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Motivation

@ The fermionic magnetic moment is given by
~ Qe 2
u:gZ—S7 where Q = +1 and e > 0. (1)
m

One of the biggest successes of the Dirac theory was the prediction of g = 2.
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Motivation

@ The fermionic magnetic moment is given by
~ Qe 2
= g2—57 where Q = +1 and e > 0. (1)
m

One of the biggest successes of the Dirac theory was the prediction of g = 2.
@ For a few years, this situation was kept. The electron had g=2 and the Dirac eq. seems
to describe nature.

@ Motivated by an excess in the measurements of the hyperfine structure of hydrogen atom,
in 1937 J. Schwinger showed that these discrepancies can be explained by an additional
contribution from QED,

5
o~ 2 ~0.001162 )
“w 27

@ This prediction was confirmed by the Kush and Foley experiments. Since the electron
anomaly has been measured up to a few ppb (10~9), the QED calculation has to be
extended to tenth-order (5 loops).
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@ It is useful to split the magnetic moment into two terms:

h -2
e = (14 ae)e—, where ay = st . 3)
2m 2

@ The anomalous magnetic moment of electron (ae) and muon (a,) have been measured
with a precision of a few ppb (107°) and ppm (1079), respectively.
@ A deviation of aZXp concerning the SM theoretical value would be a signal of NP.
2
@ Since the contributions from heavier NP to a, are proportional to Aa, ~ A:ln—ze the NP
NP
effects in a,, are magnified by a factor (m, /me)? ~ 4 x 10*. For the a, these effects
would be better, however the short lifetime of the 7 makes it harder to measure.

T = (2.1969811 + 0.0000022) x 107 %s, 7 =(290.3+£0.5) x 107 5s.  (4)

@ Nowadays, there is a discrepancy between the theoretical prediction and the experimental
value for both, ¢ = e, pu,

Aay, = a8 — M = (251+£059) x 107°, = +4.20

Nae=a® —atM = (4843.0) x 1073, = 4160
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The Anomalous Magnetic Moment of the Muon

nin Updated g-2 history (April 8 2021) 7
(L e Muon g-2

History of muon anomaly measurements and predictions

[ 7.3 ppm] 1979, CERN Ill u* data 1974-1976
[ 7.1 ppm] 1979, theory
(%

ppm] 1985, Kinoshita et al

. ppm] 1999, amu data 1997
ass ppm] 1999, theor
-, [ 5.1 ppm) 2000, BNLp data 1998
[ 0.69 ppm] 2000, theor
- 13 ppm] 2001, BNL u* data 1993
[ 057 ppm] 2001, thet
. [ 0.73 ppm] 2002, amu‘ data 2000
[ 0.70 ppm) 2002. theory
- _|t 0.72 ppm] 2004, BNL i~ data 2001
[ 0.70 ppm] 2004, theory
. _It 0.54 ppm] 2006, BNL u* data 1999-2000
[ 0.63 ppm] 2006, theory

) [ 0.30 ppm] 2017, Jegerlehner 2017

e [ 0.41 ppm] 2020, DHMZ 2019

::

[ 0.32 ppm] 2020, KNT 2019
-+ Muon G-2FNAL data [ 0.46 ppm] 2021, FNAL " data 2018

~  Exp. Average _[ 0.35 ppm] 2021, BNL 2006 + FNAL 2021

| | [ 0:37 ppm] 2020, Muon g-2 theory initiative

experimental measurement
> +420 -~ theory at the time of measurement publication
1wl theory prediction

10 15 20 25 30 35 30
a,-10° - 1165900

a,(AVG) = 116592061(41) x 10~ (0.35 ppm)

71

G. Venanzoni, CERN Seminar, 8 April 2021
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The Anomalous Magnetic Moment of the Muon

Contributions from known particles: The Standard Model

a,(SM) = a,(QED) + a,(Weak) + a,(Hadronic)

. 116584 718.9(1) x 107" 0.001 ppm
Weak
AL e 153.6 (1.0) x 10711 0.01 ppm
u T
Hadronic...
...Vacuum Polarization (HVP) 6845 (40) x 10-11 0.37 ppm
a” /,"\'\‘ i [0.6%]
...Light-by-Light (HLbL,
9' yHg ) 92(18) x 107! 0.15 ppm

35 [20%]

