMQCD * 18
00— | Gambinoeral'17 mp(3 GeV, ng = 4) = 4.513(26) GeV
5 D ETM'16 my, (myp, ng = 4) = 4.209(21) GeV
HCZ« ::ZZZ::Z:ZZTDII) my(mp,ny =5) =4.202(21) GeV
42 44

iy (7ip,ny = 4) (GeV)
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Thank you!
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Time moments of vector current-current correlators

HPQCD HISQ The time moments of the quarkonium

»
udsc sea - gQED vector current-current correlators can be
HPOCD HISQ 2012 compared with phenomenological results
ud;s sea derived from R(ete™ — hadrons).
== Dehnadi et al 2011 As the results are very accurate, this
—_— Kiihn et al 2007 . .
pheno. provides a stringent test.

0.305 0.310 0.315 0.320 0.325
(Ga)V2(GeV™h)

This work

> HPQCD HISQ
u,d,s,c sea + qQED

—A— | JLQCD DW 2016

HPQCD NRQCD

HPQCD HISQ 2012 9 P ® < [1408.5768]
u,d,s sea
n=4 n=~6 n=3y8 n =10
—— Dehnadi et al 2011
—— Kiihn et al 2007
pheno. ] | | ol Experimental
0.660 0.665 0.670 0.675 0.680 0.1 0.2 0.3 0.4
(Ge)/4(GeV™h) (n*"moment)!/("=2) [GeV~!]
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Hadronic vacuum polarisation contribution to a,

u,d,s,c sea

>
—_—

u,d,s sea

—{1

13.5

T T T
140 145 150 15,

ag, x 100

HPQCD HISQ
BMWec stout stagg. 2017

ETMC twisted mass 2017

HPQCD HISQ 2014

*

u,d,s,c sea + QED

-1

-

pheno.

13.5

14.0 145 15.0

HPQCD HISQ

Dehnadi et al 2011

Kiihn et al 2007

The time moments of the quarkonium
vector current-current correlators can
also be used to calculate the quark-line
connected HVP contribution to muon
anomalous magnetic moment, a,.
This is of particular interest, as new
results are expected soon from the
Muon g — 2 experiment at Fermilab.

Our QCD+QED results are:

a¢, = 14.638(47) x 10710
af, =0.300(15) x 1071
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Error budgets: Charmonium

Error budget for our final result for the charmonium hyperfine splitting and
decay constants including quenched QED corrections. The uncertainties
shown are given as a percentage of the final result.

AMvyp  frjy fae

a? -0 0.13 0.09 0.03
Zy - 0.05 -

Pure QCD statistics  0.24 0.12 0.05
QCD-+QED statistics  0.08 0.05 0.02

wo/a 0.24 0.11 0.08
wo 0.87 0.34 0.24
Valence mistuning 0.02 0.05 0.01
Sea mistuning 0.06 0.01 0.00
Total (%) 0.96 0.40 0.26
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Error budgets: Bottomonium

My - MT]b AS fnb
statistics 2.40 0.77 0.38
SVD cut 1.48 044 0.67
wo 0.55 0.61 0.59
wo/a 0.66 0.23 0.18
Zy - 0.29 -
M, dependence 0.03 0.01  0.00
1/My, dependence 0.05 0.02 0.01
(amp)?* discretisation effects 1.14 0.17 0.18
(aA)?k discretisation effects 048 024 031
(amp)?(aM)? discretisation effects 0.42 028 0.45
light and strange sea quark mistuning 1.45 0.73 0.98
charm sea quark mistuning 1.08 0.29 0.27
QED My, dependence 0.29 0.07 0.08
QED 1/Mg, dependence 0.19 0.01 0.00
Total (%) 3.99 143 159
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Error budgets: Charm quark mass

m¢(3 GeV)
a’> -0 0.23
Missing a? term 0.10
Condensate 0.21
Msea effects 0.00
Z,IXIS/SMOM and r 0.07
ZSMOM 0.12
Uncorrelated m*™med  0.15
Correlated mtuned 0.30
Gauge fixing 0.09
u error from wy 0.12
QED effects 0.02
Total (%) 0.52
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Error budgets: ¢ and b quark mass ratio

mp i my, | [ my, ] e [ave]

(amp)? — 0 0.20 0.21 0.20

wg, wo/a 0.10 0.18 0.12

Tu 0.12 0.12 0.09

gm. { 0.05 0.05 0.05

Mec 0.06 0.01 0.04

Mpp 0.03 0.00 0.02

(amp)?6m2 — 0 0.06 0.07 0.06
M — 0 0.03 0.03 0.03
die/dme. 0.03 0.02 0.02

Total (%) 0.27 0.32 0.27
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Error budgets: Charm quark HVP contribution to aj,

ay
a? >0 0.15
Zy 0.07

Pure QCD Statistics 0.08
QCD+QED Statistics 0.01

wola 0.16
wo 0.18
Sea mistunings 0.09
Valence mistunings 0.03
Ml/i 0.05
Total (%) 0.32
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