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QCD: Basic Facts

» QCD is characterized by two emergent phenomena: Loop =Y GilwDu+myle +5G5,Gl,
. . . j—=u.d.5,...
confinement and dynamical generation of mass (DGM). S e
DIJ - 8!-‘ + igﬁ)\ ‘4_::, ’
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* Quarks and gluons not isolated in nature. * Emergence of hadron masses (EHM)
from QCD dynamics

> Formation of colorless bound states: “Hadrons”
> 1-fm scale size of hadrons?
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Proton
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~99% of proton mass

(~ 928 MeV)

~ 1% of proton mass

(~ 10 MeV)



QCD: Basic Facts
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QCD: Basic Facts

J. Rodriguez-Quintero’s talk

» Confinement and the EHM are tightly connected with QCD’s running coupling.

UV fall
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Modern picture of QCD coupling. ‘Effective Charge’
Combined continuum + QCD lattice analysis
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CH: Fully dressed valence quarks
express all hadron’s properties




QCD: Basic Facts

» Confinement and the EHM are tightly connected with QCD’s running coupling.

0'5;23 . : ‘ ' ' 1.01 ;
NN Chang:2021vvx = i
), . :; . 0-8 B f :
— 0.1 . W W NG, o g
E L Y - & 5 z : t\: 0 6 i Enhancement
= L . ] —~ 77| Saturation
s o 57.8 MeV “ f/ 04 i
ooil » 385Mey . 05 L Hadron Scale UV fall
’ 3 = 19.3 MeV . O 2 N
+ 21 MeV % . CH #
(I] 'i é é 4.- 5 0'0 '| 1 1 L L ' 1 1 1 1 1 |-
k [GeV
[GeV] 0.01 0.1 1 10

The Effective Charge connects Lattice QCD
and continuum mass functions.

Same charge we shall use for . _
g> DGLAP evolution. ... which defines CH

k / GeV




Why pions and Kaons?

» Pions and Kaons emerge as QCD’s (pseudo)-Goldstone bosons.

> Their study is crucial to understand the EHM

@ @ and the hadron structure.

@ jl/ @ + Dominated by QCD dynamics

my ~ 0.940 GeV @ Simultaneously explains the

m. ~ 0.140 GeV mass of the proton anc} the
masslessness of the pion
Higgs’ masses @ @ * Interplay between Higgs and
Myyq ~ 0.004 GeV @ strong mass generating

mg ~ 0.095 GeV my ~ 0.490 GeV mechanisms.




What to expect
from experiments?

... Form Factors, Parton Distribution Functions, Generalized Parton Distributions?



Era of meson targets
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What to expect from
continuum studies?

Form Factors, Parton Distribution Functions, Generalized Parton Distributions, etc.

... we can go far beyond the mass spectrum!



Dyson-Schwinger Equations

* Equations of motion of a quantum field theory

Relate Green functions with higher-order Green functions

- Infinite tower of coupled equations.

» Systematic truncation required

<

No assumptions on the coupling for their derivation.

:> v Capture both perturbative and
non-perturbative facets of QCD

<

Not limited to a certain domain of current quark masses

<

Maintain a traceable connection to QCD.

C.D. Robert and a A.G. Williams,
Prog.Part.Nucl.Phys. 33 (1994) 477-575

Example DSEs

Quark propagator:

8| g § %
o - ¥

Gluon propagator:

Eichmann:2009zx



A valuable tool for hadron physics

> DSEs are a valuable tool for QCD and hadron physics:

Distribution amplitudes (PDAS):
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A valuable tool for hadron physics

> DSEs are a valuable tool for QCD and hadron physics:

Form factors (EFFs) and distribution amplitudes (PDAS):
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A valuable tool for hadron physics

> DSEs are a valuable tool for QCD and hadron physics:

Parton distribution functions (PDFs):
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Confluence between modern Continuum and Lattice QCD predictions!



