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Announcement 
 

We are delighted to announce the 19th International Conference on Hadron Spectroscopy and 
Structure (HADRON 2021). It will be hosted by the National Autonomous University of Mexico 
(UNAM) with support from various Mexican Institutions, and held on July 26-31, 2021. It is 
planned to be held virtually using ZOOM and other such communication tools. The sessions will 
be organized in a reduced time setup but extended over six days, to allow colleagues from all 
around the world to follow most of the conference.  
 
The scientific program includes the latest developments on the following topics: 

x Meson spectroscopy  
x Baryon spectroscopy 
x Exotic hadrons and candidates 
x Hadron decays, production and interactions 
x Analysis tools 
x QCD and hadron structure 
x Hadrons in hot and nuclear environment including hypernuclei 
  
 

Registration and abstract submission will open on May 1, 2021 
 
 
Important Dates: 

Registration: May 1, 2021 - July 23, 2021 
Abstract Submission: May 1, 2021 - June 15, 2021 
 

Please find more information at the HADRON2021 webpage. 
 
We look forward to seeing you virtually in HADRON2021.  

Web: www.nucleares.unam.mx/hadron2021                     E-mail: hadron2021@nucleares.unam.mx 



Hadronic Physics, Lattice QCD, and Three-body Interactions

Goal: Compute hadronic/nuclear properties from first principles QCD
• e.g. Excited nucleon spectrum
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Lattice QCD offers a systematic approach 
to compute hadrons from QCD
• Numerically evaluate QCD path integral
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- Euclidean spacetime, 

- Finite volume, 

- Discrete spacetime, 

- Heavier than physical quark mass, 
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ū

<latexit sha1_base64="P4RTDHLB8n50UsEuTgEHlIQgEtU="></latexit>

d

<latexit sha1_base64="9T2j5Bhr3/2nToV03APwdU3Sqvo="></latexit>

d̄

<latexit sha1_base64="Na2r3HCWl7TCJD3BeG/yqx6l8co="></latexit>

@JLab
- Clas12
- GlueX



Hadronic Physics, Lattice QCD, and Three-body Interactions

Goal: Compute hadronic/nuclear properties from first principles QCD
• e.g. Excited nucleon spectrum

4PDG listings

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

2.2

1
2

+ 3
2

+ 5
2

+ 7
2

+ 1
2

− 3
2

− 5
2

− 7
2

−

M
as

s
/

G
eV

JP

N⋆

<latexit sha1_base64="cGOm74GYeG6RsEmjm0NynatjZQk="></latexit>

N

<latexit sha1_base64="bW6xKHmxIkJ7uGerLTQFUOjdl68="></latexit>

N?(1440)

5

precision. The extrapolated PDFs are shown in Fig 4a.
The linear extrapolation with the lightest two ensem-
bles is compared to phenomenological determinations in
Fig 4b. In both figures, the error-bands represent only
the statistical error.
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FIG. 4. (Upper) The extrapolations of the nucleon va-
lence PDF to physical pion mass. (Lower) The nucleon va-
lence distribution compared to phenomenological determi-
nations from the NLO global fit CJ15nlo [57] (green), and
the NNLO global fits MSTW2008nnlo68cl nf4 [58] (red) and
NNPDF31 nnlo pch as 0118 mc 164 [59] (blue) at a reference
scale of 2 GeV.

The PDF obtained from this fit, for x >
⇠ 0.2 is larger

than the phenomenological fits. This feature is consistent
with the larger value of the second moment compared to
the global fits in Fig. 2. Other remaining systematic er-
rors could explain this discrepancy. In this study, no at-

tempt was made to remove higher twist e↵ects. Though
the estimation of low moments, which relies on low ⌫,
show no significant sign of higher twist e↵ects, they could
still be present at larger ⌫ where the ITD becomes more
sensitive to higher moments. Also, this calculation was
performed on ensembles with a fairly coarse lattice spac-
ing and uses data with ap ⇠ O(1). Discretization errors
have been shown [46] to be potentially significant. Fu-
ture calculations at smaller lattice spacings are required
to control these e↵ects. There also exist potentially no-
table finite volume corrections which may need to be con-
trolled.

