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Recipe for strong force predictions

1. Lagrangian defining QCD + _ 1

sree 8Q Locp =) Ws(ilp —my) ¥y — 1 G Ga”
2. Formal / numerical machinery (lattice QCD) + d ﬁ
3. A few experimental inputs (e.g. M, My, Mg) =

Wide range of precision pre-/post-dictions

MS
()
N FLA =
L Flavour Lattice Averaging Group NN
(1479 N
ga i i A A i oz%(MZ) = 0.1182(8) lattice average
fK oi2L(Mz) = 0.1174(16)  PDG I8 (non-lattice)

HVP

(g - 2),u fD
/B
C Overwhelming evidence for QCD v — Tool for new physics searches )
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Multi-hadron observables . LHCb (PRD92, 2015) -
[ Exotics, XYZs, tetra- and penta-quarks, H dibaryon 140

e.g. X(3872)
~ DD + D D*)?

Candidates per 1 MeV
(¢} [0}
o o

H
o

N
o

A P 1“‘1, .......
740 760 780 800 820

AM = Mr'mdly) - M(J/y) [MeV]

o

[0 Eletroweak, CP violation, resonant enhancement
CP violation in charm D —> T, KK

f0(171()) could enhance AACP
e Soni (2017) -

Resonant B decays B — K* ff —> Kﬂ' M

X)), 1p),|K*),|fo) € QCD Fock space
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QCD Fock space

[J At low-energies QCD = hadronic degrees of freedom 7 ~ ud, K ~ su, p ~ uud

[ Overlaps of multi-hadron asymptotic states — S matrix

|77, in)

.g. |

dependson § = Egm
and angular variables

diagonal in angular momentum

L%
S(s) = <7T7T»0“t|$o
Ve

[J An enormous space of information nrnm,in)  |KK,in)

My(s) ox €2¥¢0s) — 1
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QCD resonances
[J Roughly speaking,a bump in: |./\/lg(8)‘2 X ‘62i5£(8) — 1‘2 X Sin2 55(8)

scattering rate
0.6 0.8 1

60 .
o, O =17(177) T — T
—‘_‘40 nﬂ p ncn . 6
= el >
o g ‘ pions 6
0 Protopopescu et al. (1972)

0.6 0.8 1
E (GeV)
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QCD resonances
[J Roughly speaking,a bump in: ‘./\/lg(s)‘z X ‘62i5€(8) — 1‘2 X Sin2 5g(8)

scattering rate

60 0.6 0.8 1
e, [O(JTO) =17 (177) T — T
—‘_‘40 nﬂ [0 Unn .‘}\/.‘,
DY c O o ® "o _
— 20 o Pw<:o, Ttz 9/pivo>!z
0 ; Protopopescu et al. (1972)

0.6 0.8 1

Extend to the
complex plane
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QCD resonances
[J Roughly speaking,a bump in: ‘./\/lg(s)‘Z X ‘6%52(8) — 1‘2 X Sin2 5g(8)

scattering rate
0.6 0.8 1

60 .
G(TPCY _ 14+ (1——
e M) =1 T — T
—‘_‘40 un p nn !} .‘,
z a @ ';3<I./00 a _ | \/ «'
o X “ pions ¥
Protopopescu et al. (1972)
0.8 1
E (GeV)
A Analytic continuation reveals a complex pole
< O
@ bound state
Ep = Mp

Er = Mg+ il'g/2

resonance @ :>¢C<:.
9




_‘

Lattice QCD

dN e S | interpolator

observable! —
for observable |

To proceed we have to make three modifications

ImFE A

] e 1l nonzero lattice spacing

e 6 6 6 o6 o6 o o o o

® 6 6 6 o6 o6 o o o o

® 6 6 6 o6 o6 o o o o /7

e 6 6 6 o6 o6 o o o o Euclidéan :i
signature

2 finite volume, L

Also... Mw,lattice > MT(',OU.I' universe

(but physical masses — increasingly common)




