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Bootstrap philosophy

=S

Conformal Bootstrap

2 — 2 scattering

S-matrix Bootstrap
e \
IR CFT / Goldstones/ Gapped

Constraining the outcomes of a scattering experiment using
crossing, analyticity and unitarity.




Disclaimer: space of amplitudes consistent with 2 — 2
unitarity

Full Unitarity: |Proba_so(s,£)]? + we =1

—> |Prob2_>2(3,€)|2 <1

Space Allowed by Integrable Theory (in 1+1 dim only)

2->2 consistency

We expect physical
Theories to be inside

S-matrix Space



Plan of the Talk

1) Low energy yEFT: what to bootstrap?

&) S-matrix Bootstrap in d=4 for ma.ssless particles

3) Numerical results



Scattering of Goldstones with O(/N) symmetry
QCD in the chiral limit flows to a theory of charged
Goldstones in the IR
Derivative interaction — absence of IR divergences
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Universal Leading Order Wilson coefficients: theory dependent
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Observables to bound

)
Universal Leading Order A(s|z,u)! = — O(s?)
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Theory dependent Completely fixed by elastic unitarity saturation

Positivity Bounds

Im7(s,0 =0)>0

Adams, Arkani-Hamed, Dubovsky, Nicolis,
Rattazzi ‘06

a+28>0




S-matrix Bootstrap algorithm

1) We write an Ansatz analytic and crossing symmetric

2) We match the low energy expansion of the ansatz with the EFT

3) We impose unitarity numerically

4) We look for the allowed region in the Wilson coefficient space

o, B}



Crossing and analyticity

Crossing symmetry is trivial

T(s, t,u)% = A(s | 1, u)8,,0 + A(t| 5, u)S557 + Au| s, 18555
A(s|t,u) = A(s|u,t)

Analyticity: we assume Maximal analyticity

/
Only massless stable particles with even interactions — )\
no bound state poles!

Unitarity — discontinuity fors, t, u>0 >®<

All normal thresholds collapse _/;)i 0

ats =0




{a, B} The Ansatz

™

i / /
A(s|t,u) = low energy + Y cap(s)*(p(t)" + p(w)’) + ) _ da(p(t)*p(w)® + p(t)’p()*)

A

s-plane

Analytic Extension {s,t,u} € C*/cuts

We Taylor expand in a bigger space

s+t+u=20



Unitarity
Let’s look at s-channel unitarity: project onto irreps of flavor and spin

Singlet AO (s t,u) = Ny A(s|t,u) + A(t]s,u) + A(uls, t)
Antisymmetric AW (s, t,u) = A(t]s,u) — A(uls, t)

Symmetric traceless  A®) (s, t,u) = A(t|s, u) + A(uls, t)

Partial wave projections: a linear operation on the ansatz

: 1
I _ 41, ¢ (1) _
— =14 Pi(x)A X —
d=4 Sg 6 /_1 e() (S ) x cos 6

| S¥(s) <1 for =012, Z=0,1,...,00, s> 0

-

Set of infinite quadratic constraints



Numerical optimization problem

min 3, with o = o« —_

Over the space of crossing symmetric and analytic functions of s, t, u

S <1, s>0, £=0,...,x

2 2 2
Discretize unitarity on a grid of points € L O L ADas”+ ﬁ(t +u’)
M » —ImMax

Mmax

To do Numerics we need to introduce some non-rigorous cutoffs!

For each Ny gx We want to have M5y and Lo Very largel!

Mpax =200 Lpax =90 Npax = 12,...,23

400 variables, 18x10A3 quadratic constraints, ~ 7 h per point on 40 cores for N_max=23



Bootstrap Summary

1) Crossing Symmetric Ansatz

T(s, t,u) = A(s |1, u)5,,6° + A(t| s, u)8568 + A(u | 5, 1)528;

1) Mandelstam Analyticity + Real Analyticity

o ©.@) 1 . —g
A(slt,u)= ) anmlpt pu 0t Pu Dm0 04 ) Ps' =
(slt, u) n§<mﬁa (7} o7 p )+nEm (pio ) p pls) = 7 W—s
2) Impose Low Energy Behavior
As |10 S2+ﬂt2+u2 N—2521 —S r—u —t | —Uu
S|t,u)” = o— — 0 — — —ulog—-
1 1 3272 f4 & 2 9672 & & 12

3) Check Unitarity Numerically

1
S (s) =1+ / Py(x)AD (s, z)dz | 1S (s)2 < 1

—1

4) Solve the optimization problem {Oz, 5 }



Min / for fixed a: numerics

For each a, we fix Nmax and take Lngx Very large

V(V)e increase Nmax until convergence
500 ()

a) "t

Nmax data vs extrapolation
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Allowed (a, ) space

Amplitude = low energy expansion + UV ignorance

N— N
/ Causal and Unitary

+ 332 + ﬂ(tQ 4+ uz) + logarithms + . ..