Numbers from Theory Initiative Whitepaper

Uncertainty dominated by hadronic contributions

C. Lehner. CERN EP Seminar, 8 April 2021
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Hadronic vacuum polarization

@ Based on analyticity and unitarity, loop integrals containing HVP insertions in photon
propagators can be expressed as dispersive integrals over the cross-section of a virtual
photon decaying into hadrons:

2 e}
HVPLO _ & K(s)
HVPLO _ 3?/@ a2 R(s), 5)

where K(s) is a Kernel function = K(s) ~ 1/s,

o%(ete™ — hadrons(+7)) 4ma?
R(s) = - o Opt =g (6)
pi

@ An evaluation of the a";'VP' Lo

can be obtained from the measurements of
o(ete™ — hadrons) or the 7 — v+ + hadrons decays which can be related to the
Y

isovector component of the e"e™ — hadrons cross-section through isospin-symmetry.
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Hadronic vacuum polarization

@ Based on analyticity and unitarity, loop integrals containing HVP insertions in photon
propagators can be expressed as dispersive integrals over the cross-section of a virtual
photon decaying into hadrons:

2 e}
HVPLO _ & K(s)
aiveLo = & /m a2 R(s), 5)

2
where K(s) is a Kernel function = K(s) ~ 1/s,

R(s) = o%ete — hadrons(—i-'y))’ - 4ra? ©)

Opt 3s

@ An evaluation of the a";'VP' Lo

o(ete™ — hadrons) or the 7 — v, + hadrons decays which can be related to the
isovector component of the e"e™ — hadrons cross-section through isospin-symmetry.

can be obtained from the measurements of

@ Since both are subject to theoretical uncertainties, it is a good strategy to keep using
ete™ and 7 data.
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Hadronic vacuum polarization

@ About 73% of the contributions to the aﬂVP and 58% of the total uncertainty correspond
to the 77~ () final state at low-energies (4m2 < s < 0.8 GeV?).

@ For the two-pion final state,
a8 (s)

Tptm=(8) = — 35— IFy(s)?, )

1Cil'iglianc) et al. Phys.Lett. B513 (2001). JHEP 0208 (2002)
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Hadronic vacuum polarization

@ About 73% of the contributions to the aﬂVP and 58% of the total uncertainty correspond

to the 77~ () final state at low-energies (4m2 < s < 0.8 GeV?).
@ For the two-pion final state,

203
ror ()= TP e

@ Including isospin-breaking corrections at LO, we have

O (5) _ |:Ko'(s) dr7r7r['Y]:| RIB(S)’ s = (pﬂ7 + Pﬂ0)2

Kr(s) ds Sew

3 2
_ FSR(s) Prtr— | Fu(s)
where Rig(s) = Gy 55, | 7o) | *
w0r—
G2|Vyy|2m? s \? 2s
KF(S):F‘#‘BT 1— > 1+72 ,
384w mZ ms.
s) = s
7 3s

@ Ggp(s) receives contributions from real and virtual photons 1.

1Cil'iglianc) et al. Phys.Lett. B513 (2001). JHEP 0208 (2002)
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Hadronic vacuum polarization

@ There is a discrepancy between the values of agVP’LO[nw] obtained through eTe™ and 7
decays. According to Cirigliano et al. [Phys.Rev.Lett. 122 (2019)] this could be a NP
effect,

a; — aZe T e T e T
W =€ —€+ep—€p+ 17T, (10)

@ A global fit using hadronic tau decays to set bounds on NP effective couplings at the
low-energy limit of SMEFT was studied in Gonzalez-Solis et al. [Phys.Lett.B 804 (2020)].
(See Sergi Gonzalez talk)

@ NP effects in 7= — 7~ 7%, decays have been studied using an effective field theory
setup for some observables in Miranda & Roig, JHEP 1811 (2018). (See Javier Rendén
talk on non-standard interactions in 7= — (K7) ™ v decays)

@ Although the determinations of aEVP' Lo

using lattice QCD are still not competitive with
respect to the et e~ based evaluation, there is one lattice calculation by the BMW
collaboration with an error of £55 - 10711 in which the difference concerning the
experimental value is reduced to ~ lo.