A valuable tool for hadron physics

> DSEs are a valuable tool for QCD and hadron physics:
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This talk’s central topic




A valuable tool for hadron physics

> DSEs are a valuable tool for QCD and hadron physics:

Form factors and distribution amplitudes (PDAS): Light-front wave functions and GPDs:
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The light-front wave
function approach

g (z, k1) = tr 0 (kv )vsy - nxm(k—, P)

ak) /

Bethe-Salpeter wave function

* Yields a variety of distributions.
“One ring to rule them all”



Light-front wave function approach

- Goal: get a broad picture of the pion and Kaon structure.

.+  PDAs

Overlap
representation

'em—>  PDFs ;

) \\ . GPDs
 Form | / | |

Factors e / dk
4

* —p

mm 1 =0,6=0

 LFWFs

-

The idea:

Compute everything from the
LFWF.



LFWF approach

i (z,k3) =tr 0y (km)vsy - nxm(k—, P)

dk)

- Goal: get a broad picture of the pion and Kaon structure.

p

L BSWFs

——  LFWFs

Project onto
the light-front

—1

—1
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Quark DSE

e

p
q

(g b id) >y

qg vn

Meson BSE

Connection with Continuum
Schwinger Methods (CSM)

Truncation
> required!

The idea:
Compute everything from the
LFWF.

The inputs:
Solutions from quark DSE
and meson BSE.

v Numerically challenging, but
doable

v Already on the market:
PDAs, PDFs, Form factors...

K. Raya et al.,
arXiv: 1911.12941 [nucl-th]



Light-front wave function approach

- Goal: get a broad picture of the pion and Kaon structure.

/ “ ” * / \\ The idea:
LBSWFS == LFWFs = FDAs | Compute everything from the
| / LFWF.
Project onto 1 Overlap
the light-front representation

P

'e——>  PDFs

I / GPDs

Form
Connection with Continuum

Y Factors/ Schwinger Methods (CSM)

The alternative inputs:

PDA and PDF as = @wsm Construct BSWF from
benchmarks realistic DSE predictions.




LFWF: Nakanishi model

> A Nakanishi-like representation for the BSWF:

1
(K, P) = MUk, P) [ dw picw) DLk, P
/‘ J—1

(Kaon as example) 1 2 3

CEE—

1: Matrix structure (leading BSA):
-’M (k- Pff) — — 75 [F; ’ Pfij'fu + Y- k‘(j‘{u o 41"[’:-) T guuk#Pf{U] 3

Equivalent to considering the leading Bethe-Salpeter amplitude:

(from a total of 4)

FM (q - P ) — ?/'}/5 EM (q , P ) (others can be incorporated systematically)

S-S Xu et al., PRD 97 (2018) no.9, 094014.



LFWF: Nakanishi model

> A Nakanishi-like representation for the BSWF:

1
(K, P) = MUk, P) [ dw picw) DLk, P
/‘ J—1

(Kaon as example) 1 2 3

CEE—

1: Matrix structure (leading BSA):

-’M (k- Pff) — — 75 [F; : Pfij'fu I Y- k‘(j‘{u T 41"[’:-) T guuk#Pf{U] 3
2: Spectral weight: Tightly connected with the meson properties.

3: Denominators: D(k: Px) = A(k*, MHA((k — Py )*, MAA(K2 |, A% |
where: A(s, t) = [s + 1]}, A(s, t) =tA(s, 1) .

S-S Xu et al., PRD 97 (2018) no.9, 094014.



LFWF: Nakanishi model

> Recall the expression for the LFWF:

1
P (z, k1) = tr o 6 (k) vsy -nxm(kb—, P) <>\ /0 da & (x, k2
|

~ Algebraic manipulations yield:

+ Uniqueness of
Mellin moments

m— = Oy (2, kL) ~ / dw py(w) - -

“ Compactness of this result is a merit of the AM.

- Thus, p,,(w) determines the profiles of, e.g. PDA and PDF: (it also works the other way around)

d’k,

| | d’k,
oy (x; () = / mﬂgiﬁﬁi(%h;@) av(x; Car) :/16;‘;|1’5’§I($:kiiqﬂ)|2




Chiral limit / Factorized model

> |In the chiral limit, the Nakanishi model reduces to:

e, k5 Cr) ~ f (k1) d(a; Cr) ~ f (k1) lgm(; Car)] 2

“Factorized model” ” Sensible assumption as long as:
2 2 2
2 miyy ~ 0 M; — M; ~ 0 CH
Sni(; Cr)l” ~ qu(; () | =y M o

(meson mass) (h-antiquark, g-quark masses)

2> Produces identical results

— Single parameter!