Difficulties for multi-hadron observables

/
®L0 0.0, [ The finite volume...
o 0o 0 0o o
0® e® e o® o O Discretizes the spectrum
le” o° 0" o o O Eliminates the branch cuts and extra sheets
O Hides the resonance poles
o —
Finite-volume analytic structure Infinite-volume analytic structure
1 Sheet |
< O AR ARARARARS
A
v
« 00 0—00 >
TSheet Il

Y < l P A AAAAAAAALAAS
[ LQCD — Energies and matrix elements O

(0;(1)0}(0)) = Y (010;(T)| Ex){Ea|O](0)[0) = Y e~ BT Z, ;77

n n

[J Our task is relate E,,(L) and (E,,/|J(0)|Ey,) to experimental observables




The finite-volume as a tool

[d Finite-volume set-up [ cubic, spatial volume (extent L)

______________ ] periodic

,.-.'.':'._._;:.------.I ; A EQ(L) 27.‘.

: ; o, — — — 3

SRR Ey(L) p=—mn, nel

v . . — M, L

T i/L Eo(L) 1 Lis large enough to neglect €
L

[ T and lattice also negligible

[J Scattering leaves an imprint on finite-volume quantities

Ey, = 2M Ny
Infinite-volume thrzshold Finite-volume ground state
4
My=o(2M;) = =327 Mra Eo(L) = 2M,, A o O(1/LY
M. L3
* Huang, Yang (1958) -
o e
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The finite-volume as a tool

[d Finite-volume set-up [ cubic, spatial volume (extent L)

______________ ] periodic

,.-.'.':'._._;:.------.I ; A EQ(L) 27.‘.

: ; o, — — — 3

SRR Ey(L) p=—mn, nel

v . . — M, L

T :/L Eo(L) 1 Lis large enough to neglect €
L

[ T and lattice also negligible

[J Scattering leaves an imprint on finite-volume quantities

Eo = 2M;

Infinite-volume threshold

./\/lgzo (QMW) = —327

 Huang, Yang (1958) -

e S
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General method

F ( P7 L) Matrix of known

geometric functions

A Er(L) finite volume * ) unitarity | [ )
B e Sy® > O
o ) L L

Holds only for two-particle energies s < (4m)* Neglects e~ ML

Generalized to non-degenerate masses, multiple channels, spinning particles

Encodes angular momentum mixing

Huang, Yang (1958) +« Liischer (1986, 1991) ¢ Rummukainen, Gottlieb (1995)
Kim, Sachrajda, Sharpe (2005) Christ, Kim, Yamazaki (2005) e+  He, Feng, Liu (2005)
Leskovec, Prelovsek (2012) e«  Bernard et. al. (2012) «  MTH, Sharpe (2012) +  Briceno, Davoudi (2012)
L1, Liu (2013) « Bricefio (2014)
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Using the result

[] Single-channel case (pions in a p-wave)

K(sn) ' = pcotd(sy) = —F(E,, P, L)

020y —mm™— _______________ 180 -
0.18 | 254 Oz A
oo Hﬂi
_ i HOHCEH
0.16 ] ] n 150 #:,é_{
0.4 b %
1I6 2Io 2I4 120
Sa'a P =10,0,0]
90 L o Ljas, =16 P =10,0,1]
HaHEH 0 L/as =20 P=10,1,1]
60 - HH s Ljag =24 P=11,1]
P =10,0,2]
A
30 0
oy T — T
0 |—n—||_'_$p_|
0.14 0.15 0.16 0.17 0.18 019 o, F..,

* Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505 -
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Using the result

[] Single-channel case (pions in a p-wave)

K(sn) ' = pcotd(sy) = —F(E,, P, L)

020y —mm™— _______________ 180 -
0.18 | 2 -2 ’_‘NE‘:‘ 5
0.16 o 150 + ﬁ
O %
16 20 24 120
Ex'e P =0,0,0]
90 L o Ljas, =16 P =10,0,1]
HaHEH 0 L/as =20 P=10,1,1]
60 - HH s Ljag =24 P=11,1]
P =10,0,2]
A
30 0
oy T — T
HrpR—
0 Il_(w_| I I | I I
0.14 0.15 0.16 0.17 0.18 0.19 as Eem

* Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505 -
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Using the result

[] Single-channel case (pions in a p-wave)

K(sn) ' = pcotd(sy) = —F(E,, P, L)

020y —mm™— _______________ 180 -
0.18 | 2 -2 ’_‘NE‘:‘ 5
"0 0 501 &
014 b %
1I6 2Io 2I4 120
o P =10,0,0]
90 L o Ljas, =16 P =10,0,1]
HaHEH 0 L/as =20 P=10,1,1]
60 - HH s Ljag =24 P=11,1]
P =10,0,2]
A
30 1
oy T — T
HrpR—
0 Il_h_| I I | I I
0.14 0.15 0.16 0.17 0.18 0.19 a;Eem

* Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505 -
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Using the result

[] Single-channel case (pions in a p-wave)

K(sn) ' = pcotd(sy) = —F(E,, P, L)

020y —mm™— _______________ 180 -
0.18 | 2 -2 ’_‘NE‘:‘ 5
0.16 | 150
o, 0) o) (ﬁ
O %
1I6 2Io 2I4 120
Sa'a P =10,0,0]
90 - o Ljas=16 P =10,0,1]
HaHEH 0 L/as =20 P=10,1,1]
60 - HH s Ljag =24 P=11,1]
P =10,0,2]
A
30 0
oy T —> 7T
HpR—
0 II_(S_| I I | I I
0.14 0.15 0.16 0.17 0.18 0.19 a; Eem

* Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505 -

R 11



Using the result

0.20 +

0.18 +

0.16 |

0.14

0.20

0.18

0.16

0.14

[] Single-channel case (pions in a p-wave)

K(sn) ' = pcotd(sy) = —F(E,, P, L)

P = [000)| 77
__________________________________________________________________________ 180
@ o O *‘ﬂ@ 5
Ex'e P =10,0,0]
i o Ljas =16 P =10,0,1]
HaHEH 0 L/as =20 P=10,1,1]
- = s Ljag=24 | P=I[L11
. . . P =10,0,2]
16 20 24
30+
e T — T
0 =01 ilji
0.14 0.15 0.16 0.17 0.18 0.19 a;Eem

* Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505 -
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3-particle amplitudes

2-to-2 only samples J¥ 0t 1= 2% ...

=

Sarda % BESTT

Goal: finite-volume + unitarity formalism for generic two- and three-particle systems

A?C 6\‘

many interesting resonances have significant 3-body decays

®

-

Applications...
exotic resonance pole positions, couplings, quantum numbers

w(782), a1(1420) — 7w X(3872) — J/¢rm X (3915)[Y(3940)] — J/¢rm

form factors and transitions

and much more!... (3-body forces, weak transitions, gluons content)

D 12



Complication: degrees of freedom

6\/6 |2 momentum

>3 components
L) L -10 Poincaré generators

2 degrees of freedom

/6 |8 momentum
components
—5 N
-10 Poincaré generators
L) L g

8 degrees of freedom

p1+p2 — P34+ pg ——> Mandelstam S, 1

‘ |5 momentum

L
><;6 components

-10 Poincaré generators

5 degrees of freedom

13



Complication: on-shell states

[ Classical pairwise scattering

— — i i i -Particl ing Amplitudes. I*
for mi = m2 = ms up to 3 Dispersion Relations for Three-Particle Scattering Amp es

MorTON RUBIN

binary collisions are possible Physics Depariment, University of Wisconsin, Madison, Wisconsin
AND m|=m2 =mj3 - &:
ROBERT SUGAR ict 1
;(./ Physics Department, Columbia University, New York, New York 4 CO”|S|OnS POSSI ble
. S o T K

GEORGE TIKTOPOULOS
Palmer Physical Laboratory, Princeton Universily, Princeton, New Jersey
(Received 31 January 1966)
T —— ———
- b<?2

- S . (m1+ms) (ma+ms)
— -

5 collisions possible

mim
U 2 ———tma 7TK K
It follows that if
b2 (b—1)>1, (IV.18)
then 2741 successive binary collisions are kinematically
impossible.