@ There is a solution given by Jegerlehner & Szafron that induces an additional correction
due to the p — v mixing in which p? is regarded as a gauge boson.
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T — ’iTi’lTO“;r v, decays

77 (P) = 7 (p-)m°(po)y(K)v+(q)
@ The matrix element for these decays has the following structure:

T = e G Vg (K)* {Fui(a)y" (1 — 75)(mr + P — K)yuu(P)

(Vi — Au) @) (1 — 25)u(P))} ()

where F, = (po — p—)vfi(s)/2p - k with s = (p— + po)?.

@ The V), — A, term can be split into two parts, structure-independent (SI) and
structure-dependent (SD), according to the Low and Burnett-Kroll theorems. (see Jorge
Gutiérrez talk for more details)

_ ey e

VY = Vg + Vi
_ apv

AR = A

2Cirigliano et al. Phys.Lett. B513 (2001). JHEP 0208 (2002)
Flores-Tlalpa et al. '06, '07
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T — ’iTi’lTO“;r v, decays

77 (P) = 7 (p-)m°(po)y(K)v+(q)
@ The matrix element for these decays has the following structure:

T = e G Vg (K)* {Fui(a)y" (1 — 75)(mr + P — K)yuu(P)

(Vi — Au) @) (1 — 25)u(P))} ()

where F, = (po — p—)vfi(s)/2p - k with s = (p— + po)?.
@ The V), — A, term can be split into two parts, structure-independent (SI) and

structure-dependent (SD), according to the Low and Burnett-Kroll theorems. (see Jorge
Gutiérrez talk for more details)

_ ey e

VY = Vg + Vi
_ apv

AR = A

@ At low-energies, the SM of electroweak and strong interactions is described by an effective
field theory known as Chiral Perturbation Theory (xPT).

2Cirigliano et al. Phys.Lett. B513 (2001). JHEP 0208 (2002)
Flores-Tlalpa et al. '06, '07
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T — ’iTi’lTO“;r v, decays

77 (P) = 7 (p-)m°(po)y(K)v+(q)
@ The matrix element for these decays has the following structure:

T = e G Vg (K)* {Fui(a)y" (1 — 75)(mr + P — K)yuu(P)

(Vi — Au) @) (1 — 25)u(P))} ()

where F, = (po — p—)vfi(s)/2p - k with s = (p— + po)?.
@ The V), — A, term can be split into two parts, structure-independent (SI) and

structure-dependent (SD), according to the Low and Burnett-Kroll theorems. (see Jorge
Gutiérrez talk for more details)

pnro o nv g
V=V + Ve
py ARV
ARV = Ah
@ At low-energies, the SM of electroweak and strong interactions is described by an effective

field theory known as Chiral Perturbation Theory (xPT).

@ There is a difference for the effects of the SD part when they are evaluated using xPT
with resonances 2 and VMD 3.

2Cirigliano et al. Phys.Lett. B513 (2001). JHEP 0208 (2002)
Flores-Tlalpa et al. '06, '07
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Contributions at O (p?)

@ At O (p4) in xPT with resonances (RxT), the diagrams that contribute to these decays

LT
XW v
., 'rT”
ST
T - 70 omT K
0 e e Emmmmmmmm Annnnn Y
l----- a0 d ’ T .
ay .
L0
5 B !

4Cirig|iano, Ecker & Neufeld. JHEP 0208 (2002)
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T = Tri’il'o“;y v, decays

Contributions at O (p°)

@ Using the basis given by Cirigliano et al. Nucl. Phys. B753 (2006) and Kampf &
Novotny. Phys. Rev. D84 (2011), we get the following contributions at O (pﬁ):

Tl e

for V., and

S o T - T
= @ ‘LL &= ”L, e [P NSRS YN @z —nn

P xg—- S R il ’/=§=‘
opis o e R = Y RN

s 1 - Ly 1y K
—n <
- ;
for Auw.
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T — Trfvroﬂ;y v, decays

Short-distance constraints

@ Including the contributions up to O (pﬁ), we have now too many parameters allowed by
the discrete symmetries of QCD and chiral symmetry that prevent making
phenomenological predictions.

@ It is possible to reduce the number of couplings using the SD properties of QCD and its
OPE.

@ To estimate the remaining parameters, we rely on chiral counting and estimation of the

R 6 in 5

LECs C* of the O(p°) xPT Lagrangian °.