* Therefore: as Nakanishi model for pion
M?
1/2
Y, k15 Car) = [qM(x; Cn)l / AN/ 37 : q
(k% + M

i

, —1
A’jq ~ TI\-‘I

(charge radius)

No need to determine the spectral weight !



Chiral limit / Factorized model

> |In the chiral limit, the Nakanishi model reduces to:

e, k5 Cr) ~ f (k1) d(a; Cr) ~ f (k1) lgm(; Car)] 2

“Factorized model”

[%1(; )] ~ qui(; Car)

> Therefore:

~ Sensible assumption as long as:

mi; ~ 0 M — M ~ 0 Ca
(meson mass) (h-antiquark, g-quark masses)

2> Produces identical results

as Nakanishi model for pion

v,k ) = [ (s ca)] {4\/%

3
M

(kT + M2

i

— Single parameter!
, —1
My ~ 1y

(charge radius)

Systematically improvable !
(account for other BSAs, x-k correlations, for example)



Chiral limit / Factorized model

“Chiral M1”

il o) = [0 (o )]

{4 V3

A4§ ﬂjq ~ TI:II
(k2 + M2)

=) | M, = 0.31 GeV
& . = 0.66 fm

> We can also consider a “Gaussian model’:

(e, kY Car) = [ (a5 Car )] (

‘ 2
3271- TI\-’I 2

X%I(CH)

1/2
)

rikl }
2%1%1(@}1‘)

26 (Lar) = () + 3(1 = dp)(a?)y”

4

Asymmetry factor ~ M f—? — Mrf

(h-antiquark, g-quark masses)

* One parameter to determine
both models:

> Either M, or 1)

(charge radius)




* Unless specified otherwise, Nakanishi model
results will be shown.

* By construction, PDA and PDF are the same
In any presented model.

* In general, Chiral M1 = Nakanishi (for pion)
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Broad and concave functions of x

> Consequence of DCSB
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Higgs induced asymmetry for Kaon:
> Moduled by the difference M_ - M,



LFWFs and GPDs | LFWFs | ===> | GPDs

> In the overlap representation, the valence-quark GPD reads as:

Hﬁa(aﬁa&f):/ fsﬁé v (7 (kD)%) vy (=7 (kD)%) C

0.0

i,f‘mg%ﬁﬁmm

e 40 trE

<

Valid in the DGLAP region

<

Positivity fulfilled

AN

Can be extended to the
ERBL region | < €

Chouika:2017rzs

AN

Analytic in our
factorized models.




LFWFs and PDFs GPD |y | PDF

> The PDF is obtained from the forward limit of the GPD. q(xz) = H(z,0,0)

e 40 L2 P N : .
----- T I 2.0l — %) =30z"(1 — ) — Un (X;C)
s § T e U (X;GH)

1.5} ,.;,r"f:

q(x)
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4 s Y
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e 7 /7 Dilation %

05 7 NN\
'.t.’ "..,-' 1 J 2 _|_ 5@ “\\ :\.\. |
7/ -~ Smooth fall ~ (1 — )% =\ |

g

O- 0 . - ; . . ; . . . | - ; . . < ; . - %
0.0 0.2 0.4 0.6 0.8 1.0

X <z>Y =047

<x>_ = 0.50

> (- meson properties determined by the
fully-dressed valence-quarks.
> Broad + Higgs-induced asymmetry







DGLAP evolution: The idea

Culi:2020tdf

Idea. Use QCD'’s effective charge to define an all orders evolution.

Starting from fully-dressed (at which valence quarks — Sea and Gluon content unveils,
quasiparticles, at (g carry all meson’s properties) as prescribed by QCD

f

—

d 1 2 1 d Pfj;q (E) 0 \ NS,+
d¢® Jo i [Je Yy 0 pS (_ H; (y,1:¢)
\ y

P4
LI

Exact equation =) “All orders scheme”

real horse q,ua.a;' horze
Fig. 0.4 Quasi Particle Concept



DGLAP evolution: The idea

Culi:2020tdf

Idea. Use QCD'’s effective charge to define an all orders evolution.