[ Correspond to Landau singularities

iMa a2 = fully connected —
3—3 correlator

difficult to disentangle kinematic
singularities from resonance poles

complicate analyticity & unitarity

14



Two key observations

[J Intermediate Ky ; removes singularities

__ fully connected diagrams 3 E .
K dt,3 =/ py pole prescription \,_/\/\‘: " "

same degrees of freedom as M3 smooth real function relation to M3 = known

1 K3 has a systematic low-energy expansion

2
. 1s0,0 1so,1 S — (Sm)
de,3(p37p27p17 k37 k27 kl) — de,S T de,S A T A= (3m)2
smooth real function
analogous to effective range expansion gives handle on many degrees of freedom

(DOFs enter order by order)

1 1
pcotd = — + 57“]92 + O(p*)

R 15
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Status...

) ° ‘ °
finite volume L) L unitarity L L

) < > o < > | )
s s

4 Identical spin-zero, no 2-to-3, no K2 poles <+ MTH, Sharpe (2014, 2015) -

4 as above... but including 2-to-3 « Bricefio, MTH, Sharpe (2017)
[ as above... but including K2 poles + Bricefio, MTH, Sharpe (2018) -
M Non-identical, non-degenerate spin-zero T — PT — W —2 P — T

« MTH, Romero-Lopez, Sharpe (2020) < Blanton, Sharpe (2020, 2021)

[0 Multiple three-particle channels... Spin!

16



Related work

O

Finite-volume unitarity method J All methods

Doring, Mai (2016,2017 , ,
. ( : Rely on intermediate, scheme-

Gives connection to unitarity relations dependent quantity

—mlL *
Non-relativistic EFT method Hold up to ™" and for £5° < Sm,,

Hammer, Pang, Rusetsky (2017)
Equivalent where comparable

Simplified derivation + integral equations

Do not yet include non-degenerate, 2-to-3

Review articles

MTH and Sharpe, 1901.00483 < Rusetsky, 1911.01253 « Mai, Doring, Rusetsky, 2103.00577

17



Non-interacting energies
| . _,
L) L)

SEre-o

vec;

Eo(L) = 3m + O(e™™")

o

=3 A

—>

PPy ps] x L*/(2m)* = [nangns]

N

000]

4.0 A5 5.0 5.5

6.0 6.5 7.0 75 3.0
mL

18



Two-particle interactions

o o .: @ :. 167T\/§
L) e —l6mvsa g —1/a —ip 4 Es(L)

R R =

1.0 15 5.0 5.5 6.0 6.5 7.0 75 3.0

19



Two-particle interactions

o o .: @ :. 167T\/§
L) e —l6mvsa g —1/a —ip 4 Es(L)

R R =

1.0 15 5.0 5.5 6.0 6.5 7.0 75 3.0

19



Two-particle interactions

::@::. — —167'('\/50, .:@:I —1/a,—z'p A Es(L)

.= % e ek

1.0 15 5.0 5.5 6.0 6.5 7.0 75 3.0

19



Two-particle interactions

::@::. — —167'('\/50, .:@:I —1/a,—z'p A Es(L)

.= % e ek

1.0 15 5.0 5.5 6.0 6.5 7.0 75 3.0

19



Many toy results

Spectrum with no 3-particle interaction Finite-volume effects on a 3-particle bound state
T Tt e —
5.0 a=—10 — 3.00] ==mmmmmmmmm e
- L5 509 = infinite-volume energy
4.0 =

finite-volume energy

= large-L prediction

Z»<L)
J /

1

Ep(L

8 20 25 30 35 A0
mL mL

Model of a 3-particle resonance

- — c = ().0
360 — (), (1
\ ——— () O
3.99 1 — ] 4
\ . — 3 ()
3-50 7 : = = j . .
- N
3.40 - - - - -
4.5 5.0 5.9 0.0 0.5 7.0
mL

e Briceno, MTH, Sharpe (2018) -




Energy-Dependent #*z*z* Scattering Amplitude from QCD

Maxwell T. Hansen®,*" Raul A. Bricefio,”*" Robert G. Edwards®,>
Christopher E. Thomas®,”® and David J. Wilson®”!