@ Since the HIV couplings, which are related to the w-exchange, contribute significantly to
the radiative decays, we perform a global fit using the relations for the resonance
saturation of the anomalous sector LECs at O(p®) 6 7.

5Cirigliano et al., Nucl.Phys.B 753 (2006) 139-177
6Kampf& Novotny, Phys.Rev.D 84 (2011) 014036
Shao-Zhou Jiang et al., Phys.Rev.D 92 (2015) 025014
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Decay spectrum

@ In this work, we use the dispersive representation of the vector form factor 8 instead of the
exponential parameterization © used by Cirigliano, Ecker & Neufeld. JHEP 0208 (2002).

T T T
8

s drds[S]]

——— dr/ds[O(p")] with F,=/3 f
————— drids[O(p*)] with F,=4/2 f

- dr/ds[O(p®)] only SD constraints

» )

dr/ds [107"° Gev™ ]

o

05 1.0 15 2.0
s[GeV?]

Figure: The 7~ 70 hadronic invariant mass distributions for E,f”t = 300 MeV.

8 Gémez Dumm & Roig, Eur.Phys.J. C73 (2013)
Guerrero & Pich, Phys. Lett. B412 (1997)
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Branching ratio
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5.x107*

Bt i’y vy]
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5.x107°

BA(SI)
BAO(p*)] with F,=v/3 f
BAO(p*)] with F,=v/2 f

1.x10°5 -~~~ "~ Br[O(p°)] only SD constraints
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HVPLO w7

Isospin-breaking corrections to a,

GEM(S)

@ Adding the contributions due to virtual and real photons and integrating over
u= (P — p1)?, we get the Ggpy(s) function,

dr
ds

GE|Vudl>m3? Sew s\ 2 am2\*/? 2s
- SEMeEmSe op (1- ) (1 4E) T (14 )t
] T mz S m

-

1021 4

Gem(s)

0.98F

Gt [0(p*) | with Fv=/3

Gen [ O(p") ] with Fv=v3

Ge 1) 98— Garrsn)
O094F . __ Gy [0(p®) ] only SD constraints === Gaw 1 O(p®) | only SD constraints
05 1.0 15 20 25 3.0 094 0‘.5 1.‘0 1‘.5 2.‘0 2‘.5 3.‘0
s[GeV?] s1GeV?]
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AaHVP,LO
1

HVP,LO 77

Isospin-breaking corrections to a,

We can estimate the effect of each IB correction through Aaﬂvpv Lo
1 2 K. dr R
ASHVPLO _ 7/ ds K(s) [ - (s) mr[v]] ( B(s) 1) 7 (13)
K 473 s1 Kr(S) ds SEW
AaEVP'LO[Wﬂ, T](x101) AaSVP'LO [r7, 7T](x10™T)
Source FF1 FF2 Source FF1 FF2
Sew —103.1 Sew —103.1
PS —74.5 PS —74.5
FSR +455+ 4.6 FSR +45.5+ 4.6
FF +40.9+48.9 +77.6+24.0 FF +40.9+489 +77.6+24.0
EM -15.9757, EM —75.978%7
Total | —107.17% 5  —70.47357% Total | —167.17520 1304701
J.A. Miranda (Cinvestav) CHARM 2020 17 /41




Isospin-breaking corrections to aHVP O ma

@ It is possible to estimate the branching ratio B, .0 = I'(T — 7%, )/~ using eTe™ data

2

mT 5
BYS = Be [ dsa ) (N5 (14)
4m2. ( )
3|V, 2

where N (s) = 7|a‘;d"‘127 s (1 - '"ii) (1 + r%,)
Using the most recent data obtained from BaBar for the ete~ — 7wt 7 () cross section,
we get

BEYS = (24.68 £ 0.11 £ 0.10 £ 0.01 £ 0.01 £ 0.0275%)%, at O(p*), (15)
and

BEYS = (24.70 £0.11 £ 0.10 £ 0.01 £ 0.01 £ 0.021%31)%, at O(p°). (16)

@ These results are in good agreement with the value reported by the Belle collaboration,
BT o= (25.24 £0.01 £ 0.39)% at 1.30 (1.20),
and ALEPH, BT , = (25.471 £ 0.097 £ 0.085)% at 4.00 (1.20).
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Isospin-breaking corrections to aEVP'LO wr