Conclusions.— We presented the first calculation of the
nucleon PDF based on the method of Io↵e time pseudo-
distributions performed at the physical pion mass. This
was an important step that had to be taken in order to
have a more meaningful comparison with the pertinent
phenomenological results. Also, by studying three en-
sembles with di↵erent pion masses, we were able to inves-
tigate the dependence of the ITD on the pion mass. We
saw that it is relatively mild compared to expectations
stemming from the studies of hxi [61] and calculations of
quasi-PDFs [14].

Compared to similar studies, our analysis capitalizes
on three key factors. First, the ratio of matrix elements
that yields a clean way to avoid all pitfalls and system-
atics of fixed gauge non-perturbative renormalization.
Second, the short distance factorization, that allows for
matching to MS without relying on large momentum data
with their large statistical noise and potential discretiza-
tion errors. Third, the summation method, that allows
for a better control of the excited state contamination.
Having studied finite volume e↵ects and discretization
errors in [46], in our upcoming work we plan to study in
a systematic way the continuum extrapolation and finite
volume as well as e↵ects stemming from excited state
contamination and higher twist contributions.
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and Scientists, O�ce of Science Graduate Student Re-
search (SCGSR) program and is supported by U.S. De-
partment of Energy grant DE-SC0011941. The authors
gratefully acknowledge the computing time granted by
the John von Neumann Institute for Computing (NIC)
and provided on the supercomputer JURECA at Jülich
Supercomputing Centre (JSC) [62]. We acknowledge the
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Figure 3 � Physical-point extrapolation for this work and summary of gA from LQCD. a, The solid red, green and blue curves are the central values of gA as a
function of ✏⇡ at fixed lattice spacings and infinite volume, and the black circle represents the experimental value. The magenta band represents the central 68%
confidence band of the continuum and infinite volume extrapolated value of gA as a function ✏⇡ , and its range at the physical pion mass, given by its intersection with
the gray band, is our main result. The numerical results have been adjusted to their infinite volume values. Some of the results are slightly shifted horizontally for
visual clarity. b, Summary of select LQCD calculations of gA along with the result of this work and the experimental determination (PDG17). The vertical magenta
band is our full uncertainty to guide the eye, while the vertical gray band is the experimental uncertainty. Results with closed symbols have also included an
extrapolation to the continuum limit, while results with open symbols have only included an extrapolation/interpolation to the physical pion mass. When provided
separately, the statistical and systematic uncertainties are added in quadrature. Labels marked with † are indirectly obtained from an extrapolation of gA�F⇡ .
Previous peer reviewed works are available for LHPC053, CLS124, QCDSF135, RQCD146, ETMC157, PNDME162, ETMC178 and CLS179. The averaged
experimental determination is obtained from the Particle Data Group12. Uncertainties are one s.e.m.

the only interactions remaining are those of QCD. The lattice action
we have chosen21 was designed to minimise the leading discretiza-
tion errors, such that the leading corrections scale as O(a

2
), and to

preserve more of the underlying symmetries of QCD. This choice of
lattice action yields a mild continuum extrapolation (Extended Data
Fig. 3).

The final extrapolation of our results (Extended Data Table I) is pre-
sented in Fig. 3a. For quantities with mild pion mass dependence,
such as gA, a simple Taylor expansion in ✏⇡ or ✏

2
⇡ in addition to the

�PT extrapolation, provides a robust extrapolation/interpolation of the
results. We perform the extrapolation with several models and our final
result is determined as a model average, depicted in Extended Data
Figure 4, and described in detail in Supplemental Material Secs. S.6
and S.7 A. Our final result, gA = 1.271 ± 0.013, with the uncertain-
ties broken down to the different contributions of statistical (s), chiral
(�), continuum (a), infinite volume (v), isospin breaking (I) and model-
selection (M) is

gA = 1.2711(103)
s
(39)

�
(15)

a
(19)

v
(04)

I
(55)

M
. (1)

This value that is commensurate with the experimentally determined
value, gPDG

A = 1.2723(23)
12,22–28.