Starting from fully-dressed (at which valence quarks — Sea and Gluon content unveils,
quasiparticles, at (g carry all meson’s properties) as prescribed by QCD

.

r d 1 a(':?) 1 i Pci;r% (i) 0 \ NS.+ ;. )
_2—2/ d-yfi(y - ;r} - ' / 4 Y ( T N (3}'& ol ) — 0
d¢= Jo Je Y 0 pS (_ H2 (y, ()
\ 4

P
N

Exact equation =) “All orders scheme”

Details are found here:

| Enhancement
7| Saturation

“Kaon and pion parton distributions” = 04

' Hadron Scale

Eur.Phys.J.C 80 (2020) 11, 1064. Cui et al. 021 (m

0.01 0.1 1 10



DGLAP evolution: Massless case

Implication 1: valence-quark PDF

(N'[ 5 )) = €eXp #A"_‘(’:;_) S‘( p ( ) <rn( - ]} i P {'"(I " )) ‘(t:f)} -“Ij,:'l; ‘_u:f,l;‘w
. gf !q' P, - I _l;'r i €l|~ f . QU, g <\‘ (.I! q m
q=u,c i \=en)

21In (Cr ,".\Q{‘IJ )
S(¢o,¢y) = / dt a(t)
. '.’lll('k‘tn,"".\i,el‘]!} ‘

Implication 2: glue and sea-quark DFs (”f:4) Momentum sum rule:

(22((1))q + (@(Cp))sen + (@(Cr))g =

(22((s))g = exp ’«sw m)' q=u,d;

PR o

<-"(Cf)>sm - <(

)T  4+4q (( (gf >u+< Qf )d)

A textbook result:
u G. Altarelli, Phys. Rep. 81, 1 (1982)

<"'(Cf)>g s

Il =1 o

1.0F,
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0.4
02l Ca

(KT

J. Rodriguez-Quintero’s talk

0.0,

Closed algebraic relations
between momentum fractions

Recovery of sum rule and
asymptotic limits

Clear connection with the
hadron scale.

Therefore, the scale is
unambiguously defined
(not tuned)

)

Saturation

.  Hadron Scale

0.01 0.1 1 10



Evolved distributions: GPDs ¢ =52 GeV

-t[GeV#] 6

- Starting with valence distributions, at hadron e o
scale, generate gluon and sea distributions via 5 T o

all orders evolution equations.
Glue and Sea GPDs !!!

Valence

X H3 (x.1)

4
-t/[GeV?]

i
—tGeV? a.o0

Cy = 0.331 GeV



Evolved PDFs  GPD | ey PDF |

o5 1 § | | e Kol ]
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IQCD[54]  |0.254(03) 0.094(12) 0.057(04)
Ref.[102]  |0.24 0.098 _ 0.049

o > val
Refs. [39. 40]/0.24(2)  0.098(10) 0.049(07) Valence at 5.2 GeV <X> 5 :0.43(4)

Herein 0.24(2)  0.094(13) 0.047(08)




Pion EFF GPD  _—~  FFs |

- Electromagnetic form factor is obtained from the t-dependence of the 0-th moment:

L 1.0

Fi(~t =% = [ do Hlj(o,6,1 .
0.8 <= DSE
Can safely take §=0
“Polinomiality” 08}
. . F o F
Fi(A%) = eu Fyp (A®) + efFl (A% * 04|
Weighed by electric charges 0.2/
_ %% 1 2 3 4
> Isospin symmetry _Y[GeV?]
:> _ u
Fre(=t) = Fi (=1) Data: G.M. Huber et al. PRC 78 (2008) 045202

DSE: L. Chang et al. PRL 111 (2013) 14, 141802



Pion Gravitational FFs [ GPD } — L e }

- Gravitational form factors are obtained from the t-dependence of the 1-st moment:

1
Tn(t,€) = / do oHy (2, 6,1) = O () — £20M(8) 14

oy Fn(r)