Comparison between the different data sets from BaBar (above) and KLOE (below) with
Al zry = 1.5 MeV (left-hand) and Al z7~ = 0.45 MeV (right-hand) using the Belle spectrum.

o Jot-1

—
|
@
3
b
=
b

o jot-1

1.0 1.2

0:8
\/s_ [GeV ]

0.10

\/;[GeV]
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Isospin-breaking corrections to aHVP O ma

Taking into account all di-pion tau decay data from ALEPH, Belle, CLEO and OPAL Colls., we
get
HVP,LO|xr + data A
1010 . VPOl date — 5106 + 2 8pecrrar srs T 5 at O(pY), 17)

and
HVP Lolww T data

1010 4 = 514.6 £ 2.8qpectrat BRs 39,5 2t O(P°)- (18)

When these results are supplemented with the four-pion tau decays measurements and with
— data 19, we find the overall HVP LO contribution

1010 . aZIVP,LO‘T data — 705. 71»‘}101 , at O(P4), (19)
and
1010 . agVP,LO\r data — 700. 7+5 5, at O(p ) (20)

°Eur. Phys. J., C80(3):241, 2020, Eur. Phys. J. C, 74(3):2803, 2014.
J.A. Miranda (Cinvestav) CHARM 2020 20 /41



Isospin-breaking corrections to aﬁVP'LO T

When all other (QED, EW and subleading hadronic) contributions are added, the 4.20 deficit of
the SM prediction with respect to the FNAL+BNL average is reduced to

Aay,
at O(p*), and

— SM __ —-10
=a;® —a," =(125+6.0)- 107",
Aa, =a

exp _
w
at O(p®), which are 2.1 and 2.3 0, respectively

(21)

aM=(175%%). 1071,

(22)

o(p°)

SM
(Data driven)

0.00116591810 0.00116591954
J.A. Miranda (Cinvestav)
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0.00116592061

m]

=
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Conclusions

Conclusions

@ There is a global effort in improving the hadronic contributions to a,. Specifically,
dedicated studies to improve the HVP part from lattice, dispersion relations and improved
eTe~ data and Monte Carlos are being undertaken.

@ The observables for the 7 — wmyv, decays have the potential to reduce drastically the
errors in our estimation.

@ Our IB corrections improve the agreement between ete
and the branching ratio.

and tau data, on the spectrum

@ Evaluating the HVP, LO contributions from tau data, we get
aZIVP,LO|7— data _ (7057t‘;?‘) ) 10—10 at O(P4)v and aZIVP,LOh- data _ (7007t6512) A 10—10

at O(p®). This reduces the anomaly Aa,, = aj,” — aﬁM to 2.1 and 2.3, respectively.

Miranda (Cinvestav) CHARM 2020 22 /41
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The 7~ cross section from the KLOE combination compared to the BABAR, CMD-2, SND,
and BESIII data points in the 0.6-0.9 GeV range 1.

1400 1400
BaBar () = BESm (5
0.2 | KLOE combination 0.2 | KLOE combination
Pt ') 4 1200 sy 1200
1;5 7 —'_& b o 0 g
I Tl bt B MH e =
§ : s g iy : L
=< a1} {Jm % & l 1 w0 %
4 200 200
-0z r 0.2 r
" 40 L [/}
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eler data
alVPLO[rn] from ete™ data

Comparison of results for aEVP'LO[ww], evaluated between 0.6 GeV and 0.9 GeV for the various
experiments 12.

T T T T T T
CLEO —_—
376.9+6.3
SND —
371.7+50
BESII ——
368.2+42
CMD-2 —c—
372.4+30
BABAR —o—
376.7+2.7
KLOE ——
R La I 1 Ll Ll
355 360 365 370 375 380 385
HVP, LO [+, 10
& [r'n] ‘[o.e,o.g] GeV [x107]

12 L
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ete  vs T data

Relative comparison between the combined 7 (after the IB corrections) and ete™ — 7t

spectral function contributions 13.

— T
e*e Average
Il Average

Cross s:ctlon(exp) | Average - 1
5

YT RN TE ARET Y FNwan awwin wwe

-
FS

L PRI PR PR PEEEP R
04 0.6 0.8 1 1.2
NS [GeV]

13 Eur.Phys.J.C66:1-9,2010
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The measured branching fractions for 7= — 7~ 7°

ete™ — wtm— spectral functions, applying the IB corrections .