Figure 3b summarises the improvement of the LQCD determina-
tion of gA achieved by this work. These results are derived from three
lattice spacings, five values of the pion (quark) masses and multiple
volumes, which control the three standard extrapolations (the input
values of parameters used in our calculation are provided in Extended
Data Table II). Additionally, we demonstrate that our result is robust
under different truncations/variations in the extrapolation function (Ex-
tended Data Fig. 5) and that the perturbative expansion converges
over the range of parameters used, as discussed in the Supplemen-
tal Material Sec. S.7 A and shown in Extended Data Fig. 6. Details
on the individual contributions to our total uncertainty may be found in
Supplemental Material Sec. S.7 B.

Our result, Eq. (1), is predominantly limited by statistics. This signi-
fies a straightforward path for improvement: more precise results at the
physical pion mass will reduce the statistical, extrapolation and model-
selection uncertainties, which are the three largest. An uncertainty
comparable to that of measurements may offer insight into the upward
trending value of gA observed in the most recent set of experiments12.
At the present, our result has a noticeable phenomenological impact,
as depicted in Extended Data Fig. 7. Using EFT, experimental re-

sults from collider and low-energy experiments can be used to place
bounds on right-handed BSM currents29 with our result placing one of
the most stringent bounds.

1. Science Talk 1: Cold Nuclear Physics, USQCD Annual
Progress Review to the US DOE, http://www.usqcd.org/
reviews/June2016Review/agenda.html; Nuclear Physics
Exascale Requirements Review, https://science.energy.
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DOE-ExascaleReport-NP-Final.pdf.
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charge from lattice QCD with controlled errors. Phys. Rev. D86,
074502 (2012).
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The Roper is not stable!

- Decays strongly to multiple hadrons

- A resonance of scattering processes

- Need scattering information from lattice QCD
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Path to scattering physics from QCD
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State Properties

Use Lüscher methodology to connect lattice QCD observables to scattering amplitudes
• Non-perturbative, model-independent, systematically improvable



Path to scattering physics from QCD

Much success in two-body sector
• e.g., the Scalar nonet
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Path to three-body physics from QCD
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Follow same path in three-body sector — considerably more challenging
• 8 kinematic variables (vs. 2 in two-body)
• Link between lattice QCD observable to amplitudes involves integral equations
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Scattering theory for three-body systems

Using principles of S matrix to constrain amplitude
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Scattering theory for three-body systems

Using principles of S matrix to constrain amplitude
• Informs the analytic structure — needed to understand resonance phenomena
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Connecting Lattice QCD to three-body amplitudes
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Solving the three-body equations

Examine toy-model —
• Assume exchange dominance — No short-range three-body forces
• Scalar system — 
• Two-hadron pair forms bound state — 

J = 0
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• Assume exchange dominance — No short-range three-body forces
• Scalar system — 
• Two-hadron pair forms bound state — 

J = 0
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Above the three-body threshold

Methodology not limited to below 3-body threshold

• Allows for calculation of breakup / recombination amplitude
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Applications to 3π+
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Additional details concerning the S-wave integral equa-
tions are presented in Secs. III and IVof the Supplemental
Material [56], where we also describe the propagation of
the uncertainties of mπa0 and K3;iso into the predicted
amplitude. (See also Ref. [84] for more details on express-
ing the three-particle amplitude via a truncated partial wave
series and Ref. [85] for a discussion of integral equations
and their solutions in a resonant three-hadron channel.)
Summary.—In this work we have presented the first

lattice QCD determination of the energy-dependent three-
to-three scattering amplitude for three pions with maximal
isospin. The calculation proceeded in three steps: (i) deter-
mining finite-volume energies with πþπþπþ quantum
numbers, (ii) using the framework of Ref. [4] to extract
two- and three-body K matrices from these, and (iii) apply-
ing the results of Ref. [5] to convert these to the three-
hadron scattering amplitude, by solving known integral
equations. The three steps are summarized, respectively, by
Figs. 1, 2, and 3.