(for the Hadron Spectrum Collaboration)

EDITORS' SUGGESTION

Energy-Dependent z7 z% z* Scattering

Amplitude from QCD

A three-hadron scattering amplitude is computed using lattice QCD
for the first time.

Maxwell T. Hansen et al.
Phys. Rev. Lett. 126, 012001 (2021)

W

R R e ———
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7'("7'("7'('I %7'('—'_7'('_'_7'('_'_

lattice details |
°
— S — 3.444 _
Ny=2+1 as/a;=3444(6) o — 20,24 .
my ~ 400MeV a5 ~ 0.12fm ,

O Workflow outline

- S

() E5(L) finite volume unitarity
E\(L) & > ° ° P S
Eo(L) ,

).
:ﬁ»o




| | |
mtrtat > atetat
lattice details ® o o o
Ny =241 as/a; = 3.444(6) . e e
f=et e L/as = 20,24 e e . .
m, ~ 400MeV as ~ 0.12fm | Qg |
[J Workflow outline
O r® O @
IC
A E5(L) finite volume o e unitarity @\
Ey (L) & > < >
Eo(L)
Determine

finite-volume
energy spectrum

=2
o
it



Operators

[ Variational method — optimized single hadron T =C ql“q -+ Co qr Dq -+ ...

[J Build two-pion operators in the usual way...

Trﬂ-(p7mﬂ A7T7T) — Z CG 7T(pl) 7T(pZ)

... three-pion operators from there

(rrm)(P,A) = ) CGm(p3) 77 (Prrs Arr)

[J Note: No optimization of zz(p_., A) operators

[J Analogous to...

D
DO | QO

22



1.4

1.3

1.2

1.1

1.0

14

1.3

1.2

1.1

1.0

14

1.3

1.2

1.1

1.0

[=3(rtntxt), P=1[000], A=A], L/as = 24

£ T T T 1.4 T T T 1.4 T T T T 1.4 T T T T T
- n=0 n=1 n =2 - n=3
. @B, =0.2137£0.00141 131 a B, = 0.2858 4 0.00091 13| a, E, = 0.3377 4 0.0009 1 '3 - ayE,, = 0.3483 £ 0.0011
;  x®/dof = 13/12 | 12f 2 /dof = 5.7/11 | 12f x*/dof = 13/15 1 12 - X*/dof = 7.5/11 ]
\\ 1.1 % |
1.0
‘ 5 1I0 1I5 Qb 0 1IO 1l5 2I0 I5 IIO 1I5 2I0 é lb 1I5 Zb
T T T T 1.4 T T T 1.4 T T T T 1.4 T T T T
n=4 n=2>5 n==~06 n="17
a:E, = 0.3758 £ 0.0008 | "°[ aFE, =0.377240.0011 7 "*| a:F,, = 0.3891 +0.0008 1 * a:F,, = 0.3983 + 0.0008 |
x?/dof = 16/16 { 12t x?/dof = 7.3/11 4 12t x?/dof = 11/15 {12 x?/dof = 14/15 -

)t/at

5 10 15 20 0 10 15 20 5 10 15 20 5 10 15 20
. , 14 -
} n—==8 n=9
. @B, =0.4091 £0.0014 ] [ a B, = 0.4244 £ 0.0009 | ePalt=t) ) (1 40)
L x%/dof =16/14 1 12f x*/dof =12/14 1 0 |

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001
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T T energies

(L)L M

*
n

W7

.

i

he
b

000

| I

001]

Qi

S

| /s

Jo11

| I |

N\

L

/

ot

1002

—

W7

20 24

20 24

20 24

20 24

20 24

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001
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nt T energies