T T T T T
Tdecays Belle
——
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Y Eur Phys.J.C66:127-136,2010
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Comparison of recent results for the leading-order, hadronic vacuum polarization contribution to

the anomalous magnetic moment of the muon

BMWc’20
Mainz’19
FHM’19
ETM19

RBC’18

BMWc’17
DHMZ’19

KNT'19 |
CHHKS’19 |

lattice —8—
R-ratio —&—

15

1]

11}

—e— 5 1
=~ no newf‘physics 1

660 680

1
5Natulre (2021)
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p — W mixing

Isospin Breaking cerrections

Fa

08

06 -

p — 7y mixing corrections proposed in Eur.Phys.J.C71:1632,2011.

— Tolal comeclions (Davier etal.}
& Total comections (FJ)

© Tolal comaclions + p-y mixing (FJ)

NPT FETE FETE PR PR FEEE N

02 03 04 05 08 07 08 09
s (GeV?)
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e'e Average
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Form Factor

6.(s)[°]

05 1.0 15 20 25 3.0
s[GeV?]
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Short-distance constraints

Using the relations for 2-point Green functions at O(p*), we have:

F

Fy=V2F Gy=—
V2

Fa=F.
Using the relations for 2 and 3-point Green functions at O(p®), we have

Fy=V3F Gy= Fa=V2F.

£
V3
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Short-distance constraints

For the parameters contributing to the leading-order chiral LECs:

FyGy =F?,  Fi—-Fi=F?
FOMY = FAM3,  4cacm = F2, (25)
8(c3 —d2)=F%  cm=cq=V2dn=F/2.

For the even-intrinsic parity sector:

5 5
)‘fs =0, A7y=2Ap=0,

(26)
My=0, Mi=xs=0
The analysis of the (VAS) Green function yields:
F2
K3 =K1y =0, kY =2rf5, K=_———),
32F4Fy (27)
F2
Fu (265" +15Y) = 2Fanft = ———.
v (2" 4 s AT 16v26m
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Short-distance constraints

The study of the (VAP) and (SPP) Green functions yield the following restrictions on the

resonance couplings:

V2X = —aAVA -\ — 2 — A
VaX = A A+ A +A
- 2 3 2 5 -

" VA )‘XA VA
V2N = A - T A =

Ing2 g2
NPV — _g)\PV = _ FyMa—My APA —
1 = 2 = -

M2daM, 1

For the odd-intrinsic parity sector:

N, N,
1% C v v C 4
Kig= ————, 2k{s+K{g=—"FTFT—, K
¥ o56v212F, 12ERe T s ameR,T
w _ F2+16v2dmFystY Ne M2, W W
Ky = > — =) 8ry — kK3 =
32F2 5127w2F2
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Fit results

Since the H}/ couplings are related with the w exchange which is known to give an important
contribution to the 7 — mmyv; decays, we perform a global fit using the relations for the
resonance saturation of the anomalous sector LECs 10

kY =(=2.140.7)-1072 Gev 1,
ry = (—~8.8+£9.1)-107° Gev ™!,
kY =(2.2£5.8) 107 Gev !,
kY = (—2.140.3)-107% Gev 1,
kY =(1.2£0.5)-107% Gev !,
Ky =(3.140.9)-1072 GevV 1,
Ky =(—0.145.9) 107> Gev ™1,
Klp = (—5.9 +9.6) - 1072 Gev L,
(
Q.
kY = (~5.3+1.1)- 107 Gev ™!,
kg = (4.740.8) - 1072 Gev 1.

These values are in good agreement with our earlier estimation |x)| < 0.025 GeV L.