Having established this general workflow, it is now well
within reach to rigorously extract three-hadron resonance
properties from lattice QCD calculations. In particular the
formalism has recently been extended to three-pion states
with any value of isospin in Ref. [42]. This should enable
studies, for example, of the ω, h1, and a1 resonances. The
main outstanding challenges here include rigorous resonant
parametrizations of the intermediate three-body K matrix,
as well as a better understanding of the analytic continu-
ation required to identify the resonance pole position.
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FIG. 3. Top: Dalitz-like plot of m4
πjM3j2 for

ffiffiffiffiffi
s3

p ¼ 3.7m
with final kinematics fixed to fp021 ; p022 g ¼ f0.01m2

π ; 0.7m2
πg

⇒ fm0
12; m

0
13g ¼ f2.1mπ; 2.25mπg. Bottom: Same total energy,

now with incoming and outgoing kinematics set equal, as
discussed in the text.
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In the following, we first discuss our determination of
two- and three-pion finite-volume energies, before describ-
ing the fits used to relate these to infinite-volume K
matrices. The latter then serve as inputs to known integral
equations, which we solve numerically to extract the
3πþ → 3πþ scattering amplitude. Additional details of
the analysis are discussed in the SupplementalMaterial [56].
Spectral determination.—Figure 1 summarizes the two-

and three-pion finite-volume spectra calculated in this
work. Two-pion energies on the larger volume have already
appeared in Ref. [57].
Computations were performed on anisotropic lattices

which have a temporal lattice spacing, at, finer than the
spatial lattice spacing, as [at ¼ as=ξ with ξ ¼ 3.444ð6Þ
[57] ]. Two lattice ensembles were used, differing only
in the volume: ðL=asÞ3 × ðT=atÞ ¼ 203 × 256 (with 256

gauge-field configurations) and 243 × 128 (with 512 con-
figurations). We use 2þ 1 flavors of dynamical clover
fermions, with three-dimensional stout-link smearing in
the fermion action, and a tree-level Symanzik-improved
gauge action. The bare parameters and basic lattice proper-
ties are detailed in Refs. [58,59]. Setting the scale via
a−1t ¼ mexp

Ω ðatmlatt
Ω Þ−1, [where atmlatt

Ω ¼ 0.2951ð22Þ was
measured in Ref. [60] and mexp

Ω is the experimentally
determined Ω baryon mass from Ref. [61] ] and combining
with atmπ ¼ 0.06906ð13Þ [57] and atmK ¼ 0.09698ð9Þ
[62], yields mπ ≈ 391 MeV and mK ≈ 550 MeV. The
values ofatmπ and ξ translate into spatial extents ofmπL ¼
4.76 and mπL ¼ 5.71 for the two ensembles.
The spectrum of energies in a finite volume is discrete and

each energy level provides a constraint on the scattering
amplitudes at the corresponding center-of-momentum energy.
To obtain more constraints, we compute spectra for systems
with overall zero and nonzero momentum, P. Momenta are
quantized by the cubic spatial boundary conditions,
P ¼ ð2π=LÞðn1; n2; n3Þ, where fnig are integers, and we
write this using a shorthand notation as ½n1n2n3&.
In this work we restrict attention to S-wave scattering.

The reduced symmetry of a cubic lattice means that total
angular momentum J is not a good quantum number and
instead channels are labeled by the irreducible representa-
tion (irrep, Λ) of the octahedral group with parity for P ¼ 0
or the relevant subgroup that leaves P invariant for P ≠ 0
[63,64]. We consider the relevant irreps which contain
J ¼ 0: A−

1 ðAþ
1 Þ for πππ (ππ) at rest and A2ðA1Þ for πππ (ππ)

with nonzero P. Isospin I andG parityG are good quantum
numbers in our lattice formulation; these distinguish the
two-pion (IG ¼ 2þ) and three-pion (IG ¼ 3−) channels. We
neglect higher partial waves here, in particular the two-
particle D wave that mixes with the Swave in the finite-
volume energies. As described in Ref. [57], a nonzero
D-wave interaction can be extracted, in particular, if aided
by the consideration of other, nontrivial finite-volume
irreps, but has a small influence on the two-pion energies
considered here. There is, in principle, a systematic
uncertainty associated with neglecting the D-wave contri-
bution. Given the consistency of our results with Ref. [57],
this appears to be below the statistical uncertainty in the
present fits. See also Secs. VIII A and B of that work for
more discussion.
To reliably extract the finite-volume energies we have

computed two-point correlation functions using a large basis
of appropriate interpolating operators. From these, the spectra
aredeterminedusing thevariationalmethod [65–67],with our
implementation described in Refs. [68,69]. This amounts to
calculating a matrix of correlation functions,