]_ 3
Y | 0.8 1\ Y
“ Directly obtained if § =0 e B (D)
‘ i i _ 06 \\
Only DGLAP GPD is required S rﬁl — 0.7% fm
%" ERBL GPD needed 0.4 NN\ S (meCh radius)
L . . , D e
- Sophisticated techniques exist. J- M. Morgado's talk -
-~ But a sound expression can be constructed: 0 1 2 3 4 5
2
Py, A2 Pg Pa A2 “ . 1 R
0, (A%) =c, 6, (A7) Soft pion theorem

+fld [HE(x.1,00Py, (A%) - HI(x,1,-2%)| ry = 0.68 fm , 7 = 0.56 fm
) H et LM, pits T (charge radius)  (mass radius)

Zhang:2021mtn



Kaon EFE [ GPD } . [ FFs }

- Electromagnetic form factor: charged and neutral kaon

1.0} | | | i

= Nakanishi | <«ms== DSE -K*: Gao: 2017mmp, Eichmann:2019bgf
08l 'y = 0.56 fm -- (Gaussian
o) "'..1' ] DSE - K°% Burden:1995ve
i ] @
0-4' — T T T :
] 0.10¢ f 1 2 3 3 5

0.2

0.00 B | | ;

0 1 2 3 4
—t/[GeV?]

Kaon is more ?"K ~ 0.85 ?"j

compressed

| = mech, charge, mass




Charge and mass distributions

pp(b) = — /O A AJy(A b)Fp(A?)

1
2T

>

Intuitively, we expect the meson to
be localized at a finite space.

FPJ?(AQ) - pg (b) - Charge effect span over a larger domain than mass effects.

05(A%) — pp'(b)

= pr(r)

= P (N
rf = 0.68 fm
r?2 = 0.56 fm
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Pressure distributions

]. o0 A 11 b} ) - .
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On the Radii: Factorized Models

&R o 0
(w60 = [ Toa ol (a7 (60)?) ol (o, (c)?) | <o QveTIED

representation

Factorized

LFWF | (2, k15 C) = [¢" (= CH)]UQ (k25 Car)

1 PDF controls (mostly) the x-dependence

Hij(z, &, Cr) = 0(x-) [¢" (2—; o) g (245 Chr)) oz ¢ar)

27, -
dni(z;CH) = / ! kL?ﬁM(ki;C’HWM (ki —s1)%¢n) R

\ 1673

t-dependence, evaluated analytically v=5] = 1—¢2



On the Radii

I I

Hi(@, &, t: Cr) = 0(a_) [u(z—; Ca)ul (ws: ()] " Op (2: Cir)

* |n the factorized models:

MUy A2 g

_ 0 2p) L e d:
z; _f}'{ n — &

8”2’, = z=0 <x2n >gﬂ’ d(&z ); A2ip ﬂ
A 0z

PDF moments Derivatives of EFF

2

(s L) i
Ty = — )
g 425 (o)
_ 9
Vp(zido)| = (1= do) o Dbz o)
z=0 P =0

*

Asymmetry term = 0 for pion

GPD can be built from:

* Distribution amplitude / Distribution function

* Derivatives of the electromagnetic form factor

Reminder:

$li(@; )] ~ qui(: Car)




On the Radii [ GPD }

_.»[FFs}

Hi(@, &, t: Cr) = 0(a_) [u(z—; Ca)ul (ws: ()] " Op (2: Cir)

* |n the factorized models:

0
e 1 A" F" ZSZ '——(D“(Z;é}{)
L (Dlé(z;gj{)L_ _ p( ) 0z P
0"z z=0 <x2n>‘-§i’f d(AZ)H - 0 _j
/ h * s (9—2_(1)},3(2;{9{)

PDF moments Derivatives of EFF

* |In the Chiral M1 model:

Clear connection:

’}"P2 3

6(2%),  5M.