16

Phys.Rev.D 92 (2015) 025014
A. Miranda (Cinvestav)
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Total corrections
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AVP.[O 7
a, [rm, 7] at O(p")

Experiment

Im_3 — 0.36GeV

0.36 — 1.8 GeV

TOTAL

Belle 881i000i01¢W16 511.14 £ 1.94 £7.997 5% | 519.95 £ 1.94 +7.9975 0
ALEPH 8.89 £ 0.00 £ 0. os*% 1364 508.26 + 4.48 £ 2. 82“2901g 517.15 + 4.48 £ 2. 82“29112
CLEO 8.85+£0.00 +£0.157%15 | 510.63 +£3.40 £ 89319 | 519.48 +3.40 £ 8.9375%
OPAL 8.89 £ 0.00 £ 0.121%5 | 522.81 £ 10.04 + 7.007L58, | 531.70 £ 10.04 £ 7.0075 %
a;,VP'LO[ﬂ'ﬂ', 7] at O(p%)
Experiment 2m_4 — 0.36 GeV 0.36 — 1.8 GeV TOTAL
Belle 777i000i012“2° 507.18 £ 1.91 £ 7.887% 2 | 514.95 £ 1.91 + 7.8875%)
ALEPH 784i000i00ﬁ%%) 5m37i435¢27¢§§) 5u21¢435¢27w§%
CLEO 7.80 £ 0.00 £ 0.147L20 | 506.74 & 3.28 £ 8.8474% | 514.54 +:3.28 £ 8.84T4 T
OPAL 7.84 £ 0.00 £ 0.1074%0 | 518.32 4+ 9.60 & 6.927%%, | 526.16 & 9.69 & 6.927° 3%
VP L0z 7] at O(p®)
Experiment 2m_4 — 0.36 GeV 0.36 — 1.8 GeV TOTAL
Belle 777i000¢012”2° 507.18 + 1.91 £ 7.887% 2 | 514.95 +1.91 + 7.8875%
ALEPH 784i000i00ﬁ%ﬁ) 5m37i435i27wg§) 5u21i435¢27wg%
CLEO 7.80 £ 0.00 £ 0.147L20 | 506.74 +3.28 £ 8.8474% | 514.54 +3.28 £ 8.84T4
OPAL 7.84 £ 0.00 £ 0.107530 | 518.32 4+ 9.60 £ 6.927%2%, | 526.16 4+ 9.69 & 6.921%%
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@ The IR divergencies that appear at NLO for 7= — 7~ 7%, decays are canceled out by
the IR divergencies of the radiative decay.

Figure: Contributions at NLO for 7= — 7~ 7%, decays.'”

1
7Cirigliano, Ecker & Neufeld. Phys.Lett.B 513 (2001)
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Photon energy distribution
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AaHVP,LO
1
We can estimate the effect of each IB correction through Aaﬂvpv Lo
1 2 K, dr R
AQEVP,LO _ 73/ ds K(s) [ +(s) mr['y]] ( i8(s) 1) ’ (31)
47 st Kr(S) ds Sew

Contributions to AagVP‘LO in units of 10711 using the dispersive representation of the form

factor.
AVP,LO HVP,LO AVP,LO AVP,LO HVP,LO AVP,LO
ool 8 G0 | A | A2, ol | A% o) | Aisl | A% (o()]
4m$r,1GcV2 +17.8 —11.0 —11.3 —17.0 —32.4 —74.8+44.0
4m2,2 GeV? +18.3 ~101 ~103 ~16.0 -31.9 —75.9+1455
4/773,,3(}CV2 +18.4 —10.0 —10.2 —15.9 —31.9 —75.9+45.6
[4m2, m2] +18.4 ~100 -102 ~15.9 -319 | —75.0+45.6
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AaHVP,LO
1

IB contributions to QZIVP'LO[WT(,T] at O(p*) and O(p®).

@ For FF1 we use the following numerical inputs: ., = (3.5 +0.7) x 10~3 GeV? [JHEP
08 (2002) 002], [0 — .+ = 0.3+ 1.3 MeV, m,+ — m o = 0.7 % 0.8 MeV and
m,o = 775.26 £ 0.25 MeV from PDG.

@ For FF2 we use the same inputs as FF1 except by
Mo smtr—y — Mot nt 0, =0.45£0.45 MeV [JHEP 08 (2002) 002].

AQEVP'LO[WTF, 7](x101) AQEVP'LO[TWT,T](X].OH)
Source FF1 FF2 Source FF1 FF2
Sew —103.1 Sew ~103.1
PS ~74.5 PS —74.5
FSR +45.5+ 4.6 FSR 145.5 + 4.6
FF | +40.9+48.9 +77.6+24.0 FF | +40.94+48.9 +77.6+24.0
EM 159757, EM 75977
Total | —107.1757%  —7047%7 Total | —167.17570  -13047 57
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