A(s|t,u) = — 75+
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Phase shifts along the boundary: Spin=0
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Clear Spin 1, 2! Evidence for Spin 3, 4.

Higher spins

For higher spins we would need an insane amount of time to converge
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Walking along the boundary

15 (Nmax = 23)

0.03+
° QCD somehow consistently within the

allowed region!

0.02+
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Middle region

Odd spin resonances only Even spin resonances only

Resonances become lighter Resonances Resonances R b ligh
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Outlook and work in progress 1

maximise ———>  <«—— minimise
Excluded values (Dual) Allowed values (Primal)
This Talk

Gapless EFTs in 1+1 dimensions
Elias-Miro’, ALG: arXiv: 2106.07957

Rigorous bounds in gapped QFTs
ALG, Sever: arXiv: 2106.10257

Rigorous bounds in gapped EFTs:

TR Elias-Miro’, ALG: work in progress
Positivity vs Bootstrap Prog


https://arxiv.org/abs/2106.07957
https://arxiv.org/abs/2106.10257

Outlook and work in progress 2

Other EFTs: Maxima

Maximal SUGRA in 11

S

UGRAIN10D

D and M-theory

ALG, Penedones, Vieira: arXiv: 2106.10257
ALG, Penedones, Vieira: work in progress

Fit experimental data using the S-matrix Bootstrap?

ALG, Penedones, Vieira: work in progress

Will we ever go beyond 2—>27? Including 2->3 processes in

massless EFTs

Fantastic challenge


https://arxiv.org/abs/2106.10257

Comparison with positivity bounds
0

10}

™ Roy Equations

"';,l L

I.I.

[k

Wang, Guo, Zhang, Zhou: arXiv: 2004.03992

Manohar, Mateu: arXiv: 0801.3222



Log violations of positivity

. : . . 1
There are asymptotic logarithmic corrections! a+ 28 > — = log(—a) + O(1)
s
Consequence of the unitarity log’s B> log(a) + O(1)
dﬁmin 487T2
do
| | | | | N B L o

-1 -0.6 -0.2 : 0.6 Q
O slope

Non-zero logarithmic correction

oll / a(dfg”+%e(—a)) \
T fos 02 | 02 o4  1¢




Pseudo-goldstones scattering

A(slt, u)
p3 c d p4
c L — m2 c u— m2 C
a Lo 4,m4,m2 2
D1 " po v .
) ] They will receive
Tree-level amplitude: Higher loop
Ve 2 1, corrections
(=0, 1=0| 70 _ 50 = 5" e
0 327Tf2 2
(=0, 1=2| T2 =s =2m?*«~
’ 0 167 2 b2 T A

2
_ _ 1)  S— 4m

el : (1) _
Weak Coupling/l/' Chiral: zerosin 7, /(s;) =0

Condition




Low energy data and bootstrap problem

Expansion at threshold: s=4

RG[D(I)] _ k%( (1) e ka(I) i O(k4))

Scattering Lengths
Example: QCD values
Effective ranges (scattering slopes)

I1O0(k) _|O(k7)

0[al” = 0.2196 + 0.0034 |b” = 0.276 + 0.006

2 Lff) = —0.0444 + 0.0012 b5 = —0.0803 =+ 0.0012
1 > i (1)—0038j:OOO)

Bootstrap problem:

Determine the space of chiral zeros,
imposing the experimental values of the scattering lengths



The shore of the peninsula
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Pion peninsula

We also impose the p resonance at 5, = 30 + 6i
+ experimental value of scattering lengths

1810.12849 ALG, Penedones, Vieira
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https://arxiv.org/abs/1810.12849

Rigorous bounds: quartic coupling in 4 dimensions

Numerical framework to derive
exclusion bounds!

We use only the proven
analyticity properties and
unitarity in the elastic region

2106.10257 ALG, Sever

Theory saturating the
Froissart bound?

1504.01328 Nastase, Sonnenschein
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https://arxiv.org/abs/2106.10257
https://arxiv.org/abs/1504.01328v1