GijðtÞ ¼ hOiðtÞO†
jð0Þi; ð1Þ

and diagonalizing Mðt; t0Þ ¼ Gðt0Þ−1=2GðtÞGðt0Þ−1=2 for
a fixed t0. One can show that the corresponding eigenvalues

FIG. 1. The πþπþ and πþπþπþ finite-volume spectra in the
center-of-momentum frame for the relevant finite-volume irreps
with various overall momenta, as explained in the text. Points are
computed energy levels on the two volumes with error bars
showing statistical uncertainties. Each rectangular inset shows a
vertical zoom of the region indicated by the small neighboring
rectangle. Gray curves are the “noninteracting” finite-volume
energies, i.e., the energies in the absence of any interactions
between pions. Orange curves are predictions from the finite-
volume formalism based only on the two-particle scattering
length, given in Eq. (4) (here with the local three-body interaction
set to zero).
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Path to three-body physics from QCD

Three-body resonances from QCD are within reach
• Clear systematic path via Lattice QCD
• Scattering theory constraints allow for model-independent analyses
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Summary

Framework in place to determine three-body hadron physics from lattice QCD

• Rapid development in formalisms relating lattice QCD observables to amplitudes

• Scattering phenomenology is advancing in tandem

• First applications of these ideas appearing in the literature
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Three-body interactions play a key role in many outstanding problems in hadron physics
• Most excited states strongly couple to three (or more) particle channels
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K-matrices

• Unknown real function characterizing short-distance physics

• Parameterize with analytic function and determine from lattice QCD

• Scheme dependent (unphysical)
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S-matrix unitarity fixes on-shell structure of scattering amplitudes
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Solving three-body scattering equations

Given , and , solve integral equation for 
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• Matrix equation in pair angular momenta

• Integral equation in spectator momenta

• Singular kernels

• Scheme dependent K-matrices (unphysical)
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Focus on case where 2-body systems forms bound state

• Consider energies below three particle threshold

Solving three-body scattering equations
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Convert integral equation to linear equation

• Introduce regulators  (matrix size) and  (pole shift)

• Recover amplitude in ,    limit

N ϵ

N → ∞ ϵ → 0+

Solving three-body scattering equations
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Several methods

• Brute-force

• Remove bound-state pole explicitly

• Splines — Glöckle, Hasberg, Neghabian Z. Phys. A305 (1982) 217  
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S-matrix unitarity provides a way to check quality of solutions

• Deviation from unitarity guides quality of solution
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  ExtrapolationsN → ∞
Compute multiple  solutions — extrapolate to  limit

• Unitarity deviation greatly improved

N N → ∞
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Example of solution
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Example of solution
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Above the three-body threshold

Methodology not limited to below 3-body threshold

• Allows for calculation of breakup / recombination amplitude
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  limitϵ → 0
Ensure  through  limitϵ → 0 N → ∞
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Evolution of solutions
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Evolution of solutions
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On-shell scattering amplitudes from RFT
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For given K matrix, obtain on-shell 
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On-shell scattering amplitudes from RFT



M. Mai and M. Döring
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On-shell scattering amplitudes from unitarity

M3 = M2(R�G)M2 +

Z
M2(R�G)M3
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Extension to FV



Equivalence of relativistic methods

The RFT vs FVU methods can be summarized as “Bottom up” vs “Top down”

On-shell scattering equations are equivalent

Quantization conditions are equivalent

AJ et al.
Phys. Rev. D 100, 034508 (2019)

T. Blanton and S. Sharpe
arXiv:2007.16190 (2020)

Small details, e.g. aspects of symmetrization 
— see literature for information
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