* Constituent mass M

e Charge radius

* PDF moment
(at hadron scale)

2
_ "p

=0 _4?&?((5{) ’
a U
= (1 - cfp)a—szp(z;é{)

*

Asymmetry term = 0 for pion

z=0 z=0

Sensible values

M, = 0.31 GeV
& r. = 0.66 fm




On the Radii

I I

a i
=(1- cfp)a—szp(z;é{)

_ 1/2
Hi(x, &, Cn) = 0(x_) [u" (z_; Cp)u (x4 Cu)] " Pp(; ()
* In the factorized models: 5 ,
r
N A2 — P e _ P ,
el (I}I’I;(Z; é’j{)| - 1 d FP(A ) az P(Z [}{) 0 4?(_}3((?{)
4"z =0 yamyor d(AD) |2 P
Y 2 A i a—z®§(z;{ﬂ)
. z=0
PDF moments Derivatives of EFF *

* Therefore, the mass radius:

Asymmetry term = 0 for pion

PI!

2(1 .

PP = ﬁ<xz(1_x)>P_ AN
p

m

2
<Z >§

g
$)>CH N (
q o

H

4

D

;

“*;2 (1—cfp)<x (1= X)),
2%

Determined from PDF moments!

z=0



Impact parameter space GPDs ;lgebraic derivation!

(&) JT_ 3 2 -
uP(x, b2 o) = f C;—AAJg(bLA)H (x.0,~A%: £0)) B2 (o)) r (B (L)
” PGS ~0T1 B G = 03587

20 I
A Mean-square
transverse extent
1:5 1
277 b, q(x,b.%) rc

S 3.4

<10 28

g 22

1.6

1.0

0.5 0.4
0'0 . - \, B - ;
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

X X

» Likelinhood of finding a valence-quark with momentum fraction X, at position b.



Evolved IPS-GPD: Pion Case

(y — (=2 GeV

“dA
u®(x, b3 Lop) =f0 gﬂfo(bLﬂ)Hﬁ(x,U, ~A* Ly

2.0f

1.5

R
o
-5'1'0

Py

210 205 0.0 05 10

0.5

y & N\ * Peaks broaden and rr:aximum drifts:
O max : 3.29 — 0.55
* Likelihood of finding a parton with LF
momentum X at transverse position b (|$|j b) — (088;. 013) — (047;. 023)




Evolved IPS-GPD: Kaon Case

“ dA
WP (6,25 L) = fo AT D 005 L)

(y — (=2 GeV

2.0

1.5

= 1.0

0.5

0.0 =
-1.0

* Likelihood of finding a parton with LF
momentum X at transverse position b

271 bqk (X, bu;CH)rk

|
2 o8 o o 9
(4]

1.5¢

=, 1.0f

0.0¢ r E ;
-1.0 -0.5 0.0 0.5 1.0
X

max(,,, : (3.61,2.38) — (0.61,0.49)
(,b)s = (0.84,0.17) — (0.41,0.28)
(,b), = (—0.87,0.13) — (—0.48,0.22)
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Summary and Highlights
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Summary

> Focusing on the pion and Kaon, we discussed a variety of parton distributions:

Light-front wave function - Parton distribution amplitudes ¢ Inputs from Continuum

(encodes many properties) (momentum distribution) Schwinger Methods
ﬂ (PDF, PDA)
Generalized parton distributions == Impact parameter space GPD
(leads to many other objects) (spatial distributions)
@i » Parton distribution functions The role of evolution:
(momentum distribution, valence-sea-gluon) Generate sea and glue ﬂ

v Electromagnetic form factors

(charge and momentum distributions)

v Gravitational form factors

(mass distribution, mechanical properties)

from pure valence

- Pressure distributions
(spatial distribution, mechanical properties)



Highlights

- QCD’s EHM produce broad 1t-K distributions.

> Interplay between QCD and Higgs mass generation:

> Slightly skewed Kaon distributions.

- The ordering of radii: f,ril > ?f-f > qf-i? i

> Gluon and sea revealed through evolution.

> Definition of (y ‘All orders’ scheme

Valence Picture > QCD effective charge.

EHM-induced broadening

> Mass, gluon/sea, pressure, charge distributions B
addressed through LFWFs and GPDs 0.3

. .. . . . R - Arrington:2021biu
... In anticipation to experiments in modern facilities 0.0
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