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Modern Understanding on Nucleon form factors

D. Müller et al. Fortschr. Phys. 42 (1994).  

 X. D. Ji, PRL 78, PRD 55 (1997).  

A. V. Radyushkin, PLB 380 (1996)

GPDs

Mellin moments of the GPDs

The first moments of the GPDs H & E yield the well-known EM form factors

The second moments of the GPDs H & E give the gravitational (EMT) FFs 
(Ji’s sum rules).
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Critical view on Nucleon form factors

Traditional interpretation of the nucleon form factors

The nucleon is a relativistic particle!

G.A. Miller, PRL 99 (2007)

Belitsky & Radyushkin, Phys.Rept. 418 (2005) R. L. Jaffe, PRD 103 (2021)

C. Lorce, PRL 125 (2020)
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M. Burkardt, PRD 62 (2000) [66 (2002)]

Particle number fixed.

This is valid for atoms and nuclei:
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It is not valid anymore for the nucleon: 

Particle creation and annihilation 
inside a nucleon

Crucial criticism on the traditional definition of the nucleon form factors.

• Validity of the nucleon 3D distributions was put into question.

• View on the nucleon form factors has been modernized. 



Abel & Radon transforms & Nucleon tomography

“Electron tomography, edited by J. Frank”

3D distributions in the BF 
(Quasi-probabilistic)

2D transverse distributions in the IMF (QM probabilistic)

Abel transformation maps 3D distributions  of a particle with spin 0 or 1/2 
at rest onto 2D transverse plane in the IMF.  
(Radon transform is required for that with higher spin.)

3D distributions 2D distributions

This is the subject of the present talk.

M. Burkardt, PRD 62 (2000) [66 (2002)] 

G. A. Miller, PRL. 99 (2007).  

Carlson & Vanderhaeghen, PRL 100 (2008)  

C. Lorce, PRL 125 (2020). 
Panteleeva & Polyakov, ArXiv: 2102.109025



Mechanical properties  
of  

Baryons
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Gravitational form factors

EMT current in QCD & GFFs
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piece of EMT FFs

Kobzarev et al. 1962; Pagels, 1966
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Pressure & Shear-force distributions (pressure anisotropy)

D(Druck)-term Weiss & Polyakov, 1999
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Pressure & Shear-force distributions
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3D Shear-force density in the BF

• This term is related to forces between quark and gluon subsystems  
(Polyakov & Son, 2018). 

• It contributes to gluon and quark parts of energy density (mass decomposition). 
(Lorce, 2018)  

• It vanishes for Goldstone bosons (P. Schweitzer & M.V. Polyakov, 2019).
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Abel transforms
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Abel transform from 3D in the BF to 2D in the IMF (Also invertible)

Abel transform is used for tomography of spherically symmetric systems 
(spin 0 & 1/2 hadrons). 
For non-spherical objects (spin > 1/2), the Radon transform comes into play.

Panteleeva & Polyakov, PRD 104 (2021) 

9 J. Y. Kim & HChK, ArXiv 2105.10279 

Abel, J. Reine und Angew. Math. 1 (1826) 



Equivalence of the 3D BF & 2D LF distributions

<latexit sha1_base64="gM557HtZcDc1JgFy/qvIKSsAEcA="></latexit>

hx2
?imech =

R
d2x?x2

?
�
1
2S(x?) + P(x?)

�
R
d2x?

�
1
2S(x?) + P(x?)

� =
4D(0)

R 0
�1 dtD(t)

=
2

3
hr2imech

<latexit sha1_base64="uExOw9w33DttM9BTlSbamEDalkA="></latexit>

D(0) = �4MN

15

Z
d3rr2s(r) = m

Z
d3rr2p(r)

<latexit sha1_base64="UyqYGhLBIcx1jGcKEMr9855wUPU="></latexit>Z 1

0
dr r2p(r) = 0

<latexit sha1_base64="RsUYxaUx8PUINmRcELGnrQxBJgE="></latexit>Z
d2x?P(x?) = 0

<latexit sha1_base64="99i0PxzlAmUMoY6R3VxAJWOWJ4U="></latexit>

2

3
s(r) + p(r) > 0

<latexit sha1_base64="1fdnMD3R8R+eGsrNDKx2gs6HPl8="></latexit>

1

2
S(x?) + P(x?) > 0

Von Laue Conditions

Local stability Conditions

Mechanical radius

Geometric factor
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The 3D & 2D pressure & shear-force densities

J. Y. Kim & HChK, ArXiv 2105.10279 

3D in BF 2D in IMF
Abel transforms
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Radii of the proton
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J. Y. Kim & HChK, ArXiv 2105.10279 12



Stability conditions
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3D force fields & local stability
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Normal force is always positive:
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The discrete level overcomes  
the Dirac continuum.

Tangential force should at least have one  
nodal point. 

Inner part of the tangential force  
is opposite to its outer part.

Kim, HChK, H. Son, M. Polyakov PRD 103 (2021)
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2D force fields & local stability

Abel transformation

Outer part is governed by  
the tangential force. (Stability is acquired).

J. Y. Kim & HChK, ArXiv 2105.10279 
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Transverse charge distribution 
of 

the polarized Neutron
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Charge distributions of the nucleon

2D density exhibits correctly  
QM probabilistic meaning. 

2D Transverse charge densities of  
the nucleon in the IMF

Miller, PRL (2007)

3D charge densities of the nucleon  
in the BF Yennie et al., RMP (1957)

What’s wrong with this?
(Actually, nothing wrong.)
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Charge distributions of the nucleon
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Charge distributions of the tr. polarized nucleon

Polarized in x direction.
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J. Y. Kim & HChK, ArXiv 2106.10986 

Carlson & 
Vanderhaghen, PRL
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Charge distributions of the tr. polarized proton

Polarized in x direction.
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Charge distributions of the tr. polarized neutron

Induced 
electric dipole 
moment

<latexit sha1_base64="JNOj/8TuQfeas0e3izl5yM7n5vA="></latexit>

E0 = �(v ⇥B)

Polarized in x direction.