1l i
b Jo11] [111]
i =
5 K \0“
= S
KN

e

20 24 20 24 20 24 20 24
L/ag

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001

25



7TI7T{7TI%7T+7T+7T—|—
lattice details O o ® o
- — 3 444(6) - : : : :
Np=2+1  asfar=3 Ly/as = 20,24 e o o o
| |

m,. ~ 400MeV a, ~ 0.12fm

0 Workflow outline

S

4 Es(L) finite volume unitarity
T < > ™) < >
L] L
Determine
finite-volume Fit to constrain
energy spectrum two- and three-

body K matrices

v

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001




K matrix fits

0 20° [000] e 24% [000]
0.5 = 20° [001]  » 24° [001]
o 20% [011] w243 [011]
v 20° [111] v 243 [111]
A 20° [002] A 24% [002]

\ A
\ \\q x. % x n

2.0 2.5 3.0 3.5
E3/m;

LO
3,10
o1
-
G
i IR
|

3.0 3.5 4.0 4.5

Finite-volume formalism
relates energies to K matrices

One-to-one for K5
depending only on E__ = E*

Fit both two and three-body
K to various polynomials

Cut on the CM
energy in the fits

K¢ 5 is scheme

dependent (removed
upon converting to )

26



| | |
Tt rt > ptatat
lattice details ® ® o o
Jay = 3.444(6) . e e .
Neg=2+1 As/Qr = O. - e o o e
f Ls/as — 207 24 —t o ® o o
m, ~ 400MeV  as ~ 0.12fm | Qg
[ Workflow outline
0 @
R J/h:: o/
Es(L) finite volume L 9, unitarity
Ei(L) < > !}\ ng < >
Eo(L) ®— —> @,
7/ N
) )
Determine :
: , , Solve integral
finite-volume Fit to constrain :
equations to
energy spectrum two- and three-

extract 3 — 3

body K matrices :
scattering

v

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001

v




Integral equation

M3 (B3, p, k) = D" (E3,p, k) +E (L3, p)T (£3)E™ (E3, k)

A

Vanishes for deﬁ =0

, A ‘
k
@ L O

D(N,e) =—M -G(e) M —-M-G(e) - P-D(N,e)

D" (E3,p,k) =lim lim D, (N,e)

e—0 N—o0

27



Integral equation

Total angular momentum =0
- Re|pkM3"] :
Two-particle sub-system

0 5 angular momentum = 0
—500 1
. . . . . Plot at fixed £ and p
1.8 1.9 2.0 2.1 2.2 2.3
Egk/mﬂ
10001 Tm [pk M 5" Both two- and three-body
uncertainties estimated
500 -
0 K —
N Still need to symmetrize
1.8 1.9 2.0 2.1 2.2 2.3
Egk/mﬂ

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001

28



40 45 50 55 60 65 7.0

m%z/ mi

7.5
5% 108
7 x 108 7.01
051 4 % 108
5 x 10% 6.0
5.51 3 x 108
3 x 108
5.0
2 x 108
4.5
1 x 108
4.0
-5 40 45 50 55 60 65 70 75
2 2
mi,/m2
MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001
29




(i S S L L
o o @ o
3.444(6 . e e .
Ny=2+1  as/a; =3.444(6) Ls/as = 20,24 e e e .
m,. ~ 400MeV as ~ 0.12tm a1

O Workflow outline

.:@i L :@i L
A E5(L) finite volume L) () unitarity [ )

21 < > ™ < > ~ ™)
. e

L L L L
Determine :
: : . Solve integral
finite-volume Fit to constrain :
equations to
energy spectrum two- and three-

extract 3 — 3
scattering

v v

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001

body K matrices

v

3
b2
e
A



Conclusions

[J The finite-volume = a useful tool

A Ey(L)

Ey(L)

Eo(L)

[J First lattice QCD applications in 2019... much more to come

[ Challenges and progress
formal analysis was technical — ground work is now set

3-body amplitude is highly singular — intermediate K matrix overcomes this

many-body demands high precision excited states — advanced algorithms make this possible

[ Many groups are now involved... this is great! Thanks for listening!
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