<latexit sha1_base64="uGrl8Nqp/ZAFd6SbRF3GUeZV0Rw=">AAACAXicbZDLSgMxGIX/qbdab1WXboJFcFVmRNFl0Y3LivYC7VAyaaYNTTJDkhHL0JVrt/oM7sStT+Ij+BZm2llo2wOBj3P+nyQniDnTxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRhDZIxCPVDrCmnEnaMMxw2o4VxSLgtBWMbrK89UiVZpF8MOOY+gIPJAsZwcZa90HvqVeuuFV3KrQIXg4VyFXvlX+6/YgkgkpDONa647mx8VOsDCOcTkrdRNMYkxEe0I5FiQXVfjp96gSdWKePwkjZIw2aun83Uiy0HovATgpshno+y8ylWSCW2Z3EhFd+ymScGCrJ7P4w4chEKKsD9ZmixPCxBUwUs19AZIgVJsaWVrLdePNNLELzrOpdVN2780rtOm+pCEdwDKfgwSXU4Bbq0AACA3iBV3hznp1358P5nI0WnHznEP7J+foFX16XBw==</latexit>

bx

<latexit sha1_base64="nOxNiO+y5se2gdMIqEEPTwt3uOE=">AAACAXicbZDLSgMxGIX/qbdab1WXboJFcFVmxKLLohuXFe0F2qFk0kwbmmSGJCMMQ1eu3eozuBO3PomP4FuYtrPQtgcCH+f8P0lOEHOmjet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiCG2SiEeqE2BNOZO0aZjhtBMrikXAaTsY307z9hNVmkXy0aQx9QUeShYygo21HoJ+2i9X3Ko7E1oGL4cK5Gr0yz+9QUQSQaUhHGvd9dzY+BlWhhFOJ6VeommMyRgPadeixIJqP5s9dYLOrDNAYaTskQbN3L8bGRZapyKwkwKbkV7MpubKLBCr7G5iwms/YzJODJVkfn+YcGQiNK0DDZiixPDUAiaK2S8gMsIKE2NLK9luvMUmlqF1UfVqVff+slK/yVsqwgmcwjl4cAV1uIMGNIHAEF7gFd6cZ+fd+XA+56MFJ985hn9yvn4BYPmXCA==</latexit>
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Abel transforms of charge & magnetization distributions

<latexit sha1_base64="B04J7kZKDc4XjpKQ412hKWJFWmg="></latexit>
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J. Y. Kim & HChK, ArXiv 2106.10986 

Abel transforms

From 3D at rest

to 2D in IMF
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2D transverse structure of the Nucleon
The nucleon is per se a relativistic particle. 

The 3D BF distributions have only a quasi-probabilistic meaning in a Wigner 

sense.

Abel transform makes 3D BF densities equivalent to 2D IMF ones. 

In 2D, we restore quantum mechanically probabilistic meaning of the densities.

The 3D global & local stability conditions are all conveyed to the 2D ones!

3D distributions in BF still provide physical intuitions, even though they 

have only a quasi-probabilistic meaning. 

Higher-spin baryons are under investigation by using the Radon transform.

Summary & Conclusions
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Hamlet Act 2, Scene 2 
by Shakespeare

Though this be madness,  
yet there is method in it.

Thank you very much for the attention!
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3D force fields & local stability
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Normal force is always positive:
<latexit sha1_base64="C27PIrnZ2cdd6jh3ZNhDhONXBO8=">AAACCXicdZDLSgMxGIUzXmu9VV26CRahbkrGS203UhTEZQV7gelQMmmmDU1mhiQjlKFP4NqtPoM7cetT+Ai+hZl2BJV6IHD4zv+T5HgRZ0oj9GEtLC4tr6zm1vLrG5tb24Wd3ZYKY0lok4Q8lB0PK8pZQJuaaU47kaRYeJy2vdFVmrfvqVQsDO70OKKuwIOA+YxgbZBz3ZOwJI/gBYK9QhGVEbJrFQRTk8qYKkJnNQTtjBRBpkav8NnthyQWNNCEY6UcG0XaTbDUjHA6yXdjRSNMRnhAHWMDLKhyk+mTJ/DQkD70Q2lOoOGU/txIsFBqLDwzKbAeqr9ZCudmnpiHnVj7VTdhQRRrGpDZ/X7MoQ5hWgvsM0mJ5mNjMJHMfAGSIZaYaFNe3nTzXQD837SOy3alfHJ7WqxfZi3lwD44ACVgg3NQBzegAZqAgBA8gifwbD1YL9ar9TYbXbCynT3wS9b7Fx6tmPA=</latexit>

Fr(r) > 0

The discrete level overcomes  
the Dirac continuum.

Tangential force should at least have one  
nodal point. 

Inner part of the tangential force  
is opposite to its outer part.

Kim, HChK, H. Son, M. Polyakov PRD 103 (2021)

<latexit sha1_base64="RVPzB+AIPkW/0bGaa3+BIU/aUxE="></latexit>Z 1

0
dr r p� = 0 (2D von Laue condition)

<latexit sha1_base64="LTvjMSPS0YuuqKF7BX14FgiOxz8="></latexit>

pr(r) > 0



3D force fields & local stability
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• Looking into the nucleon: 
How the force fields act  
locally to acquire the 
stability of the nucleon.

Kim, HChK, H. Son, M. Polyakov PRD 103 (2021)


